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tri
 transport at the metal-insulator transitionin disordered systemsTe
hnis
he Universit�at Chemnitz, Fakult�at f�ur Naturwissens
haftenDissertation (in English), 2001115 Pages, 35 Figures, 1 TableSummaryThis dissertation demonstrates the behavior of the ele
troni
 transport propertiesin the presen
e of a temperature gradient in disordered systems near the metal-insulator transition. In parti
ular, we �rst determine the d.
. 
ondu
tivity, thethermopower, the thermal 
ondu
tivity, the Lorenz number, the �gure of merit,and the spe
i�
 heat of a three-dimensional Anderson model of lo
alization by aphenomenologi
al approa
h. Then we also 
ompute the d.
. 
ondu
tivity, the lo-
alization length and the Peltier 
oeÆ
ient in one dimension by a new mi
ros
opi
approa
h based on the re
ursive Green's fun
tions method. A fully analyti
 studyis diÆ
ult, if not impossible, due to the problem of treating the intrinsi
 disorderin the model, as well as, in
orporating a temperature gradient in the Hamiltonian.Therefore, we resort to various numeri
al methods to investigate the problem.We in
orporate the 
riti
al behavior of the zero temperature d.
. 
ondu
tivity ofthe Anderson model and the nature of its density of states through the 
hemi
al po-tential into the Chester-Thellung-Kubo-Greenwood formulation of linear response.Without any additional approximation, we 
al
ulate the thermoele
tri
 transportproperties. We �nd that the thermopower does not diverge at the transition. Ourresults also show that the d.
. 
ondu
tivity, the thermopower, the thermal 
on-du
tivity, and the Lorenz number obey s
aling near the transition in both metal-li
 and insulating sides of the system. Using a suitable form for the energy- andtemperature-dependent 
ondu
tivity we observe the value of a dynami
al s
alingexponent expe
ted for nonintera
ting disordered systems. In addition, the valuesof the thermopower have the right order of magnitude 
lose to the transition as
ompared to the experimental results. A sign 
hange in the thermopower as is oftenobserved in experiments 
an also be modeled within the linear response formulationusing a modi�ed 
ondu
tivity as input into the 
al
ulation. Although the methodand results here are obtained for a three-dimensional nonintera
ting system, theymay also 
hara
terize other systems, in
luding those of lower dimensions, whi
h un-dergo a phase transition similar to that of the Anderson model and have a �nite andsmooth density of states at the transition.In order to mi
ros
opi
ally determine the thermoele
tri
 transport propertieswithout assuming a fun
tional form of the energy-dependent d.
. 
ondu
tivity, weuse the re
ursive Green's fun
tion method in the limit of zero temperature. Weillustrate how to iteratively 
ompute transport properties in terms of the size of thesystem. In this approa
h, we are able to simulate inelasti
 s
attering e�e
ts or a�nite temperature. Our studies on a one-dimensional disordered wire show that thedistribution of the Peltier 
oeÆ
ient is semi-Lorentzian for lo
alized states.KeywordsMetal-insulator transition, Anderson lo
alization, thermoele
tri
 e�e
ts, disorderedsystems, amorphous materials, quantum phase transition, ele
troni
 and thermaltransport, 
ondu
tivity, dynami
al s
aling, re
ursive Green's fun
tions methodiv
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Chapter 1Introdu
tionThe te
hnologi
al advan
es today more and more rely on non-
rystalline materials.In the past, for example, ele
troni
 devi
es were based on mono
rystal semi
on-du
tors. But pro
uring or produ
ing pure 
rystalline materials, su
h as sili
on, ona large s
ale has been and still is e
onomi
ally diÆ
ult. In addition, hardly anysolid material has a perfe
t 
rystalline stru
ture upon 
lose inspe
tion. A

ord-ing to Blo
h's theorem, the resistan
e of a perfe
t 
rystal is zero at absolute zerotemperature. Yet the best 
ondu
tors like Cu have a �nite, albeit, small ele
tri
alresistivity. Impurities, va
an
ies, dislo
ations and isotope defe
ts exist whi
h distortan otherwise ideal 
rystal. When the distortions are enormous as found in amor-phous materials, the properties of su
h systems 
an no longer be des
ribed by modelsassuming an ideal 
rystalline stru
ture. This has prompted s
ientists to study andtreat materials having no long range order as a 
lass distin
t from 
rystalline mate-rials. Theoreti
al models appropriate for disordered systems are 
ontinually beingdeveloped. One of the most fundamental of these models is that due to Anderson.He was �rst to reason that strong disorder in a 
ondu
ting system, having �niteresistivity, 
an drive it to be
ome insulating with in�nite resistivity as the tem-perature T approa
hes zero [2℄. This phenomenon is known as the disorder-drivenmetal-insulator transition (MIT) [4, 46, 56, 72℄. Ele
tron-ele
tron intera
tions andele
tron-latti
e 
oupling may also indu
e an MIT [4, 56, 72, 73℄. However, in three-dimensional (3D) amorphous materials the MIT is mainly attributed to disorder [46℄.Therefore, being the 
hara
teristi
 of non-
rystalline solids, this disorder-driven MIThas been the subje
t of numerous studies. The main fo
us in these investigations isthe study of the d.
. 
ondu
tivity � or the resistivity (1=�) near the MIT. However,re
ent studies have en
ompassed thermoele
tri
 properties as well. This is of nosurprise sin
e a sound physi
al knowlegdge of transport and s
attering me
hanismsin 
ondu
tors has been partly a
hieved through studies involving thermoele
tri
transport properties [27℄. Renewed interests in the study of thermoele
tri
 e�e
tshave also been brought about by the sear
h for superior thermoele
tri
 materials.Su
h materials may provide an alternative, environmental friendly te
hnology forpower generation or refrigeration devi
es in 
ontrast to 
ompressor-based refriger-ation te
hnologies using 
hloro
uoro
arbons [63℄. Therefore, the study of thermo-1



2 CHAPTER 1. INTRODUCTIONele
tri
 transport properties in disordered systems near the MIT is a rudiment formore 
omplex treatments motivated by its possible pra
ti
al appli
ations.Knowing the motivation upon whi
h this work is based, we begin by reviewingthe de�nitions of the main transport and thermal properties 
onsidered here. Thenwe give an outline of this dissertation.1.1 De�nition of the linear transport propertiesThermoele
tri
 e�e
ts in a system are due mainly to the presen
e of a temperaturegradient rT and an ele
tri
 �eld E [3℄. The relationship of the ele
tri
 or heat
urrent with rT and E is neither in 
lassi
al nor in quantum me
hani
s rigorouslyproven from the equations of motion of the ele
trons [107℄. But if rT is small andE is weak, these permit to restri
t the 
al
ulation of the indu
ed 
urrents to linearorder. In the absen
e of rT with E 6= 0, the ele
tri
 
urrent density hji 
owing ata point in a 
ondu
tor is dire
tly proportional to E,hji = �E : (1.1)By applying a �nite gradient rT in an open 
ir
uit, ele
trons, the thermal 
on-du
tors, would 
ow towards the low-T jun
tion as shown in Fig. 1.1. This 
ausesa build-up of negative 
harges at the low-T jun
tion and a depletion of negative
harges at the high-T jun
tion. Consequently, this pro
ess sets up an ele
tri
 �eldE whi
h opposes the thermal 
ow of ele
trons. For small rT , it is given asE = SrT : (1.2)This equation de�nes the thermoele
tri
 power S, abbreviated 
ommonly as ther-mopower. In the Sommerfeld free-ele
tron model of metals, S is found to be dire
tlyproportional to �T [3℄. The negative sign is brought about by the 
harge of thermal
ondu
tors, whi
h in this 
ase are the ele
trons. Note that S is mainly due to twodistin
t e�e
ts: (i) the di�usion of the 
harge 
arriers and (ii) the net momentumtransfer from phonons to 
arriers [27℄. But at low T where the MIT is relevantlyde�ned, the di�usive part of S dominates that of the phonon-drag 
ontribution[25, 27℄. Normally, the phonon-drag 
ontribution to S dominates, but due to thedisorder in amorphous materials it is not present at low T be
ause the phonon sys-tem is maintained in equilibrium [27, 85℄. In studying transport properties near theMIT, we need to 
onsider only their low T behavior and take the limit as T ! 0,sin
e stri
tly speaking the MIT is de�ned only at T = 0. Hen
e, in this work onlythe di�usion 
ontribution to S is 
onsidered. In a measurement su
h as in Fig. 1.1,the thermopower SAB is not a property of the jun
tion but of the bulk materials Aand B, that is, SAB = SA � SB. The absolute thermopower of a material 
an beobtained by using a super
ondu
tor for material B sin
e no thermoele
tri
 voltagedevelops in a super
ondu
tor [3℄, i.e., SB = 0.If an ele
tri
 
urrent instead is driven in the 
ir
uit in Fig. 1.1 at a uniform T ,heat will be released at one of the jun
tions and absorbed at the other end. This
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k e�e
t. A
ross jun
tions of di�erent materials A and B a temper-ature gradient rT indu
es an ele
tri
 �eld E in the opposite dire
tion whi
h opposes thethermal 
ow of ele
trons.phenomenon is known as the Peltier e�e
t [3℄. The ratio of the density of the heat
ow hjqi to the ele
tri
 
urrent density is the Peltier 
oeÆ
ient �, that is,hjqi = �hji : (1.3)When hji = 0, the 
ow of heat in a system is proportional to rT for small rT .Fourier's law gives this as hjqi = K(�rT ) ; (1.4)where the 
oeÆ
ient K is the thermal 
ondu
tivity [3℄. At low T , the phonon
ontribution to � and K be
omes negligible 
ompared to the ele
troni
 part [3℄. AsT ! 0, � approa
hes a 
onstant and K be
omes linear in T in metals. One 
an thenverify the empiri
al law of Wiedemann and Franz whi
h states that the ratio of Kand � is dire
tly proportional to T [11, 100, 107℄. The 
orresponding proportionality
oeÆ
ient is known as the Lorenz number L0,L0 = e2k2B K�T ; (1.5)where e is the ele
tron 
harge and kB is the Boltzmann's 
onstant. For metals, ittakes the universal value �2=3 [3, 11℄. Stri
tly speaking, the law of Wiedemann andFranz is valid at very low T (. 10K) and at high (room) T . This is be
ause inthese regions the ele
trons are s
attered elasti
ally. At T � 10 � 100K deviationsfrom the law are observed whi
h imply that K=�T depends on T .In summary, Eqs. (1.1)-(1.5) express the phenomenologi
al des
ription of thetransport properties of linear response.Another thermoele
tri
 property of interest is the eÆ
ien
y of a material. It isfound to depend on the sample properties through the dimensionless parameter ZT[63℄, where Z = S2�K : (1.6)The quantity Z is 
alled the �gure of merit in units of inverse temperature, and soZT is often referred to as the dimensionless �gure of merit. Using Eq. (1.5), Eq.(1.6) 
an be rewritten in terms of S and L0 asZT = e2k2B S2L0 : (1.7)



