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Abstract

This paper considers dynamic optimal portfolio strategies of utility maximizing
investors in the presence of risk constraints. In particular, we invstigate the op-
timization problem with an additional constraint modeling bounded shartfall risk
measured by Value at Risk or Expected Loss. Using the Black-Scholesodel of a
complete nancial market and applying martingale methods we give anbytic ex-
pressions for the optimal terminal wealth and the optimal portfolio strategies and
present some numerical results.
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1 Introduction

One of the basic problems in applied stochastic nance dealsth optimal strategies for
portfolios consisting of risky stocks and riskless bonds.iihg a nite planning horizon
[0; T] and starting with some initial endowment the aim is to maximze the expected
utility of the terminal wealth of the portfolio by optimal selection of the proportions of the
portfolio wealth invested in stocks and bond, respectivelyAssuming a continuous-time
market allowing for permanent trading and rebalancing the grtfolio these proportions
have to be found for every timet up to T.

This problem has been solved in the context of the Black-Sdes model of a complete
nancial market, see e.g. Cox and Huang [4], Karatzas, Lehoky and Shreve [6, 7]. Here
the portfolio can contain shares of a riskless bond and of sts whose prices follow a
geometric Brownian motion.

Following the optimal portfolio strategy leads (by de nition) to the maximum expected
utility of the terminal wealth. Nevertheless, the terminal wealth is a random variable
with a distribution which is often extremely skew and showsansiderable probability
in regions of small values of the terminal wealth. This meartbat the optimal terminal
wealth may exhibit large so-called shortfall risks. By thedrm shortfall risk we denote the
event, that the terminal wealth falls below some thresholdalue, e.g. the initial capital
or the result of an investment in a pure bond portfolio.

In Germany companies o ering some kind of private pension snirances (Riester-Rente)
are obliged by law to pay at least the invested capital withauany interest to the insured
person. So the company is confronted with the risk of a termah wealth of the portfolio
(created with the deposits of the insured person) below thalue the non-interest-bearing
deposits.

In order to incorporate such shortfall risks into the optimzation it is necessary to quantify
them by using appropriate risk measures. Lets denote the tamal wealth of the portfolio
at time t = T by X+. Further, let g > 0 be some threshold or shortfall level. Then the
shortfall risk consists in the random evenf X+ < qgorfZ := Xy q < 0g. Next we
assign risk measures to the random variable (risk} and denote them by%Z). Using
these measures constraints of the typ®zZ) " for some" 0 can be added to the
formulation of the portfolio optimization problem.

A natural idea is to restrict the probability of a shortfall, i.e.
%NZ)=P(Z<0)=P(Xr<q) ™

Here" 2 [0; 1] is the maximum shortfall probability which is accepted by tle investor.
This approach corresponds to the widely used concept of Valat Risk (VaR) which is
de ned as

VaR-(Z)=  +(Z)

where -(Z) denotes the"-quantile of the random variableZ. VaR can be interpreted
as the threshold value for the riskZ such that Z falls short below this value with some
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given probability ". It holds
P(z<0) ", VaR:(Z) 0, VaR:(X7) q:
Another risk measure is the Expected Loss de ned by
EL(Z)= EZ =E (X1 0

In the example of the pension insurance this is a measure fdret average additional
capital the company is obliged to pay as compensation for thehortfall. The constraint
EZ " bounds this average additional capital by’ 0.

Further risk measures can be found in the class of coherent aseres introduced by
Artzner, Delbaen, Eber and Heath [1] and Delbaen [5]. Theseeameasures possessing
the properties of monotonicity, subadditivity, positive lomogeneity and the translation
property. The above two risk measures do not belong to thisads, since VaR is not
subadditive and EL violates the translation invariance prperty.

The paper is organized as follows. Section 2 introduces lasptation for the considered
Black-Scholes model of the nancial market and formulateshe portfolio optimization

problem. Thereby we restrict to the case of a nancial marketith only one risky asset.
The derivations of the paper can easily be generalized to tmeulti-dimensional Black-
Scholes model withd > 1 risky assets.

