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Abstract

This paper concerns the solution of plate bending problems in domains
composed of rectangles. Domain decomposition (DD) is the basic tool
used for both the parallelization of the conjugate gradient method and
the construction of efficient parallel preconditioners. A so-called Dirich-
let DD preconditioner for systems of linear equations arising from the fi-
nite element approximation by non-conforming Adini elements is derived.
It is based on the non-overlapping DD, a multilevel preconditioner for
the Schur-complement and a fast, almost direct solution method for the
Dirichlet problem in rectangular domains based on fast Fourier transform.
Making use of Xu’s theory of the auxiliary space method we construct
an optimal preconditioner for plate problems discretized by conforming
Bogner-Fox-Schmidt rectangles.

Results of numerical experiments carried out on a multiprocessor sys-
tem are given. For the test problems considered the number of iterations
is bounded independent of the mesh sizes and independent of the number
of subdomains. The resulting parallel preconditioned conjugate gradient
method requires O(h~2In A~ " In ") arithmetical operations per processor
in order to solve the finite element equations with the relative accuracy €.
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1 Introduction

This paper concerns the solution of bending problems for thin elastic plates.
The Kirchhoff plate theory formulates boundary value problems for fourth-order
partial differential equations. Our topic is the construction of efficient iterative
methods for the solution of finite element equations arising from the discretization
of these plate problems by rectangular finite elements. To take advantage of
modern parallel computing environments it is insufficient to transfer commonly
used sequential algorithms. Instead, we need parallel algorithms adapted to the
specific classes of parallel machines. For the solution of boundary value problems
approximated by finite element schemes domain decomposition (DD) methods
are of increasing interest. They are basic tools for both the parallelization of
iterative methods and the construction of efficient parallel preconditioners. For
instance in [11] - [15] the parallelization of the conjugate gradient (CG) method
on the basis of a non-overlapping DI) approach and aspects of the algorithmic
realization have been studied in detail. The theory of the DD-preconditioner has
been derived on a purely algebraic basis. We briefly review some of the main
results which are valid in our context too.

Three components of the DD-preconditioner have to be chosen in order to
adapt it as well as possible to the boundary value problem considered. A precon-
ditioner for the subdomain problems (in many cases the homogeneous Dirichlet
problem) and a basis transformation algorithm extending the data at the cou-
pling boundary to the inner nodes biharmonically have to be constructed. That’s
why in section 3 we generalize the so-called boundary potential method developed
in [19] and [20] to the case of non-homogeneous boundary conditions. It allows
us to solve the clamped plate problem in rectangular domains with almost opti-
mal arithmetical effort of O(N In N') operations, where N denotes the number of
unknowns.

The third component is a multilevel Schur-complement preconditioner for
conforming Bogner-Fox-Schmidt elements proposed in [24]. The auxiliary space
method (see [28]) allows us to make use of this preconditioner also in the case
of the non-conforming Adini elements (section 5). In section 6 the role of both
discretizations is switched. There a parallel preconditioner for the conforming
discretization is constructed using Adini elements to define the auxiliary finite
element space.

The parallel preconditioned CG (ParPCG) method is well suited for the im-
plementation on multiprocessor systems with local memory and message passing
principle. In section 7 the results of numerical tests are presented. They confirm
the theoretical results and show that the preconditioners developed are applicable
to plate problems with various types of boundary conditions.



2 Plate problems, finite elements and domain
decomposition

2.1 Plate problems

Let us consider the homogeneous Dirichlet problem (1) for the biharmonic op-
erator A* = 9} +2- 37, + 95 as a prototype of an elliptic, fourth-order, partial
differential equation.

Au(a) = flz). req (0
wxz) = 0, el =09,
du(z) = 0, xel =90

It can be interpreted as the classical formulation of the clamped plate problem (2)
concerning the equilibrium position of a originally plane, thin plate of constant
thickness under the action of a transverse force. Its solution minimizes the total
potential energy J in Voo (see [1] - [3]).

u € Voo J(u) = m‘i/n J(v), (2)
vE Voo
Voo = HI(Q) = {7) cH*M):v=00=00nT = f)Q},
1
Ho) = Latoo) - fio) )
where

a(u,v) = / {AuAv 4 (1 — ) (2012ud120 — O111uda90 — Opudhyv)} da,
Ja

flo) = [ fode, fe1¥Q),

For physical reasons the Poisson coefficient o of the plate material liesin (0, 15) As
we will see later, the boundary potential method reduces the numerical solution of
the clamped plate problem in a rectangle to the solution of the simply supported

plate problem (4).

weVo:J(u) = minJ(v), (4)

vEVy

Vo = HY(Q)N Hy(Q) = {7) EH(Q):v=00nT= f)Q}.

2.2 Finite element discretization

Let ©Q composed of a finite number of rectangles, such that it may be covered
by a triangulation R; made of rectangles R. Tet A, be the set of nodes of R,.



Using non-conforming Adini elements we define the finite element space Vj,.

V, = {7)/7, c CO(Q) toplp € Qq(}?) VR ¢ Rh}, (5)

Qs(R) = {P(”f) = D k75 + iamaad + 73177?772} :

k1 +I<2 S3

Using the usnal finite element nodal basis @), = {Lp P) Py € 7 x Ny,

7 ={(0,0),(1,0),(0,1)} = {0,e1,e2}, the functions v, = d) v E Vh are uniquely
defined by the vector v of the nodal values v, p).

07105204l p = v(a,p), (o, P)ET X N (6)

Approximate solutions wuy, for (2) and u;, for (4) minimize the discrete energy
functional .J, in Vogh respectively Vg .

‘N/()O’h = {7)/7, cv,: v (P) = d.0,(P) = d,u(P)=0, VP eN,N F},

‘N/O’h = {7)/7, cv,: o (P) = d0,(P)=0, VYPeN,N F},
. 1.
Ji(vp) = 5(1,/7,(7)/7,77)/7,) — f(vn),

an(up,vp) = Z /{AuhAvh—l—

ReR,,

(1 — ) (20191, 0190, — O1upOagvy — OxgupO1vp) } da.

The minimum condition

0 .
Jh(uh) = 0, \V/(O/7 P) €T X N}m
Do, P)
leads us to systems of linear equations determining the associated nodal vectors
u and .
Lu = f,
Lu = f.

The discretization of plate problems using Adini rectangles is a non-conforming
finite element method in the sense that Vj, is not a subspace of H?(Q). However,
the following inclusions are valid

Voo C Vou C HY ()N COQ),  wvil, € HYR), YRER,, Yo, €V

Functions v, € ‘N/()O’h satisfy the Dirichlet boundary condition for the normal
derivatives at all boundary nodes P € A, N 9Q. For more details and error
estimates see e.g. [2] and [3].