4 CHAPTER 1. INTRODUCTIONIn this work we are also able to 
ompute the spe
i�
 heat 
V of the Andersonmodel. This thermal property at 
onstant ele
troni
 density n is de�ned as [3℄
V = � �u�T �n ; (1.8)where u is the average energy density of the system. If only ele
troni
 
ontributionsare present, 
V is linear in T a

ording to the Sommerfeld free ele
tron model ofmetals [3℄. Above room T the 
ontributions from the ioni
 degrees of freedomdominate 
V. However, they fall o� as T 3 and 
V de
reases linearly with T at verylow T [3℄.1.2 S
ope of this workThe obje
tive of this dissertation is to elu
idate the T behavior of the thermoele
-tri
 transport properties in disordered systems near the MIT. In this work we usedi�erent numeri
al pro
edures based either on a phenomenologi
al approa
h or ona mi
ros
opi
 method. They allow us to treat the disorder and the temperaturegradient in the problem that hinders a fully analyti
 investigation. We 
onsider �,S, K and L0 in most of this work. In 
ases where it is more 
onvenient to measure,we 
onsider � instead of S. Only one of the two is an independent transport prop-erty as will be illustrated in Chap. 4. In solving for the thermoele
tri
 transportproperties we are also able to 
al
ulate other properties of a disordered system su
has the 
hemi
al potential �, the spe
i�
 heat 
V and the �gure of merit Z. Knowing�, it is straightforward to 
al
ulate 
V, and similarly, knowing the thermoele
tri
transport properties, the eÆ
ien
y Z of a material 
an be determined.A short report on relevant experimental measurements on the thermoele
tri
transport properties of amorphous alloys and doped semi
ondu
tors is given in Chap.2. We will later 
he
k how far our results 
orrespond with experiments mentionedhere. In this way we are able to predi
t what to expe
t in 
ases where experimentsare insuÆ
ient or absent. Next, the Anderson model of lo
alization and the 
onse-quen
es on the me
hanisms of lo
alization by the one-parameter s
aling theory willbe brie
y reviewed in Chap. 3. In Chap. 4 the thermoele
tri
 transport propertiesare expressed in terms of the kineti
 
oeÆ
ients in the framework of linear response.The formulation of Kubo and Greenwood for � and the extension of the formulationby Chester and Thellung will also be dis
ussed. The advantage of this formulationis its validity regardless of the strength of the s
attering provided that only elasti
s
attering of nonintera
ting ele
trons is 
onsidered. Here it will be shown how S, Kand L0 are intimately related to the energy dependen
e of �.A survey of the di�erent methods and approximations taken in 
al
ulating thethermoele
tri
 transport properties near the MIT is given in Chap. 5. In the limitT ! 0, the Sommerfeld expansion of S yields a diverging S at the MIT. On the
ontrary, exa
t 
al
ulations at the transition and approximations at high T nearthe MIT show S to be a 
onstant. Then we shall illustrate in Se
. 5.4 the steps



1.2. SCOPE OF THIS WORK 5to 
al
ulate the T dependen
e of �, S, K, and L0, whi
h is neither restri
ted to alow- or high-T expansion as in Refs. [10, 86℄ nor 
on�ned to the 
riti
al regime asin Ref. [23℄. In Chap. 6 we present results of these 
al
ulations obtained for a 3Dnonintera
ting system. Note that the approa
h taken is in prin
iple also valid forlower dimensions. We show that S is a �nite 
onstant at the MIT as argued in Refs.[23, 86℄. We 
larify that the di�eren
e in the theoreti
al 
al
ulations for S stemsfrom the vanishing of the radius of 
onvergen
e for the Sommerfeld expansion usedin Refs. [10, 86℄ at the MIT. In addition, we dis
uss Z and 
V of the Anderson model.Furthermore, we show that �, S, K and L0 obey s
aling. An essential feature of theresults shown here is that, in general, they are appli
able to all transitions having asimilar 
riti
al behavior of � as in the Anderson model. Thus, in Se
. 6.9 we furtherdis
uss this point in
luding the relevan
e of our study to the experiments and thelimitations of the method used here.A semi-phenomenologi
al approa
h is 
onsidered in Chap. 7. It entails obtainingthe energy and temperature dependen
e of � from empiri
al data. The experimen-tal data of � have been 
hosen sin
e they yield a dynami
al s
aling behavior ina

ordan
e with s
aling arguments, whi
h is not observed in Chap. 6. In Se
. 7.1we dis
uss how we use the empiri
al results as input in the Chester-Thellung-Kubo-Greenwood (CTKG) formulation of obtaining the transport properties. Then wedemonstrate that the right order of magnitude of S at the MIT, and perhaps eventhe experimentally found sign 
hange in S at low T , 
an be des
ribed within a linearresponse formulation using the nonintera
ting Anderson model of lo
alization. Butin order to do so, we have to use a more suitably 
hosen energy-dependent � asinput for the linear response formulation. We further show that �, S, K, and L0still obey s
aling. Then in Se
. 7.5 we show that the 
hange in sign of S 
annot beprodu
ed simply by varying the density of states � or the 
hemi
al potential �(T ).Rather, a small variation in the energy and temperature dependen
e of � at theMIT 
an e�e
tively bring about the sign 
hange of S. This suggests a qualitative
hange in the s
attering me
hanism near the MIT.In Chap. 8 we shift from a ma
ros
opi
 to a mi
ros
opi
 approa
h. We willshow how to mi
ros
opi
ally 
al
ulate the transport properties using the Green'sfun
tion re
ursive method in the T = 0 limit. The iterative equations for �, thelo
alization length �, and � will be presented. Here we will show how inelasti
s
attering pro
esses 
an be simulated. Numeri
al results for a 1D disordered wire,an insulator, yield that the distribution over a large number of 
on�gurations ofthe Peltier 
oeÆ
ient is Lorentzian. This shows that the Peltier 
oeÆ
ient in onedimension is not a self-averaging quantity. Last, we give in Chap. 9 a summaryof the dissertation and an outlook of thermoele
tri
 transport in other related andanalogous systems.



Chapter 2Experimental resultsfrom disordered systemsExperimental eviden
e on the thermoele
tri
 transport properties near the MIT indisordered systems is mainly obtained from two di�erent 
lasses of materials: heav-ily doped semi
ondu
tors and amorphous alloys. The random distribution of dopantatoms in the 
rystalline host brings about the disorder in heavily doped semi
on-du
tors [37℄. The variation of the dopant 
on
entration Np or the appli
ation ofuniaxial stress on the system at 
onstant Np 
hanges the system's disorder strength.On the other hand, amorphous alloys, take for instan
e Ge1�xAux, 
an be visualizedas Au atoms suspended in a random Ge network [43℄. In this 
ase the strength ofthe disorder is varied by the atomi
 
on
entrations in the alloy. In both 
ases, bye�e
tively varying the strength of the disorder, the system 
an be tuned a
ross theMIT. Thereby a '
riti
al' magnitude of the tuning parameter exists at whi
h theMIT o

urs, su
h as, the 
riti
al dopant 
on
entration N
 in doped semi
ondu
tors.2.1 On the d.
. 
ondu
tivityThe task in � experiments near the MIT is to determine how � behaves with respe
tto the external tuning parameter as it approa
hes its 
riti
al value. One hopes toobserve that for a disorder-driven MIT � � t� where t is the dimensionless distan
efrom the MIT, for example, t = (Np � N
)=N
. The 
ondu
tivity exponent � isexpe
ted to be universal. This is a predi
tion of the one-parameter s
aling theory atthe MIT whi
h will be dis
ussed in more detail in Chap. 3. The important point tonote here is that this behavior has been indeed observed. However, di�erent valuesof � have been obtained. In un
ompensated semi
ondu
tors [37, 78℄ and in someamorphous metals [43, 108℄ � � 0:5 is observed, while � � 1:0 is observed in otheramorphous metals [54℄ and in 
ompensated semi
ondu
tors [37℄. The latter is 
alled'
ompensated' when both donors and a

eptors are present su
h as in Si:(P,B).But re
ent measurements in un
ompensated Si:P [97℄ and Si:B [6℄ yield � = 1:0and � = 1:6, respe
tively. It is 
urrently believed that these di�erent exponentsare 
aused by intera
tions in the system [4℄. Indeed, an MIT may be indu
ed not6