Before the optimization with constrained risk measures ioasidered Section 3 deals with
the unconstrained problem. Here the basic ideas of martingamethods are explained
and an application to the case of the so-called CRRA utility fuction is given. Based on
these results in Section 4 risk measure constraints are add® the optimization. First
in Subsection 4.1 the shortfall probability or equivalentl the Value at Risk is bounded.
We follow the paper of Basak and Shapiro [2], but give slightldi erent solutions. In
Subsection 4.2 the expected loss is bounded. This case is cmtsidered explicitly in [2]
and we give the detailed solution for the case of a CRRA utilityunction. Finally Section
5 presents some numerical results.

2 The portfolio optimization problem

We consider a continuous-time economy with nite horizod0; T] which is built on a

Itered probability space ( ;F;F;P), on which is de ned al-dimensional Brownian

motion W. We assume that all stochastic processes are adapted(k ), the augmented
ltration generated by W. It is assumed through this paper that all inequalities as we

as equalities holdP -almost surely. Moreover, it is assumed that all stated pr@sses are
well de ned without giving any regularity conditions ensuing this, since our focus is a
characterization problem.

Financial investment opportunities are given by an instaraneously riskless money mar-
ket account and a risky stock as in the Black-Scholes model.[8Ve suppose the money
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market provides an interest rater. The stock price S is represented by a geometric
Brownian motion

dS{ =S tdt + S tth; (21)
where the interest rater, the stock instantaneous mean return and the volatility are
assumed to be constants.

The dynamic market completeness implies the existence of aigue state price density
processH;, given by
dH; = H¢(rdt + dW,); Hy=1; (2.2)

where :=( r)= is the market price of risk in the economy, which can be regaed
as the driving economic parameter in an agent's dynamic insment problem.

We assume that an agent in this economy is endowed at time zesith an initial wealth
of x. The agent chooses an investment policy, where ; denotes the fraction of wealth
invested in the stock at timet. The portfolio process ; is assumed to be self- nancing
so that the agent's wealth procesX follows

dXe=[r+ ( nIXdt+ X dW; X = X (2.3)

Attime t = T the agent reaches the terminal wealtlX 1. The portfolio process is assumed
to be admissible in the following sense.

De nition 2.1
Given x > 0, we say that a portfolio process is admissible atx, and write 2 A (x), if
the wealth processX; starting at X, = x satis es

X, 0 0 t T:

In this economy, the agent is assumed to derive from the termal wealth X+ a utility
u(X+) and he is looking to maximize the expected utility by choosman optimal strategy
from the set of admissible strategies.

The dynamic problem
Find an admissible strategy in A(x) that solves

mzilx E[u(X{)]: (2.4)
Thereby, the utility function u( ) satis es the following conditions

u( ) is twice continuously di erentiable,
u( ) is striclty increasing and strictly concave,

limy ouqx)= 1 andlim,; u{x)=0.
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3 Martingal methods for the unconstrained problem

With no additional restrictions such as risk management, thenaximization problem (2.4)
was solved in the case of a complete market, by Cox and Huang $hd independently
by Karatzas, Lehocky and Shreve [6] using martingale and diitg approaches. The me-
thod consists of converting the dynamic optimization prol@m of nding an admissible
strategy that maximizes the expected utility from terminalwealth, into a static optimi-

zation problem consisting of nding an optimal terminal weéth, and via a representation
problem one gets the optimal strategy associated with thisptimal terminal wealth.

[t6's Formula implies that the processH X, is a supermartingale which implies that the
so calledbudget constraint
E[HrX;] x

is satis ed fo every 2 A (x). This means that the expected discounted terminal wealth
can not exceed the initial wealth. Here the state price dertgiH; serves as a discounting
process.

