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1 IntroductionThis paper concerns the solution of bending problems for thin elastic plates.The Kirchho� plate theory formulates boundary value problems for fourth-orderpartial di�erential equations. Our topic is the construction of e�cient iterativemethods for the solution of �nite element equations arising from the discretizationof these plate problems by rectangular �nite elements. To take advantage ofmodern parallel computing environments it is insu�cient to transfer commonlyused sequential algorithms. Instead, we need parallel algorithms adapted to thespeci�c classes of parallel machines. For the solution of boundary value problemsapproximated by �nite element schemes domain decomposition (DD) methodsare of increasing interest. They are basic tools for both the parallelization ofiterative methods and the construction of e�cient parallel preconditioners. Forinstance in [11] - [15] the parallelization of the conjugate gradient (CG) methodon the basis of a non-overlapping DD approach and aspects of the algorithmicrealization have been studied in detail. The theory of the DD-preconditioner hasbeen derived on a purely algebraic basis. We brie
y review some of the mainresults which are valid in our context too.Three components of the DD-preconditioner have to be chosen in order toadapt it as well as possible to the boundary value problem considered. A precon-ditioner for the subdomain problems (in many cases the homogeneous Dirichletproblem) and a basis transformation algorithm extending the data at the cou-pling boundary to the inner nodes biharmonically have to be constructed. That'swhy in section 3 we generalize the so-called boundary potential method developedin [19] and [20] to the case of non-homogeneous boundary conditions. It allowsus to solve the clamped plate problem in rectangular domains with almost opti-mal arithmetical e�ort of O(N lnN) operations, where N denotes the number ofunknowns.The third component is a multilevel Schur-complement preconditioner forconforming Bogner-Fox-Schmidt elements proposed in [24]. The auxiliary spacemethod (see [28]) allows us to make use of this preconditioner also in the caseof the non-conforming Adini elements (section 5). In section 6 the role of bothdiscretizations is switched. There a parallel preconditioner for the conformingdiscretization is constructed using Adini elements to de�ne the auxiliary �niteelement space.The parallel preconditioned CG (ParPCG) method is well suited for the im-plementation on multiprocessor systems with local memory and message passingprinciple. In section 7 the results of numerical tests are presented. They con�rmthe theoretical results and show that the preconditioners developed are applicableto plate problems with various types of boundary conditions.1



2 Plate problems, �nite elements and domaindecomposition2.1 Plate problemsLet us consider the homogeneous Dirichlet problem (1) for the biharmonic op-erator �2 = @41 + 2 � @212 + @42 as a prototype of an elliptic, fourth-order, partialdi�erential equation. �2u(x) = f(x); x 2 
; (1)u(x) = 0; x 2 � = @
;@�u(x) = 0; x 2 � = @
:It can be interpreted as the classical formulation of the clamped plate problem (2)concerning the equilibrium position of a originally plane, thin plate of constantthickness under the action of a transverse force. Its solution minimizes the totalpotential energy J in V00 (see [1] - [3]).u 2 V00 : J(u) = minv2V00 J(v); (2)V00 = H20 (
) = nv 2 H2(
) : v = @�v = 0 on � = @
o ;J(v) = 12a(v; v)� f(v); (3)wherea(u; v) = Z
 f�u�v+ (1 � �) (2@12u@12v � @11u@22v � @22u@11v)g dx;f(v) = Z
 fvdx; f 2 L2(
):For physical reasons the Poisson coe�cient � of the plate material lies in (0; 12). Aswe will see later, the boundary potential method reduces the numerical solution ofthe clamped plate problem in a rectangle to the solution of the simply supportedplate problem (4).�u 2 V0 : J(�u) = minv2V0 J(v); (4)V0 = H2(
) \H10(
) = nv 2 H2(
) : v = 0 on � = @
o :2.2 Finite element discretizationLet 
 composed of a �nite number of rectangles, such that it may be coveredby a triangulation Rh made of rectangles R. Let Nh be the set of nodes of Rh.2



Using non-conforming Adini elements we de�ne the �nite element space ~Vh.~Vh = nvh 2 C0(�
) : vhjR 2 ~Q3(R) 8R 2 Rho ; (5)~Q3(R) = 8<:p(x) = Xk1+k2�3 
k1k2xk11 xk22 + 
13x1x32 + 
31x31x29=; :Using the usual �nite element nodal basis ~�h = n~'(�;P )o ; (�;P ) 2 ~� � Nh,~� = f(0; 0); (1; 0); (0; 1)g = f0; e1; e2g; the functions vh = ~�hv 2 ~Vh are uniquelyde�ned by the vector v of the nodal values v(�;P ).@�11 @�22 vhjP = v(�;P ); (�;P ) 2 ~� �Nh: (6)Approximate solutions uh for (2) and �uh for (4) minimize the discrete energyfunctional ~Jh in ~V00;h respectively ~V0;h.~V00;h = nvh 2 ~Vh : vh(P ) = @�vh(P ) = @�vh(P ) = 0; 8P 2 Nh \ �o ;~V0;h = nvh 2 ~Vh : vh(P ) = @�vh(P ) = 0; 8P 2 Nh \ �o ;~Jh(vh) = 12~ah(vh; vh)� f(vh);~ah(uh; vh) = XR2Rh ZR f�uh�vh+(1 � �) (2@12uh@12vh � @11uh@22vh � @22uh@11vh)g dx:The minimum condition@@u(�;P ) ~Jh(uh) = 0; 8 (�;P ) 2 ~� �Nh;leads us to systems of linear equations determining the associated nodal vectorsu and �u. ~Lu = f ;�L�u = �f :The discretization of plate problems using Adini rectangles is a non-conforming�nite element method in the sense that ~Vh is not a subspace of H2(
). However,the following inclusions are valid~V00;h � ~V0;h � H10 (
) \ C0(�
); vhjR 2 H2(R); 8R 2 Rh; 8vh 2 ~Vh:Functions vh 2 ~V00;h satisfy the Dirichlet boundary condition for the normalderivatives at all boundary nodes P 2 Nh \ @
. For more details and errorestimates see e.g. [2] and [3]. 3