2.2. ON THE THERMOPOWER AT THE MIT 7only by disorder but also by intera
tions su
h as ele
tron-ele
tron and ele
tron-phonon intera
tions, among others [73℄. Indi
ations of ele
tron-ele
tron intera
tionshave been found, e.g., in � (or the resistivity = 1=�) of doped semi
ondu
torsin both metalli
 [84℄ and insulating regimes [58℄. Nevertheless, the experimental
on�rmation of the 
riti
al power-law behavior of � allows the use of the Andersonmodel as an approximate des
ription of the transition between the metalli
 and theinsulating states in disordered systems.Analogously, the temperature dependen
e of � is expe
ted to behave as T 1=�zwhere z is the dynami
al exponent. S
aling arguments [4, 56, 98℄ for nonintera
tingsystems predi
t that z is equal to the dimension d. Good agreement with re
entmeasurements in Si:P has been obtained. The experiments yield � s
aling with� � 1 and z � 3 [97℄. Therefore, the negle
t of intera
tions in the Anderson modelis approximately valid in the experimental situation in 3D disordered systems [76℄.Related s
aling behavior of � observed in Si:P on the metalli
 side of the MIT yields� = 1:3 and z = 2:4 [91, 92℄. Condu
tivity data for Si:B under uniaxial stress werealso observed to obey dynami
al s
aling with � = 1:6 and z = 2 [6℄.Experiments on amorphous alloys and doped semi
ondu
tors mentioned aboveshow that the transition from a metalli
 to an insulating state is 
ontinuous. In the1970's amorphous semi
ondu
tors, for example Cd2SnO4, gave the impression of �having a non-zero value in the metalli
 regime at T = 0 [73℄. The experimental re-sults support that the MIT is dis
ontinuous and in the metalli
 regime � jumps to a�nite value. This minimum value is known as Mott's minimummetalli
 
ondu
tivityand denoted as �min. The eviden
e seems to suggest that �min > 300 
�1
m�1. Butthese results are extrapolations to zero temperature and the a
tual 
ondu
tivity mea-surements are performed at relatively high temperatures. Re
ently, �min is observedin amorphous Si1�xNix and its estimated value lies in the range of 20� 70 
�1
m�1measured up to T = 0:2 K [70℄. It is still un
lear why in most other materials thereis no dis
ontinuity in � at the MIT.2.2 On the thermopower at the MITNear the MIT 
ontradi
tory behavior of S has been observed in di�erent amorphousmaterials. As the MIT is approa
hed and as very low T (i.e., 1.2 K) is rea
hed, Sappears to diverge in amorphous Nb-Si [85℄. In 
ontrast, S ! 0 in amorphousmaterials, namely, Ge1�xAux (lowest T = 1:2 K) [43℄, AuxSb100�x (lowest T = 5K) [54℄, and CuxSb100�x-�lms (lowest T = 5 K) [41℄. All these measurements havebeen taken in su
h a way that the MIT has been approa
hed from the metalli
 side.In these amorphous materials, S ! 0 as T ! 0 in the metalli
 regime. In theinsulating regime, measurements on the last two amorphous materials yield that Sbehaves similar to the metalli
 
ase. For the un
ompensated Si:P, in the metalli
regime and very 
lose to the MIT, S ! 0 down to T = 40 mK [52℄. But on theinsulating side S in
reases to very large values as T ! 0. The seemingly divergentbehavior of S in the insulating regime has not been observed in the 
ompensatedSi:(P,B). For the latter 
ase, S(T ! 0) goes to zero [58℄.



8 CHAPTER 2. EXPERIMENTAL RESULTSThe magnitude of S is of the order of 0.1-10 �V/K in all of the results 
itedabove ex
ept for the diverging 
ases. In amorphous materials S is mainly positive,while in the heavily doped semi
ondu
tors S is mainly negative. The qualifyingterm 'mainly' is added be
ause as T is de
reased S 
hanges sign in the amorphousalloys, in un
ompensated Si:P and in the metalli
 Si:(P,B). S 
ontinuously in
reasesfrom negative to positive values or vi
e versa at low T . It rea
hes a maximum(minimum) value and de
reases (in
reases) to zero. This 
hange in sign 
orrespondsto a 
hange of thermal 
ondu
tors from ele
trons to holes or 
onversely and hasbeen attributed to ele
tron-phonon intera
tion in amorphous alloys [54, 85℄. Onthe other hand in heavily doped semi
ondu
tors the sign 
hange is believed to be
aused by ele
tron-ele
tron intera
tions (in un
ompensated Si:P in the insulatingregime) [58℄ or attributed to the existen
e of lo
al magneti
 moments and theirintera
tions with ele
trons [52, 57, 106℄. This 
on
lusion is based on the suppressionof the anomalous behavior by a magneti
 �eld [52, 57, 106℄. We remark that the sign
hange in S is also observed in metals, high-T
 materials and quasi
rystals [5, 32, 74℄.Analyti
al treatments of metals as a degenerate free-ele
tron gas taking into a

ountinelasti
 s
attering with phonons [15, 16, 17℄, as well as numeri
al 
onsiderationsin
orporating ele
troni
 
orrelations in super
ondu
tors [36℄ have also been shownto generate a sign 
hange in S. But in these systems the sign 
hange o

urs at a Tvalue whi
h is 2 orders of magnitude higher than in disordered systems.Other interesting experimental results near the MIT 
ome from 2D ele
tron gasesin high mobility Si-MOSFETs [25, 26, 27℄. S varies smoothly through the MIT. Inthe metalli
 regime S approa
hes zero as � �T , while in the insulating regime Srea
hes a minimum at some T and rises to large values as T ! 0. Near the MIT,the magnitude of S ranges from 0.1 - 100 �V=K and remains negative.2.3 On the thermal 
ondu
tivityand the spe
i�
 heatThe thermal 
ondu
tivity of the insulating Si:P samples exhibited a T 2 behaviorfor T < 10 K [57℄. The same T dependen
e of K has also been observed in the
ompensated Si:(P,B) [105℄. Other non
rystalline materials, namely, the vitreousSiO2, Se, sili
a- and germania-based glasses are also observed to have a K / T 2below 1 K [103℄. The magnitude of K was observed to be 3 or 4 orders smallerthan that of 
rystals. Moreover, 
V is two orders of magnitude larger than the
orresponding 
rystalline 
V. In these non
rystalline materials 
V is found to bequasilinearly dependent on T . At T < 1 K, 
V is observed to vary as AT + BT 3where A and B are 
onstants. This behavior is said to be a 
hara
teristi
 of theglassy state. In Si:P the ele
troni
 part of 
V [72, 77℄ has been found to be linear inT at the order of 1 K near the MIT. An in
rease in 
V is observed at the order of0.1 K and lower. This was attributed to lo
alized moments. However, this has notbeen fully explained. The linear behavior and the upturn at very low T has beenobserved on both sides of the transition.



Chapter 3Con
epts of lo
alization
3.1 The Anderson transitionThe Anderson-type MIT has been the subje
t of investigation for de
ades sin
eAnderson formulated the problem in 1958 [2℄. He proposed that in
reasing thestrength of a random potential in a 3D latti
e may 
ause an \absen
e of di�usion"for the ele
trons. What is now known as the Anderson model of lo
alization isdes
ribed by a tight-binding Hamiltonian of the form [46℄H =Xi �ijiihij+Xi6=j Vijjiihjj ; (3.1)where �i is the potential energy at the site i of a regular 
ubi
 latti
e and is assumedto be randomly distributed in the range [�W=2;W=2℄. Therefore the width Wmeasures the strength of the disorder. The hopping parameters Vij are usuallyrestri
ted to nearest neighbors. In this Hamiltonian (3.1) only the ele
troni
 degreesof freedom of a disordered system are in
luded and further ex
itations su
h as latti
evibrations are not 
onsidered. In the absen
e of a magneti
 �eld, for a ma
ros
opi
system having strong enough disorder, the one-parti
le wavefun
tion  (r) be
omesexponentially lo
alized,  (r) � e�r=� ; (3.2)for large r at temperature T = 0 and the d.
. 
ondu
tivity � vanishes [46℄. Here r isthe distan
e from the lo
alization 
enter and � is known as the lo
alization lengthbe
ause it measures the spatial extent of the lo
alized  (r). Extended states are
hara
terized by �!1. Anderson argued that for a range of W there exist energyE regions for whi
h the eigenstates of (3.1) are lo
alized and there are regions forwhi
h they are extended. Mott was the �rst to propose the 
on
ept of a mobility edgeE
 whi
h separates the extended from lo
alized states [71℄. This 
an be illustratedin Fig. 3.1 whi
h shows the Anderson model's smooth density of states �(E). Thisquantity has been obtained by diagonalizing the Hamiltonian (3.1) with the Lan
zosmethod as in Refs. [22, 66, 67℄. As 
an be seen in Fig. 3.1, there are no singularitiesin �(E) sin
e singularities are typi
al of systems having long-range order [46℄. The9



10 CHAPTER 3. CONCEPTS OF LOCALIZATION

−10 −5 0 5 10
E (eV)

0.00

0.02

0.04

0.06

0.08
ρ(

E
)

−Ec Ec
−10 −5 0 5 10

E (eV)

0.00

0.02

0.04

0.06

0.08
ρ(

E
)

localized
states

extended states

localized
states

σc(E) 