In the present case of a complete market, the following theam is a basic tool in mar-
tingale methods.[7]

Theorem 3.1
Let x > 0 be given and let be a nonnegative Ft-measurable random variable such
that

EHr ]=x

Then there exists a portfolio process(:) in A(x) such that = X.
De ne

B(x):= f 0: is Fr measurable andE[Ht ] xg:

In contrast to the dynamic problem, where the investor is ragred to maximize expected
utility from terminal wealth over a set of processes, in a rsstep the static problem is
considered. Here, the investor has the advantage to maxiraibnly over a set of random
variables.

The static problem
Find an Ft-measurable random variable in B(x) that solves

mZ%x E[u( )]: (3.1

In a second step the optimal strategy is found as the solutioaf the representation
problem.

The representation problem
Given 2 B that solves (3.1), nd an admissible strategy 2 A (x) suchthatX; =
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For y > 0, we denote byl (y) := (u9 *(y) the inverse function of the derivative of the
utility function. De ne  (y) := E[H11(yH7)].

The following lemma provides some properties of the functio () and 1 (), see [8].
Lemma 3.2

The function () satis es
(yy)<1 foral y>O0:

Moreover, the function () is continuous, strictly decreasing or{0; 1 ) with
(0) := |Iyryo =1:; (@):=1lm (y)=0:
ForO<x;y < 1, we have
u(l(y)) u(x)+ y(i(y) x):

The next theorem stated in [8] solves the static optimizatio problem (3.1).

Theorem 3.3
Consider the portfolio problem (2.4). Letx > 0 and sety = }(x), i.e. y solves
x = E[Ht1(yH7)]. Then there exists for := | (yHt) a self- nancing portfolio process

(1t 2 [0; T], such that
t 2A(X); Xy =

and the portfolio process solves the dynamic problem (2.4).

The representation problem can be solved using the fact thahe processH X, is a
martingale. Markov property of solution of stochastic di gential equation allows the
optimal wealth process before the horizoiX, to be written as a function of H; for
which we apply 1t6's Formula. By equating coe cients with the wealth process (2.3) one
gets the optimal portfolio.

Example 3.4 The problem of the so called benchmark manager or non-risk meging
agent was studied by Cox and Huang [4], where the agent has anstant relative risk
aversion (CRRA) which is contained as a parameter of the utility function

000 = X_.  2(0;1)nfig; (3.2)
In X; =1:

According to Theorem 3.3, the static problem (3.1) has the djmal solution
° = L(yHr);

with | (x) = x~ is the inverse function of the derivative of the utility fundion u( ) and
= Ll )T
y:= € :
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Let X2 be the optimal solution before the horizon. Ité's lemma app@d to Equations
(2.2) and (2.3) implies that the proces$HX & is F;-martingale: X2 = E ',j—IXE Fe .
Here the optimal terminal wealthX ; is given by Theorem 3.3 aX; := B = I (yHt). We
apply Markov Property of the solution H; of Equation (2.2) to compute this conditional
expectation using the fact thatin Hy is normally distributed with mean InH;  (r +
;)(T t) and variance ?(T t). We get for the optimal terminal wealth before the
horizon the following form

etV . 1
Xg=—— with (t):=

(YHv)

2
(r+ 2—)(T t):

The optimal strategy is obtained by a representation appradn. In this case we have
X, = f(Hy) with f(x) = (e()t)l for which we apply Ité's lemma to get
yX

Zt 2 Zt
X = f(Ho)+  ( rHfYH)+ S HITHS)ds+ (1 H of (Hy))dWs:
0 0

If we equate the volatility coe cient of this equation with t he volatilty coe cient of
Equation (2.3), we get in the absence of risk-constraint théollowing constant optimal
strategy

~w
I
w
|

4  Optimization with constraints

4.1 Value at Risk constraint

In this section we present the portfolio maximization prol®m constrained by the Value
at Risk. More precisely, we consider an investor who wishesaddition to maximize his
expected utility from terminal wealth, to control the probability for a shortfall. Given a

probability " 2 [0; 1] this constraint can be written as

P(Z<0)=PXr<qg) ™ (4.1)
From the de nition of VaR given in the Introduction this is equivalent to
VaR-(Z) 0, VaR-(X7) qg:

With constraint (4.1) the agent bounds the probability of negtive values of the risk
Z = Xt qby". We will denote this strategy as VaR-strategy.