A conforming finite element discretization can be constructed using rectan-
gular, bicubic Bogner-Fox-Schmidt elements.

Vi = {m € C' Q) : vl € Q3(R), VREe Rh}7 ()
Qa(F) = {P("”) = > wﬁ“m’?} :
k1,k2<3

The finite element functions v, € Vj, are uniquely defined by their nodal val-
ues, gradients and mixed derivatives, i.e. 7 = {(0,0),(1,0),(0,1),(1,1)} =

{07 €1, €9, 1}

2.3 Non-overlapping Domain Decomposition

We consider a plate problem in a domain € composed of p rectangles Q = U"_, TI,
discretized either by Adini or Bogner-Fox-Schmidt elements.

Let index "C” correspond to those degrees of freedom belonging to the cou-
pling boundary T'c = U?_, 011, which are not given by an essential boundary
condition. Tet "T" correspond the interior Q; = U_, I, of the subdomains. Or-
dering the nodal basis functions by these two groups, the resulting system of
finite element equations Lu = f can be written in the block form

Lo Loy U} _ f
L ) )= (5) i

There L is the block-diagonal matrix which consists of the stiffness matrices
related to the clamped plate problems in TI,.
L; = blockdiag (1.7 5)

s=12,...p"

We solve (8) using the parallel preconditioned conjugate gradient (ParPCQ)
method. Tt is well suited for the implementation on multiprocessor systems with
local memory and message passing principle. An advantage of DD parallelized
iterative methods is the low demand of communication between processors. De-
tails about the parallelization and implementation of the ParPCG method are
described for instance in [10], [11] and [15].

The preconditioning step in the ParPCG method should fit into the paral-
lelization concept of the non-overlapping D). The idea of preconditioning is to
transform the original problem Lu = f in a equivalent one C~'Lu = C~'f in

A

order to obtain a significantly lower condition number x(C~'L) < &(L).
preconditioner ' must have the following (sometimes contrary) properties:

1. " is symmetric and positive definite,

C=0C", (Cz,z)>0 Yzer"V\{0}.



2. (' is spectrally equivalent to [,
7,9 >0:9(Cx,2) < (La,z) <F(Cz,z) Yzer",
where k(C'1) < T min.
¥
3. The preconditioning system
Cw=r

can be solved much more efficiently than the original problem Lu = f.
Additionally we demand a high degree of parallelism in the preconditioning
algorithm.

Considering the well known factorization of the matrix I. from (8)

(e Lol Se 0 Ie 0
L( 0 I 0 I Li'Lie Iy ) (9)

where S¢ = Lo — L(/V]L;1 L1c is the Schur-complement, the so-called ASM-DD-
preconditioner was derived on a purely algebraic basis.

(Te LerBy T Ce 0 Ie 0
C( 0 I 0 O Bi'Lic 1Ir ) (10)

The three components Cx, C'y and By have to be chosen in order to adapt the
preconditioner as well as possible to the problem under consideration (partial
differential equation, discretization method, etc.). The following theorem proved
in [10], [12] gives general criteria for the choice of the components of (10).

Theorem 2.1 et the symmetric and positive definite block preconditioners (¢
and C satisfy the spectral equivalence inequalities

¥y, >0 0 4,00 < Ly <7,0, (11)
v, >0 0 7.0 < Se+Te <7:Cc, (12)

where So + T is the modified Schur-complement, Sc = Lo — Loy L? Lic, Te =
Loy (L;1 — BfT) Ly (L;1 — Bf1) Lic. Let By nonsingular.
Then the ASM-DD preconditioner (10) satisfies the spectral equivalence inequal-

Z . [_n
1 J——|c<ip<m(1-,]—]C 13
1( 1+ﬂ) N 7( ]+M) )

The condition number x(C ") satisfies the estimates

(1) (Va+y/T+0) < ncn < () (vt fiea) 0

where ¥ = max {7, 3-}, ¥ = min {1]71(} and @ = p(S51TC) denotes the
spectral radius of S;' Tt . [ |

ities



Because of the obvious spectral equivalence inequalities
Se < So+Te < (14 p)Se,

we can use a Schur-complement preconditioner to define C (section 5).

3 Fast solution methods in a rectangle

In [19] and [20] a fast solution method for the biharmonic Dirichlet problem (1) in
rectangular domains, the so-called boundary potential method has been proposed.
It was developed for a special five-point variational finite difference scheme, but
the method can be applied to the clamped plate problem discretized by Adini
element in principle. We briefly describe this method, but in view of its use in
the domain decomposition context we have to generalize it to the case of non-
homogeneous Dirichlet boundary conditions.

3.1 Statement of the problem

We consider the inhomogeneous clamped plate problem in IT = (0,/4) x (0,/3)

weV,:J(u) = minJ(v), (15)

vEVy

V, = {7) c H*(M):v=gp,d,v=gyon T = f)ﬂ}.

Let it discretized by uniform Adini ' elements of size hj, = /\,—’17 Np = 2™ in x-
direction £ = 1,2. The node P = (i1hy,12hs) is uniquely defined by the index

i = (i1,72),0 < iy < Ny, 0 < iy < Ny. Further we distinguish several sub-vectors

of the coefficient vector u € RAMFN(N2+1),

e Nodal values at inner nodes of I1I:
ﬂf - ﬁ|w, E TRN]?
wr = {(ayi):aer,0<i, < Ng,k=1,2},
e nodal values of the function and tangential derivatives on J1I:

N
Up — ﬁ|ryn cR nv

Yn o= {(()/77:)20/6 {0,63,k}A7:k - {O,Nk}/\() <3 < Nfg,k,k: ]72}7

"The tilde symbol on matrices and vectors will be omitted in this section.



e nodal values of normal derivatives on J11:

N
Uy — ﬁ|ryN cR N7

ww = {(oyi):a=e, Nip €{0, Ny} AO < iz p < Ny, k=1,2}
and
® Up = ﬁ|wF ETRNF? wp =wrUyn.

After the homogenization of the essential boundary conditions on ~p the dis-
cretized boundary value problem (15) looks like

4 4 i - [/
up € RN uy € MY ( ](), [I;;N ) ( 77/_/]:7 ) - (if "7 ) : (16)

In

The corresponding simply supported plate problem has the homogenized form

L L U f.— Ling
N I IN ur . !
i ERYF  Lrup = = | = =D . 17
- il ( Ive Ty ) (ﬂw) ( ~Inng,, o

The solution u of (17) is easy to obtain via the Fourier method. Tt satisfies
the Dirichlet boundary conditions on vp and the first row of equation (16). In
contrast the direct solution of the clamped plate problem via the Fourier method
is not possible because the equations do not decouple. The main idea of the
boundary potential method is to find some correction v, such that v = v+ v
satisfies (16). At least this leads us to an additional system of linear equations
which can be solved efficiently using the Jacobi iterative method.