Figure 3.1: The density of states of a 3D Anderson model, averaged over many disorderrealizations with W = 12. The solid verti
al lines at �E
 and E
 denote the mobilityedges. The dashed lines for �
(E) are given in arbitrary units.states in the band tails with energy jEj > E
 are lo
alized within �nite regions ofspa
e in the system at T = 0 [46, 71℄. When the Fermi energy EF is within these tailsat T = 0 the system is insulating. Otherwise, if jEFj < E
 the system is metalli
.Thus, E
 is the 
riti
al energy of the transition from metalli
 to an insulating state.At the 
riti
al disorderW
 = 16:5, the mobility edge o

urs at E
 = 0, all states withjEj > 0 are lo
alized [7, 29℄. States with E = 0 are multifra
tal [29, 67℄, that is, theyshow self similarity on all length s
ales. Their wavefun
tion amplitudes form veryirregular patterns whi
h are not similar to exponentially lo
alized or homogeneouslyextended states.Although the Anderson model is des
ribed by the simplest of independent ele
-tron Hamiltonians, analyti
al derivations of its 
riti
al properties on both the lo-
alized and extended side of the transition remain diÆ
ult. Solving dire
tly theS
hr�odinger equation for a Hamiltonian given by (3.1) is extremely diÆ
ult due tothe randomness of its potential energy. Only in the 
ase of one dimension are allstates rigorously shown to be lo
alized even for weak disorder [53℄. Thus, theoreti
alproof in higher dimensions mostly 
omes from numeri
al 
omputations.3.2 Consequen
es of the one-parameters
aling theoryThe prin
iple of the one-parameter s
aling theory is that 
lose to the MIT there isonly one relevant s
aling parameter that is suÆ
ient to des
ribe ele
troni
 transporton the metalli
 side, as well as, on the insulating side [1℄. The essen
e of thistheory 
an be understood by 
onsidering the logarithmi
 derivative � of the zero-
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Figure 3.2: The � fun
tion for systems of di�erent dimensionality [1℄.temperature 
ondu
tan
e g, whi
h is de�ned as� = d lngd lnL (3.3)for a d-dimensional hyper
ube of size L. The basi
 assumption is that � dependsonly on g and not on L, energy, or disorder. The asymptoti
 behavior of g and � isas follows: in the high-
ondu
ting Ohmi
 limitg!1 g(L) � Ld�2 �(g)! d� 2 ; (3.4)while in the insulating regimeg! 0 g(L) � exp(�2L=�) �(g)! lng : (3.5)Assuming that � is a smooth monotoni
ally in
reasing fun
tion, one obtains similar
urves for d = 1; 2 and 3. This is illustrated in Fig. 3.2. For � > 0, g in
reaseswith in
reasing L indi
ating metalli
 behavior, while for � < 0, g de
reases within
reasing L indi
ating insulating behavior. Sin
e on the d = 1 
urve � is alwaysnegative, one ends with all lo
alized states in the thermodynami
 limit. At T = 0,a nonintera
ting system is always insulating for d = 1. This is also the 
ase ford = 2. But � may be very large in d = 2. One needs to go to very large systemsizes before the lo
alization will set in. Only for d = 3 does a �xed point � = 0exist. This 
orresponds to the MIT. The 
ondu
tan
e is then independent of thesystem size. Hen
e, a signi�
ant 
onsequen
e of the one-parameter s
aling theoryis that for d < 3 there is no MIT in the thermodynami
 limit at T = 0 and inzero magneti
 �eld. Ex
ept for the 1D 
ase, these results still have to be rigorously



12 CHAPTER 3. CONCEPTS OF LOCALIZATIONproven. But they are believed to hold on the basis of 
onsiderable eviden
e in theirsupport. Current interest in the marginal 
ase d = 2 arose after an MIT in a 2Dele
tron gas of high mobility Si-MOSFETs was observed at T < 2 K [45℄. Today itis a 
ontinuing subje
t of debate whether the metalli
 regime in these 2D systemsis simply a �nite temperature e�e
t.A

ording to Wegner, the MIT must be 
ontinuous for the one-parameter s
alingtheory to hold [98℄. Today, it is widely a

epted that for dimension d = 3 near anex
lusively-disorder-indu
ed MIT the 
riti
al behavior of � is given by�
(E) = ( �0 ���1� EE
 ���� ; jEj � E
;0; jEj > E
; (3.6)where �0 is a 
onstant and � is the 
orrelation length exponent whi
h in 3D isequal to the 
ondu
tivity exponent [46℄. Numeri
al studies based on the AndersonHamiltonian of lo
alization have supported this s
enario with mu
h eviden
e [7, 8,29, 39, 40, 46, 87, 88℄. The value of � has been 
omputed from the non-linear sigma-model [19, 99℄, transfer-matrix methods [8, 46, 87, 88℄, Green's fun
tions methods[46℄, and energy-level statisti
s [38, 39, 40, 104℄. Most re
ent numeri
al results[8, 46, 87, 88℄, 
omputed with higher a

ura
y, suggest that � = 1:57� 0:03.Wegner [19, 99℄ was the �rst to show that for disordered nonintera
ting ele
tronsystems � 
an be written 
lose to the MIT in a s
aling form as�(t;
) = b2�dF(b1=�t; bz
) : (3.7)Here F is a system-dependent fun
tion of the dimensionless distan
e t from the
riti
al point, 
 is an external parameter su
h as the frequen
y or the temperature,b is a s
aling parameter and z is the dynami
al exponent. For the nonintera
ting
ase, z = d [4, 56, 98℄.Near the Anderson transition, as illustrated by Eq. (3.6), t = 1 � E=E
. Ast! 0, � � t� . Consequently, suppose that b = t��. For d = 3 and 
 = T , Eq. (3.7)simpli�es to �(t; T )t� = F � Tt�z� : (3.8)As will be shown later, in the 3D Anderson model � also has a power law behaviorwith respe
t to T . Suppose then that b = T�1=z. In this 
ase another s
aling formfor � 
lose to the MIT is obtained [1, 4, 56, 98℄ from Eq. (3.7), that is,�(t; T )T 1=z = F � tT 1=�z� : (3.9)If the one-parameter s
aling theory is true, these laws (3.8) and (3.9) should beexperimentally observable.



3.3. MOTT'S MINIMUM METALLIC CONDUCTIVITY 133.3 Mott's minimum metalli
 
ondu
tivityA di�erent s
enario for a disorder-driven MIT has been proposed by Mott, whoargued that the transition from the metalli
 state to the insulating state is dis
on-tinuous [71℄. A

ording to this s
enario, � drops from a �nite value �min to zero [71℄for T = 0 at the MIT. Mott estimated the minimum metalli
 
ondu
tivity to be�min ' 1y e2~ (3.10)where y is some mi
ros
opi
 length of the system su
h as the inverse of the Fermiwave number, y � k�1F . The existen
e of �min yields a dis
ontinuous jump in the�-fun
tion for d = 3 in Fig. 3.2 and thus it appears un
onvin
ing. The appli
ationof renormalization group theory by Wegner [98℄ on this problem shows that �min ispossible in d = 2 and not in d = 3.



Chapter 4Linear thermoele
tri
 e�e
ts
4.1 The equations of linear responseThe linear response theory, a powerful general method, postulates that the rea
tionof a many-body system linearly depends on the applied \for
e" [64℄. Thus, a more
ompa
t and general way of looking at these thermoele
tri
 \for
es" and e�e
ts isas follows: the responses of a system to E and rT up to linear order [9℄ arehji = jej�1 �jejL11E� L12T�1rT � (4.1)and hjqi = e�2 �jejL21E� L22T�1rT � : (4.2)The kineti
 
oeÆ
ients Lij are the keys to 
al
ulating the transport properties the-oreti
ally. In general, the Lij are tensors. For the isotropi
 
ase 
onsidered here Lijare s
alar quantities. Using Ohm's law (1.1) in Eq. (4.1), we obtain� = L11 : (4.3)Also from Eq. (4.1), S, measured under the 
ondition of zero ele
tri
 
urrent, isgiven as S = L12jejTL11 : (4.4)Having the same 
ondition, Eq. (4.2) yieldsK = L22L11 � L21L12e2TL11 : (4.5)It follows from Eq. (1.5) that L0 is expressed asL0 = L22L11 � L21L12(kBTL11)2 : (4.6)Therefore, the transport properties 
an be determined immediately on
e the 
oef-�
ients Lij are known. In the absen
e of a magneti
 �eld, as 
onsidered in this14



4.2. THE KUBO-GREENWOOD FORMULA 15work, the Onsager relation L21 = L12 holds [9℄. Taking this into 
onsideration andsubstituting Eqs. (4.4) and (4.6) in Eq. (1.7), the eÆ
ien
y in terms of the Lij isgiven as ZT = �L22L11L212 � 1��1 : (4.7)Furthermore, at a 
onstant T , the use of Eqs. (4.1) and (4.2) in Eq. (1.3) wouldyield the Peltier 
oeÆ
ient � = L12jejL11 : (4.8)Comparison between Eqs. (4.4) and (4.8) shows,S = �T ; (4.9)that there is only one independent transport property: either S or �. One 
an thende
ide whi
hever is more 
onvenient to measure in a parti
ular situation.Eliminating the kineti
 
oeÆ
ients in Eqs. (4.1) and (4.2) in favor of the transportproperties, we obtain hji = �E� �SrT (4.10)and hjqiT = Shji � KrTT : (4.11)Here, hjqi=T is simply the entropy 
urrent density [9℄. Hen
e, the thermopoweris just the entropy transported per Coulomb by the 
ow of thermal 
ondu
tors.A

ording to the third law of thermodynami
s, the entropy of a system and, thus,also hjqi=T will go to zero as T ! 0. Whether this is satis�ed in the Andersonmodel or not 
an be 
he
ked using Eqs. (4.10) and (4.11).4.2 The Kubo-Greenwood formulaKubo [50℄ and Greenwood [28℄ independently derived the expression for the d.
.
ondu
tivity of a system. To illustrate the 
ontext upon whi
h the formula for �is based, we follow the example given in Ref. [73℄. Consider an ele
tron gas in anexternal ele
tri
 �eld F 
os(!t), where F is the ele
tri
 for
e, ! is the frequen
yand t is the time. The 
urrent at T is given by Eq. (1.1). A

ording to Kubo andGreenwood, the d.
. 
ondu
tivity obtained by taking the limit ! ! 0 is given by�(T ) = Z �(E)�� �f�E� dE ; (4.12)where f = f(E; �; T ) is the Fermi fun
tion,f(E; �; T ) = 11 + exp([E � �(T )℄=kBT ) (4.13)