We give an alternative solution of the dynamic optimizationproblem of the VaR agent
studied by Basak and Shapiro in [2]. The problem is solved ag the martingale re-
presentation approach which consists of formulating the pblem as the following static
variational problem:
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max E[u( )]

subjectto E[Ht ] X
P(<q) ™

The VaR constraint leads to nonconcavity with which the maxnization is more complica-
ted. The optimal terminal wealth is characterized by Basakrd Shapiro [2], Proposition
1, where the authors assumed that the solution exists.

Proposition 4.1
The VaR-optimal terminal wealth is

8
2 1(yHy) if Hy<h;
=g if h Hr<Hh;
S l(yHT)  if h Hy

wherel () is the inverse function ofu¥ ), h = “Oy‘), h is such thatP(Ht > h) = " and
y OsolvesE[Ht VaR(y)] = x.

The VaR-constraint (4.1) is binding if, and only if,h < h.

In the following proposition we present explicit expressies for the VaR agent's optimal
wealth and portfolio strategies before the horizon.

Proposition 4.2
Let u(x) be the CRRA utility function given in (3.2). Then

(i) The VaR-optimal wealth at time t is given by

VaR etV etV r(T 1)
Xy &= T T di(h;Hy) ge d>(h; Hy) (4.2)
(YH¢) (YHy)
(0 _ _
+ (eH)l d(h:H)  qe™ ™Y dy(hiH)
YA

where () is the standard-normal distribution function, y and h are as in Propo-
sition 4.1 and

(0):=2—(r+ 2T 1),

dy(z;Hy) = —F0p
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(i) The VaR-optimal fraction of wealth invested in stock is

VaR — BpRpVaR
t - tpt ’

where the benchmark value 2 and the exposure to risky assets relative to the
benchmarkp! 2R are

t 2
V aR ge "™ Y =
pt = 1 X V aR d2(h1 Ht) d2(h’ Ht)
t
__ e dhiHY dy(R: Hy)
+ [a ' ’ 1 ’
r’T tXtvaR (yHt)l URCLVEIL 1 t
nqe r(T t) . _ . .
R GO ACTLY)

respectively, and' () is the standard-normal probability density function.
Proof.

(i) From Equations (2.2) and (2.3), It6's lemma implies thatthe processH;X @R is
F-martingale:

Xt\/aR - E Hr VaR Ft

Ht
=E :_Il(yHt) Ynr<hg*1¢g y,q Ft tE |:|_Iqlfn Hr<hg Ft
These conditional expectations are computed by applying Meov's property of
solution of stochastic di erential equation and using thedct that In Ht is normally
distributed with mean InH; (r + é)(T t) and variance (T

get the form of the agent's optimal wealth before the horizan

(i) From Equality (4.2) it follows X\YaR = f (H,) where
t

t). Hence, we

f(x)= (%1 ( du(h;x)+ ( du(h;x))

y1X)

+qe "M Y (0 do(h;x))  ( da(h;x))
Applying Ité's lemma to the function f (), we get
2
dX/eR = rf YH)H, + - RHOHZAt  f (H)HdW;
and equating coe cients with Equation (2.3) leads to the folowing equality:

aR  _ fFAH)H: _ fAH)H,
e TN [ (3
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Computing the derivative of thef () we get

F9x) = % F)+ae ™0 ( dy(hix)  ( do(PX))
e( t) .
5 C(di(hix) T (ch(Pix)
(yx) T tx
r(T t) N
+ B (Rix)  (Ga(hix)

T tx

Substituting into (4.3), we get the nal form of the optimal strategies before the
horizon.

