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1 Motivation and main ideas1.1 The boundary value problem and analytical resultsIn this paper we want to study the approximation properties of the �nite element methodwith anisotropic meshes (for an introduction to anisotropic meshes see Subsection 1.2)for certain elliptic boundary value problems over three-dimensional domains.Let 
 � R3 be a bounded domain with non-intersecting edges. Especially we willfocus on prismatic domains 
 = G� I; (1.1)where G � R2 is a polygonal domain and I = ] 0; z0 [ � R1 is an interval. The domainG may have a corner with interior angle ! > � at the origin; thus 
 has an edge whichis part of the x3-axis. The case of more than one edge can be treated similarly becausethe edge singularities we are interested in, are of local nature only.Over this domain 
, we consider the variational form of the boundary value problemwhich is given by the second order di�erential equation� 3Xi;j=1 aij@iju = f in 
; (1.2)with either Dirichlet boundary conditionsu = 0 on @
; (1.3)or Newton boundary conditions3Xi;j=1aij@iu nj + �u = 0 on @
: (1.4)The constant coe�cients aij = aji 2 R ful�ll9� > 0 : 3Xi;j=1 aij�i�j � �j�j2 8� 2 R3; (1.5)nj (j = 1; 2; 3) are the elements of the outward normal vector, and we assume � � 0 on@
 and � = �(x) � �0 > 0 for all x in a part @
T � @
 with meas2(@
T) > 0. Then,the variational form is given for Dirichlet boundary conditions by:�nd u 2 V0 such that a(u; v) = (f; v) for all v 2 V0; (1.6)and in the case of problem (1.2)(1.4) by:�nd u 2 V such that a(u; v) = (f; v) for all v 2 V: (1.7)The bilinear form a(:; :) and the linear form (f; :) are de�ned bya(u; v) := Z
 3Xi;j=1 aij@iu@jv dx+ Z@
 �uv d�; (1.8)(f; v) := Z
 fv dx; (1.9)where the surface integral in (1.8) disappears in the case of Dirichlet boundary conditions(1.3). We use the abbreviations @i for @@xi and @ij for @i@j . The spaces are de�ned byV := H1(
) and V0 := fv 2 H1(
) : vj@
 = 0g. For the data we consider f 2 Lp(
)(p � 2) and � 2 W 1�1=p;p(@
) \ W 1�1=s;s(@
) for some s > 3. Lp(:) (1 � p � 1)2



are the usual Lebesgue spaces, W s;p(:) (s � 0, 1 � p � 1) the Sobolev(-Slobodetski��)spaces (sometimes we write W 0;p(:) for Lp(:)), and Hs(:) := W s;2(:). | Note that theconditions of the Lax{Milgram lemma are satis�ed; thus the solution u 2 H1(
) ofproblems (1.6) and (1.7) exists and is unique.It is well known that for domains with edges with interior angle ! > � the so-calledshift theorem (u 2 Hk+2(
) for f 2 Hk(
)) does not hold, and there are many paperswhere the regularity of the solution of these and more general problems is studied. Wemention here the papers of Kondrat'ev [15] and Maz'ya/Plamenevski�� [18].In [15], a representation formula for the solution u for f 2 L2(
) is given:u = �(r)
(x) r��(') + ur with � = �!A ; 
 2 W 2;2� (
); (1.10)where r; ' are polar coordinates in the plane perpendicular to the edge, !A 2 ]�; 2�[is a real number depending on ! and aij (see Subsection 2.3), �(r) is a smooth cut-o�function, �(') = sin�' for Dirichlet boundary conditions and �(') = cos�' for Neu-mann/Newton boundary conditions, W 2;2� (
) := fv 2 D0(
) : r�D�v 2 L2(
) 8j�j �2g, � = (�1; �2; �3) is a multi-index and D� := @�11 @�22 @�33 .In [18], the solution is described in the framework of another type of weighted Sobolevspaces: let f 2 Lp(
) thenu 2 V 2;p� (
) for � > 2� 2p � �!A ; (1.11)V 2;p� (
) := fv 2 D0(
) : r��2+j�jD�v 2 Lp(
) 8j�j � 2g. Note that for problems withmore than one edge (with interior angle greater than �) an adequate number of singularterms has to be included in (1.10) and weights corresponding to each edge have to beintroduced in the space V 2;p� (
).The anisotropic structure of the edge is re
ected by the factor r� in (1.10) and theweights in the de�nition of the spaces W 2;2� (
) and V 2;2� (
), because r is the distance tothe edge and is independent of the tangential coordinate of the edge. Using these resultsit has been possible to justify a mesh re�nement strategy near edges [2, 6, 17] in order toimprove the approximation order (which is in general low because of the low regularity ofthe solution) of the standard �nite element method. In this strategy, isotropic elements(that are elements whose ratio of the diameters of the smallest circumscribed and thelargest inscribed balls is bounded independently of the mesh size h) are used, and thesize of the elements is determined by their distance to the edge. We remark that isotropicstrategies near corners in two dimensions are widely investigated [7, 10, 11, 21, 23, 25].This result is not really satisfactory because it seems to be natural to treat anisotro-pic structures like edges with anisotropic �nite elements. According to [1] an elementis called anisotropic when its diameter in di�erent directions has di�erent asymptoticsand, consequently, the ratio of the outer and the inner ball is growing to in�nity forh! 0. As shown in that paper for problems with smoother data than we assume here,these elements can be applied successfully in the �nite element method with gradedmeshes near edges.It was an open problem to justify this anisotropic strategy also for problems withf 2 Lp(
) (p � 2). But the analytic results (1.10) and (1.11) have been insu�cient,because the weighted Sobolev spaces used have the disadvantage that all derivatives ofthe same order have the same weight. This drawback is removed in Section 2 by usingmore appropriate, anisotropically weighted Sobolev spaces. It is proved that for thesolution u from (1.6) or (1.7) the inclusionu 2 A2;p� (
) with ( � > 2� 2p � �!A for 2� 2p � �!A >  (p)� = 0 for 2� 2p < �!A (1.12)3



holds, where  (p) := 1 � 2p in the case if Dirichlet or Neumann boundary conditions,and  (p) := 32 � 3p in the case of Newton boundary conditions. The space A2;p� (
) isde�ned by A2;p� (
) := fv 2 D0(
) : kv;A2;p� (
)k <1g,jv;A2;p� (
)jp := Z
8<:r�p 2Xi;j=1 j@ijujp + 3Xi=1 j@3iujp9=; dx;kv;A2;p� (
)kp := jv;A2;p� (
)jp + Z
 (r(��1)p 2Xi=1 j@iujp + r�pj@3ujp + r(��2)pjujp) dx;and x3 is the direction of the edge. Particularly, that means @3u 2 V 1;p0 (
) ,! W 1;p(
).For �!A � 1� 2p (that means p � 2=(1� �!A )) we do not have @3u 2 W 1;p(
).Remark 1.1 For general polyhedral domains we have to distinguish between cornerand edge singularities. The behaviour of the edge singularities is not di�erent from thatdescribed above. The corner singularities are not a problem of anisotropy; they canbe treated with isotropic, graded meshes as introduced for example in [6]. The mainproblem is to construct meshes which are both anisotropic near edges and isotropic nearthose corners which cause singularities. We will discuss this in a forthcoming paper. |Note that the domain introduced by (1.1) has corners, too. But they do not introduceadditional corner singularities [26].Remark 1.2 It is conjectured that each component of the solution of the Lam�e systemof linear elasticity has similar properties as described above for the scalar equation, andthat our forthcoming approximation results apply also in that case. Indeed, we wereable to prove this in the case p = 2. The case p > 2 has still to be investigated.1.2 The class of �nite element meshesAssume that we are given a family T of �nite element partitions Th with the usualregularity properties:(a) 
 = Smi=1 
i, where 
i are tetrahedra,(b) 
i \ 
j = ; for i 6= j (i; j = 1; : : : ; m),(c) any edge or face of 
i is either a subset of @
 or an edge or face of another 
j(i; j = 1; : : : ; m).Then we introduce the �nite element space Vh of all continuous functions whoserestriction to any 
i (i = 1; : : : ; m) is a polynomial of �rst degree. Furthermore, we letV0h be de�ned by V0h := fvh 2 Vh : vhj@
 = 0g. Note that Vh � V and V0h � V0.The �nite element solutions of problems (1.6) and (1.7) are de�ned by:�nd uh 2 V0h such that a(uh; vh) = (f; vh) for all vh 2 V0h; (1.13)and �nd uh 2 Vh such that a(uh; vh) = (f; vh) for all vh 2 Vh; (1.14)respectively. The assumptions of the Lax{Milgram lemma are ful�lled; thus these prob-lems have a unique solution.The investigation of the �nite element error u�uh in the energy norm (here equiva-lent to theW 1;2(
)-norm) is usually reduced via C�ea's lemma to a general approximationproblem. If we want to take advantage of anisotropic �nite element meshes (and this4