A conforming �nite element discretization can be constructed using rectan-gular, bicubic Bogner-Fox-Schmidt elements.Vh = nvh 2 C1(�
) : vhjR 2 Q3(R); 8R 2 Rho ; (7)Q3(R) = 8<:p(x) = Xk1;k2�3 
k1k2xk11 xk22 9=; :The �nite element functions vh 2 Vh are uniquely de�ned by their nodal val-ues, gradients and mixed derivatives, i.e. � = f(0; 0); (1; 0); (0; 1); (1; 1)g =f0; e1; e2;1g.2.3 Non-overlapping Domain DecompositionWe consider a plate problem in a domain 
 composed of p rectangles �
 = [ps=1 ��sdiscretized either by Adini or Bogner-Fox-Schmidt elements.Let index "C" correspond to those degrees of freedom belonging to the cou-pling boundary �C = [ps=1@�s which are not given by an essential boundarycondition. Let "I" correspond the interior 
I = [ps=1�s of the subdomains. Or-dering the nodal basis functions by these two groups, the resulting system of�nite element equations Lu = f can be written in the block form LC LCILIC LI ! uCuI ! =  fCf I ! : (8)There LI is the block-diagonal matrix which consists of the sti�ness matricesrelated to the clamped plate problems in �s.LI = blockdiag (LI;s)s=1;2;:::;p :We solve (8) using the parallel preconditioned conjugate gradient (ParPCG)method. It is well suited for the implementation on multiprocessor systems withlocal memory and message passing principle. An advantage of DD parallelizediterative methods is the low demand of communication between processors. De-tails about the parallelization and implementation of the ParPCG method aredescribed for instance in [10], [11] and [15].The preconditioning step in the ParPCG method should �t into the paral-lelization concept of the non-overlapping DD. The idea of preconditioning is totransform the original problem Lu = f in a equivalent one C�1Lu = C�1f inorder to obtain a signi�cantly lower condition number �(C�1L) � �(L). Apreconditioner C must have the following (sometimes contrary) properties:1. C is symmetric and positive de�nite,C = CT ; (Cx; x) > 0 8x 2 RN n f0g:4



2. C is spectrally equivalent to L,9
; 
 > 0 : 
(Cx; x) � (Lx; x) � 
(Cx; x) 8x 2 RN;where �(C�1L) � 

 �! min.3. The preconditioning system Cw = rcan be solved much more e�ciently than the original problem Lu = f .Additionally we demand a high degree of parallelism in the preconditioningalgorithm.Considering the well known factorization of the matrix L from (8)L =  IC LCIL�1I0 II ! SC 00 LI ! IC 0L�1I LIC II ! ; (9)where SC = LC � LCIL�1I LIC is the Schur-complement, the so-called ASM-DD-preconditioner was derived on a purely algebraic basis.C =  IC LCIB�TI0 II ! CC 00 CI ! IC 0B�1I LIC II ! : (10)The three components CC , CI and BI have to be chosen in order to adapt thepreconditioner as well as possible to the problem under consideration (partialdi�erential equation, discretization method, etc.). The following theorem provedin [10], [12] gives general criteria for the choice of the components of (10).Theorem 2.1 Let the symmetric and positive de�nite block preconditioners CCand CI satisfy the spectral equivalence inequalities9
I ; 
I > 0 : 
ICI � LI � 
ICI ; (11)9
C; 
C > 0 : 
CCC � SC + TC � 
CCC; (12)where SC + TC is the modi�ed Schur-complement, SC = LC � LCIL�1I LIC , TC =LCI �L�1I �B�TI �LI �L�1I �B�1I �LIC . Let BI nonsingular.Then the ASM-DD preconditioner (10) satis�es the spectral equivalence inequal-ities 
  1 �s �1 + �!C � L � 
  1�s �1 + �!C: (13)The condition number �(C�1L) satis�es the estimates�
=
��p� +q1 + ��2 � �(C�1L) � �
=
��p� +q1 + ��2 ; (14)where 
 = maxf
I ; 
Cg, 
 = minn
I ; 
Co and � = � �S�1C TC� denotes thespectral radius of S�1C TC . 5



Because of the obvious spectral equivalence inequalitiesSC � SC + TC � (1 + �)SC ;we can use a Schur-complement preconditioner to de�ne CC (section 5).3 Fast solution methods in a rectangleIn [19] and [20] a fast solution method for the biharmonic Dirichlet problem (1) inrectangular domains, the so-called boundary potential method has been proposed.It was developed for a special �ve-point variational �nite di�erence scheme, butthe method can be applied to the clamped plate problem discretized by Adinielement in principle. We brie
y describe this method, but in view of its use inthe domain decomposition context we have to generalize it to the case of non-homogeneous Dirichlet boundary conditions.3.1 Statement of the problemWe consider the inhomogeneous clamped plate problem in � = (0; l1)� (0; l2)u 2 Vg : J(u) = minv2Vg J(v); (15)Vg = nv 2 H2(�) : v = gD; @�v = gN on � = @�o :Let it discretized by uniform Adini 1 elements of size hk = lkNk ; Nk = 2nk in xk-direction k = 1; 2. The node P = (i1h1; i2h2) is uniquely de�ned by the indexi = (i1; i2); 0 � i1 � N1; 0 � i2 � N2. Further we distinguish several sub-vectorsof the coe�cient vector u 2 R3(N1+1)(N2+1).� Nodal values at inner nodes of �:uI = uj!I 2 RNI;!I = f(�; i) : � 2 �; 0 < ik < Nk; k = 1; 2g ;� nodal values of the function and tangential derivatives on @�:uD = uj
D 2 RND;
D = f(�; i) : � 2 fo; e3�kg ^ ik 2 f0; Nkg ^ 0 < i3�k < N3�k; k = 1; 2g ;1The tilde symbol on matrices and vectors will be omitted in this section.6



� nodal values of normal derivatives on @�:uN = uj
N 2 RNN;
N = f(�; i) : � = ek ^ ik 2 f0; Nkg ^ 0 < i3�k < N3�k; k = 1; 2gand� uF = uj!F 2 RNF , !F = !I [ 
N .After the homogenization of the essential boundary conditions on 
D the dis-cretized boundary value problem (15) looks likeuI 2 RNI; uN 2 RNN :  LI LIN0 IN ! uIuN ! =  f I � LIDgDgN ! : (16)The corresponding simply supported plate problem has the homogenized form�uF 2 RNF : �LF �uF =  LI LINLNI LN ! �uI�uN ! =  f I � LIDgD�LNDgD ! : (17)The solution �u of (17) is easy to obtain via the Fourier method. It satis�esthe Dirichlet boundary conditions on 
D and the �rst row of equation (16). Incontrast the direct solution of the clamped plate problem via the Fourier methodis not possible because the equations do not decouple. The main idea of theboundary potential method is to �nd some correction v, such that u = �u + vsatis�es (16). At least this leads us to an additional system of linear equationswhich can be solved e�ciently using the Jacobi iterative method.3.2 The Fourier methodWe look for the solution �uF of the discrete boundary value problem (17) in RNF .For RNF we introduce the unitary basis M .M = ��(�;i)(�;j)�!F�!F ; (18)�(�;i)(�;j) = ��� � �i1(�1; j1) � �i2(�2; j2);�ik(0; jk) = s 2Nk sin ikjk�Nk ;�ik(1; jk) = s 2Nk �k(ik) cos ikjk�Nk ; �k(ik) = ( 12 : ik = 0; Nk1 : 0 < ik < Nk :In terms of the basis M matrix �LF is block-diagonal. Thus we have�L�1F = M��1MT (19)7