16 CHAPTER 4. LINEAR THERMOELECTRIC EFFECTSand �(T ) is the 
hemi
al potential. The energy dependent 
ondu
tivity �(E) isde�ned as �(E) = 2�e2~3Vm2e jDEj2av[�(E)℄2 ; (4.14)where ~ is the Plan
k's 
onstant divided by 2�, V is the atomi
 volume, me theele
tron mass, �(E) is the density of states, and DE is the matrix element,DE = Z  �l0 ��x ld3x : (4.15)Here  l,  l0 are wave fun
tions of energy E and the subs
ript \av" indi
ates thatan average is taken over all states l and l0 having this energy.The 
onventional Boltzmann equation for � 
an be obtained from Eq. (4.14) byassuming that the mean free path, the average distan
e an ele
tron travels between
ollisions, is large. In non-
rystalline materials where the mean free path is propor-tional to or less than the distan
e between atoms, the Boltzmann approximation isan inadequate des
ription [107℄.Aside from �, Kubo together with Yokota and Nakajima �rst derived rigorousexpressions for Lij [51℄ for systems in thermal equilibrium. It is suÆ
ient to men-tion here that they were able to show that the Lij are 
urrent-
urrent 
orrelationfun
tions, namely, Lij / hj1j2i (i; j = 1; 2) (4.16)where j1 = j and j2 = jq. The interested reader is referred to Ref. [64℄ for details.4.3 The Chester-Thellung-Kubo-GreenwoodformulationThe general expressions of �, whi
h have been derived by Kubo and Greenwood,and of the linear response 
oeÆ
ients Lij, derived by Kubo and his 
olleagues,were simpli�ed by Chester and Thellung [11℄. They assumed that the ele
tronsare s
attered elasti
ally by stati
 impurities or by latti
e vibrations and that theymove independently of ea
h other. In what is now 
alled the CTKG formulation[11, 28, 50, 51℄, the kineti
 
oeÆ
ients are expressed asL11 = Z 1�1A(E) ���f(E; �; T )�E � dE ; (4.17)L12 = � Z 1�1A(E) [E � �(T )℄ ���f(E; �; T )�E � dE ; (4.18)and L22 = Z 1�1A(E) [E � �(T )℄2 ���f(E; �; T )�E � dE ; (4.19)where A(E) 
ontains all the system-dependent features. Thus, a ni
e feature of thisformulation is that all mi
ros
opi
 details of the system su
h as the dependen
e



4.3. THE CTKG FORMULATION 17on the strength of the disorder enter only in A(E). This fun
tion A(E) 
an be
al
ulated in the 
ontext of the relaxation-time approximation [3℄. However, anexa
t evaluation of Lij in this way is diÆ
ult, if not impossible, sin
e it relies on theexa
t knowledge of the energy and T dependen
e of the relaxation time. In mostinstan
es, these are not known.



Chapter 5Appli
ation to the Andersonmodel of lo
alizationIn order to in
orporate the Anderson model and the MIT in the CTKG formulation,a di�erent approa
h is taken: � is simply L11 as given in Eq. (4.3). Thus, to takeinto a

ount the MIT in this formulation, A(E) is identi�ed with �(E) given in Eq.(3.6) [10, 23, 86℄. The Lij in Eqs. (4.17){(4.19) 
an now be easily evaluated 
loseto the MIT without any approximation, on
e the T dependen
e of the 
hemi
alpotential � is known. Unfortunately, this is not known for the experimental systemsunder 
onsideration [37, 52, 54, 85, 91, 93, 108℄, nor for the 3D Anderson model.Thus one has to resort to approximate estimations of � or to numeri
al 
al
ulations,as we shall do in the following se
tions.5.1 Sommerfeld expansion in the metalli
 regimeThe 
hemi
al potential �(T ) of a system measures the 
hange in its internal energydue to an in
rease or de
rease in the number of its 
hemi
al 
onstituents. At T = 0, �= EF. If �(T ) is unknown, then one 
an use in Eqs. (4.17){(4.19) that the derivativeof the Fermi fun
tion ��f=�E is appre
iable only in an energy range of the order ofkBT near � � EF in metals. The lowest non-zero T 
orre
tions for the Lij are thena

essible by the Sommerfeld expansion [3℄, provided that the derivative of A(E) isnonsingular and slowly varying in this region. The Sommerfeld expansion is usedfor integrals of the form R1�1 d"H(")f(") where H(") is nonsingular and not rapidlyvarying in a region of order kBT near " = �. The integral is expanded as followsZ 1�1 d"H(")f(") = Z ��1 d"H(") + 1Xj=1(kBT )2j
j d2j�1d"2j�1H(")����"=� (5.1)where 
j are dimensionless numbers [3℄. Hen
e, in the limit T ! 0 su
h thatkBT � jE
 � EFj [86℄, the transport properties are� = A(EF) + �26 (kBT )2 d2A(E)dE2 ����E=EF ; (5.2)18



5.2. EXACT CALCULATION AT �(T ) = EC 19S = � �2k2BT3jejA(EF) dA(E)dE ����E=EF ; (5.3)K = �2k2BT3e2 (A(EF)� �2(kBT )23A(EF) �dA(E)dE �2E=EF) ; (5.4)and 
onsequently L0 = �23 (1� �2(kBT )23[A(EF)℄2 �dA(E)dE �2E=EF) : (5.5)In the derivations of S, K, and L0, the term of order T 2 in Eq. (5.2) has been ignoredas is 
ustomary. The terms of order T 2 in Eqs. (5.4) and (5.5) are usually dropped,too. In this 
ase in the metalli
 regime, L0 redu
es to the universal value �2=3 [3℄.Setting A(E) = �(E) in Eq. (5.3), we arrive at the Mott formula [12℄S = � �2k2BT3jej�(EF) d�(E)dE ����E=EF : (5.6)The above approa
h was adopted in Refs. [10℄ and [86℄ to study thermoele
tri
transport properties in the metalli
 regime 
lose to the MIT in the Anderson model.From Eq. (5.6), the authors dedu
eS = � ��2k2BT3jej(EF � E
) : (5.7)Therefore, in the metalli
 regime, S is linearly dependent on T [3℄. At EF = E
, Sdiverges. However, setting A(E) = �
(E) at the MIT [10℄ in Eq. (3.6) is in 
ontra-di
tion to the basi
 assumption of the Sommerfeld expansion, sin
e its derivative isnot smoothly varying at EF = E
.5.2 Exa
t 
al
ulation at �(T ) = E
A di�erent approa
h taken by Enderby and Barnes is to �x � = �E
 at �nite Tand later take the limit T ! 0 [23℄. Thus, again without knowing the expli
it Tdependen
e of �, the 
oeÆ
ients Lij 
an be evaluated at the MIT. For the transportproperties they obtain � = �o�(kBT )�I�jE
j� ; (5.8)S = �kBjej � + 1� I�+1I� ; (5.9)K = �okB(kBT )�+1e2 jE
j� �(� + 2)I�+2 � (� + 1)2I2�+1�I� � ; (5.10)



20 CHAPTER 5. APPLICATION TO THE ANDERSON MODELand L0 = (� + 2)I�+2�I� � (� + 1)2I2�+1(�I�)2 : (5.11)Here I1 = ln 2 and I� = (1 � 21��)�(�)�(�) for Re(�) > 0; � 6= 1, where �(�)and �(�) are the usual gamma and Riemann zeta fun
tions. Hen
e, at the MIT, Sdoes not diverge nor go to zero but remains a universal 
onstant. Its value dependsonly on the 
ondu
tivity exponent �. This is in 
ontrast to the result (5.7) of theSommerfeld expansion whi
h yields a diverging S at EF = E
. In addition, we �ndthat � / T � and K / T �+1 as T ! 0. Thus � and K=T approa
h zero in thesame way. This signi�es that the Wiedemann and Franz law is also valid at theMIT re
overing an earlier result in Ref. [90℄ obtained via diagrammati
 methods.However, at the MIT, L0 does not approa
h �2=3 but again depends on �.We emphasize that Eqs. (5.8){(5.11) are exa
t at any T value su
h that �(T )�E
 = 0 [23℄. Of 
ourse, this assumes that A(E) takes the 
riti
al behavior of � givenin Eq. (3.6). Therefore, the expressions in Eqs. (5.8){(5.11) are valid only at T = 0sin
e the power law behavior of �
 holds only in the limit T ! 0.5.3 High-temperature expansionIn this se
tion the lowest-order 
orre
tions to the results obtained for �(T ) = E
 are
onsidered. This is done by expanding the Fermi fun
tion (4.13) for high T , thatis, for jE
 � �(T )j � kBT . In addition, �(T ) � EF is assumed for the temperaturerange 
onsidered. This pro
edure gives� = �o�(kBT )�jE
j� �I� � (� � 1)I��1E
 � EFkBT � : (5.12)Cutler and Mott [12℄ predi
ted for the �rst time that at jE
 � EFj � kBTS = �kBjej �A+ E
 � EFkBT � ; (5.13)and hen
e at the MIT this gives a 
onstant S [73, 86℄. This result implies that Swill vary smoothly a
ross the 
riti
al regime. Expanding f(E; �; T ) and 
onsideringonly its �rst order 
orre
tion in Eq. (4.18), together with Eq. (5.12), we obtainS = �kBjej �� + 1� I�+1 � �I�(E
 � EF)=kBTI� � (� � 1)I��1(E
 � EF)=kBT + E
 � EFkBT � : (5.14)Taking only the lowest order 
orre
tion in (5.14), we get ba
k Eq. (5.13). Moreover,for E
 = EF, the 
onstant �kBA=jej is just given by Eq. (5.9).For K and L0, we again have to use the expansion of f(E; �; T ) in Eqs. (4.18){(4.19) in order to get non-trivial terms. Details of the 
al
ulation are given in