kind of mesh seems to be natural near edges, see above), we need an approximationoperator for which error estimates are available that take these di�erent asymptoticmesh sizes of the elements into account. As far as we know, such estimates are onlyavailable for the interpolation operator [1], see also (3.16). But in order to use theselocal estimates and to extend them to weighted Sobolev spaces, the mesh must satisfytwo more conditions (d) and (e). Moreover, another assumption (f) is necessary forthe extension of these estimates to weighted Sobolev spaces. This extension is done inSubsection 3.1 because it is necessary for our global estimate in Subsection 3.2.For the explanation and for further use we introduce the following notation: Assumewe are given a �nite element 
i. Let ei be the longest edge of 
i and fi the larger ofthe two faces of 
i with ei � f i. Then we denote by h3;i := meas1(ei) the length ofei, by h2;i := 2meas2(fi)=h3;i the diameter of fi perpendicularly to ei and by h1;i :=6meas3(
i)=(h2;ih3;i) the diameter of 
i perpendicularly to fi. Note that h3;i � h2;i �h1;i.Introduce further local Cartesian coordinate systems (x1;i; x2;i; x3;i) such that (0; 0; 0)is a vertex of 
i, ei is part of the x3;i-axis, and fi is part of the x2;i; x3;i-plane. Note thateach coordinate system can be transformed via a translation and three rotations aroundthe xj;i-axes by an angle  j;i (j = 1; 2; 3) into the original coordinate system (x1; x2; x3).(The angles  j;i depend on the order of the three rotations but this in
uence is of lowerorder.)Let the following assumptions be also ful�lled:(d) all elements 
i have to ful�ll the maximal angle condition: let 
e;i be the maximalangle between faces of 
i and 
f;i be the maximal interior angle of the four trian-gular faces of 
i (i = 1; : : : ; m), then the relations 
e;i � 
0 < � and 
f;i � 
0 < �have to be ful�lled with 
0 independent of the element counter i and the meshsize parameter h,(e) the elements are located such that the angles  j;i ful�ll the following relations:j tan 1;ij � Ch2;ih3;i ; j tan 2;ij � Ch1;ih3;i ; j tan 3;ij � Ch1;ih2;i ; (i = 1; : : : ; m);with the exception that the �rst (respectively the third) inequality is not necessaryif h2;i is of order h3;i (respectively h1;i is of order h2;i),(f) all elements 
i with distance ri = 0 to the edge (x3-axis) have two vertices suchthat the straight line through them is parallel to the x3-axis.So we introduce a graded mesh by conditions (a){(f) and the following choice of theelement sizes:(g) With h being the mesh size parameter, � 2 ]0; 1] being the grading parameter, ribeing the distance of 
i to the edge (ri := min(x1;x2;x3)2
i(x21 + x22)1=2) and someconstant R > 0 we de�ne real numbers hi (i = 1; : : : ; m)hi := 8><>: h1=� for ri = 0;hr1��i for 0 < ri � R;h for ri > R; (1.15)and assume that there are positive constants C1 and C2 such that for the elementsizes h1;i, h2;i, h3;i the relationsC1hi � hj;i � C2hi; j = 1; 2;C1h � h3;i � C2h; (1.16)are ful�lled for i = 1; : : : ; m. 5



Corollary 1.3 For such meshes the following relation holds:kvh;W 1;2(
i)k � Ch�1i kvh;L2(
i)k; i = 1; : : : ; m; (1.17)which is a special case of the inverse inequality, see [8, Theorem 3.2.6]. Note that thediameter of the largest ball inscribed in 
i has a diameter of order hi � Ch.Note that we use the symbol C for a generic positive constant, that means, C maybe of di�erent value at each occurrence. But C is always independent of the functionunder consideration and of the �nite element mesh.Corollary 1.4 The volume of any element 
i is of order h2i h (i = 1; : : : ; m).Because we consider up to now only a domain 
 with the special structure (1.1) itis easy to construct such a mesh:1. Find a quasiuniform mesh for G with a conventional mesh generator (inner andouter circle shall be of the same order h for all elements).2. Reproduce this two-dimensional mesh in each plane x3 = j~ (j = 0; : : : ; J ;J := int(z0=h); ~ := z0=J ; int(w) is the integer part of the real number w),and form a partition of pentahedra (prismatic elements with a triangular basis)using corresponding triangles of two adjacent planes x3 = (j � 1)h and x3 = jh(j = 1; : : : ; J). Divide each pentahedron into three tetrahedra (observing condi-tion (c)).3. Apply the coordinate transformationr := (x21;old+ x22;old)1=2x1;new := r�1+1=�x1;oldx2;new := r�1+1=�x2;old (1.18)to all nodes of the triangulation (at least in a neighbourhood of the edge).This approach of constructing a graded partition using a coordinate transformation goesback to [20] where it was used in the two-dimensional case. It is explained in detail in[5].1.3 Outline of the paperIn Section 2 we prove the anisotropic regularity (1.12) of the solution u from (1.6) or(1.7). This is �rst done for the Laplace operator with Dirichlet boundary conditions inSubsection 2.1, using a representation formula for u from [14]. Furthermore, we provethat the assumption p < 2=(1� �!A ) in (1.12) is necessary. In Subsections 2.2{2.4 weextend this result to more general boundary conditions, to a general elliptic second orderoperator with constant coe�cients, and partially (only for p = 2) to the Lam�e system.These results are then applied in the investigation of the �nite element error for theproblems introduced above.In Section 3 we use the standard way, namely the estimation of the interpolationerror. One di�culty is that the anisotropic local interpolation error estimatejv � Iv;W 1;p(
i)j � C 3Xj=1 hj;ij@ju;W 1;p(
i)j (1.19)does not hold for p = 2, but only for p > 2. That is why we restrict our considerationto problems with a right hand side f 2 Lp(
) with p > 2. Another task is to prove an6