= M blockdiag(��1j )MT ;�j = 8>>><>>>: 0B@ �j;o;o �j;o;e1 �j;o;e2�j;o;e1 �j;e1 ;e1 0�j;o;e2 0 �j;e2;e2 1CA : � � j � !I ;�j;�;� : (�; j) 2 
N ;�j;o;o = Xk=1;2 8h3�kh3k (1 � ck)(2 + c3�k) + 8 (7 � 2�)5h1h2 (1 � c1)(1 � c2);�j;o;ek = �4sk  h3�kh2k (2 + c3�k) + (1 � �)5h3�k (1� c3�k)! ;�j;ek ;ek = 4h3�k3hk (2 + ck)(2 + c3�k) + 4 (1 � �)hk15h3�k (4� ck)(1 � c3�k);ck = cos jk�Nk ; sk = sin jk�Nk :Multiplications of vectors from RNF byM respectivelyMT via fast Fourier trans-form [5] demand O(N1N2 ln(N1N2)) arithmetical operations. The solution of13NI = (N1�1)(N2�1) systems of three linear equations and NN = 2(N1+N2�2)single linear equations demands O(N1N2) operations. So we have a suboptimalsolution method for the non-homogeneous boundary value problem (17) in a rect-angle.3.3 The boundary potential methodLet �u the solution of (17). In order to �nd the solution u of (16) we consider thedi�erence v = u� �u. Therefore we have the following boundary conditions on v:vD = 0D; (20)vN = gN � �uN : (21)From the identity between the �rst rows of (16) and (17) we get�LFvF =  0IbN ! ; (22)where the part bN of the right-hand side is unknown at the moment. However,we represent bN in terms of the basis N of RNN.N = ��(�;i)(�;j)�
N�
N ; (23)�(�;i)(�;j) = ��� � ( �i3�k (0; j3�k) : (ik; jk) 2 f0; Nkg � f0; Nkg n (Nk; Nk);��i3�k (0; j3�k) : ik = jk = Nk:8



We have bN = Nb� respectively  0IbN ! = N̂b� ; (24)where N̂ denotes the extension of N by zero for the rows corresponding to !I .In order to �nd the coe�cient vector b� 2 RNN we pay attention to the boundarycondition (21). Multiplying by NT we getNTvN = NT gN �NT �uNrespectively N̂TvF = NT gN � N̂T �uF : (25)Using (22), (24) and (25) the coe�cient vector b� is the solution of a system oflinear equations. Bb� = d; (26)where B = N̂T �L�1F N̂;d = NT gN � N̂T �uF :Using (22), (24) and (26) the solution uI of (16) has the form�fF =  f I � LIDgD�LNDgD ! ; (27)uI = h�L�1F �fF + �L�1F N̂B�1 �NT gN � N̂T �L�1F �fF �i!I : (28)3.4 The algorithmic realizationFrom (19), denoting N� = MT N̂ , we getuI = hM ���1MT �fF + ��1N�B�1 �NTgN �NT� ��1MT �fF��i!I : (29)Thus, the algorithm of the boundary potential method consists of the followingsteps.1. Homogenize the Dirichlet data on 
D according to (27).2. Represent the solution �u of the auxiliary problem (17) in terms of its Fouriercoe�cients �u� = ��1MT �fF :3. Represent the Dirichlet data on 
N in terms of the basis N .g� = NT gN :9



4. Generate system (26). B = NT� ��1N�;d = g� �NT� �u�:5. Solve system (26).6. Represent the solution u of (16) in terms of the Fourier coe�cients u�.u� = �u� + ��1N�b�7. Synthesize u. uI = hMu�i!I� Steps 1,2 and 7 are known from the Fourier method solving (17) and demandO(N1N2 ln(N1N2)) arithmetical operations.� At least step 3 demands O(N1 lnN1)+O(N2 lnN2) arithmetical operationsto perform the fast Fourier transform for two vectors of length N1 � 1 andtwo vectors of length N2 � 1.� The matrix N� = �n(�;i)(�;j)�!F�
N can be described more explicitly. Wehaven(�;i)(�;j) = X(
;k)2!F �(
;k)(�;i)�(
;k)(�;j)= ( 2q 1Nl ���
el�i3�lj3�l : jlNl + il even; jl = 0; Nl; l = 1; 2;0 : else:Thus, steps 4 and 6 demand O(N1N2) operations.� System (26) can be solved via the Jacobi method (30) where D = diagB.b(k+1)� = b(k)� +D�1 �d �Bb(k)� � ; (30)b(0)� = 0:Considering the structure of the matrix B we seeB(�;i)(�;j) = 0 if (� = �) ^ (i 6= j)and therefor one iteration step demands O(N1N2) operations.10



The matrix B is independent of h1 and h2 diagonal dominant, that meansfor the iteration operator S = (I �D�1B) of (30)kSk1 = max(�;i) �����P(�;j)2
Nn(�;i)B(�;i)(�;j)B(�;i)(�;i) ����� � c0 < 1:In the case of Adini �nite element schemes we get c0 = 0:7. Thus, in orderto obtain an approximate solution b(n)� of the relative accuracy "


b� � b(n)� 


B � " kb�kB ;we have to perform n � I(") = ln "�1ln c0 iteration steps (30). From(Bb� ; b�) = (N̂T �L�1F N̂b�; b�) = (�LF vF ; vF )for the approximate solution u(n)F corresponding to b(n)� follows





0@ uI � u(n)IgN � u(n)N 1A





�LF � " kvFk�LF :The above facts show that the solution of (16) using the boundary potentialmethod with relative accuracy " demands O(N1N2 ln(N1N2) ln "�1) arithmeticaloperations. The asymptotic behavior of the arithmetical cost is dominated bythe fast Fourier transform in steps 1 and 7.3.5 An exampleThe following example illustrates the theoretical results concerning the boundarypotential method. The purely sequential computations where performed on asingle processor PowerPC-601 of a multiprocessor system. Later it will be asubroutine of a parallel code.We consider the clamped plate problem in the unit square � = (0; 1)� (0; 1).Choosing the right-hand side f , the solution u is known.f(x; y) = 6144 � �x2(1� x)2 + y2(1� y)2� (31)+2048 � (6x2 � 6x+ 1) � (6y2 � 6y + 1);u(x; y) = 256 � x2(1� x)2y2(1 � y)2:The inner iteration was stopped at the relative accuracykd �Bbn�kkdk < " = 10�6:11
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Figure 1: Arithmetical cost of the boundary potential method.If the mesh size decreases the number n of inner iterations approaches a constantvalue.In comparison to the CPU-time required to solve the auxiliary problem usingthe Fourier method (steps 1,2,7), the CPU-time for the additional steps 3 -6 of theboundary potential method increases slower. Especially the asymptotic behaviorof the total CPU-time is not changed for the worse by these additional steps (see�gure 1). The �nest discretization considered is a 512 � 512-mesh.4 The boundary potential method in DD pre-conditioningThis section concerns the choice of the preconditionerCI for the local subproblemsand the basis transformation in the ASM-DD-preconditioner for non-conformingAdini element discretizations2.In view of the spectral equivalence constants 
I and 
I (c.f. (11)) the choiceCI = LI would be optimal. But, if the mesh size tends to zero classical direct2Again the tilde symbol will be omitted. 12