5.4. THE NUMERICAL METHOD 21Appendix A. We give here the main results. The high-T expansion for the thermal
ondu
tivity givesK = �o(kBT )�+2e2T jE
j� �(� + 2) �I�+2 � (� + 1)I�+1E
 � EFkBT ��(� + 1)2� [I�+1 � �I�(E
 � EF)=kBT ℄2I� � (� � 1)I��1(E
 � EF)=kBT) : (5.15)For the Lorenz number we obtainL0 = � + 2� I�+2 � (� + 1)I�+1(E
 � EF)=kBTI� � (� � 1)I��1(E
 � EF)=kBT� �� + 1� I�+1 � �I�(E
 � EF)=kBTI� � (� � 1)I��1(E
 � EF)=kBT �2 : (5.16)So if E
 = EF, Eqs. (5.15) and (5.16) redu
e to Eqs. (5.10) and (5.11), respe
tively. Itis important to note that the fundamental 
onditions used in the high-T expansionare somewhat 
ontradi
tory, namely, the expansion is valid for high T su
h thatjE
 � �(T )j � kBT , whereas setting �(T ) = EF is true only for T = 0.Se
tions 5.1{5.3 presented di�erent ways of 
ir
umventing the expli
it 
ompu-tation of �(T ). However, their ranges of validity are not overlapping and it is apriori not 
lear whether the assumptions for �(T ) are justi�ed for S or any of theother transport properties 
lose to the MIT. In order to 
larify the situation, wenumeri
ally 
ompute �(T ) in the next se
tion and then use the CTKG formulationto 
ompute the thermal properties without any further approximation.5.4 The numeri
al method using the CTKGformulationInspe
tion of Eqs. (4.17){(4.19) reveals that the expli
it T dependen
e of the 
o-eÆ
ients Lij o

urs in f(E; �; T ) and �(T ). More pre
isely, knowing �(T ), it isstraightforward to evaluate the Lij. The quantity �(T ) is usually determined insu
h a way that the total number or the number density n of parti
les 
omes out
orre
tly. For any set of nonintera
ting parti
les, n 
an be determined asn(�; T ) = Z 1�1 dE�(E)f(E; �; T ) ; (5.17)where �(E) is again the density of energy levels (in the unit volume) as in Fig. 3.1.Hen
e, if n and �(E) are known, Eq. (5.17) 
an be solved for �(T ).In this work, the density of states �(E) for the 3D Anderson model has beenobtained for di�erent disorder strengths W as outlined in Se
. 3. It has been de-termined with an energy bin width of 0:1 meV (� 1 K). Using �(E), n is �rstnumeri
ally 
al
ulated at T = 0 for the metalli
, 
riti
al and insulating regimes



22 CHAPTER 5. APPLICATION TO THE ANDERSON MODELusing the respe
tive Fermi energies jEFj < E
, EF = E
, and jEFj > E
. At � = EF,n be
omes n(EF) = Z EF�1 dE�(E) : (5.18)By keeping n(�; T ) �xed at n(EF), �(T ) is numeri
ally 
omputed for small �nite T .As T is in
reased, the respe
tive 
hanges in �(T ) are re
orded. Using this resultin Eqs. (4.17){(4.19) in the CTKG formulation, the Lij are 
al
ulated by numeri
alintegration and, subsequently, the T -dependent transport properties (4.3){(4.6) aredetermined. The 
ow diagram in Fig. 5.1 re
apitulates the numeri
al method usingthe CTKG formulation.From � and �(T ) we 
an also determine the average energy density of the system,u = Z 1�1 dE�(E)Ef(E; �; T ) : (5.19)Consequently, 
V 
an be 
omputed using Eq. (1.8).In this work we have 
hosen � = 1:3, whi
h is in agreement with experimentalresults in Si:P [91, 92℄ and the numeri
al data of Refs. [39, 40℄. More re
ent numeri
alresults [8, 87, 88℄, 
omputed with higher a

ura
y, suggest that � = 1:57 � 0:03.As we shall show later, this di�eren
e only slightly modi�es our results. For themagnitude of the disorder strength W , we 
onsider W having no large 
u
tuationsin the density of states. Besides W should not be too 
lose to the 
riti
al disorderW
 so that the energy-dependent MIT of Eq. (3.6) 
an be 
learly observed. In Chap.6 we shall show results obtained for W = 12 with E
 = 7:5. This 
orrespondingvalue of E
 has been 
al
ulated previously in Ref. [29℄. We have 
he
ked as low asW = 8 (E
 = 7:0) and as high as W = 14 (E
 = 8:0). The T -dependen
e of thethermoele
tri
 transport properties obtained for these disorder strengths are verysimilar to W = 12 and so we do not show them here. The results for �, K, and L0are the same at �E
 and E
 sin
e they are fun
tions of L11, L22 and L212, only. Onthe other hand, this is not true for S. We shall explain the di�eren
e in the next
hapter.For 
omparison with the experimental results, � in Eq. (3.6) is measured in unitsof 
�1
m�1. For the same reason, the energy s
ale is �xed by setting Vij = 1 eV.Hen
e the band width of Fig. 3.1 is 
omparable to the band width of amorphousalloys [35℄. Moreover, the experimental investigations of S in amorphous alloys[41, 54℄ have been done at high ele
tron �lling [34℄. Therefore, we will mostly
on
entrate on the energy region near the MIT at E
.
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START: given EF, T = Tinitial, � = �initial


ompute n(EF)of Eq. (5.18)??determine n(E)using Eq. (5.17)�(T ) = �?
6 -� = �+ d�

HHHHHH������ n(E) ?= n(EF)HHHHHH ������no� ?yesobtain Lij(T )from Eqs. (4.17)-(4.19)with A(E) equal to Eq. (3.6)?
ompute �(T ), S(T ), K(T ), L0(T ) & ZTusing Eqs. (4.3)-(4.7)?HHHHH����� T ?= TfinalHHHHH ����� -yes &%'$END� no

6

6 -?T = T + dT

Figure 5.1: S
hemati
 diagram of the numeri
al method to 
al
ulate the thermoele
tri
transport properties using the CTKG formulation.



Chapter 6Transport near the metal-insulatortransition
6.1 The 
hemi
al potentialFigure 6.1 illustrates the behavior of �(T ) for the 3D Anderson model at EF�E
 =�0:01, 0, and +0:01. To easily 
ompare results from di�erent energy regions, thedi�eren
e of �(T ) from EF is plotted in the �gure. The T dependen
e of �(T ) isidenti
al in the metalli
, 
riti
al and insulating regions for ea
h mobility edge at lowT . In all 
ases j�(T )j / T 2. Furthermore, �(T ) at �E
 equals ��(T ) at E
. Thissymmetri
 behavior with respe
t to � = EF re
e
ts the symmetry of the density ofstates at E = 0 as illustrated in Fig. 3.1.For the purpose of 
omparison, �(T ) of a free ele
tron gas is 
omputed using themethod outlined in Se
. 5.4. The density of states of a free ele
tron gas is obtainedfrom [3℄ �(E) = 32 nEF � EEF�1=2 ; (6.1)where EF = E
 = 7:5. This 
hosen value of the mobility edge is in a region where�(E) in
reases with E in a similar way as �(E) behaves at �E
 for the Andersonmodel. Thus, �(T ) of the Anderson model at �E
 is 
on
ave upwards as in the 
aseof a free ele
tron gas. Sin
e � / m, this high 
urvature indi
ates a large e�e
tivemass as 
ompared to the free ele
tron mass. Fig. 6.1 also in
ludes �(T ) obtained bythe usual Sommerfeld expansion for Eq. (5.17) [3℄, that is,EF � �(T ) = EF3 ��kBT2EF �2 : (6.2)This result 
he
ks the numeri
al pro
edure of Se
. 5.4. Indeed, as shown in Fig. 6.1,our numeri
al approa
h is in perfe
t agreement with the free ele
tron result.24
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Figure 6.1: The temperature dependen
e of the 
hemi
al potential measured with respe
tto the Fermi energy for both mobility edges. Also shown is �(T ) for a free ele
tron gas.The solid line denotes �(T ) of Eq. (6.2).6.2 The d.
. 
ondu
tivityFigure 6.2 shows the T dependen
e of �. The 
orresponding values of EF andthe �llings n used in the �gure are listed in Tab. 6.1. We �nd that � at T = 0remains �nite in the metalli
 regime with �=�o = j1� EF=E
j�, be
ause ��f=�E !Æ(E � EF) in Eq. (4.17) as T ! 0. A

ordingly, � = 0 in the insulating regime atT = 0. In the 
riti
al regime, �(T ! 0) � T � in agreement with Ref. [23℄ and Eq.(5.8). Moving away from the 
riti
al regime towards the metalli
 regime one �ndswithin the a

ura
y of the data that � � T 2. In the metalli
 regime � in
reases forin
reasing T . This is di�erent from the behavior in a real metal where � de
reaseswith in
reasing T , sin
e the behavior of � in Fig. 6.2 is due to ele
tron (hole)di�usion.Also shown in Fig. 6.2 are results for the Sommerfeld expansion (5.2) and thehigh-T expansion (5.12) for �. The Sommerfeld expansion result demonstrates thatits radius of 
onvergen
e de
reases for EF ! E
 and in fa
t is zero in the 
riti
alregime. Results for the other transport properties will establish this point more
learly. On the other hand, the high-T expansion is very good in the 
riti
al regimedown to T = 0 at E
 = EF. The small systemati
 di�eren
es between our numeri
alresults and the high-T expansion for large T are due to the di�eren
es in �(T ) and
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Figure 6.2: The low-temperature behavior of the d.
. 
ondu
tivity. The symbols are asshown in Tab. 6.1. The dashed lines represent the Sommerfeld expansion result for �(T )in the metalli
 regime as given in Eq. (5.2). For all 8 
hoi
es of EF�E
, the 
orrespondinghigh-T expansion (5.12) is indi
ated by solid lines.EF. The expansion be
omes worse both in the metalli
 and insulating regimes forlarger T . All of this is in 
omplete agreement with the dis
ussion of the expansionsin Se
s. 5.1 and 5.3.6.3 The thermopowerThe behavior of the thermopower at low T near the MIT is illustrated in Fig. 6.3.In the metalli
 regime, S ! 0 as T ! 0. At very low T , S / T whi
h agrees withthe Sommerfeld expansion result (5.7). But upon approa
hing the 
riti
al regime,the expansion be
omes unreliable similar to the 
ase of � of Se
. 6.2. This behaviorpersists even if higher order terms are in
luded in the derivation of S. For example,the e�e
t of in
luding O(T 2) terms of Eq. (5.2) is depi
ted in Fig. 6.3. By 
onsidering
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es of EF and n(EF) with respe
t to the mobility edge at E
 = 7:5.The density at EF = E
 