approximation result for elements 
i touching the edge, because the solution does notbelong to W 2;p(
i) (p > 2) there, even if we would assume smooth data. Under theconditions (d){(f) and certain assumptions on p and � (see Theorem 3.11), we getjv � Iv;W 1;p(
i)j � C (h1��1;i + h3;i)jv;A2;p� (
i)j; (1.20)kv � Iv;Lp(
i)k � C (h2��1;i + h23;i)jv;A2;p� (
i)j: (1.21)The global result is then formulated in Theorem 3.13 and we get for p 2 ]2; p+[ku� uh;W 1;2(
)k � Chskf ;Lp(
)k (1.22)withs = ( 1 for � < �!A � p2p�2 ;2p � 1 + 1� �!A � " for � � �!A � p2p�2 ; (1.23)p+ := 8<: (1� �!A )�1 for Dirichlet or Neumann b.c.,minn(1� �!A )�1; (12 � �3!A )�1o for Newton boundary cond. (1.24)A similar estimate holds for mixed boundary conditions with some restrictions to!A.In Section 4 we investigate the condition number of the sti�ness matrix. We showthat it is of the optimal order h�2 for the full range of � 2 ]0; 1]. Note that in theisotropic case the condition � > 13 is required [2, 6].For test calculations we can refer to another paper. In [4] we documented a test,where one problem was calculated with isotropic as well as with anisotropic gradedmeshes. We derived approximation orders from the �nite element errors for di�erentmesh size parameters h. We observed a good agreement of the calculated approximationorders with the expected ones (see (1.23)). Moreover, it turned out that the same errorlevel can be achieved with less computational e�ort (smaller number of elements, ofnodes, of degrees of freedom) with anisotropic meshes in comparison with isotropicones.Another test is documented in the last section. There, the exact solution has a jumpin the second derivative in edge direction.2 Anisotropic regularity near the edge2.1 The Laplace operator with Dirichlet boundary conditionsLet D := C�R be a dihedral cone of R3, where C is an in�nite cone of R2 of opening !.As before, we denote by x = (x1; x2; x3) the Cartesian coordinates in D, where x3 2 Rand (x1; x2) 2 C and by (r; ') the polar coordinates in C. We are concerned with theedge regularity of the variational solution v 2 oH1(D) of the Dirichlet problem��v = g 2 Lp(D); (2.1)for p � 2. Since we are only interested in the local behaviour of the solution, we supposethat v exists and has a compact support.For studying the regularity of v, we shall employ some weighted Sobolev spaces ofKondrat'ev type, introduced for instance in [18]. For l 2 N; � 2 R; p 2 ]1;+1[, we recallthat V l;p� (D) := fv 2 D0(D) : r��l+j�jD�v 2 Lp(D); 8j�j � lg7



is a Banach space for the normkv;V l;p� (D)k := 0@Xj�j�l ZD r(��l+j�j)pjD�vjp dx1A1=p :We start with a weak isotropic regularity result:Lemma 2.1 For any " > 0, we havev 2 V 2;21+"(D): (2.2)Proof Using Hardy's inequalities, we �nd that v 2 V 0;2�1+"(D): This inclusion andTheorem 4.1 of [18] lead to (2.2). 2This allows to use comparison theorems in weighted Sobolev spaces in order to getanisotropic regularity:Theorem 2.2 Let � � 0 be such that( 2� 2p � � < �! if 2� 2p � �! ;� = 0 if 2� 2p < �! : (2.3)Then v 2 V 2;p� (D): (2.4)If moreover 1� 2p < �! ; (2.5)then @3v 2 V 1;p0 (D): (2.6)Proof The inclusion (2.4) is a direct consequence of Theorem 7.2 of [18], using Lemma2.1 and since g 2 V 0;21+"(D) \ V 0;p� (D):The inclusion (2.6) follows now from Theorem 3.1 of [19] (see also Theorem 30.1 of[16]), since the assumption of that theorem is equivalent to (2.5). 2We shall now improve this theorem using recent results of Grisvard [14]. The ob-tained inclusions will sometimes recover the above ones, but due to the convenient formof the Laplace operator, their proofs are simpler. Let us �rst recall Theorem 6.6 of [14]:Theorem 2.3 Suppose that j�! 6= 2 � 2p for all j 2 Z, then the solution v 2 oH1(D) ofproblem (2.1) admits the decompositionv = vr + X0< j�! <2� 2p(Kj x3? qj) j; (2.7)where vr 2 W 2;p(D) is the regular part of v, qj 2 B2� 2p� j�! ;p(R) (that means in theclassical Sobolev space W 2� 2p� j�! ;p(R), if 2 � 2p � j�! 62 Z, otherwise in the Besov spaceB2� 2p� j�! ;p(R), see [27]),  j are the 2D-singular functions of the Laplace operator in C: j(r; ') := �(r)rj�=! sin�j�'! � ; (2.8)8



and �nally Kj are kernels de�ned byKj(r; x3) := r�(r2 + x23) if j�! > 1� 2p;Kj(r; x3) := 2r3�(r2 + x23)2 if j�! � 1� 2p:There exists a positive constant C independent of g, such thatkvr;W 2;p(D)k+ X0< j�! <2� 2p kqj ;B2� 2p� j�! ;p(R)k � C kg;Lp(R)k:Here and in the sequel, K x3? q means the convolution with respect to the edge parameterx3: (K x3? q)(r; x3) := ZRK(r; s)q(x3� s) ds:In view of that Theorem, if we want to prove inclusions of type (2.4) or (2.6), itsu�ces to show that the 3D-singularity functionvj := (Kj x3? qj) j (2.9)satis�es such inclusions. Their proofs are based on the next general result concerningconvolution with arbitrary kernels, which is inspired from Theorem 6.5 of [14] (noticethat this theorem had a di�erent goal).Theorem 2.4 Let K(r; x3) be a kernel satisfyingjK(r; x3)j � C r�(r2 + x23)
 ; 8r > 0; x3 2 R; (2.10)with some C > 0 and 
 > 12 (in order that K would be integrable with respect to x3) andZRK(r; x3) dx3 = 0: (2.11)For q 2 B�;p(R), with � 2 ]0; 1], we seth(r; x3) := (K x3? q)(r; x3): (2.12)If � < 2
�1 and � � �1� 2p��+2
, then there exists a constant C1 > 0 (independentof q) such that �Z 10 ZRjh(r; x3)jp rdrdx3�1=p � C1kq;B�;p(R)k: (2.13)Proof From assumption (2.11), we may writeh(r; x3) = ZRK(r; s)fq(x3� s)� q(x3)g ds;and taking the Lp-norm with respect to x3, we obtainkh(r; x3);Lpx3(R)k � ZRjK(r; s)j � kq(x3 � s)� q(x3);Lpx3(R)k ds: (2.14)Let us introduce the functions�(s) := jsj���1=pkq(x3 � s)� q(x3);Lpx3(R)k;k(t) := jtj2
���1(1 + t2)
 ; 9



and the multiplicative convolution I of k with the function s1=p�,I(r) := ZRk(r=s)s1=p�(s) dsjsj :Inserting (2.10) into (2.14) we obtainkh(r; x3);Lpx3(R)k � Cr�+1+��2
I(r): (2.15)The assumption q 2 B�;p(R) implies that � belongs to Lp(R) andk�;Lp(R)k � C2kq;B�;p(R)k;for some C2 > 0 independent of q. For � < 1 this is a direct implication, otherwisewe use Theorem 2.5.1 of [27]. Moreover, we readily check that k 2 L1(R+; dtt ) (this isthe space of integrable functions with respect to the measure dtt ) i� �1 < � < 2
 � 1;therefore Young's theorem leads to�Z +10 jI(r)jp drr �1=p � Ck�;Lp(R)k � CC2kq;B�;p(R)k: (2.16)Integrating the p-th power of the estimate (2.15) with respect to r on ]0; 1[ and using(2.16), we arrive at (2.13). 2We are now able to prove some anisotropic regularities:Theorem 2.5 If 0 < j�! < 2� 2p , then@33vj 2 Lp(D); (2.17)and there exists a positive constant C such thatk@33vj ;Lp(D)k � C kg;Lp(R)k: (2.18)Proof If 1� 2p < j�! < 2� 2p; (2.19)we use Theorem 2.4, with K(r; x3) = rj�=!@33Kj(r; x3), since@33vj = (K x3? qj)(r; x3) �(r) sin�j�'! � :This kernel satis�es jK(r; x3)j � Cr1+j�=!(r2 + x23)�2 for all r > 0; x3 2 R: Therefore,we can apply Theorem 2.4 with � = 1 + j�! , 
 = 2 and � = 2 � 2p � j�! (� < 1 due toassumption (2.19)). Since the hypotheses of that theorem are satis�ed, estimate (2.13)can be rephrased as Z 10 ZRj@33vj jp rdrdx3 � C kqj ;B�;p(R)kp:An integration with respect to ' leads to (2.17) and (2.18).Conversely, if 0 < j�! � 1� 2p; (2.20)then we know that qj 2 B�0 ;p(R), with �0 = 2 � 2p � j�! � 1. If �0 = 1, we useTheorem 2.4 as above withK(r; x3) = rj�=!@33Kj(r; x3), q = qj 2 B�;p(R), when � = �0.On the contrary, if �0 > 1, we apply Theorem 2.4 with K(r; x3) = rj�=!@3Kj(r; x3),q = @3qj 2 B�;p(R), when � = �0 � 1. 2Analogously, we can consider other derivatives:10