methods lead to an unacceptable growth of the number of arithmetical operationsrequired . The boundary potential method o�ers a good compromise at thispoint. If the inner system (26) is solved quite exactly, the spectral equivalenceconstants are expected to be close to 1. On the other hand we saw, that thenumber of arithmetical operations is asymptotically suboptimal, if the numberof inner iterations is �xed.We chooseCI = blockdiag(CI;s); (32)C�1I;s rI;s = "��L�1F;s � �L�1F;sN̂s (I � SnCs )B�1s N̂Ts �L�1F;s� rI;s0N;s !#!I;s ;where nC is the number of iteration steps (30) performed in order to solve (26)approximately.Lemma 4.1 CI satis�es the requirements (11) of theorem 2.1, where
I = infxI �C�1I xI ; xI��L�1I xI ; xI� = 1� cnC0 ;
I = supxI �C�1I xI ; xI��L�1I xI ; xI� = 1 + cnC0 :Proof:A CI = CTI is positive de�nite. From (32) we have�C�1I;sxI;s; yI;s� = �L�1I;sxI;s; yI;s�+  SnCs B�1s N̂Ts �L�1F;s  xI;s0N;s ! ; B�1s N̂Ts �L�1F;s  yI;s0N;s !!Bs :LI;s is symmetric, Ss self-adjoint in the inner product (:; :)Bs. Thereforethe symmetry of CI is obvious. Further LI;s and �LF;s, consequently Bs andBsSnCs are positive de�nite.B Denoting b�;s = B�1s N̂Ts �L�1F;s  xI;s0N;s !, we get�C�1I;sxI;s; xI;s� =  �L�1F;s  xI;s0N;s ! ; xI;s0N;s !!+ (b�;s; b�;s)Bs| {z }(L�1I;sxI;s;xI;s)+ (SnCs b�;s; b�;s)Bs :13



Using the norm estimate of the iteration operator(Ssb�;s; b�;s)Bs � c0 (b�;s; b�;s)Bs ;we arrive at the statement of the lemma.(1 � cnC0 ) �L�1I;sxI;s; xI;s� � �C�1I;sxI;s; xI;s� � (1 + cnC0 ) �L�1I;sxI;s; xI;s� :How to choose the basis transformation? In view of the spectral radius� = �(S�1C TC) the choice BI = LI is optimal again. That means solving non-homogeneous Dirichlet problems on each subdomain �s, where the right-handside fI;s is zero. In other words we are searching for the biharmonic extension ofthe Dirichlet data wC;s =  wD;swN;s ! to the interior nodes of the subdomain �s.Using the modi�ed boundary potential method developed in section 3 thiscan be done exactly when the inner systems (26) are solved directly.C�1� = V �T�  C�1C 00 C�1I !V �1� ; (33)V �1�;s ws = 0B@ wD;s � LTFD;s �L�1F;swF;s0N;swI;s 1CA+ 0B@ LTFD;s �L�1F;sN̂sB�1s N̂Ts �L�1F;swF;sNsB�1s N̂Ts �L�1F;swF;s0I;s 1CA :(34)Unfortunately, when the inner systems are solved iteratively, the resultingDD-preconditionerC�1 = V �T  C�1C 00 C�1I !V �1; (35)V �1s ws = V �1�;s ws � 0B@ LTFD;s �L�1F;sN̂sSnBs B�1s N̂Ts �L�1F;swF;sNsSnBs B�1s N̂Ts �L�1F;swF;s0I;s 1CA : (36)does not �t into the framework of theorem 2.1.Lemma 4.2 Let us use the boundary potential method for the basis transforma-tion and let us use the Jacobi iterative method (30) to solve the inner system(26). Then, performing a the DD-preconditioner C spectrally equivalent to C�,i.e. 9�1; �2 > 0 : �1 �C�1� x; x� � �C�1x; x� � �2 �C�1� x; x� ; 8xrequires not more than nB = O(lnh�1) iteration steps (30).14



Proof: In a �rst step, let us assume9 � > 0 : 


�V �1� � V �1�x


D�1 � � 


V �1� x


D�1 ; (37)where D =  CC 00 CI !. Then the following estimations hold.�����C�1� � C�1�x; x���� = ����


V �1� x


2D�1 � 


V �1x


2D�1����= �����V �1� + V �1�x; �V �1� � V �1�x�D�1���� 


�V �1� + V �1�x


D�1 


�V �1� � V �1�x


D�1� n2 


V �1� x


D�1 + 


�V �1� � V �1� x


D�1o �� 


�V �1� � V �1�x


D�1� (2 + �) � �C�1� x; x� : (38)From (38) we have �1 = 1� (2 + �) � and �2 = 1 + (2 + �)�.In the second step we will state estimation (37). Introducing some notations�V �1� � V �1� x = 0B@ LTFD �L�1F N̂SnBb��NSnBb��0I 1CA =  JSnBb��0I ! ; (39)where b�� = B�1N̂T �L�1F xF , we get


�V �1� � V �1� x


2D�1 = kSnBb��k2JTC�1C J� kSnBk2JTC�1C J (Jb��; Jb��)C�1C� kSk2nBJTC�1C J 


V �1� x


2D�1� c2h�2p kSk2nB1 


V �1� x


2D�1 : (40)From (40) we see: To bound � by a constant � independent of h we have toperform nB � ln c + ln ��1 + p ln h�1ln c�10inner iterations (30).5 The Schur-complement preconditionerIn [24] certain multilevel preconditioners for discretizations of the biharmonicequation by rectangular �nite elements were proposed. In particular a BPX-like preconditioner CC for the Schur-complement SC of a conforming �nite ele-ment discretization using bicubic Bogner-Fox-Schmidt rectangles (7) is considered15