4.2 Expected Loss constraint

We consider in this section an agent who wishes to limit his pected Loss. In this case
the agent de nes his strategy as one which ful lls the consaint

El(Xr o ] (4.4)

where"  0is given. We will denote this strategy as EL-strategy. Our gjective in this
section is to solve the agent's optimization problem congtined by (4.4). The dynamic
optimization problem of the EL-risk manager can be restate@ds the following static
variational problem:

max Efu( )]

subject to E[HT ] X
EI( o ] "

The following proposition characterizes the optimal solitn in the presence of the EL-
constraint (4.4). We prove that if a terminal wealth satis es (4:5), then it is the optimal
solution.

Proposition 4.3
The EL-optimal terminal wealth is

8
2 1 (yiHr) if Hr <h;
= g if h Hr<h; (4.5)

[(yaHT  y2) if h Hy;
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whereh = “i(lq), h= “o(qy):' Y2 andy;;y, > 0 solve the following system of equations

E[HT 5 (T;y1y2)]
EHr = (Tiyuy) a1 =" or y,=0:
The EL-constraint(4.4) is binding if, and only if, h < h.

X,

Proof.

Suppose thatE[(XE- qg) ]<", then it follows y, = 0, and X E- (T) = 1 (y;Ht) which
is optimal since we have in this case a standard problem withba risk constraint.
Otherwise, E[(XE- g ]=", andh < h. In order to solve the optimization problem
under EL-constraint, the common convex-duality approachsi adapted by introducing
the convex-conjugate of the utility functionu( ) with an additional term capturing the
EL-constraint as it is shown in the following lemma.

Lemma 4.4
The expression of £+ solves the following pointwise problen8H-:

u( F5) waH+ 5 v (FH 0 :r‘r)}a%(fu(x) yiHtx  y.(x 0 o

Proof.
Let z > 0 and consider the functionh(x) := u(x) Vyizx VY.(x @) . De ning the two
functions

h1(x) u(x) yizx
h2(x) u(x) yizx+ya(x o= u(x) (Yiz VY2)X Yo0;
the function h can be written as

hi(x) for x q;

hix) = ho(x) for x<aq:

(4.6)
Sinceh; and h, are strictly concave and continuously di erentiable, the d@inction h is a
continuous and strictly concave function which is di ereniable in [0;g) and (g;1 ) and
possesses di erent one-sided derivatives in the poirt= g which areh{q 0) = h3(q)
and h{q+ 0) = h%(q).

The functions h; and h, attain its maximum values atx; := 1 (y1z) and X, := 1 (y1z Y2),
respectively. Since the function (%) is strictly decreasing andy, > 0 it follows x; < X ».
To nd the maximum of h one has to consider the following three cases.

() g < xi:
Since u® is strictly decreasing we haveu{q) > uqx,) = uql(y12)) = .1z, hencez <
@ - h. Considering the one-sided derivatives at = ¢ one obtains

Y1
g 0)=hm@= ) Mz y) > ulQ yluoy(‘”

1
uyq)
Y1

+y>>0

and hYq+0)= h(@)=u¥q) yiz > u¥9 wn

:0,
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i.e. the functionh is increasing atx = @. It follows that the function h attains it maximum
on (g;1 ) whereh(x) = hy(x), i.e. the maximum is atx = x; = | (y12).

(i) X1 g< Xs:
Now the relationg x; impliesz h while g < x; leads to

uag) >udx) = U1 (V12 ¥2)) = Yaz ¥z

ie.z < 92 = which givesh  z < . It follows that

Mg 0)=m@= e Mz y) > ulg y @Y O(q) Y2 4 y,=0
and h(g+0)= M@= W) vz  ulQ) ylui(q)

From the strict concavity of h we deduce thathqx) = h{(x) <h?%(q) < 0for x > q. Thus
the function h is strictly increasing forx < q and strictly decreasing forx > g, henceh
attains its maximum at x = q.