3.2 The Fourier method

We look for the solution uy of the discrete boundary value problem (17) in RV
For RNV7 we introduce the unitary basis M.

M = (ﬂ(fy,i)(ﬁ,j))wFXwF ) (18)
’L[/((yvi)(ﬁvj) = 60/5 : fﬁ (0/17.7.1) ) fiQ (0/27.7.2)7

. 2 . kT
57714(07.714) = kan Nk )

) B 2 . L) ET L 15 c o1, =0, Ny
fzk(]vjk) = Vkﬁk(%)ms N, Mfk(lk) { 1 : 0<ip<N,

In terms of the basis M matrix L is block-diagonal. Thus we have

L' = MA'MT (19)



= M ]olockdia,g(/\;1)/\//T7
Ajowo  Ajoer  Ajoes

A — )\'7"0781 )\'7"81 e 0 T X ] C wy,
! )\.770782 0 )\,7752752
A.ﬁ”ﬂ : (0/77) S YN,
Rha_p (7T — 20
Moo = 3 ko )+ 22Dy e,
E=1,2 hy, 5hi by
hs 4 (] — (r)
Mo, = —4sk (W(Q +csp) + Y. (1 —c3%) ),
4ha 4(1 — ) hy
) 24 )2+ eay ———— (4 — )1 —e3-1),
Js€k 5Ck 30, ( +(.k)( + c3 k)_l_ 15hs s ( ('k)( C3 k)
JET . JET
Cr — COS W’ S = 8SIn W
3 3

Multiplications of vectors from RV7 by M respectively M7 via fast Fourier trans-
form [5] demand O(N; N2 In(NyNz)) arithmetical operations. The solution of
%N; = (N7 —1)(Ny—1) systems of three linear equations and Ny = 2( Ny 4+ Ny —2)
single linear equations demands O(N; N3) operations. So we have a suboptimal
solution method for the non-homogeneous houndary value problem (17) in a rect-
angle.

3.3 The boundary potential method

Let u the solution of (17). In order to find the solution u of (16) we consider the

difference v = v — u. Therefore we have the following boundary conditions on v:
Up = 0]77 (20)

U = Yy — Un- (21)

From the identity between the first rows of (16) and (17) we get

Lrvp = ( 2] ) s (22)
N

where the part by of the right-hand side is unknown at the moment. However,
we represent by in terms of the basis N of BV~

N = (Monen) a (23)

YN XYN

S { Eio  (0073-k) = (2g,08) € {0, N} x {0, N} \ (Ng, Ni),

GRICR) Eio (0,73 8) + 1p =gk = Ny



We have

by = Nb, respectively ( 0 ) = Nb (24)

by
where N denotes the extension of N by zero for the rows corresponding to wy.
In order to find the coefficient vector b, € RNV we pay attention to the boundary
condition (21). Multiplying by N7 we get
Ny = N'gy—Nuy
respectively NTvr = NTg. — NTup. (25)
Using (22), (24) and (25) the coefficient vector b, is the solution of a system of
linear equations.
Bb, = d, (26)
where B = NTL? N,
T T
d = N'g,— NTup.

Using (22), (24) and (26) the solution u; of (16) has the form

Ir = ( Ly lagy ) : (27)

~lLnng,,

w = |Lp' fp+ LR NBT (NTg — NTLE )] (28)

3.4 The algorithmic realization

From (19), denoting N, = MTN, we get

wy= (M (ATMT L+ ATNBT (NTg = NIATMTE ] (29)

wr

Thus, the algorithm of the boundary potential method consists of the following
steps.

1. Homogenize the Dirichlet data on vp according to (27).

2. Represent the solution u of the auxiliary problem (17) in terms of its Fourier
coefficients

134T
u,=N"M iF.
3. Represent the Dirichlet data on vn in terms of the basis N.

AT
9, =N gy



Generate system (26).

NTAT'N,,
d = g,- Ny,

Solve system (26).

Represent the solution u of (16) in terms of the Fourier coefficients u,,.

ﬁp, - ﬁp, + A71 N/.Lbl/

Synthesize u.

Uy = [MHM]

wr

Steps 1,2 and 7 are known from the Fourier method solving (17) and demand

O(N1NyIn(NyNy)) arithmetical operations.

At least step 3 demands O(Ny In Ny) 4+ O(NyIn Ny) arithmetical operations
to perform the fast Fourier transform for two vectors of length Ny — 1 and
two vectors of length Ny — 1.

The matrix N, = (n((yﬂ;)(g’?‘)) can be described more explicitly. We
T wpXYN
have
DB = DL k) ed) V) E)
('Vvk)ew/:‘
_ 2, / ]:7—1(5(y5,yel(57j34'7‘34 : ](7_]] + 7] evenjjl = 07 va [ = ]727
0 : else.

Thus, steps 4 and 6 demand O(N; Ny) operations.

System (26) can be solved via the Jacobi method (30) where D = diaghB.
b£k+1) — bf,k) + D71 (d* Bbf,k))7 (30)
b = .

—

Considering the structure of the matrix B we see

By = 0 if (o= B)A (1 # J)

and therefor one iteration step demands O(N;y Ny) operations.

10



The matrix B is independent of hy; and hy diagonal dominant, that means

for the iteration operator S = (I — D~'B) of (30)

22 (8.5 v\ () Bloi)(s.0)

Aq
Blaiy(oni)

§C0<].

| o0

— MaXx
(o)

In the case of Adini finite element schemes we get ¢o = 0.7. Thus, in order
to obtain an approximate solution é&”’) of the relative accuracy &

b, — b

= —

L el

Ine”!

Iney

we have to perform n > I(g) = iteration steps (30). From

(Bb,,b,) = (NTL'Nb,,b,) = (Lpvg, vp)

Y 17 vy =V

(n)

for the approximate solution uy’ corresponding to éf/n) follows

7/,
C]N - “N

The above facts show that the solution of (16) using the boundary potential
method with relative accuracy ¢ demands O(Ny Ny In(N; Ny)Ine ') arithmetical
operations. The asymptotic behavior of the arithmetical cost is dominated by

<ellrlly,

Lp

the fast Fourier transform in steps 1 and 7.