orresponds to n = 97:768%.regime EF �E
 n(EF)� n(E
) symbol(eV) (%)metalli
 -0.010 -0.031 Æ-0.007 -0.022 5-0.005 -0.015 2-0.003 -0.009 4-0.001 -0.003 3
riti
al 0.000 0.000 �insulating 0.001 0.003 +0.003 0.009 �0.010 0.031 �a 
onstant T in the metalli
 regime, one observes S to in
rease as EF approa
hes E
.This is 
onsistent with the in
reasing asymmetry in the fun
tional form of �(E) asgiven in Eq. (3.6). Namely, the 
ondu
tivity of ele
trons with energies Ee > �(T ) issmaller than the 
ondu
tivity of holes with energies Eh < �(T ). It is this ele
tron-hole asymmetry whi
h leads to a �nite L12 and 
onsequently a non-zero value of Sat �nite T . A 
onstant �(E) would simply give S = 0.In the insulating regime S be
omes very large as T ! 0. It even appears toapproa
h in�nity. A seemingly divergent behavior in the insulating regime has alsobeen observed for Si:P [57℄, where it has been attributed to the thermal a
tivationof 
harge 
arriers from EF to the mobility edge E
. In general, a small amount of
ondu
tivity yields a large S. We refer again to the open 
ir
uit in Fig. 1.1 foran elementary pi
ture of this phenomenon. Suppose T at the 
ooler jun
tion isadjusted su
h that rT remains 
onstant. As T ! 0 both � and K vanish in the
ase of insulators. The behavior of K(T ) will be shown in the next se
tion. Thevanishing of � and K implies that as T de
reases it be
omes in
reasingly diÆ
ultto move a 
harge from T to T + ÆT . A larger amount of for
e needs to be exerted,and hen
e, a larger E is required to do the job. From Eq. (1.2), this implies a largerS value.What happens in the 
riti
al regime, i.e., at EF = E
? It 
an be observed in Fig.6.3 that S approa
hes a value of 228:4�V/K in the limit T ! 0. This is exa
tlythe magnitude predi
ted by Eq. (5.9) [23℄ for � = 1:3. In the inset of Fig. 6.3, theT dependen
e of S is shown to be linear. The non-divergent behavior of S 
learlyseparates the metalli
 from the insulating regime. Furthermore, just as for �, theSommerfeld expansion for S breaks down at EF = E
, i.e., the radius of 
onvergen
eis zero. Therefore, the divergen
e of Eq. (5.7) at EF = E
 re
e
ts this breakdownand is not physi
ally relevant. On the other hand, the high-T expansion [86℄ ni
elyre
e
ts the behavior of S 
lose to the 
riti
al regime as also shown in Fig. 6.3. For
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Figure 6.3: The low temperature behavior of the thermopower S. The symbols are asshown in Tab. 6.1. The dashed lines represent the behavior of S(T ) in the metalli
 regimeas given in Eq. (5.7). The dot-dashed lines indi
ate S, 
al
ulated with the O(T 2) term ofEq. (5.2), for EF � E
 = �0:01 eV (Æ) and �0:001 eV (�). Solid lines are obtained fromthe high-T expansion (5.14). The inset shows the behavior at EF = E
 on an enlargeds
ale.EF = E
, the high-T expansion (5.13) assumes a 
onstant value of S due to setting�(T ) = EF for all T . This is approximately valid, the di�eren
es are fairly small asshown in the inset of Fig. 6.3.It is important to stress that there is no 
ontradi
tion that S > 0 in our 
al-
ulations whereas S < 0 in Ref. [23℄. A 
omparison of S in energy regions 
loseto E
 and to �E
 is made in Fig. 6.4 su
h that jEF � E
j = 0:01 meV. Clearly,they have the same magnitude but S < 0 at �E
 and S > 0 at E
. The two 
asesmainly di�er in their number density n. At �E
 the system is at low �lling withn = 2:26% while at E
 the system is at high �lling with n = 97:74%. In agreementwith the dis
ussion at the beginning of this 
hapter, the sign of S implies that atlow �lling the thermoele
tri
 
ondu
tion is due to ele
trons and we obtain the usualpi
ture as in Fig. 1.1 where the indu
ed �eld E is in the dire
tion opposite to that
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Figure 6.4: An example that the magnitude of S(T ) is the same in metalli
 regions 
loseto �E
 (�) and E
 (Æ). The +-symbols indi
ate jSj for �E
. In all 
ases jEF�E
j = 0:01eV.
of rT . At high �lling, S > 0 means that E is dire
ted parallel to rT . This 
anbe interpreted as a 
hange in 
harge transport from ele
trons to holes. This signreversal also o

urs in the insulating as well as in the 
riti
al regime.In Fig. 6.5, the data of Fig. 6.3 have been taken and plotted as a fun
tion of ��E
.In the top �gure, the data 
oin
ides with the isothermal lines whi
h were 
al
ulateda

ording to Ref. [23℄ by numeri
ally integrating L12 and L11 for a parti
ular T toget S. All isotherms in the �gure of the metalli
 (� < E
) and insulating (� > E
)regimes 
ross at � = E
 and S = 228:4�V/K. Comparing with Eq. (5.7), again one
learly �nds that the Sommerfeld expansion does not give the 
orre
t behavior ofS in the 
riti
al regime. The data presented in Fig. 6.5 suggest that one 
an s
alethem onto a single s
aling 
urve as will be shown later. To 
ompare with plots fromexperiments, we show at the bottom of Fig. 6.5 S=T for a single T as a fun
tion of��E
. This �gure shows that as the mobility edge is approa
hed from the metalli
regime S=T rises to at least an order of magnitude but it does not diverge. In fa
t,it only saturates to a �nite value at � = E
. This agrees with results down to thelowest measured temperature in amorphous materials [41, 54℄ of S=T plotted as afun
tion of atomi
 
on
entration, and also in 2D ele
tron gases [26℄ of S=T plottedas a fun
tion of ele
tron density.
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Figure 6.5: Top: The data of S in Fig. 6.3 shown as a fun
tion of �measured from E
 = 7:5eV. The horizontal line indi
ates the �xed point MIT value as given in Eq. (5.9). The thindashed lines represent isotherms of S 
al
ulated using the same method as in Ref. [23℄.The solid line is an isotherm of S obtained from Eq. (5.7) for T = 22:3 K. Bottom: Anisotherm of S=T at T = 1:16 K. The verti
al dashed line is only a guide to the eye for� = E
.
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Figure 6.6: The thermal 
ondu
tivity K as a fun
tion of temperature. The symbols areas shown in Tab. 6.1. The dashed lines were obtained in O(T ) from the Sommerfeldexpansion (5.4) for the metalli
 regime. The results of the high-T expansion (5.15) for all8 
hoi
es of EF �E
 are indi
ated by solid lines.6.4 The thermal 
ondu
tivity and the LorenznumberThe dependen
e of the thermal 
ondu
tivity on T is shown in Fig. 6.6. Whether itbe in the metalli
 or insulating regime, K ! 0 as T ! 0. This simple behavior isdue to the fa
t that phonon 
ontributions are not in
luded in the Anderson modeland in the CTKG formulation. The T dependen
e of K varies depending on whetherone is in the metalli
 or in the insulating regime and how far one is from the MIT.Dire
tly at the MIT, K ! 0 as T �+1. This 
on�rms the T dependen
e of K as givenin Eq. (5.10). Near the MIT, the T dependen
e of K=T is thus the same as for �in agreement with Ref. [90℄. Again, the Sommerfeld expansion (5.4) is reasonableonly at low T in the metalli
 regime. In the same way as for � and S, the high-Texpansion is again fairly good in the vi
inity of the 
riti
al regime.At this point the behavior of the entropy in the system as T ! 0 
an be deter-mined. In the metalli
 regime, S and K vanish as T ! 0, while in the 
riti
al and



32 CHAPTER 6. TRANSPORT NEAR THE MITinsulating regime, � and K vanish as T ! 0. Applying these results to Eqs. (4.10)and (4.11) yields that for all regimes the entropy 
urrent density hjqi=T vanishes asT ! 0. Therefore, the third law of thermodynami
s, whi
h states that S = 0 atT = 0, is satis�ed here in the numeri
al results of the 3D Anderson model.Next, we present the Lorenz number (1.5) as a fun
tion of T in Fig. 6.7. In themetalli
 regime, as T ! 0, the universal value �2=3 is approa
hed. Note that fora metal this value should hold up to room temperature [3℄. However, the resultsfor the Anderson model show a nontrivial T dependen
e. One might have hopedthat the higher-order terms in Eq. (5.5) 
ould adequately re
e
t the T dependen
eof these L0 data. However, this is not the 
ase as shown in Fig. 6.7. This indi
atesthat even if higher-order T 
orre
tions in the Sommerfeld expansion are in
luded itwill not give the right behavior of L0 near the MIT. The radius of 
onvergen
e ofEq. (5.5) is even smaller than for �, S and K. Similarly, the high-T expansion isalso mu
h worse than previously for �, S and K. Thus in addition to the results forthe 
riti
al regime, only the expansion results for nearby data sets in the insulatingand metalli
 regimes are presented in Fig. 6.7. In the 
riti
al regime, L0 linearlyin
reases with T as T ! 0 as shown in the inset of Fig. 6.7. The high-T expansiondoes not reprodu
e this just like the results of S. At the MIT, L0 = 2:4142. This isagain the predi
ted [23℄ �-dependent value as given in Eq. (5.11).In the insulating regime, one 
an show analyti
ally by taking the appropriatelimits that L0 approa
hes �+1 as T ! 0. In agreement with this, one �nds that L0 =2:3 at T = 0 in Fig. 6.7. At �rst glan
e, it may appear surprising that a transportproperty in the insulating regime 
ould be determined by a universal 
onstant ofthe 
riti
al regime su
h as �. However, in the evaluation of the 
oeÆ
ients Lij, thederivative of the Fermi fun
tion for any �nite T de
ays exponentially and thus onewill always have a non-zero overlap with the 
riti
al regime. In the evaluation of Eq.(4.6), this � dependen
e survives in the limit T ! 0. In real materials, we expe
tthe relevant high-energy transfer pro
esses to be dominated by other s
atteringevents and thus L0 should be di�erent. Nevertheless, for the present model, this �dependen
e holds.6.5 The �gure of meritThermoele
tri
 materials used in refrigeration or power generation devi
es in the
urrent state of te
hnology are heavily doped semi
ondu
tors [63℄. This 
hoi
e ismade on the basis that these materials are relatively eÆ
ient as 
ompared to puremetals and insulators. From the de�nition of eÆ
ien
y, Eq. (1.6), metals are poorthermoele
tri
 materials be
ause of a low S and a large ele
troni
 