(i) g9 Xz
This case is equivalent taz  h = “0(‘;)% For the one-sided derivatives aix = q one
obtains

Mg 0= h@= Wl (iz y)  ug yl@FY: O(O') Y2 4y, =0
and hYg+0)= h%)= u{d) yiz  u%q y“o(‘“)y 22 y,<o
1

It follows that the function h is decreasing aix = ¢ attains it maximum on (0; g) where
h(x) = hy(x) and hence the maximum is ak = x, = [ (Y12 V>).

Since the above considerations hold for arbitrarg > 0 the assertion of the lemma holds
pointwise for allz = Hr. 0

To complete the proof, let be any admissible solution satisfying the static budget
constraint and the EL-constraint (4.4). We have

E[u( t5)] E()] = E[u(F)] EM()] yix+yix  y"+ "
E[u( )] EliHr 1 Y2E(F- 9 ]
E[u( )+ ElysHr T+ YE[( 0 ]
0;
where the rst inequality follows from the static budget corstraint and the constraint

for the risk holding with equality for Et, while holding with inequality for . The last
inequality is a consequence of the above lemma. Hence we @bthat - is optimal.

We present in the following proposition the explicit expresions for the EL-optimal wealth
and portfolio strategy before the horizon.
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Proposition 4.5
Let u(x) be the CRRA utility function given in (3.2). Then

() The EL-optimal wealth at time t is given by

ol
()/1|‘|t)l
+qe T Y da(h; Hy) do(h;Hy)  + G(H¢; h);

XEt = 1 di(h; Hy) (4.7)

where () is the standard-normal distribution function, y,;y, are as in Proposition
4.3, (t);d;; d, are as in Proposition 4.2 and

h= -1 andh= %4 ¥

- y1d y1 !
— o R 1 b2
G(z;h) = &p5— e 2V du,
1 (yited*bu y)
o= 3n(8) a.a= (+2)(T Handb= T T

(i) The fraction of wealth invested in stock is

EL — BpEL
t = P

where B is as in Proposition (4.2) and the exposure to risky assetslagive to the
benchmarkpft is

1 eV
s g —— 1 di(h;Hy) + p=—=" di(h;H
pt XtEL (ylHt)l 1(_ t) T i 1(_ t)
qe r(T t) . do(h'H
XtTpﬁ 2(h; Hy)
H,el 2 2)(T 1) _ 1
+ 7 tex L o Co(h;Hy) by yiH e yo; 20,11+ —
t

where' () is the standard-normal probability density function and

Z 2
1 exp( “2-)
;;C 1,C;M;S; )= p— du:
O( 1,2 ) 25 L (cleu CZ)

Proof.

(i) Taking into account Equations (2.2) and (2.3) and applyng Itd's lemma one obtains
that the processHX £+ is an Fy-martingale hence and
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XE = EOTE R =4,
H.
Hr
where J;: = E H—[I (YiHO)Ltr<hg + ALip pip<gl Fre s

t

_ H

and J; = G(Hyh):=E H—l(Y1Ht Y2)lig nyg Fo:
t

The conditional expectation J; is computed by applying Markov's property of
solution of stochastic di erential equation and using thedct that In H1 is normally
distributed with mean InH; (r + ;)(T t) and variance (T t), while the
conditional expectationJ, is computed numerically. Hence, we get the form of the
optimal wealth before the horizon.

(i) From Equation (4.7) we have X E- = f (Hy), where

e(t)
f(x)= 1 ( di(h;x))

+ge T 9 da(h;x))  ( da(h;x)) + G(x; h):
It6's lemma applied to the functionf () leads to

2
dXct = rf (HYH+ S f HOHIAE  f (HOH AW

Comparing with Equation (2.3), one gets the following equay:

fYH)H
EL — t)Mt
RGN @9)
g FAHOH:.
f(H) °
Computing the derivative of the functionf , we obtain
e(t)
fAx)= ———= 1 ( di(h;x))+ p—" (du(h;x)) (4.9)
X (y1x) T 1
e r(T t) .
B (@ix)  (@fix) + 26 h):
T tx @x
For the last term we have
czhix)
@ _ e r(T t) @
—G(x;h) = — [(x;u)du
@t P v
cghix)
e r(T t) @ @ _ _
= — —|(x;u)du+ —=cy(h; x)I(x;co(h; x)) :
B guswdur Sl e x)
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where
e 3(u b2
[(x;u) =