3.5 An example

The following example illustrates the theoretical results concerning the boundary
potential method. The purely sequential computations where performed on a
single processor PowerP(-601 of a multiprocessor system. Later it will be a
subroutine of a parallel code.

We consider the clamped plate problem in the unit square 1T = (0,1) x (0, 1).
Choosing the right-hand side f, the solution u is known.

Flay) = 6144 (220~ 2)”+3°(1 — y)?) (31)
+2048 - (62° — 62 + 1) - (6y° — 6y + 1),
u(z,y) = 256 -2°(1 — 2)%y*(1 —y)>.

The inner iteration was stopped at the relative accuracy

I — Byl

—10°°.
el

11
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Figure 1: Arithmetical cost of the boundary potential method.

If the mesh size decreases the number n of inner iterations approaches a constant
value.

In comparison to the CPU-time required to solve the auxiliary problem using
the Fourier method (steps 1,2,7), the CPU-time for the additional steps 3 -6 of the
boundary potential method increases slower. Especially the asymptotic behavior
of the total CPU-time is not changed for the worse by these additional steps (see
figure 1). The finest discretization considered is a 512 x 512-mesh.

4 The boundary potential method in DD pre-
conditioning

This section concerns the choice of the preconditioner C'; for the local subproblems
and the basis transformation in the ASM-DD-preconditioner for non-conforming
Adini element discretizations?.

In view of the spectral equivalence constants v, and 7; (c.f. (11)) the choice
'y = Ly would be optimal. But, if the mesh size tends to zero classical direct

2Again the tilde symbol will be omitted.

12



methods lead to an unacceptable growth of the number of arithmetical operations
required . The boundary potential method offers a good compromise at this
point. If the inner system (26) is solved quite exactly, the spectral equivalence
constants are expected to be close to 1. On the other hand we saw, that the
number of arithmetical operations is asymptotically suboptimal, if the number
of inner iterations is fixed.

We choose
C[ e b]Odei?l,g((j]’s)7 (32)
Crarr, = [(LFL — LN, (T — ") B! NTL;L) ( T )] 7
S . ) ' : ' g On.s
W e

where ne is the number of iteration steps (30) performed in order to solve (26)
approximately.

Lemma 4.1 C; satisfies the requirements (11) of theorem 2.1, where

Ciley,x .
Cila,x
e e B

Proof:

A Cp = C7 is positive definite. From (32) we have

—1 _ —1
(CT,S£7,57£LS) - (Lf,sﬁf,mgfﬁs)

AT - x AT - ¥
+ [ SreB NI LR ST ) U BNT L [ .
( s s s Fs ON,S s s Fs 0]\773 5.

L1 is symmetric, S, self-adjoint in the inner product (.,.)p.. Therefore
the symmetry of C is obvious. Further L; and Lz, consequently By and
B,ST¢ are positive definite.

B Denoting b,, = B, NSTL;L ( %f’s )7 we get
” N,s

- - € S & S
(Cr,lzr,m&r,s) = (LF,L ( 5;" ) . ( 0;’ )) + (buss bus) .

—1
(r‘r,,qﬁr,s vﬁr,s)

+ (S':(V bu,sa bu,s)g -

s

13



Using the norm estimate of the iteration operator

(‘quU,Sj bU,S)BS S Co (by,sa bU,S)BS 9

we arrive at the statement of the lemma.
(] - Cgc) (L?,lﬁr,mﬁr,s) < (Cﬁlﬁr,mﬁr,s) < (] + Cgc) (L?,lﬁr,mﬁr,s) .

[

How to choose the basis transformationl” In view of the spectral radius

i = p(Sg'Ty) the choice By = Ly is optimal again. That means solving non-
homogeneous Dirichlet problems on each subdomain II,, where the right-hand
side fr 5 is zero. In other words we are searching for the biharmonic extension of

the Dirichlet data we , = %D’S ) to the interior nodes of the subdomain TI,.
LN,
Using the modified boundary potential method developed in section 3 this

can be done exactly when the inner systems (26) are solved directly.

1
—1 =T CO 0 -1
T e B T (33)
T
T =1 T 1 AT R-1NT -1
Wps — LFD,SLF,SMF,S LF‘D,SLF,SNQBS N@ LF,SMF,S
—1 _ —1 7T 71
‘/’"5 w, = ON’S + N9 Bs Ng LF,SMF',S (34)

Mr,s Of,s

Unfortunately, when the inner systems are solved iteratively, the resulting
DD-preconditioner

cz' 0
c' o= VT( ¢ g )vh 35
0 0,1 ( )
L;D,SL;‘J@ NQS':’F” 8:1 NZ—‘L;‘;ISMF‘,S
Ve, = Voheoo | NSIBON L, | (30
Of,s

does not fit into the framework of theorem 2.1.

Lemma 4.2 lLet us use the boundary potential method for the basis transforma-
tion and let us use the Jacobi iterative method (30) to solve the inner system
(26). Then, performing a the DD-preconditioner C spectrally equivalent to C.,

i.6.

Apr, p2 >0 g (Q’%&) < (CHL&) < po (051&&)7 Va

requires not more than ng = O(In h™") iteration steps (30).

14



Proof: In a first step, let us assume

o (Y N
where D = ( C(Y)C (YO ) Then the following estimations hold.
i
(et )a)] = [l ol
= (v )z (v,
< e, J0s v,
TN (R
102 V)],
< (246)6(Cxz) . (38)

From (38) we have gy =1 — (24 6)6 and us =14 (24 6)6.

In the second step we will state estimation (37). Introducing some notations

Liply NS™A b, -
(e vye= |V = () )
Or

where b = B'NT L' 21, we get

(vt v el =

) 2
SWRE;HJTOE J

. 2 b b
<[5 RHJTOgW (']bua']éy)0;1
2np —1 12
< IS JTCoNg ‘V* ﬁHD—1
2
< En S|P V*qg‘ : (40)
o0 D71
From (40) we see: To bound 6 by a constant ¢ independent of h we have to
perform
Inec+Ine ' +plnh™!
np -~ 3
In g
inner iterations (30). [

5 The Schur-complement preconditioner

In [24] certain multilevel preconditioners for discretizations of the biharmonic
equation by rectangular finite elements were proposed. In particular a BPX-
like preconditioner C'¢ for the Schur-complement S¢ of a conforming finite ele-
ment discretization using bicubic Bogner-Fox-Schmidt rectangles (7) is considered

15



there. The author proves that the condition number x(C.'Ss) is bounded by
a constant depending only on the initial partition R, . A different approach to
construct multilevel preconditioners for the Schur-complement system is used in
[26] and [27]. There multilevel Schur-complement preconditioners are derived
from multilevel preconditioners for the underlying global stiffness matrices using
algebraic arguments.