Theorem 2.6 If 0 < j�! < 2� 2p , then@3vj 2 Lp(D); (2.21)vj 2 Lp(D); (2.22)with norms depending continuously on the Lp-norm of g. If moreover, 1� 2p < j�! , then@13vj ; @23vj 2 Lp(D); (2.23)r
�1@1vj ; r
�1@2vj 2 Lp(D); (2.24)r
�2vj 2 Lp(D); (2.25)r�1@3vj 2 Lp(D); (2.26)with 
 > 2� 2p � j�! , the norms depending continuously on the Lp-norm of g.Proof Property (2.21) follows from Theorem 2.4 with K(r; x3) = rj�=!@3Kj and q = qj ;in the same way, we get (2.26) by multiplying this kernel by r�1. The proof of (2.23) isidentical. Indeed, we have@r3vj = fK1j x3? qjg j + fK2j x3? qjg@r j ;where K2j = @3Kj , K1j = @rK2j . For the �rst term (respectively the second term),we apply Theorem 2.4 with K(r; x3) = rj�=!K1j (respectively K(r; x3) = r�1+j�=!K2j)and q = qj . The derivative 1r@'3vj is treated similarly.To establish the other inclusions, we can no more apply Theorem 2.4 because thecorresponding kernels do not satisfy (2.11). Therefore, we proceed as follows: for thederivative @rvj , for instance, we must consider a term of the formh(r; x3) := (@rKj) x3? qj  j :As j@rKjj = O( 1r2+x23 ), we getkh(r; x3);Lpx3(R)k � Crj�=! ZRj@rKj(r; s)j kqj(x3 � s);Lpx3(R)k ds� Cr�1+j�=!kqj ;Lp(R)k:Multiplying this estimate by r
�1 and integrating with respect to r on ]0; 1[ and to ',we obtain the inclusion r
�1h 2 Lp(D). Other terms are treated analogously. 2Corollary 2.7 Let u 2 oH1(
) be the solution of ��u = f , with f 2 Lp(
), thenu 2 A2;p� (
) with ( � > 2� 2p � �! for 2� 2p � �! > 1� 2p� = 0 for 2� 2p < �!and ku;A2;p� (
)k � Ckf ;Lp(
)k:For the de�nition of A2;p� (
), see Subsection 1.1.Proof Let v := ( u in 
;0 in R3 n 
; and g := ( f in 
;0 in D n 
;then v is the variational solution of ��v = g 2 Lp(D). Using Theorem 2.6 we getv 2 A2;p� (D). The restriction to 
 yields the assertion. 2Let us remark that we cannot improve the conclusions of Theorems 2.5 and 2.6.Indeed, when we apply Theorem 2.4, we get an equality in the condition � � �1� 2p �11



� + 2
, in other words we cannot decrease the value of �. This means that, in general,we cannot decrease the power in r in front of the considered derivatives.Let us also show that the condition 1� 2p < j�! in the second part of Theorem 2.6 isnecessary, in the sense that without this condition, the conclusion could fail.Lemma 2.8 If 0 < j�! � 1 � 2p and qj 2 B2� 2p� j�! ;p(R) is a continuous function suchthat qj � 0, qj 6� 0. Then vj given by (2.9) satis�es1r @'vj 62 Lp(D): (2.27)Proof By a direct computation, we show that1r @'vj = 2j! h(r; x3)�(r)r�1+j�=! cos(j�'! ); (2.28)where we have set h(r; x3) := ZRqj(x3 � rt)(1 + t2)2 dt:Since qj 6� 0, there exist z0 2 R, " > 0, � > 0 such that qj(x3) > � for all x3 2]z0 � "; z0 + "[. This implies that for all x3 2 ]z0 � "=2; z0 + "=2[, we have h(r; x3) � ��for all r < 1, with � = R "=2�"=2(1+ t2)�2 dt > 0. Inserting this estimate into (2.28), we get����1r @'vj���� � �0�(r)r�1+j�=! ����cos�j�'! ����� ;with some positive constant �0. This leads to the conclusion (2.27) because r�1+j�=!does not belong to Lp with respect to the measure rdr near 0. 22.2 Extension to general boundary conditionsAll the results of this section can be extended in a straightforward manner to Neumannboundary conditions and mixed boundary conditions. This can be seen by replacingsin( j�'! ) by cos( j�'! ) (or sin( (j� 12 )�'! ), respectively) everywhere.Newton boundary conditions need more explanation:Theorem 2.9 Let u 2 V be the solution of (1.7), thenu 2 A2;p� (
) with ( � > 2� 2p � �! for 2� 2p � �! > 32 � 3p� = 0 for 2� 2p < �!and ku;A2;p� (
)k � Ckf ;Lp(
)k:Proof First we transform the boundary conditions (1.4) into@u@n = ��u on @
;and use a lifting trace theorem in order to come back to homogeneous Neumann bound-ary conditions. Indeed, since there exists s > 3 such that � 2 W 1�1=s;s(@
), there exists~� 2 W 1;s(
) such that ~� = � on @
. Using Theorem 1.4.4.2 of [12] we get ~�u 2 H1(
),because u 2 H1(
). Consequently, �u 2 H1=2(@
), and because of the classical tracetheorem, there exists w 2 H2(
) such that@w@n = ��u on @
:12



This means that u1 := u� w 2 V is the solution ofZ
ru1 � rv dx = Z
 f1v dx for all v 2 V;where f1 := f + �w. Since f1 2 L2(
) and owing to Theorem 23.3 of [9], we concludethat u 2 H1+�=!�"(
) for all " > 0:Using again Theorem 1.4.4.2 of [12] to u 2 H1+�=!�"(
) and some �̂ 2 W 1;p(
) suchthat �̂ = � on @
, we obtain that�̂u 2 W 1;p(
); if �! > 32 � 3p:Note that the condition �! > 32 � 3p is necessary to have the embedding H1+�=!�"(
) ,!W 1;p(
). With the help of the classical trace theorem, there exists w1 2 W 2;p(
) suchthat @w1@n = ��u on @
:Finally, setting u2 = u� w1, we see that u2 2 V and that it is a solution ofZ
ru2 � rv dx = Z
 f2v dx for all v 2 V;with f2 := f +�w1 2 Lp(
). Applying Corollary 2.7 to u2 (in the case of homogeneousNeumann boundary conditions), we conclude that u2 2 A2;p� (
) with � satisfying theconditions of that corollary. Since w1 2 W 2;p(
), we get the assertion. 22.3 General second order operators with constant coe�cientsIn this subsection, we brie
y consider an elliptic operator L of second order with constantcoe�cients in a dihedral cone D0: L := � 3Xi;j=1 aij@ij ;where aij = aji is such that (1.5) is ful�lled.Since this hypothesis implies that the matrix A = (aij)3i;j=1 is symmetric and positivede�nite, there exists a matrix B such thatBTAB = I:By the change of variables x = Bx0, the operator �L is transformed into the Laplaceoperator, while the dihedral cone D0 is mapped to another dihedral cone D. We noticethat the transformation matrix B is unique only up to an orthogonal matrix, thus wecan choose B = (bij)3i;j=1 such that b13 = b23 = 0 and the dihedral cone D = C � R,where C is a in�nite cone of R2 of opening !A. Moreover, we easily check that thedistance to the edge in D0 is equivalent to the distance to the edge in D, more precisely,with r0(x0) being the distance from x0 to the edge of D0, we haver0(x0) � kBk r(x);r(x) � kB�1k r0(x0) 8x0 2 D0:Therefore, the variational solution v0 2 H1(D0) ofLv0 = g0 in D0; g0 2 Lp(D0);v0 = 0 or 3Xi;j=1 aij@iu nj + �u = 0 on @D0;13