(yaxesrbu y;)*
Finally, we get

@@)EB(X; h) = gz co(h; x); b; yxe?; yo; 2b;1; 1 + 1
é(T t) i
"‘ﬂg_l_:txl ( dz(h;x)):

Substituting in (4.8), we get the nal form of the optimal strategies before the
horizon.

5 Numerical results

This section illustrates the ndings of the preceding seabins with an example. Table
5.1 shows the parameters for the portfolio optimization ptdem and the underlying
Black-Scholes model of the nancial market. In this examplée aim is to maximize the
expected logarithmic utility ( = 1) of the terminal wealth X1 of the portfolio with the
horizon T = 20 years. The shortfall levelq is set to be80% of the terminal wealth of a
pure bond portfolio, i.e.q = 0:8xe'™ . We bound the shortfall probability P(X+ < q) by
" =10%, i.e. we consider the optimization with the VaR constraint @scribed in Section
4.1.

stock = 7%, =20%

bond r =4%

horizon T =20

initial wealth x=1

utility function uxX)=Inx ie. =1

shortfall level q=0:8xe'T =1:78:::

constraint VaR-(X+ g 0 P(Xt<q)
shortfall probability | " = 10%

Table 5.1: Parameters of the optimization problem

First the solution of the static problem is considered, it lads to the optimal terminal
wealth VeR_ Figure 5.1 shows the probability density function and its emulated coun-
terpart - the distribution function - of this random variable. For the sake of comparison
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we also give the corresponding functions for the terminal akh resulting from portfolios
managed by the

pure bond strategy ; °=0,
pure stock strategy =1,

optimal strategy of the unconstrained problem B= =075
(see Example 3.4).

Additionally, on the horizontal axes the expected terminalvealths EX 1 for the conside-
red portfolios are marked.

probability density function

T T T T T T T T
0.3F f
0.25F
0.2
0.15
0.1F
0.05
00 25
distribution function
l | | T T T T T T T T
pure bond qt° 0
0.8H = = purestockqg ® 1
v EX,
0.6H'=" noconstr. qt°0.75
A EX;
= VaR constraint
0.4
*x BN
0.2 o
e oo
0 L s
0 0.5 1 1.5 2 T 2.5 3 35 4 45 5

q xe
Figure 5.1: Distribution of the VaR-optimal terminal wealth

While in case of the pure bond portfolio the distribution of the terminal wealth X;° is
concentrated in the single pointxe’™ , the terminal WealtthTl and XTB are absolutely
continuous. It holds

€T = X;"<EX; <EX; =e':
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We mention that B = XTB maximizes the expected utiIityEu(XTB) and not the expec-
ted terminal wealth EXTB itself, therefore the latter inequality is not a contradicton.
r

For parameter sets ful lling B = —; > 1 the reverse inequality can be observed.

The distribution of the optimal terminal wealth V2R for the constrained problem contains
a discrete as well as an absolutely continuous part. This fols from the representation of
VaR in Proposition 4.1, which indicates that the probabilityP(h  Hy < h) =0:1711:::

is concentrated in the single pointg. In the density plot this probability mass built up
at the shortfall level g is marked by a vertical line atg. It is noted that there is a
gap in the support of the absolutely continuous distributio, since an interval(tp; q) =
(1:1343 1:7804) of values below the shortfall levet (small losses) carries no probability
while the interval (O; gv] (large losses) carries the maximum allowed probability of =
10% This e ect demonstrates a serious drawback of th#aR constraint which bounds
only the probability of the losses but does not care about theagnitude of losses.