In some sense Adini elements can be interpreted as a non-conforming counter-
part of Bogner-Fox-Schmidt elements. The degree of the polynomials is reduced
such that we have one degree of freedom less per node. Oswald suggests to con-
struct multilevel preconditioners for non-conforming elements by the strategy of
switching to a reference multilevel method defined for a conforming finite element
scheme (see [24], [25] and references therein).

Here we make use of Xu‘s abstract theory of the auxiliary space method.
The result is an optimal multilevel preconditioner for the Schur-complement Sc
resulting from the non-conforming Adini element discretization. Further we dis-
cuss the algorithmic realization of the resulting preconditioner and in order to
obtain an optimal condition number we introduce two scaling factors and find
their nearly optimal values.

5.1 Multilevel Schur-complement preconditioners

We assume that the subdomain pattern of @ = U?_,TI, can be interpreted as a
conform initial partition R, = {Il4,...,11,}. Refining dyadically we generate
partitions Ry, [ = jo + 1,...,7 and corresponding sets of nodes N.

On the finest level 7 we construct the finite element space of Adini elements

Vi, = span {¢(”’P)}(Q,P)G%XN,' By the above described construction the local level

j triangulation of the subdomains I1, is uniform as assumed in section 3. The
notations introduced there will keep their sense locally on the subdomains.

Using Bogner-Fox-Schmidt elements we construct a nested sequence of finite
element spaces

Viec vt c L c V=V,
vi= Spaﬂ{@](a,P)}(a,P)erxAﬁ-

On each level we distinguish different sets of degrees of freedom according to their
sense (see also section 3). The full information of the trace of the finite element
function u! = ®'u' on the coupling boundary is contained in the pair

uy = (up,ily) = (@, Py ) € Vi = Vi x Vi (41)

The space V) of traces of level [ f.e. functions on I'¢ is spanned by @', the normal
derivatives V}; are spanned by ®;.

I !
¥ = {S0nf e - (42)

D
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(o, P)

] k
7¢((y,P)
k
Py O

7 ).7/

(o,

PUTN ((b
which is spectrally equivalent to the orthogonal projection from 1%

((y,P)G’y

v

B

My cv

splits

k
C

onto V&
into parts My p: Vi — V5 and My n : Vi, — Vi Using the above definitions
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the multilevel Schur-complement preconditioning operator C¢ is defined by

7
661 _ ‘C';)TOMjO,C + Z (23(,70*]4)_/\/{]{’]7 + 2(.70*14)_/\/{]{’]\7) , (46)

k=j0+1

where L, « corresponds to the underlying boundary value problem discretized
on level jq.

Now, using Xu’s abstract framework of the auxiliary space method, we con-
struct a Schur-complement preconditioner for the non-conforming Adini scheme.
We define mappings Il : Vo — Vo and Pq : Vo — V. For a given v € Vo
v = Iove is defined by

ve(P) = vo(P), (47)
(()TﬁD(P) = (()77)D(P)7 \V/PE./\/}],QF(;7

given v € Vi, vo = Pove is defined by

ve(P) = de(P), (48)
d-op(P) = d.0p(P),

un(P+eih;)—in(P—e;h;) .
>i= w , P crosspoint,
877)N(P) - 77]\](]31—{’—287—}%7—)*77]\](’34*};:—}7'7—) \V/P - Nh, N r(j.
T else,

Lemma 5.1 Let ' = TICo'TIL. There exists a constant ¢ # ¢(h) :
K(Co'Se) < e (49)

Proof: The statement of the lemma is a direct consequence of the main theorem
of [28] applied to our situation. It is obvious that Pg is a right inverse of Tlg,
ie. Mg Pove = va, Voo € Vo, therefore no smoother is required. Using Oswald’s
result k (65180) < ¢, ¢ # ¢(h) the proof is finished. ]

5.2 Optimal scaling

We reformulate the Schur-complement preconditioner and introduce two scaling
factors a, 3 € R.

651 — BT, {[',7‘01,0/\4.7070 +a 27: (23(,70714)_/\/{]{’]7 + 2(.7'014)_/\/{]{7]\7)} ng (5())

k=jo+1

Factor 3 is caused by the use of the Schur-complement preconditioner within
the domain decomposition preconditioner. It is used to get an optimal scaling
between the block-preconditioners (:Y] and (:Y(;. Its correct choice results in a
minimum value of the quotient 7/ (see theorem 2.1).
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The introduction of a is intended to get optimal weighting between the so-
lution of the coarse level problem (k = jg) and parts arising from higher levels
(k=730+1,...,7). The appropriate choice of o becomes more and more impor-
tant in the many subdomain case. A similar scaling factor was already mentioned
in [26]. Using a preconditioned gradient method for the Schur-complement sys-
tem approximates of the minimum and maximum eigenvalues of 6515}; have
been computed numerically (see [6]) using different values of the scaling factor
a. Two characteristic examples of the resulting graphs for /4/((:*5152(;) are shown
in figure 3 and figure 4. From the knowledge of the spectral bounds we chose 3.

5.3 The implementation of the algorithm

The implementation of the mapping Iy respectively IT7 is quite simple. In order
to describe the implementation of C;' we consider the preconditioning step in a
DD parallelized iterative process for the Schur-complement system

i
SOH(} = dh

We have to distinguish carefully between several kinds of representation of data.
The finite element function ul, is represented by a vector of nodal values ul,. Tn
parallel iterative methods these nodal values are of the so-called overlapping type
of distribution. That means processor s stores the full nodal values of ’V'g,s in the
local memory.

i i
U, = Aol

The right-hand side vector d}V and the residual g}V = d}V — Soyg contain in-
ner products (d]m gbg(y P)) respectively (7“'707 gbg(y P)). These values are naturally of
adding type of distribution. The full values corresponding to the coupling nodes

are result of a sum including data transfer between processors.
. p .
¥ T J
re =2 Al
s=1

Ac s 1s the Boolean matrix which maps the global vector of nodal values to the
local vector of nodal values corresponding to ’Y'g,s‘ The usual element by element
assembling procedure results in a stiffness matrix of adding type. Therefor the
multiplication of the stiffness matrix by a vector of overlapping type results in a
vector of adding type and the preconditioning step

wl, = COg'rl, (51)

demands a transfer operation from adding type (E}V) to overlapping type (w@)
Let S € M\ N1 NT¢ a new coupling node of level I. Then Py € Njy NT¢
and P, € Ni_1 N T'¢ denote the parent nodes of S lying to the left respectively

19



80 .

jo=1 —
70F jo=2
jJo=3 -

60

50

40

condition number

30

20

10

0 0.2 0.4 0.6 0.8 1
scaling factor

Figure 3: Clamped plate problem in (0,1)2, x(C5'Sc) - o, level j = 6.
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to the right of S relatively to the coordinate axis parallel to the part of the
boundary under consideration. The preconditioning step (51) could be realized
by the following V-cycle.