is mapped by the above change of variables to the solution v 2 H1(D) of��v = g in D; g 2 Lp(D);v = 0 or @u@n + �u = 0 on @D:Applying the results of the previous subsections to v and mapping back to D0, we getanalogous results by replacing ! by !A.2.4 Extension to the Lam�e systemAs shown in Lemma 4.1 of [13], the variational solution v = (v1; v2; v3)� (with a compactsupport) of the Lam�e system� ~��v � (~�+ ~�) grad div v = f in D; (2.29)where fi 2 L2(D), i = 1; 2; 3, with Dirichlet boundary conditions has the tangentialregularities @13v; @23v; @33v 2 L2(D)3:As in Section 4 of [13], this allows to split up the Lam�e system into a system involvingthe �rst two components and an elliptic equation for the third one. Therefore thetechniques developed above lead to the inclusionvi 2 A2;2� (D); i = 1; 2; 3; (2.30)with � > �0, and �0 > 12 depends on the Lam�e coe�cients ~�; ~�. Other boundaryconditions can also be treated based on further results of [13]. Unfortunately, at present,no result in Lp-spaces is available for the Lam�e system.3 Interpolation error estimates3.1 Local error estimates in weighted Sobolev spacesAs introduced in Subsection 1.2, we are interested in local approximation error estimatesfor anisotropic elements. In [1], interpolation error estimates in classical Sobolev spaceswere derived. These are useful far from the edge, but unfortunately, we can not applythem for tetrahedrons along the edge. In this subsection, we shall extend these results of[1] to weighted Sobolev spaces and consider particularly the three-dimensional case. Weremark that interpolation error estimates for functions from weighted Sobolev spaceswere already proved in [22] for the two-dimensional isotropic case.We consider �rst estimates on a reference element 
0 2 R where R is the set ofreference elements discussed later, see Figures 3.1 and 3.2. We notice here that theelements of R have the following essential property (P):(P) For each axis xi (i = 1; : : : ; 3) of the coordinate system there exists one edge Ei ofthe reference element, which is parallel to this axis and, for normalization, whichhas length meas1(Ei) = 1.Using a similar notation as in [1, x2] we denote by P a space of polynomials, andsince each monomial x� = x�11 x�22 x�33 can be identi�ed with the multi-index � 2 N3, wealso identify P with the corresponding set of multi-indices. The hull P of P is the setP := P [ f� + ei : � 2 P; i = 1; 2; 3g (feig3i=1 denotes the canonical basis of R3) andthe boundary @P of P is the set P n P . Note that max�2P j�j = 1 +max�2P j�j.14



We introduce now anisotropic weighted Sobolev spaces on 
0: For a �nite set P � N3with 0 2 P and for � 2 Rwe setV P;p� (
0) := fv 2 D0(
0) : kv;V P;p� (
0)k <1g;where kv;V P;p� (
0)kp := X�2P Z
0 jr��k+j�jD�vjp dx;k := max�2P j�j, D� := @�11 @�22 @�33 , and r(x) := (x21+ x22)1=2. For v 2 V P ;p� (
0) we alsointroduce the seminormjv;V P ;p� (
0)jp := X�2@P Z
0 jr��k+j�jD�vjp dx:The space WP;p(
0) is introduced in analogy to V P;p� (
0) by omitting the weight.Lemma 3.1 Let P 2 N3, P �nite with 0 2 P . Then we have the compact embeddingV P ;p� (
0) c,! V P;p� (
0):Proof For any v 2 V P ;p� (
0) and any �xed � 2 P , we haver��k�1+j�jD�v 2 Lp(
0);r��k+j�jD�+eiv 2 Lp(
0); i = 1; 2; 3:This implies r��k+j�jD�v 2 W 1;p(
0); since jr��k+j�jD�vj � Cjr��k+j�j�1D�vj almosteverywhere in 
0. Thus there is a constant C > 0 such thatkr��k+j�jD�v;W 1;p(
0)k � Ckv;V P ;p� (
0)k: (3.1)Let fvmgm2Nbe a sequence in V P ;p� (
0) such that for some K > 0 and for all m 2 Nthe relation kvm;V P ;p� (
0)k < K holds. From (3.1) we obtain for all m 2 N and� 2 P the bound kr��k+j�jD�vm;W 1;p(
0)k � C. Owing to the compact embeddingW 1;p(
0) c,! Lp(
0) (Rellich{Kondra�sov theorem), there is a subsequence fvmkg suchthat for all � 2 P r��k+j�jD�vmk ! w� in Lp(
0): (3.2)(Since P is �nite we can use card(P ) times this theorem.) Because 0 2 P we obtain inparticular r��kvmk ! w0 := r��kv 2 Lp(
0);which implies vmk ! v in D0(
0), and D�vmk ! D�v in D0(
0) for all � 2 P . With(3.2), we deduce that w� = r��k+j�jD�v 2 Lp(
0) and therefore vmk ! v in V P;p� (
0).Thus the embedding is proved. 2We show now that, under some condition on �, elements of V P;p� (
0) are in L1(
0),as well as all derivatives with respect to P .Lemma 3.2 Let P � N3, P �nite, such that 0 2 P . If � < 2 � 2p then for all v 2V P;p� (
0) the following relation holds:D�v 2 L1(
0) for all � 2 P: (3.3)15



Proof If � � 0 the assertion is obvious since V P;p� (
0) ,! WP;p(
0). If � > 0,then we have r��k+j�jD�v 2 Lp(
0) for any � 2 P . Since j�j � k we deduce thatr�D�v 2 Lp(
0). Using H�older's inequality, we show that this implies (3.3): Indeed, wehave for 1p + 1q = 1Z
0 jD�vj dx = Z
0 r�� jr�D�vj dx � kr��;Lq(
0)k kr�D�v;Lp(
0)k:The Lq(
0)-norm of r�� is �nite if and only if �q < 2 (by using cylindrical coordinates(r; '; z)). But this is equivalent to � < 2� 2p . 2From Lemmas 3.1 and 3.2 and using the same arguments as in [1, Lemma 2], weobtain the following lemma.Lemma 3.3 Let P 2 N3 be a �nite set of multi-indices with 0 2 P . If � < 2� 2p thenthere is a constant C > 0 such thatkv;V P ;p� (
0)k � Cjv;V P ;p� (
0)j (3.4)for all v 2 V P ;p� (
0) satisfying R
0 D�v dx = 0 for � 2 P .We are now ready to give the interpolation estimate, �rst in a very general form,then especially for our purposes.Lemma 3.4 Let � < 2� 2p be a real number, and let P;Q � N3 and 
 2 N3 be such that0 2 Q and Q+ 
 � P . Further introduce a linear operator I : C�(
0)! P , � 2 N, andassume that there are linear functionals Fi 2 �V Q;p� (
0)�0, i = 1; : : : ; j, j = dimD
P ,satisfyingFi(D
Iv) = Fi(D
v) (i = 1; : : : ; j) for all v 2 C�(
0) \ V Q+
;p� (
0);Fi(D
q) = 0 for all i = 1; : : : ; j =) D
q = 0 for all q 2 P: (3.5)Then there is a constant C > 0 such thatkD
(v � Iv);VQ;p� (
0)k � CjD
v;VQ;p� (
0)jfor all v 2 C�(
0) \ V Q+
;p� (
0).Proof We follow the proof of Lemma 3 of [1], since Lemma 1 of [1] can be extended tothe spaces V P;p� (
0) (owing to Lemma 3.2), while Lemma 2 of [1] is replaced by Lemma3.3. 2Theorem 3.5 Suppose that 0 � � < 1 � 1p , p > 2, and let Iv be the linear Lagrangeinterpolant of v with respect to the vertices. Then for all v 2 A2;p� (
0)\ C(
0) we have


r��1@i(v � Iv);Lp(
0)