there. The author proves that the condition number �(C�1C SC) is bounded bya constant depending only on the initial partition Rj0 . A di�erent approach toconstruct multilevel preconditioners for the Schur-complement system is used in[26] and [27]. There multilevel Schur-complement preconditioners are derivedfrom multilevel preconditioners for the underlying global sti�ness matrices usingalgebraic arguments.In some sense Adini elements can be interpreted as a non-conforming counter-part of Bogner-Fox-Schmidt elements. The degree of the polynomials is reducedsuch that we have one degree of freedom less per node. Oswald suggests to con-struct multilevel preconditioners for non-conforming elements by the strategy ofswitching to a reference multilevelmethod de�ned for a conforming �nite elementscheme (see [24], [25] and references therein).Here we make use of Xu`s abstract theory of the auxiliary space method.The result is an optimal multilevel preconditioner for the Schur-complement ~SCresulting from the non-conforming Adini element discretization. Further we dis-cuss the algorithmic realization of the resulting preconditioner and in order toobtain an optimal condition number we introduce two scaling factors and �ndtheir nearly optimal values.5.1 Multilevel Schur-complement preconditionersWe assume that the subdomain pattern of 
 = [ps=1�s can be interpreted as aconform initial partition Rj0 = f�1; : : : ;�pg. Re�ning dyadically we generatepartitions Rl; l = j0 + 1; : : : ; j and corresponding sets of nodes Nl.On the �nest level j we construct the �nite element space of Adini elements~Vh = span n~'(�;P )o(�;P )2~��Nj . By the above described construction the local levelj triangulation of the subdomains �s is uniform as assumed in section 3. Thenotations introduced there will keep their sense locally on the subdomains.Using Bogner-Fox-Schmidt elements we construct a nested sequence of �niteelement spaces V j0 � V j0+1 � : : : � V j = Vh;V l = spanf'l(�;P )g(�;P )2��Nl:On each level we distinguish di�erent sets of degrees of freedom according to theirsense (see also section 3). The full information of the trace of the �nite elementfunction ul = �lul on the coupling boundary is contained in the pairulC = �ulD; ulN� = ��lDulD;�lNulN� 2 V lC = V lD � V lN : (41)The space V lD of traces of level l f.e. functions on �C is spanned by �lD, the normalderivatives V lN are spanned by �lN .�lD = n�l(�;P )o(�;P )2
lD ; (42)16
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Figure 2: 
 = (0; 3)� (0; 3) n [1; 2]� [1; 2]; p = 32; j0 = 1; j = 3�lN = n�l(�;P )o(�;P )2
lN ; (43)�l(�;P ) = 8<: 'l(�;P )����C : (�;P ) 2 
lD;@�'l(�;P )����C : (�;P ) 2 
lN :On V jC a weighted L2-inner product is introduced by�ujC ; vjC�C = 23j0 �ujD; vjD�0 + 2j0 �ujN ; vjN�0 ; 8ujC; vjC 2 V jC : (44)The mapping Mk;C : V jC �! V kCMk;CvjC = X(�;P )2
kD[
kN �vjC; �k(�;P )���k(�;P ); �k(�;P )� � �k(�;P ); vjC 2 V jC ; (45)which is spectrally equivalent to the orthogonal projection from V jC onto V kC splitsinto partsMk;D : V jD �! V kD andMk;N : V jN �! V kN . Using the above de�nitions17



the multilevel Schur-complement preconditioning operator CC is de�ned byC�1C = L�1j0;CMj0;C + jXk=j0+1 �23(j0�k)Mk;D + 2(j0�k)Mk;N� ; (46)where Lj0;C corresponds to the underlying boundary value problem discretizedon level j0.Now, using Xu's abstract framework of the auxiliary space method, we con-struct a Schur-complement preconditioner for the non-conforming Adini scheme.We de�ne mappings �C : VC ! ~VC and PC : ~VC ! VC . For a given vC 2 VC~vC = �CvC is de�ned by~vC(P ) = vC(P ); (47)@�~vD(P ) = @�vD(P ); 8P 2 Nh \ �C ;given ~vC 2 ~VC ; vC = PC~vC is de�ned byvC(P ) = ~vC(P ); (48)@�vD(P ) = @�~vD(P );@�vN(P ) = 8<: Pi=1;2 ~vN (P+eihi)�~vN (P�eihi)4hi : P crosspoint,~vN (P+e�h� )�~vN (P�e�h� )2h� : else, 8P 2 Nh \ �C :Lemma 5.1 Let ~C�1C = �CC�1C �TC . There exists a constant c 6= c(h) :�( ~C�1C ~SC) � c: (49)Proof: The statement of the lemma is a direct consequence of the main theoremof [28] applied to our situation. It is obvious that PC is a right inverse of �C,i.e.�CPC~vC = ~vC; 8~vC 2 ~VC , therefore no smoother is required. Using Oswald'sresult � �C�1C SC� � �c; �c 6= �c(h) the proof is �nished.5.2 Optimal scalingWe reformulate the Schur-complement preconditioner and introduce two scalingfactors �; � 2 R.~C�1C = ��C 24L�1j0;CMj0;C + � jXk=j0+1 �23(j0�k)Mk;D + 2(j0�k)Mk;N�35�TC ; (50)Factor � is caused by the use of the Schur-complement preconditioner withinthe domain decomposition preconditioner. It is used to get an optimal scalingbetween the block-preconditioners ~CI and ~CC. Its correct choice results in aminimum value of the quotient 
=
 (see theorem 2.1).18