1. Compute residual scalar products recursively.

for s =1 to p do in parallel
for Pe N;NT¢, do r'(jLP)’S =0 next P
for I = 5 down to 50 + 1 do
for QEM\M 1NTes do

7“20,1131),9 7“20,131),9 + 157“20,‘@),9 + 42; Tzer,‘q),ga
7"25,1@» = Tt 3709 424 Tlen$)s
TE:,R),Q = rée,-,ﬂ),e - ]Irge,-,S),e - % rfﬂ,s),s7
ré::,PQ)ﬁ‘ - rgﬁn%)ﬁ‘ - ]Irge,.,S'),s + % ré“vs)ﬁ"
ré;ll%),e = réey,Pﬂ,s + %rgey,S),s + 42; rfl,s),s7
TEQJ,PQ),g = Tl Po)s T 3 (0 S)s — THTT(1,8).8
rffm,g = TP FT(LS)s % ey 807
TEIjPQ),g = Tlpys i) T % Tley S) s
next S
next [

end parallel

2. Change the type of distribution of the residual vectors and solve the coarse
grid problem.

(o) _ T (70)
MC,S - A(V707 L(Vy ZA 70, 9—(V9

! Tl - -
Los = AO’I’SZAC,I,SEC,,M Vi=jgo+1,....7

5

3. Sum the preconditioned residuals recursively.

for s =1 to p do in parallel
forl =jo+1toj do
for P e N4 mrm do

11)20 P),s = )

)

Ll gl
+ahl b V(0,P),5°

l
(o,
Wi s T OV Py

Wi P)s =
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I _ I—1 I
“)(el,,P),s - “)(ey,P), +a ”(F ,P),s?
I _ I—1 o o
Wapys = Waps Tt AL AL V(1,P),s0
next P
for S e M\ N1 NT¢q, do
I _ gl ol 1 11 -1
W(0,s),s ahy by, vios).+ 3 (“)mﬂ),s + “)<0,P2>,s)

I
“)(67-,5'),5

3 -1 -1
Fyy, (“)(0,131) *“)(O,P),g)v
I _ I 11— 11
“)(SU,S),S @ 7)(61,,5'),5 + 2 (“)(ey,ﬂ),s + “)(ey,Pg),s)
]’I,l
r (“)(1,131),5 “)(1,P2),g)v
I _ o IR A A 11
We1,5),s A W (“)(1,131),5 + “)(1,P1),s)
3 -1 =
4 hl “)(PU,PH,S /11)(PD7P2)79 ’
next S
next [

end parallel

The above described algorithm demands O(277%) arithmetical operations per
processor to realize steps 1 and 3. The direct solution of the coarse level problem
requires Q(80) arithmetical operation during each iteration step (L, is stored
in factorized form).

In practice the inter-processor data exchange is organized as follows. Before
step 1 we assemble all residual values corresponding to edge points (not the
vertices) of the subdomains via nearest neighbour communication. During step 2
a global data exchange is required to assemble the right-hand side of the level j,
problem. The exchange of values corresponding to vertices at level jo+1,...,7 is
enclosed there. The length of data packages in the global exchange is proportional
to j — Jo.

At least the number of communication steps required is the same compared
to the non-preconditioned CG method.

6 A parallel preconditioner for BFS elements

In the previous sections we defined a domain decomposition preconditioner for
finite element equations resulting from plate problems discretized by Adini rect-
angles. The boundary potential method for the subdomain problems was one of
its main components. One could try to construct an efficient subdomain solver
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for the case of the Bogner-Fox-Schmidt elements for instance using the idea of
the boundary potential method or using multigrid algorithms. Here we choose
an alternate way based on the close relations between both types of rectangular
finite elements.

6.1 Application of the auxiliary space method

In order to construct a preconditioner for the discretized plate problem in V}, we
consider the auxiliary finite element space V, where an optimal preconditioner C
is known. From the theory presented in [28] the construction of the preconditioner
is clear.

First we define mappings II : ‘7/7 — V, and P : V), — f/h The image
v, = o, € V), of 7, € f/h is uniquely defined by

vilp = oalp, (52)
V7)h|P = Vf)h,|p7
1 .
(()127)h|P = m—P Z (()12’R7)h,|P7\V/P€Nh,,
" R:PER

where mp is the number of elements R with vertex P, 019 roy, is the mixed deriva-
tive of v, evaluated on element R. The mapping P is the natural interpolant.
Given vy, € V},, v, = Puy, is defined by

Unlp = wlp, (53)

Vﬁh,|p = V7)h|P7\V1P€Nh,.

Further we choose the smoothing operator of Jacobi type

(7);7,, cp((,’p))

Rop, =
((y,P)ETXNh a (g‘o(ﬂhp)’ S‘Q((’/vp)

) P (. P)- (54>

Lemma 6.1 Let C an optimal preconditioner for the plate problem discretized by
Adini elements. Then the preconditioner

C'=rR+mc'u’” (55)

for the plate problem discretized by Bogner-Fox-Schmidt elements leads to a con-
dition number x (C~'L) bounded by a constant independent of h.

Proof: The mappings IT and P defined in (52) respectively (53) and the smooth-
ing operator R defined in (54) fulfill the requirements (56 - 59) of the auxiliary
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space theory presented in [28]. There exist non-negative constants ag, ay, 3 and
positive constants 3y and 7 independent of the mesh size h such that

ao b (v, v5) < (Rop, o) < ar b (v, 01), Yo, € Vi, (56)
a (Mo, Mo,) < Bya(on, o), Yo, € Vi, (57)

i (Poy. Poy) < ﬂ]— (onsvn) » Yo € Vi (53)

[on — TTPw|* < %h“ 0 (vn, 1) 2 Yo € Vi, (59)

|

6.2 A remark on the parallel implementation

The implementation of the mapping w;, = ITwy, (respectively its matrix repre-
sentation w = Tlw) requires the evaluation of the nine-point formula (60) at

each point P € A, N Q and corresponding formulas for the boundary points
P c Nh, N Of).