 �� C �Z
0 hrp� (j@1ivjp + j@2ivjp) + j@3ivjpi dx�1=p ; i = 1; 2; (3.6)and 


r�1@3(v � Iv);Lp(
0)


 � C �Z
0 (j@13vjp + j@23vjp + j@33vjp) dx�1=p : (3.7)16



Proof We setQ := f(0; 0; 0)g;Q := f(0; 0; 0)g[feigi=1;2;3 and remark that v 2 A2;p� (
0)implies @iv 2 V 1;p� (
0) = V Q;p� (
0) (i = 1; 2) and @3v 2 V 1;p0 (
0) = V Q;p0 (
0). To provethe assertion we apply Lemma 3.4 with P = Q, 
 := ei and F1(v) := REi v dxi, whereEi is that edge of 
0 which is parallel to the xi-axis, see Property (P) on page 14. Itremains to prove the continuity of F1.In the simpler case i = 3 we can use the embeddingsV 1;p0 (
0) ,! W 1;p(
0) ,! W 1�2=p;p(E3) ,! L1(E3)which holds for 1� 2p > 0, that means p > 2.For i = 1; 2 we use that v 2 V 1;p� (
0) impliesr�v 2 W 1;p(
0) ,! W 1�2=p;p(Ei) ,! Lp(Ei); i = 1; 2:Using H�older's inequality we conclude for 1p + 1q = 1 thatZEi jvj dxi � kr�� ;Lq(Ei)k kr�v;Lp(Ei)k� kr�� ;Lq(Ei)k kv;V 1;p� (
0)k:Using that r�� 2 Lq(Ei) for � < 1q = 1� 1p the proof is complete. 2Remark 3.6 In applications with the same type of boundary conditions on both facesof the edge, we have � = 2� 2p � �!A + " with an arbitrarily small positive real ". Thatmeans � < 1 � 1p is equivalent to 1 � 1p < �!A , so that for p close to 2 this conditionalways holds.For mixed boundary conditions we have to replace �!A by �2!A , that means we arerestricted to !A < �. This restriction is known from the isotropic case (see [6]); it isequivalent to the condition that u must be contained in W 3=2+";2 ,! C(
) in order tohave well-de�ned pointwise values of u. Only in that case interpolation makes sense.Lemma 3.4 can also be applied to prove an Lp-estimate:Theorem 3.7 Suppose that 0 � � < 2 � 3p , p � 1, and let Iv be the linear Lagrangeinterpolant of v with respect to the vertices. Then for all v 2 A2;p� (
0) we havekr��2(v � Iv);Lp(
0)k � C jv;V 2;p� (
0)j: (3.8)Proof We set Q := f� 2 N3 : j�j � 1g, Q := f� 2 N3 : j�j � 2g, and remark thatv 2 A2;p� (
0) ,! V 2;p� (
0) = V Q;p� (
0). We apply Lemma 3.4 with 
 = (0; 0; 0) andFi(v) := v(x(i)), i = 1; : : : ; 4, where x(i) are the vertices of 
0. To prove the continuityof Fi we use the embedding [24]V 2;p� (
0) ,! V 2��;p0 (
0) ,! W 2��;p(
0) ,! C(
0)which is valid just for 0 � � < 2� 3p . 2Remark 3.8 The restriction � < 2 � 3p does not imply di�culties because for p � 2this condition is weaker than that of Theorem 3.5.17
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bFigure 3.1: Basic reference elements for anisotropic interpolation error estimates in thethree-dimensional case.Corollary 3.9 For p � 1, 0 � � < 2� 3p , and v 2 A2;p� (
0) we havekv � Iv;Lp(
0)k � C jv;A2;p� (
0)j; (3.9)and for p > 2, 0 � � < 1� 1p , we have for v 2 A2;p� (
0) and i = 1; 2 the estimatesk@i(v � Iv);Lp(
0)k � C �Z
0 hrp� (j@1ivjp + j@2ivjp) + j@3ivjpi dx�1=p ; (3.10)k@3(v � Iv);Lp(
0)k � C �Z
0 (j@13vjp + j@23vjp + j@33vjp) dx�1=p : (3.11)Proof Estimate (3.9) follows from (3.8) since r��2 is bounded from below and r� isbounded from above by some constant C > 0. The estimates (3.10) and (3.11) followwith the same arguments from (3.6) and (3.7). 2Now we are going to transform these estimates to the actual �nite elements 
i. Werecall from [8] that for two tetrahedra 
i and 
0 there is an a�ne linear transformationx = F (y) = By + b (3.12)with B = (bjk)3j;k=1 2 R3�3, b = (bj)3j=1 2 R3, such that 
i = F (
0). We consider tworeference elements 
a and 
b as given in Figure 3.1. Note that anisotropic elementscan have three or four edges with length of order h3, they are mapped to 
a and 
b,respectively. In Appendix A of [3] it is shown that then conditions (d) and (e) lead tothe following relations for the matrix elements bjk and b(�1)jk of B and B�1, respectively:jbjkj � C minfhj;i; hk;ig; jb(�1)jk j � C minfh�1j;i ; h�1k;ig: (3.13)Using Corollary 3.9 for the special case � = 0 we get with (3.13) the estimateskv � Iv;Lp(
i)k � C 3Xj;k=1 hj;ihk;i k@jkv;Lp(
i)k for p � 1; (3.14)k@j(v � Iv);Lp(
i)k � C 3Xk=1 hk;i k@jkv;Lp(
i)k ; j = 1; 2; 3; for p > 2; (3.15)where (3.15) can be formulated in the following equivalent way:jv � Iv;W 1;p(
i)j � C 3Xk=1 hk;ij@kv;W 1;p(
i)j for p > 2: (3.16)18
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0bFigure 3.2: Additional reference elements for interpolation error estimates in weightedSobolev spaces.This estimate was �rst proved in [1].To transform the estimates (3.9){(3.11) for � > 0 we can assume that h1 and h2 areof the same order, but we need additionally thaty21 + y22 � Ch�21 (x21 + x22) for all x 2 
i; (3.17)which can be concluded fromb13 = b23 = 0 and b1 = b2 = 0: (3.18)The geometrical meaning of this condition is investigated in the following lemma.Lemma 3.10 Assume that we are given an element 
i satisfying the following condi-tion.(i) At least one vertex of 
i is contained in the z-axis.Consider a set R = f
a;
0a;
b;
0bg of four reference elements, where 
0a and 
0b areobtained from 
a and 
b, respectively, by a re
ection at the plane x1 = 12 , see Figure 3.2.Then we can choose one element 
0 2 R such that the corresponding transformation(3.12) satis�es (3.18) if and only if(ii) there are two vertices of 
i such that the straight line through them is parallel tothe z-axis.Proof Observe that a translation parallel to the x1; x2-plane a�ects property (3.17);therefore we consider four reference elements. One can choose the appropriate referenceelement by the number of edges with length of order h3 (three or four) and the numberof vertices of 
i that are contained in the x3-axis (one or two).To realize the necessity of condition (ii) let y(i) and y(j) (i; j 2 f0; 1; 2; 3g) be thosevertices of 
0 such that y(i) � y(j) = (0; 0; 1)T , and let x(i) := By(i) + b and x(j) :=By(j) + b. Then B�1(x(i) � x(j)) = (0; 0; 1)T , and in particular b(�1)11 b(�1)12b(�1)21 b(�1)22 ! x(i)1 � x(j)1x(i)2 � x(j)2 ! =  00 ! :Observing that b13 = b23 = 0 leads to b(�1)13 = b(�1)23 = 0, we conclude b(�1)11 b(�1)22 �b(�1)12 b(�1)21 = detB(�1)=b(�1)33 6= 0 and follow (ii).With similar arguments we examine that (i) and (ii) are su�cient for (3.18): Assumewe are given an element 
i satisfying (i) and (ii). The use of four reference elements19