The introduction of � is intended to get optimal weighting between the so-lution of the coarse level problem (k = j0) and parts arising from higher levels(k = j0 + 1; : : : ; j). The appropriate choice of � becomes more and more impor-tant in the many subdomain case. A similar scaling factor was already mentionedin [26]. Using a preconditioned gradient method for the Schur-complement sys-tem approximates of the minimum and maximum eigenvalues of ~C�1C ~SC havebeen computed numerically (see [6]) using di�erent values of the scaling factor�. Two characteristic examples of the resulting graphs for �( ~C�1C ~SC) are shownin �gure 3 and �gure 4. From the knowledge of the spectral bounds we chose �.5.3 The implementation of the algorithmThe implementation of the mapping�C respectively�TC is quite simple. In orderto describe the implementation of C�1C we consider the preconditioning step in aDD parallelized iterative process for the Schur-complement systemSCujC = djC :We have to distinguish carefully between several kinds of representation of data.The �nite element function ujC is represented by a vector of nodal values ujC. Inparallel iterative methods these nodal values are of the so-called overlapping typeof distribution. That means processor s stores the full nodal values of 
jC;s in thelocal memory. ujC;s = AC;j;sujC :The right-hand side vector djC and the residual rjC = djC � SCujC contain in-ner products �djC ; �j(�;P )� respectively �rjC; �j(�;P )�. These values are naturally ofadding type of distribution. The full values corresponding to the coupling nodesare result of a sum including data transfer between processors.rjC = pXs=1ATC;j;srjC;s:AC;j;s is the Boolean matrix which maps the global vector of nodal values to thelocal vector of nodal values corresponding to 
jC;s. The usual element by elementassembling procedure results in a sti�ness matrix of adding type. Therefor themultiplication of the sti�ness matrix by a vector of overlapping type results in avector of adding type and the preconditioning stepwjC = C�1C rjC (51)demands a transfer operation from adding type (rjC) to overlapping type (wjC).Let S 2 Nl n Nl�1 \ �C a new coupling node of level l. Then P1 2 Nl�1 \ �Cand P2 2 Nl�1 \ �C denote the parent nodes of S lying to the left respectively19
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Figure 3: Clamped plate problem in (0; 1)2, �(C�1C SC) - �, level j = 6.
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to the right of S relatively to the coordinate axis parallel to the part of theboundary under consideration. The preconditioning step (51) could be realizedby the following V-cycle.1. Compute residual scalar products recursively.for s = 1 to p do in parallelfor P 2 Nj \ �C;s do rj(1;P );s = 0 next Pfor l = j down to j0 + 1 dofor S 2 Nl n Nl�1 \ �C;s dorl�1(0;P1);s = rl(0;P1);s + 12 rl(0;S);s + 34hl� rl(e� ;S);s,rl�1(0;P2);s = rl(0;P2);s + 12 rl(0;S);s � 34hl� rl(e� ;S);s,rl�1(e� ;P1);s = rl(e� ;P1);s � 14 rl(e� ;S);s � hl�4 rl(0;S);s,rl�1(e� ;P2);s = rl(e� ;P2);s � 14 rl(e� ;S);s + hl�4 rl(0;S);s,rl�1(e� ;P1);s = rl(e� ;P1);s + 12 rl(e� ;S);s + 34hl� rl(1;S);s,rl�1(e� ;P2);s = rl(e� ;P2);s + 12 rl(e� ;S);s � 34hl� rl(1;S);s,rl�1(1;P1);s = rl(1;P1);s � 14 rl(1;S);s � hl�4 rl(e� ;S);s,rl�1(1;P2);s = rl(1;P2);s � 14 rl(1;S);s + hl�4 rl(e� ;S);s,next Snext lend parallel2. Change the type of distribution of the residual vectors and solve the coarsegrid problem.w(j0)C;s = AC;j0;sL�1C;j0 pXs=1ATC;j0;sr(j0)C;svlC;s = AC;l;s pXs=1ATC;l;srlC;s; 8l = j0 + 1; : : : ; j3. Sum the preconditioned residuals recursively.for s = 1 to p do in parallelfor l = j0 + 1 to j dofor P 2 Nl�1 \ �C;s dowl(0;P );s = wl�1(0;P );s + � hl� hl� vl(0;P );s,wl(e� ;P );s = wl�1(e� ;P );s + �vl(e� ;P );s,21



wl(e� ;P );s = wl�1(e� ;P );s + � vl(e� ;P );s,wl(1;P );s = wl�1(1;P );s + �hl� hl� vl(1;P );s,next Pfor S 2 Nl n Nl�1 \ �C;s dowl(0;S);s = � hl� hl� vl(0;S);s + 12 �wl�1(0;P1);s + wl�1(0;P2);s�+hl�4 �wl�1(e� ;P1);s � wl�1(e� ;P2);s�,wl(e� ;S);s = � vl(e� ;S);s � 14 �wl�1(e� ;P1);s + wl�1(e� ;P1);s�� 34hl� �wl�1(0;P1);s �wl�1(0;P2);s�,wl(e� ;S);s = � vl(e� ;S);s + 12 �wl�1(e� ;P1);s + wl�1(e� ;P2);s�+hl�4 �wl�1(1;P1);s � wl�1(1;P2);s�,wl(1;S);s = �hl� hl� vl(1;S);s � 14 �wl�1(1;P1);s + wl�1(1;P1);s�� 34hl� �wl�1(e� ;P1);s � wl�1(e� ;P2);s�,next Snext lend parallelThe above described algorithm demands O(2j�j0 ) arithmetical operations perprocessor to realize steps 1 and 3. The direct solution of the coarse level problemrequires O(8j0 ) arithmetical operation during each iteration step (LC;j0 is storedin factorized form).In practice the inter-processor data exchange is organized as follows. Beforestep 1 we assemble all residual values corresponding to edge points (not thevertices) of the subdomains via nearest neighbour communication. During step 2a global data exchange is required to assemble the right-hand side of the level j0problem. The exchange of values corresponding to vertices at level j0+1; : : : ; j isenclosed there. The length of data packages in the global exchange is proportionalto j � j0.At least the number of communication steps required is the same comparedto the non-preconditioned CG method.6 A parallel preconditioner for BFS elementsIn the previous sections we de�ned a domain decomposition preconditioner for�nite element equations resulting from plate problems discretized by Adini rect-angles. The boundary potential method for the subdomain problems was one ofits main components. One could try to construct an e�cient subdomain solver22



for the case of the Bogner-Fox-Schmidt elements for instance using the idea ofthe boundary potential method or using multigrid algorithms. Here we choosean alternate way based on the close relations between both types of rectangular�nite elements.6.1 Application of the auxiliary space methodIn order to construct a preconditioner for the discretized plate problem in Vh weconsider the auxiliary �nite element space ~Vh where an optimal preconditioner ~Cis known. From the theory presented in [28] the construction of the preconditioneris clear.First we de�ne mappings � : ~Vh ! Vh and P : Vh ! ~Vh. The imagevh = �~vh 2 Vh of ~vh 2 ~Vh is uniquely de�ned byvhjP = ~vhjP ; (52)rvhjP = r~vhjP ;@12vhjP = 1mP XR:P2R @12;R~vhjP ;8P 2 Nh;where mP is the number of elementsR with vertex P , @12;R~vh is the mixed deriva-tive of ~vh evaluated on element R. The mapping P is the natural interpolant.Given vh 2 Vh, ~vh = Pvh is de�ned by~vhjP = vhjP ; (53)r~vhjP = rvhjP ;8P 2 Nh:Further we choose the smoothing operator of Jacobi typeRvh = X(�;P )2��Nh �vh; '(�;P )�a �'(�;P ); '(�;P )� '(�;P ): (54)Lemma 6.1 Let ~C an optimal preconditioner for the plate problem discretized byAdini elements. Then the preconditionerC�1 = R+� ~C�1�T (55)for the plate problem discretized by Bogner-Fox-Schmidt elements leads to a con-dition number � (C�1L) bounded by a constant independent of h.Proof: The mappings� and P de�ned in (52) respectively (53) and the smooth-ing operator R de�ned in (54) ful�ll the requirements (56 - 59) of the auxiliary23