WPy = Wa,p), @= 0,1, 69, (60)
1 . . 1 . N
wap =5 (“)<e1,P+e2> B “)m,Pﬂ)) o (“)<e2,P+e1> B “)<e2,Pfe1>)
1
- 4 h/-l h/2 (17)(0,P+P1 +€2) + 17)(0,’3781 782) - 17)(0,’3781 +€2) - 17)(0,P+€1 782)) -

Therefore, in addition to the auxiliary preconditioner C and the smoother R the
mappings IT respectively TI" require data exchange between processors.

et the residual vector d of adding type. Assembling those components which
correspond to mixed derivatives (o = 1) and evaluating T17d locally on the sub-
domains results in a vector d of adding type. Let w = C'd of overlapping type,
then the local evaluation of Tl on each subdomain results in a vector w of overlap-
ping type for a = 0, ey, e5 and adding type for @ = 1. The smoothing algorithm
simply consists of the division by the main diagonal D of the stiffness matrix I
and the assembly of the resulting vector s = D~ 'd. For the adding components
of w the sum w = s 4+ w should be evaluated before assembling s.

Three communication steps are contained in the algorithm. In the first step
one number per coupling node is exchanged, the auxiliary preconditioner ex-
changes three numbers per coupling node and assembling the smoothed residual
s requires the exchange of four numbers per coupling node. At least compared
to the iterative method using no preconditioner or a DD preconditioner designed
for Bogner-Fox-Schmidt elements we have twice as much data exchange between
processors.
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7 Numerical tests

The following numerical tests have been performed on a multiprocessor system
GC/Power Plus 128 equipped by 64 nodes of 2 processors PowerPC-601 and 4
transputers T805 for communication. We introduce some notations used in this

section.

e Three types of boundary conditions are considered. The clamped part
of the boundary is denoted by I'g, the simply supported part by I'y and
the free part by I'y. Essential boundary conditions are considered to be
homogeneous.

e The number of subdomains p is proportional to 47, where 7, is the number

of the coarse level.

e N, denotes the number of unknown degrees of freedom on the entire domain
at discretization level 7 .

o /(e)is the number of CG iterations required to arrive at the relative accu-

racy e:

e, < o]

rLe—r — re—r.°

e Tris the total time required to solve the considered problem and

e T4 is the time of pure arithmetics without interprocessor communication.

The largest subdomain problems we could fit into memory consider a local 256 x
256-mesh (j — jo = 8). Times marked by a star were measured when our program
was using so called virtual processors. That means for instance 128 physical
processors solve a 256 subdomain problem.

Our domain decomposition preconditioner uses four control parameters:

e The number of inner iterations performed during basis transformation (np)
and subdomain preconditioning (n¢) via the boundary potential method
and

e scaling factors a and 3 for the multilevel Schur-complement preconditioner.

In order to investigate the parallelization properties of the ParCG method we
compare speedup S(p,q) and efficiency F(p,¢) between p and ¢ processores at
equal discretization levels (j =constant) or equal size of the subdomain problems
(J — jo =constant).

S(p.q) = : (61)

E(p,q) =



7.1 Adini elements

et us give short descriptions of the model problems we solved in order to demon-
strate the behaviour of the DD preconditioned ParCG method for solving finite

element equations arising from Adini discretizations of plate problems.

Example 1 model domain:

boundary conditions:

discretization:
parameter:

see tables 1,2,3.

Example 2 model domain:

boundary conditions:

discretization:
parameter:

see table 4.

Example 3 model domain:

boundary conditions:

discretization:
parameter:

see table 5.

Example 4 model domain:

boundary conditions:

discretization:
parameter:

see table 6.

Q=1(0,1)x(0,1),
p=4,16,64,256,
'y = 99,

Adini elements,
a=0.050p=1,
ng =np — 20,

Qr = (0,3) % (0,3)\ [1,2] x [1,2],

p = 32,128,

'y = 09,

Adini elements
a=10.028=1,

ng =np — 20,

Q,=(0,3) x (0,3)\ [1,2] x[1,2],
p = 32,128,

I'o ={0,3} x (0,3)U[0,3] x {0,3},
'y ={1,2} x (1,2)U[l,2] x {1,2},
Adini elements

a=10.028=1,

ng =np — 20,

Q,=(0,3) x (0,3)\ [1,2] x[1,2],
p = 32,128,

I'o ={0,3} x (0,3)U[0,3] x {0,3},
'y ={1,2} x (1,2) U[l1,2] x {1,2},
Adini elements

a=10.028=1,

ng =np — 20,
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| | | 1(107°) | Trs] |

L N o]t ]2]3]4] 1 2 | 3 | 4 |
27 21 4 0.09
147 311013 0.18 0.45
675 4114 119 | 14 0.56 0.74 1.89
2883 51518 18 217 1.15 2.89
11907 611619 17|16 8.75 3.22 3.58 | 31.16*
48 387 TL16 18 17 [ 16 | 36.17 | 10.54 5.18 | 34.97*
195075 8116 |18 [ 15 | 14 | 157.73 | 43.13 | 10.97 | 36.32*
783363 9116 | 17 [ 14 | 12 | 685.00 | 173.79 | 35.62 | 43.66™
3139 587 10 16 |13 ] 10 709.00 | 134.13 | 74.80*
12570627 11 13110 572.09 | 228.58*

Table 1: Square clamped plate (Adini elements): iteration counts and time.

| [ S(4,16) | S(4,64) | S(16,64) | E(4,16) | F(4,64) | F(16,64) |

71 3.43 6.98 2.03 0.86 0.44 0.51
8 | 3.66 14.38 3.93 0.91 0.90 0.98
9| 3.96 19.23 4.86 0.99 1.20 1.22
10 5.29 1.32

Table 2: Square clamped plate (Adini elements): speedup and efficiency.

41 2.78 7.03 2.53 0.70 0.44 0.63
51 3.37 13.07 3.87 0.84 0.82 0.97
6| 3.38 16.44 4.86 0.85 1.03 1.22
71 3.66 18.93 5.17 0.91 1.18 1.29
81 3.87 19.21 4.96 0.97 1.20 1.24