allows to �nd one reference element such that (1) each vertex contained in the x3-axisis mapped to a vertex at the y3-axis, thus b1 = b2 = 0, and (2) two vertices x(i) and x(j)with x(i)k = x(j)k , k = 1; 2, are mapped to y(i) and y(j) with y(i)k = y(j)k , k = 1; 2, thus fromthe �rst two equations of the system x(i)�x(j) = B(y(i)� y(j)) we get b13 = b23 = 0. 2If we apply the estimates with � > 0 only for the elements close to the edge, thenthe conditions (i) and (ii) are satis�ed via assumption (f) from page 5.We remark that it is desirable for treating curved edges that the assumption (ii) isweakened to a condition similar to (e) from page 5. This seems to be possible for specialcases but not in general. We will discuss this in a subsequent paper.Theorem 3.11 Let Ihv be the linear Lagrange interpolant of v 2 A2;p� (
i) with respectto the vertices. Assume further that for the element 
i with h2;i � h1;i the conditions(d), (e), (i), and (ii) are satis�ed. Then for 0 � � < 2� 3p , p � 1, the following localinterpolation error estimate holds:kv � Ihv;Lp(
i)k � C8>><>>:Z
i 2664h2��1;i Xj�j=2�3=0 r�pjD�vjp + Ch23;i Xj�j=2�3>0 jD�vjp3775dx9>>=>>;1=p: (3.19)Moreover, if 0 � � < 1� 1p , p > 2, then for all v 2 A2;p� (
i) the norm of the derivativesof the interpolation error can be estimated byk@j(v � Iv);Lp(
i)k� C �Z
i hhp(1��)1;i rp� (j@1jvjp + j@2jvjp) + hp3;ij@3jvjpi dx�1=p ; i = 1; 2; (3.20)k@3(v � Iv);Lp(
i)k � C (Z
i 3Xk=1hpk;i j@k3vjp dx)1=p : (3.21)Proof The assertion is a direct consequence from Corollary 3.9 using the transformation(3.12) with (3.13) and (3.17). 2Corollary 3.12 Under the assumptions of Theorem 3.11 the following estimates hold:kv � Ihv;Lp(
i)k � C (h2��1;i + h23;i)jv;A2;p� (
i)j; (3.22)jv � Ihv;W 1;p(
i)j � C (h1��1;i + h3;i)jv;A2;p� (
i)j: (3.23)3.2 Global error estimatesIn this section, we investigate the global interpolation error, that is the di�erence be-tween the solution u of our boundary value problem (1.6) or (1.7) and its piecewiselinear interpolant Ihu on the family of anisotropic graded meshes introduced in Sub-section 1.2. The di�culty is that we are interested on one hand in an estimate in theenergy norm which is equivalent to k : ;W 1;2(
)k, in order to apply C�ea's lemma forthe �nite element error. But on the other hand the local interpolation error estimates(3.16) and (3.23) are valid for k : ;W 1;p(
i)k with p > 2 only.Theorem 3.13 Let u be the solution of the boundary value problem (1.6) or (1.7), and2 < p < p+ (p+ is de�ned in (1.24)). Then for the interpolation error u � Ihu, Ihde�ned on the family of meshes in Subsection 1.2, the following estimate holds:ku� Ihu;W 1;2(
)k � Chskf ;Lp(
)k;s = ( 1 for � < �!A � p2p�2 ;2p � 1 + 1� � �!A � " for � � �!A � p2p�2 : (3.24)20



Proof We reduce the estimation of the global error to the evaluation of the local errorsand distinguish between the m0 = O(h�1) elements whose closure has at least onecommon point with the edge, and the m�m0 = O(h�3) elements away from the edge:ju� Ihu;W 1;2(
)j2 = m0Xi=1 ju� Ihu;W 1;2(
i)j2 + mXi=m0+1 ju� Ihu;W 1;2(
i)j2: (3.25)For the elements in the �rst sum we apply the local estimate (3.23). Using H�older'sinequality, we have for i = 1; : : : ; m0ju� Ihu;W 1;2(
i)jp � (meas
i)�1+p=2ju� Ihu;W 1;p(
i)jp� C(hh2i )�1+p=2(h1��i + h)pju;A2;p� (
i)jp:Summing up these estimates for all i = 1; : : : ; m0, and using again H�older's inequality,we can concludem0Xi=1 ju� Ihu;W 1;2(
i)j2 � m1�2=p0  m0Xi=1 ju� Ihu;W 1;p(
i)jp!2=p� C m0Xi=1 h�1+2=p(hh2i )1�2=p(h1��i + h)2ju;A2;p� (
i)j2� C �h(2���2=p)=� + h1+(1�2=p)=��2 kf ;Lp(
)k2:Since for � = maxf0; 2� 2p� �!A +"0g there holds 1�(2� 2p��) > s, and we have directly1 + 1�(1� 2p) > 1 � s (with s from (3.24)), we getm0Xi=1 ju� Ihu;W 1;2(
i)j2 � Ch2skf ;Lp(
)k2: (3.26)For the elements in the second sum of (3.25) we can use that u 2 W 2;p(
i), i =m0+1; : : : ; m, and thus apply the local estimate (3.16). Again with H�older's inequality,we have for i = m0 + 1; : : : ; m:ju� Ihu;W 1;2(
i)jp � (meas
i)�1+p=2ju� Ihu;W 1;p(
i)jp� C(hh2i )�1+p=20BB@hpi Xj�j=2�3=0 kD�u;Lp(
i)kp + Chp Xj�j=2�3>0 kD�u;Lp(
i)kp1CCA (3.27)For � < �!A � p2p�2 we can estimate h2p�2i � Ch2p�2r(2p�2)(1��)i = Ch2p�2rp�i with� = 1p(2p� 2)(1� �) > 2� 2p � �!A .For � � �!A � p2p�2 we have to use part of h2p�2i via hi < Cri to get also the powerp� of ri on the right hand side:h2p�2i = h p� � �!A�p"i h2p�2� p� � �!A+p"i� Ch p� � �!A�p"r( p� � �!A�p")(1��)i r2p�2� p� � �!A+p"i= Ch p� � �!A�p"rp�iwith � = 1p h� p� � �!A � p"� (1� �) + 2p� 2� p� � �!A + p"i = 2� 2p� �!A + "� > 2� 2p� �!Afor " > 0. Note that h2p�2� p� � �!A+p"i < Cr2p�2� p� � �!A+p"i because 2p� 2� p� � �!A + p" >2p� 2� p� � �!A � 0 due to the assumption on �.21