space theory presented in [28]. There exist non-negative constants �0; �1; �1 andpositive constants �0 and 
0 independent of the mesh size h such that�0 h4 (vh; vh) � (Rvh; vh) � �1 h4 (vh; vh) ; 8vh 2 Vh; (56)a (�~vh;�~vh) � �1 ~a (~vh; ~vh) ; 8~vh 2 ~Vh; (57)~a (Pvh;Pvh) � 1�0 a (vh; vh) ; 8vh 2 Vh; (58)kvh ��Pvhk2 � 1
0 h4 a (vh; vh) ; 8vh 2 Vh: (59)6.2 A remark on the parallel implementationThe implementation of the mapping wh = � ~wh (respectively its matrix repre-sentation w = �~w) requires the evaluation of the nine-point formula (60) ateach point P 2 Nh \ 
 and corresponding formulas for the boundary pointsP 2 Nh \ @
.w(�;P ) = ~w(�;P ); � = 0; e1; e2; (60)w(1;P ) = 12h2 � ~w(e1;P+e2) � ~w(e1;P�e2)�+ 12h1 � ~w(e2;P+e1) � ~w(e2;P�e1)�� 14h1 h2 � ~w(0;P+e1+e2) + ~w(0;P�e1�e2) � ~w(0;P�e1+e2) � ~w(0;P+e1�e2)� :Therefore, in addition to the auxiliary preconditioner ~C and the smoother R themappings � respectively �T require data exchange between processors.Let the residual vector d of adding type. Assembling those components whichcorrespond to mixed derivatives (� = 1) and evaluating �Td locally on the sub-domains results in a vector ~d of adding type. Let ~w = ~C�1~d of overlapping type,then the local evaluation of � on each subdomain results in a vector �w of overlap-ping type for � = 0; e1; e2 and adding type for � = 1. The smoothing algorithmsimply consists of the division by the main diagonal D of the sti�ness matrix Land the assembly of the resulting vector s = D�1d. For the adding componentsof �w the sum w = s+ �w should be evaluated before assembling s.Three communication steps are contained in the algorithm. In the �rst stepone number per coupling node is exchanged, the auxiliary preconditioner ex-changes three numbers per coupling node and assembling the smoothed residuals requires the exchange of four numbers per coupling node. At least comparedto the iterative method using no preconditioner or a DD preconditioner designedfor Bogner-Fox-Schmidt elements we have twice as much data exchange betweenprocessors. 24



7 Numerical testsThe following numerical tests have been performed on a multiprocessor systemGC/Power Plus 128 equipped by 64 nodes of 2 processors PowerPC-601 and 4transputers T805 for communication. We introduce some notations used in thissection.� Three types of boundary conditions are considered. The clamped partof the boundary is denoted by �0, the simply supported part by �1 andthe free part by �2. Essential boundary conditions are considered to behomogeneous.� The number of subdomains p is proportional to 4j0 , where j0 is the numberof the coarse level.� N� denotes the number of unknown degrees of freedom on the entire domainat discretization level j .� I(") is the number of CG iterations required to arrive at the relative accu-racy ": 


u� uI(")


LC�1L � " 


u� u0


LC�1L :� TT is the total time required to solve the considered problem and� TA is the time of pure arithmetics without interprocessor communication.The largest subdomain problems we could �t into memory consider a local 256�256-mesh (j�j0 = 8). Times marked by a star were measured when our programwas using so called virtual processors. That means for instance 128 physicalprocessors solve a 256 subdomain problem.Our domain decomposition preconditioner uses four control parameters:� The number of inner iterations performed during basis transformation (nB)and subdomain preconditioning (nC) via the boundary potential methodand� scaling factors � and � for the multilevel Schur-complement preconditioner.In order to investigate the parallelization properties of the ParCG method wecompare speedup S(p; q) and e�ciency E(p; q) between p and q processores atequal discretization levels (j =constant) or equal size of the subdomain problems(j � j0 =constant). S(p; q) = TT (p)N�(p) � N�(q)TT (q) ; (61)E(p; q) = pq � S(p; q):25



7.1 Adini elementsLet us give short descriptions of the model problems we solved in order to demon-strate the behaviour of the DD preconditioned ParCG method for solving �niteelement equations arising from Adini discretizations of plate problems.Example 1 model domain: 
 = (0; 1) � (0; 1),p = 4; 16; 64; 256,boundary conditions: �0 = @
,discretization: Adini elements,parameter: � = 0:05; � = 1,nC = nB = 20,see tables 1,2,3.Example 2 model domain: 
L = (0; 3) � (0; 3) n [1; 2]� [1; 2],p = 32; 128,boundary conditions: �0 = @
,discretization: Adini elementsparameter: � = 0:02; � = 1,nC = nB = 20,see table 4.Example 3 model domain: 
L = (0; 3) � (0; 3) n [1; 2]� [1; 2],p = 32; 128,boundary conditions: �0 = f0; 3g � (0; 3) [ [0; 3]� f0; 3g,�1 = f1; 2g � (1; 2) [ [1; 2]� f1; 2g,discretization: Adini elementsparameter: � = 0:02; � = 1,nC = nB = 20,see table 5.Example 4 model domain: 
L = (0; 3) � (0; 3) n [1; 2]� [1; 2],p = 32; 128,boundary conditions: �0 = f0; 3g � (0; 3) [ [0; 3]� f0; 3g,�2 = f1; 2g � (1; 2) [ [1; 2]� f1; 2g,discretization: Adini elementsparameter: � = 0:02; � = 1,nC = nB = 20,see table 6. 26



I(10�5) TT [s]N� j j j0 1 2 3 4 1 2 3 427 2 4 | | | 0.09 | | |147 3 10 13 | | 0.18 0.45 | |675 4 14 19 14 | 0.56 0.74 1.89 |2883 5 15 18 18 | 2.17 1.15 2.89 |11 907 6 16 19 17 16 8.75 3.22 3.58 31.16*48 387 7 16 18 17 16 36.17 10.54 5.18 34.97*195 075 8 16 18 15 14 157.73 43.13 10.97 36.32*783 363 9 16 17 14 12 685.00 173.79 35.62 43.66*3 139 587 10 | 16 13 10 | 709.00 134.13 74.80*12 570 627 11 | | 13 10 | | 572.09 228.58*Table 1: Square clamped plate (Adini elements): iteration counts and time.j S(4; 16) S(4; 64) S(16; 64) E(4; 16) E(4; 64) E(16; 64)7 3.43 6.98 2.03 0.86 0.44 0.518 3.66 14.38 3.93 0.91 0.90 0.989 3.96 19.23 4.86 0.99 1.20 1.2210 | | 5.29 | | 1.32Table 2: Square clamped plate (Adini elements): speedup and e�ciency.j � j0 S(4; 16) S(4; 64) S(16; 64) E(4; 16) E(4; 64) E(16; 64)4 2.78 7.03 2.53 0.70 0.44 0.635 3.37 13.07 3.87 0.84 0.82 0.976 3.38 16.44 4.86 0.85 1.03 1.227 3.66 18.93 5.17 0.91 1.18 1.298 3.87 19.21 4.96 0.97 1.20 1.24Table 3: Square clamped plate (Adini elements): speedup and e�ciency.27