The comparison of the expected terminal wealths yields thahe VaR-optimal portfolio
reaches an expected terminal wealtkE V2R which is very close below of B from the
optimal portfolio of the unconstrained problem.

The solution of the representation problem, i.e. the optimastrategy , = 2R, is shown
in Figure 5.2. Again we give for the sake of comparison the ategies of the other
portfolios considered in Figure 5.1, i.e. the strategie§ 0; * 1and B — =0:75

which are constants. Contrary to this, the optimal strategy /2R is a feedback strategy,
i.e. it is a function of time t and the state X; which is the wealth at timet. Proposition
4.2 (i) gives an equivalent representation ofY@R in terms oft and the state price density
H:. SinceH; can be expressed in terms dfand S; the optimal strategy can be written
also as a function ot and the stock priceS; at time t. Figure 5.2 shows the dependence
of V@R on the stock priceS; for three instantst = 0:25T = 5, t = 0:75T = 15 and
the time just before the horizonT = 20. Moreover the dependence of the EL-optimal
strategy on timet and stock priceS is visualized.

It can be seen that at the horizonT the optimal strategies Y8R and B of the constrained
and unconstrained problem, respectively, coincide for sthand large stock prices, i.e. for
St 2 (0;0:8639)[ (1:57591 ). In case of medium stock pricesSr 2 (0:86391:5759)
it holds 2R I Ofort! T, which indicates that in this case the complete capital is
invested in the riskless bond, in order to ensure that the tarinal wealth exceeds) with
the required probability 1  ". For prior instants t in case of very small stock prices the
relation 2R > B can be observed. This seems to be very risky and not rationalito
corresponds to the above described form of the distributioof the terminal wealth which
concentrates the maximum of the allowed probability in the region of very small values
of X1, i.e. in a region of large losses.

Measuring the shortfall risk using the shortfall probabily leads in case of the VaR-
optimal portfolio to

P(X{® <qg)="=0:1 or VaRpi(X7s ) =0:
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Figure 5.2: VaR-optimal strategy YR as a function of timet and the stock priceS

Using the Expected Shortfall as a risk measure on obtains
EL(X{*R o= E(X{® g =0:0926.::=: "

For the sake of comparison we present results for the EL-optal portfolio which ma-
ximizes the expected utility of the terminal wealthEu(X 1) but satis es the constraint
EL(Xt+ g "instead ofP(Xt+<q)="=0:1

Figure 5.3 shows the probability density and distribution @inction of the EL-optimal
terminal wealth E- = XEL. As in the previous example there is a discrete as well as an
absolutely continuous part of the distribution. The singlepoint g carries the probability
P(h  Hy < h)=0:1073:::. Contrary to the VaR-optimal terminal wealth now there is
no gap in the support of the distribution.

While both (VaR- and EL-) optimal portfolios possess the same ¥pected Loss™ the
shortfall probability of the EL-optimal terminal wealth is signi cantly higher, it holds

P(XF-<q)=0:1664::> 0:1 = P(X{*R <q):
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probability density function
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Figure 5.3: Distribution of the EL-optimal terminal wealth

0
0

On the other hand there is nearly no di erence in the expecteterminal wealths since
EX{%R =3:4097::: 3:3938::= EXEL:

Both values are close to the expected optimal termingEX® = 3:4903 wealth of the
unconstrained problem.

Figure 5.4 is the analogue to Figure 5.2 and shows the EL-optal strategy E- as a
function of time t and stock priceS. There is a similar behavior for medium and large
values ofS. Di erences can be observed for small values &f and if time t approaches
the horizonT. Fort! T the strategy E- does not tend to the value B of the optimal
strategy of the unconstrained problem but remains larger. bteover, the region of me-
dium stock prices(1:1432 1:5870)characterized by £- ! Ofort! T is smaller than in
case of the VaR-optimal strategy /2R, where this region is the interval(0:8639 1:5759)
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Figure 5.4: EL-optimal strategy E- as a function of timet and the stock priceS
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