Thus we get with (3.27)ju� Ihu;W 1;2(
i)jp � Chps+3(p�2)=2ku;A2;p� (
i)kpwith s from (3.24). Summing up these estimates for all i = m0 + 1; : : : ; m, and usingagain H�older's inequality, we can conclude with Corollary 2.7mXi=m0+1 ju� Ihu;W 1;2(
i)j2 � (m�m0)1� 2p 0@ mXi=m0+1 ju� Ihu;W 1;2(
i)jp1A2=p� Ch�3(1� 2p )h 2p (ps+ 32 (p�2))ku;A2;p� (
)k2= Ch2skf ;Lp(
)k2: (3.28)From (3.26) and (3.28) we getju� Ihu;W 1;2(
)j � Chskf ;Lp(
)k: (3.29)The estimation is much simpler in the case of the L2-error because the local estimateshold for all p � 1: For i = 1; : : : ; m0 we have by (3.22) with p = 2m0Xi=1 ku� Ihu;L2(
i)k2 � C �h(2��)=� + h2�2 ku;A2;2� (
)k2� Ch2skf ;Lp(
)k;because 1�(2� �) > 1� (1 + �!A � ") > 1 + s. For the second term we have via (3.14)mXi=m0+1 ku� Ihu;L2(
i)j2 �� C mXi=m0+10BB@h4i Xj�j=2�3=0 kD�u;L2(
i)k2 + Ch4 Xj�j=2�3>0 kD�u;L2(
i)k21CCA :With the same ideas as above we geth4i � 8<: h4r2� for � < 12(1 + �!A )h2(1+ 1� � �!A�")r2� for � � 12(1 + �!A )and thus mXi=m0+1 ku� Ihu;L2(
i)k2 � Ch2s0kf ;L2(
)k2with s0 = 2 for � < 12(1+ �!A ), s0 = 1+ 1� � �!A �" for � � 12(1+ �!A ), that means s0 > 1+sfor all �, so that (3.29) holds not only for the seminorm j : ;W 1;2(
)j but also for thenorm k : ;W 1;2(
)k. 2Corollary 3.14 Let u be the solution of the boundary value problem (1.6) or (1.7),2 < p < p+ (p+ is de�ned in (1.24)), and let uh be the �nite element solution of (1.13)or (1.14), respectively, using a family of meshes as de�ned in Subsection 1.2. Then theerror estimate ku� uh;W 1;2(
)k � Chskf ;Lp(
)kholds, with s from (3.24).This assertion remains true for mixed boundary conditions and ! < �, see Subsection2.2 and Remark 3.6. However, we have to replace the condition on p by 2 < p <(1� �!A )�1 and �!A by �2!A in (3.24). 22



Remark 3.15 Note that the restriction p < p+ is not essential for this estimate, be-cause f 2 Lp(
) yields f 2 Lq(
) for q � p and kf ;Lq(
)k � Ckf ;Lp(
)k. We canalways �nd some q < p+ and apply Theorem 3.13 for q. Nevertheless, we have to replacep in (3.24) by minfp; p+ � �g, � > 0 arbitrary.Remark 3.16 In order to use meshes which are not too much re�ned, the estimatesare most favourable for p close to 2. For p = 2+� (� is an arbitrarily small real number)we have s = 8<: 1 for � < �!A �1� �2+2�� ;1� � �!A � "� �2+� for � � �!A �1� �2+2�� ;so that one can conclude that the approximation order s iss = ( 1 for � < �!A ;1� � �!A � " for � � �!A ; (3.30)(even when f is smoother). On the other hand it is not clear in which way the constantC depends on p; we suspect that C !1 for p! 2.4 Condition number of the sti�ness matrixConsider the basis f�i(x)gki=1 with �i(x(j)) = �ij in Vh (or V0h, respectively), with kbeing the number of degrees of freedom. Thus each function vh 2 Vh (or V0h) can berepresented by vh(x) =Pki=1 vi�i(x), with vi = vh(x(i)).The sti�ness matrix A := (aij)ki;j=1 has the entries aij = a(�i; �j). We want toestimate the condition number � of this matrix:� := �max�min (4.1)where �max and �min are the maximal and minimal eigenvalues of A.Using the Rayleigh quotient and the boundedness and coercivity of the bilinear formCkvh;W 1;2(
)k2 � a(vh; vh) � Ckvh;W 1;2(
)k2 8vh 2 Vh (V0h);as well as the identity a(vh; vh) = hAv; vi (h : ; : i is the Euclidean scalar product in Rk,v := (vi)ki=1 is the grid function related to vh), we get�max � Cmaxv2Rk kvh;W 1;2(
)k2hv; vi ; (4.2)�min � C minv2Rk kvh;W 1;2(
)k2hv; vi : (4.3)We are now looking for an upper and a lower bound of kvh;W 1;2(
)k2 in terms of hv; vi.Using the inverse inequality (Lemma 1.3) we havekvh;W 1;2(
)k2 = mXi=1 kvh;W 1;2(
i)k2 � C mXi=1 h�2i kvh;L2(
i)k2: (4.4)On the reference element 
0 we have�minXj2Ii v2j � kvh;L2(
0)k2 � �maxXj2Ii v2j ; (4.5)23



where �min and �max are the minimal and the maximal eigenvalues of the element massmatrix �R
0 �i�j dx�4i;j=1 and Ii is the set of numbers of the nodes belonging to 
i.Transforming (4.5) to 
i we getC1meas(
i)Xj2Ii v2j � kvh;L2(
i)k2 � C2meas(
i)Xj2Ii v2j : (4.6)Inserting (4.6) into (4.4) and using meas(
i) � Ch2i h and that each node belongs onlyto a bounded number of elements we getkvh;W 1;2(
)k2 � Chhv; viand with (4.2) �max � Ch (4.7)For the lower estimate of kvh;W 1;2(
)k2 we use the embeddingW 1;2(
) ,! W 1;21��(
) ,! W 0;2�� (
)which holds for 0 � � < 1 [16]. (The weighted W -spaces were introduced in Subsection1.1.) Consequently, we havekvh;W 1;2(
)k2 � Ckr��vh;L2(
)k2: (4.8)Denoting Ri := maxx2
i r(x), and using (4.6) we get from (4.8)kvh;W 1;2(
)k2 � C mXi=1R�2�i kvh;L2(
i)k2 (4.9)� C mXi=1R�2�i h2i hXj2Ii v2j (4.10)Using hi � ChR1��i (note that this estimate holds for all i = 1; : : : ; m) and choosing� = 1� �, we obtain kvh;W 1;2(
)k2 � Ch3hv; viand with (4.3) �min � Ch3 (4.11)independent of the choice of �. In contrast to this we get �min � Ch3 for isotropicelements only in the case � > 13 , see for example [6].From (4.7) and (4.11) we get the estimate� � Ch�2; (4.12)that means, the order of the condition number has the same order as in the case ofsmooth solutions and isotropic meshes.
24



h1=� hFigure 5.1: Example for an anisotropic mesh.5 Numerical testsAs an example we consider the Poisson problem��u = f in 
u = g on @
(1)@u@n = 0 on @
(2)in the three-dimensional domain 
 = f(x1; x2; x3) = (r cos'; r sin'; z) 2 R3 : r <1; 0 < ' < 32�; 0 < z < 1g with the boundary @
 = @
(1) [ @
(2), @
(1) = fx 2 @
 :r = 1g. The right hand sides f and g are taken such thatu = 
r2=3 cos 23'
 = ( z2 + 1 for z 2 [0; 12 ]�z2 + 2z + 12 for z 2 (12 ; 1]is the exact solution of the problem. It has the typical behaviour in the neighbourhood ofthe edge for a Neumann problem. We remark that u 2 A2;p� (
) if and only if � > 2� 2p�23 ,that f = ��u 2 Lp(
) for all p 2 [1;1], and that f has a jump at z = 12 .The meshes used were constructed as described at the end of Subsection 1.2, seealso Figure 5.1. In order to investigate the in
uence of anisotropic mesh grading onthe approximation order we varied the mesh size h (16 , 112 , 118 ,: : : , 142) and computednumerical solutions for � = 1:0 and � = 0:5. From them we calculated the energy normkek of the �nite element error e = u � uh by numerical integration with an 11-pointformula. The relative norms kek% := kek=kuhk are plotted against the number N ofunknowns using a double logarithmic scale in Figure 5.2.The computations show that the use of anisotropic meshes leads to the optimalapproximation order and diminishes the error even for rather coarse meshes.Acknowledgement. The �rst author was supported by DFG (German ResearchFoundation), No. La 767-3/1. 25
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