I(10�5) TT [s] TA[s] TT [s] TA[s]j N� j0 = 1 j0 = 2 j0 = 1 j0 = 23 1 344 23 | 1.59 0.61 |4 5 760 24 25 2.31 1.08 10.78 5.105 23 808 25 25 4.71 3.16 12.92 5.586 96 768 25 26 14.01 12.16 17.39 8.017 390 144 25 26 54.23 52.00 28.76 17.528 1 566 720 26 27 237.73 234.79 74.66 61.179 6 279 168 25 27 1000.90 995.59 268.83 250.0010 25 141 248 | 27 | 1121.92 1080.14Table 4: Clamped plate 
L, Adini elements.I(10�5) TT [s] TA[s] TT [s] TA[s]j N� j0 = 1 j0 = 2 j0 = 1 j0 = 23 1 372 32 | 2.19 0.87 |4 5 820 33 33 3.16 1.48 14.12 6.715 23 932 34 33 6.36 4.24 16.95 7.356 97 020 36 35 19.97 17.39 23.22 10.727 390 652 37 35 79.12 76.05 38.34 23.458 1 567 740 37 36 335.89 331.44 98.51 81.029 6 281 212 38 37 1502.66 1497.73 366.89 340.4410 25 145 340 | 37 | 1519.51 1466.60Table 5: Clamped/simply supported plate 
L, Adini elements.I(10�5) TT [s] TA[s] TT [s] TA[s]j N� j0 = 1 j0 = 2 j0 = 1 j0 = 23 1 440 27 | 1.87 0.74 |4 5 952 30 26 2.90 1.35 11.23 5.365 24 192 29 28 5.45 3.66 14.48 6.296 97 536 30 27 16.73 14.56 18.07 8.307 391 680 30 28 64.54 62.02 30.87 18.908 1 569 792 30 29 273.11 270.03 80.03 65.579 6 285 312 30 29 1198.49 1193.91 284.85 266.7210 25 153 536 | 29 | 1184.31 1155.86Table 6: Clamped/free plate 
L, Adini elements.28



7.2 Bogner-Fox-Schmidt elementsNow we consider conforming discretizations of plate problems using Bogner-Fox-Schmidt elements. The resulting �nite element equations are solved by the con-jugate gradient method preconditioned as described in section 6.Example 5 model domain: 
 = (0; 1) � (0; 1),p = 1; 4; 16; 64; 256,boundary conditions: �0 = @
,discretization: Bogner-Fox-Schmidt elements,parameter: � = 0:05; � = 1,nC = nB = 20,see table 7.Example 6 model domain: 
 = (0; 1) � (0; 1),p = 1; 4; 16; 64,boundary conditions: �1 = [0; 1]� f0; 1g,�2 = f0; 1g � (0; 1),discretization: Bogner-Fox-Schmidt elements,parameter: � = 0:05; � = 1,nC = nB = 20,see table 8. I(10�5) TT [s]N� j j j0 0 1 2 3 4 0 1 2 34 1 1 | | | | 0.02 | | |36 2 6 6 | | | 0.09 0.18 | |196 3 9 14 12 | | 0.80 0.42 0.81 |900 4 8 15 13 11 | 1.64 0.75 0.87 2.173 844 5 5 14 15 13 8 3.52 2.23 1.42 2.9815 876 6 5 14 15 13 11 14.34 8.47 3.11 3.6564 516 7 5 14 15 13 12 60.76 35.49 10.09 5.36260 100 8 5 14 16 13 11 262.57 151.97 42.35 11.561 044 484 9 | 14 16 13 10 | 659.22 178.87 37.134 168 116 10 | | 16 13 10 | | 768.46 146.8116 760 836 11 | | | 13 10 | | | 617.24Table 7: Square clamped plate (BFS elements): iteration counts and time.29



I(10�5) TT [s]N� j j j0 0 1 2 3 0 1 2 324 1 6 | | | 0.03 | | |80 2 15 15 | | 0.20 0.55 | |288 3 18 20 13 | 0.63 0.73 1.35 |1088 4 20 20 16 10 2.68 1.21 1.98 1.964 224 5 22 21 17 14 12.36 3.38 2.46 3.2116 640 6 25 23 18 15 59.83 15.85 4.51 4.1466 048 7 27 26 20 15 278.13 63.98 13.82 6.03263 168 8 28 27 21 15 1249.19 283.34 54.17 13.121 050 624 9 | 28 21 15 | 1273.64 225.06 42.474 198 400 10 | | 22 16 | | 1013.10 177.8516 785 408 11 | | | 16 | | | 754.26Table 8: Square simply supported/free plate (BFS-elements): iteration countsand time.8 ConclusionsWe developed a domain decomposition preconditioner ~C for the �nite elementequations ~L~u = ~f arising from the discretization of plate problems by non-conforming Adini elements. Let us formulate its main properties and the prop-erties of the resulting parallel preconditioned conjugate gradient method withintwo theorems.Theorem 8.1 (Spectrally equivalence of ~C and ~L) Let ~C� de�ned in (33),where ~CC is the modi�ed multilevel Schur-complement preconditioner describedin section 5 and ~CI is de�ned by the boundary potential method. Then there areconstants c1 and c1 independent of the mesh size and independent of the numberof subdomains, such that c1 ~C� � ~L � c1 ~C�:Using the Boundary Potential method to de�ne the basis transformation (35)it is su�cient to perform O(lnh�1) inner iterations, to have constants c and cindependent of the mesh size and independent of the number of subdomains, suchthat c ~C � ~L � c ~C:Therefor the preconditioned ParPCG method for solving the �nite element equa-tions needs at most O(ln "�1) iterations to achieve the relative accuracy ".30



Proof: The statement follows directly from theorem 2.1 using lemmata 4.1, 5.1and 4.2.We claim that the estimations in lemma 4.2 can be improved. Numerical resultsshow, that at least a constant number nB of inner iterations is su�cient.Theorem 8.2 (Arithmetical cost of the algorithm) Let us solve the coarselevel equations via the Cholesky method and let the coarse grid matrix be storedin factorized form. Then one ParPCG step requiresO �(j � j0) � 4j�j0�+O �8j0�arithmetical operations per processor.Proof: The statement is clear from the properties of the well known methodsused herein and from the considerations of section 3 concerning the arithmeticalcost of the boundary potential method and section 5 concerning the algorithm ofthe Schur-complement preconditioner.In view of both discretization parameters j (discretization level) and j0 (subdo-main pattern) an asymptotically suboptimal method for the approximate solutionof plate problems in domains composed of rectangles has been constructed.The numerical results con�rm the above statements. In particular we see that(at least using our hardware) high e�ciency and speedup of the parallel methodare obtained for large subdomain problems. This fact becomes more importantwhen the computational performance of the single nodes is high compared to theperformance of the communication network.Further, we constructed an asymptotically optimal preconditioner C for the�nite element equations Lu = f arising from the conforming �nite element dis-cretization of the plate problem by Bogner-Fox-Schmidt rectangles. At least weobtain the same iteration counts as for the non-conforming discretization precon-ditioned by the above mentioned DD preconditioner (compare tables 1 and 7).The higher iteration time is caused by additional arithmetical work, but mostlyby the additional inter-processor communication.
31
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