Table 3: Square clamped plate (Adini elements): speedup and efficiency.
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| [ 7007 ] Trls [ Talsl [ Trls] [ Tals] |

j | N.ljo=1]jo=2] Jo =1 | Jo =2 |
3 1344 23 1.59 0.61
4 5760 24 25 2.31 1.08 10.78 5.10
5 23808 25 25 4.71 3.16 12.92 5.58
6 96 768 25 26 14.01 1216 17.39 8.01
7 390 144 25 26 54.23  52.00 28.76 17.52
81 1566720 26 27 | 237.73  234.79 74.66 61.17
91 6279168 25 27 1 1000.90 995.59 | 268.83  250.00
10 | 25141 248 27 1121.92  1080.14
Table 4: Clamped plate Q, Adini elements.
| | 1000°) | Trls] | Tals] | Trls] | Tals] |
j | N, jo=1]jo=2] Jo =1 | Jo =2 |
3 1372 32 2.19 0.87
4 5820 33 33 3.16 1.48 14.12 6.71
5 23932 34 33 6.36 4.24 16.95 7.35
6 97020 36 35 19.97 17.39 23.22 10.72
7 390 652 37 35 79.12 76.05 38.34 23.45
8 | 1567740 37 36 | 335.89  331.44 98.51 81.02
91 6281212 38 37 | 1502.66 1497.73 | 366.89  340.44
10 | 25145340 37 1519.51  1466.60
Table 5: Clamped/simply supported plate Q7,, Adini elements.
| | 1000°) | Trls] | Tals] | Trls] | Tals] |
j | N, jo=1]jo=2] Jo =1 | Jo =2 |
3 1440 27 1.87 0.74
4 5952 30 26 2.90 1.35 11.23 5.36
5t 24192 29 28 5.45 3.66 14.48 6.29
6 97 536 30 27 16.73 14.56 18.07 8.30
7 391680 30 28 64.54 62.02 30.87 18.90
81 1569792 30 29 | 273.11  270.03 80.03 65.57
91 6285312 30 29 | 1198.49 1193.91 | 284.85  266.72
10 | 25153536 29 1184.31  1155.86

Table 6: Clamped /free plate €7, Adini elements.
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7.2 Bogner-Fox-Schmidt elements

Now we consider conforming discretizations of plate problems using Bogner-Fox-

Schmidt elements. The resulting finite element equations are solved by the con-

jugate gradient method preconditioned as described in section 6.

Example 5 model domain:

Q=1(0,1)x(0,1),
p=1,4,16,64,256,

boundary conditions: T'g = 99,
discretization: Bogner-Fox-Schmidt elements,
parameter: a=10.053=1,
ne =ng = 20,
see table 7.
Example 6 model domain: Q=1(0,1)x(0,1),
p=1,4,16,64,
boundary conditions: Ty =[0,1] x {0, 1},
'y ={0,1} x (0,1),
discretization: Bogner-Fox-Schmidt elements,
parameter: a=10.053=1,
ne =ng = 20,
see table 8.
| | | 7(10°°) | Tr[s] |
| N, [l O 1 ]2]3]4] 0 T ] 2 | 3 |
4 1] 1 0.02
36 21 6| 6 0.09 0.18
196 30 91412 0.80 0.42 0.81
900 41 811511311 1.64 0.75 0.87 217
3844 50 514115113 | 8 3.52 2.23 1.42 2.98
15876 6 5|14 |15 13|11 | 14.34 8.47 3.11 3.65
64 516 T 51411513112 ] 60.76 | 35.49 | 10.09 5.36
260100 81 51416 |13 | 11| 262.57 | 151.97 | 42.35 | 11.56
1044 484 9 14116 |13 110 659.22 | 178.87 | 37.13
4168116 10 16 [ 13 ] 10 768.46 | 146.81
16 760 836 11 13 110 617.24

Table 7: Square clamped plate (BFS elements): iteration counts and time.
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| | | I(10°°) | Tr[s] |

| N, O] 1 ]2]3] 0 1 | 2 | 3 |
24 1] 6 0.03
80 211515 0.20 0.55
288 3118120113 0.63 0.73 1.35
1088 412012016110 2.68 1.21 1.98 1.96
4224 512221 |17 14 12.36 3.38 246 | 3.21
16 640 61252318 [15] 59.83 15.85 4.51 4.14
66048 712701262015 278.13 | 63.98 13.82 | 6.03
263 168 8128|2721 |15 1249.19 | 283.34 | 54.17| 13.12
1050 624 9 28 | 21 | 15 1273.64 | 225.06 | 42.47
4198400 | 10 22 | 16 1013.10 | 177.85
16785408 | 11 16 754.26

Table 8: Square simply supported/free plate (BFS-elements): iteration counts
and time.

8 Conclusions

We developed a domain decomposition preconditioner €' for the finite element
equations Liu = f arising from the discretization of plate problems by non-
conforming Adini elements. et us formulate its main properties and the prop-
erties of the resulting parallel preconditioned conjugate gradient method within
two theorems.

Theorem 8.1 (Spectrally equivalence of (' and 1) Let (. defined in (33),
where Ce is the modified multilevel Schur-complement preconditioner described
in section 5 and C; is defined by the boundary potential method. Then there are
constants ¢ and @ independent of the mesh size and independent of the number
of subdomains, such that

£1é*§ iJSE1(:Y*-
Using the Boundary Potential method to define the basis transformation (35)
it is sufficient to perform O(In h™") inner iterations, to have constants ¢ and @

independent of the mesh size and independent of the number of subdomains, such
that o )
cC <[ <e(C.

Therefor the preconditioned ParPCG method for solving the finite element equa-
tions needs at most O(In ") iterations to achieve the relative accuracy e.



Proof: The statement follows directly from theorem 2.1 using lemmata 4.1, 5.1
and 4.2. [
We claim that the estimations in lemma 4.2 can be improved. Numerical results
show, that at least a constant number ng of inner iterations is sufficient.

Theorem 8.2 (Arithmetical cost of the algorithm) lLet us solve the coarse
level equations via the Cholesky method and let the coarse grid matriz be stored
in factorized form. Then one ParPCG step requires

O ((7 o 70) . 4.7?.7'0) +0 (8.70)
arithmetical operations per processor.

Proof: The statement is clear from the properties of the well known methods
used herein and from the considerations of section 3 concerning the arithmetical
cost of the boundary potential method and section 5 concerning the algorithm of
the Schur-complement preconditioner. |
In view of hoth discretization parameters 5 (discretization level) and jo (subdo-
main pattern) an asymptotically suboptimal method for the approximate solution
of plate problems in domains composed of rectangles has been constructed.

The numerical results confirm the above statements. In particular we see that
(at least using our hardware) high efficiency and speedup of the parallel method
are obtained for large subdomain problems. This fact becomes more important
when the computational performance of the single nodes is high compared to the
performance of the communication network.

Further, we constructed an asymptotically optimal preconditioner (' for the
finite element equations Lu = f arising from the conforming finite element dis-
cretization of the plate problem by Bogner-Fox-Schmidt rectangles. At least we
obtain the same iteration counts as for the non-conforming discretization precon-
ditioned by the above mentioned DD preconditioner (compare tables 1 and 7).
The higher iteration time is caused by additional arithmetical work, but mostly
by the additional inter-processor communication.
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