ontribution to K.Insulators and lightly doped semi
ondu
tors have a large S and a small ele
troni

ontribution to K. However, � is very small in these systems. In 
on
lusion, thematerial whi
h gives a large ZT is half-way between metals or insulators. At presentmaterials used in thermoele
tri
 devi
es have ZT values between 0.4 and 1.3. Forexample, the ZT values of SiGe, BiTe and PbTe are 0.6, 0.9 and 1.2, respe
tively
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Figure 6.7: The Lorenz number as fun
tion of temperature. The symbols are as shownin Tab. 6.1. The dashed 
ir
les mark the values of L0 at T = 0 for metalli
 (top) andinsulating (bottom) regimes. The dashed lines were obtained from Eq. (5.5). The resultsof the high-T expansion (5.16) for EF�E
 = 0 eV, �0:001 eV and 0:003 eV are indi
atedby solid lines. The inset shows the behavior at EF = E
 on an enlarged s
ale.[63℄.In Fig. 6.8 we show the eÆ
ien
y of the Anderson model as a hypotheti
althermoele
tri
 material. The behavior of ZT reminds us of S in Fig. 6.3. As T ! 0,ZT ! 0 in the metalli
 
ase. At the MIT, ZT � 3. Corresponding values of ZT atthe MIT for di�erent values of � are plotted in Fig. 6.9. For the range of � measuredin experiments, it yields ZT � 2. This value is large 
ompared to the materials usedin today's thermoele
tri
 devi
es. Also ZT goes to very large values in the insulatingregime whi
h is due to the seemingly diverging S as T ! 0. These very large ZTvalues at the MIT and in the insulating regime have not been observed in realmaterials. As T is in
reased ZT in all regimes has a magnitude of order 1. Thislarge order of magnitude of ZT at the MIT and in the insulating regime is due to thefa
t that we have only 
onsidered di�usion of 
harge 
arriers and elasti
 s
attering.Taking into a

ount inelasti
 pro
esses present in transport in real materials should
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Figure 6.8: Figure of merit in 3D Anderson model. The symbols are as shown in Tab. 6.1.The dashed lines indi
ate the low temperature expansion results. The solid lines show thehigh temperature expansion results.de
rease this high value of ZT . Furthermore, in the Anderson model the values of� at �nite T in the insulating regime and in the metalli
 regimes are 
omparable.6.6 Possible s
enarios in the 
riti
al regimeThe results presented in Se
. 6.3 at the MIT show that S takes the value 228:4�V/Kfor � = 1:3. This value is 2 orders of magnitude larger than those measured near theMIT [41, 52, 54, 85℄. However, as mentioned in Chap. 2, the 
ondu
tivity exponentsfound in many experiments are either 
lose to � = 0:5 or to 1 [37, 93, 108℄ andone might hope that this di�eren
e may explain the small experimental value of S.Also, re
ent numeri
al studies of the MIT by transfer-matrix methods together withnon-linear �nite-size s
aling �nd � = 1:57� 0:03 [8, 87, 88℄. In Fig. 6.9 S, L0 andZT at the MIT are plotted for a range of � values. All S values still di�er by 2orders of magnitude from the experimental results. Furthermore, the results for Sand L0 are independent of the unit of energy. Even if, instead of 1 eV, one had usedVij = 1 meV, whi
h is appropriate in doped semi
ondu
tors [37, 52, 57, 91, 93, 108℄,one would still obtain the same values as in Fig. 6.9.Next, we 
onsider S if � at the mobility edge is des
ribed by Mott's hypothesison the minimum metalli
 
ondu
tivity. Suppose that the behavior of �(E) 
lose to
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Figure 6.9: The thermopower, the Lorenz number and the dimensionless �gure of meritat the MIT for a 3D Anderson model evaluated for a range of � values at E
 = 7:5. Inthe 
ase of � = 0:5 and 1, the values of S (for E
 < 0) and L0 have already been shown inRefs. [18℄ and [23℄. The 
orresponding ZT values are also in
luded in Ref. [18℄.the MIT is �(E) = � �min; jEj � E
;0; jEj > E
; (6.3)with �min = 300 
�1
m�1. Using the numeri
al approa
h of Se
. 5.4, a magnitude ofS = 119:5 �V/K at the MIT is obtained. This value is still rather large and thus theassumption of a minimum metalli
 
ondu
tivity as in Eq. (6.3) 
annot explain thedis
repan
y from the experimental results. We remark that the order of magnitudeof S is not 
hanged appre
iably, even if we add to the metalli
 side of Eq. (6.3) aterm as given in Eq. (3.6) with �0 a few hundred 
�1
m�1 for example, say, for� = 1.Lastly, we emphasize that the transport properties 
al
ulated for W = 8 and 14do not di�er appre
iably from those 
omputed for W = 12 in both the metalli
 and



36 CHAPTER 6. TRANSPORT NEAR THE MITinsulating regions provided only temperatures T . 100 K are 
onsidered. The samevalues as in the 
ase of W = 12 of S and L0 at the MIT are obtained. Again both Sand L0 approa
h their values at the MIT linearly with T , but with di�erent slopes.Our results show that the higher the disorder strength the smaller the magnitudeof the slope.
6.7 S
aling featuresThe � data from the metalli
 (jEFj < E
), insulating (jEFj > E
) and 
riti
al(EF = E
) energy regions of Fig. 6.2 
ollapse onto a single s
aling 
urve whenplotted as a fun
tion of j(� � E
)=E
j=kBT . This is illustrated in Fig. 6.10. Thes
aling of � is in a

ordan
e with Eq. (3.9). Comparison between the results fromthe s
aling in � in Fig. 6.10 with Eq. (3.9) yields �z = 1. With � = 1:3 this yieldsa dynami
al exponent z = 0:77, whi
h is 
ontrary to z = d = 3 as expe
ted froms
aling arguments [4, 19, 99℄.Similar s
aling for S is also shown in Fig. 6.10. Note that unlike in � there isno pre-fa
tor in the s
aling form sin
e S be
omes independent of T at the MITas T ! 0. As was pointed out in Ref. [86℄, S for high and low T might s
ale interms of jEF � E
j=kBT . This is approximately valid although the proper s
alingvariable should be j(��E
)=E
j=kBT . The s
aling 
urve for S 
onverges at the value228:4�V/K as predi
ted in Ref. [23℄ for � = 1:3. It 
an be 
learly seen here thatin the metalli
 regime the 
omputed data for the Anderson model agree with theSommerfeld expansion result at low T . In the insulating regime S grows in�nitelylarge. This 
an be attributed to the de
rease in 
harge 
arriers whi
h 
ontribute toa 
urrent.The 
orresponding s
aling 
urves for K and L0 are shown in Fig. 6.11. Theyalso s
ale with respe
t to j(��E
)=E
j=kBT . The normalization fa
tor in K is dueto the fa
t that K / kBT �+1 as T ! 0 at the 
riti
al regime. L0 does not require apre-fa
tor sin
e it is independent of T at the MIT [23℄. The result for L0 shows thatit approa
hes �2=3 in the metalli
 regime as expe
ted in the Sommerfeld free ele
trontheory of metals. In the 
riti
al regime, L0 
onverges to 2:414 whi
h is the value for� = 1:3 predi
ted in Ref. [23℄. Due to the exponential de
ay of the derivative of theFermi fun
tion as T ! 0, L0 approa
hes � + 1 = 2:3 in the insulating regime.We emphasize that the s
aling for �, S, K and L0 is very good and the smallwidth of the s
aling 
urve is only due to the size of the symbols. The results forthe high-T expansion as indi
ated by solid lines in Figs. 6.10 and 6.11 are goodonly 
lose to the MIT. All four transport properties 
an also be made to s
ale withrespe
t to kBT=j(� � E
)=E
j. The s
aling of � would then obey Eq. (3.8) witha pre-fa
tor of j(� � E
)=E
j��. There are no pre-fa
tors for S and L0, while Krequires the pre-fa
tor j(��E
)=E
j�(�+1). The same value of z is obtained whetherwe use the s
aling of Eq. (3.8) or of Eq. (3.9).
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Figure 6.10: S
aling of the d.
. 
ondu
tivity (top) and the thermopower (bottom) in the3D Anderson model. The symbols are the same as those in Tab. 6.1. For 
larity only everyse
ond data point is shown. In both graphs, the thin solid line is the s
aling 
urve ontowhi
h all data from the di�erent energy regimes 
ollapse. The thi
k solid line denotes ahigh-temperature expansion [86℄ while the dashed line is the Sommerfeld expansion [10, 86℄for EF �E
 = �0:01 eV.
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Figure 6.11: S
aling of the thermal 
ondu
tivtiy (top) and the Lorenz number (bottom)in the 3D Anderson model. The symbols are the same as those in Tab. 6.1. For 
larityonly every se
ond data point is shown. In both �gures, the thin solid line is the s
aling
urve onto whi
h all data from the di�erent energy regimes 
ollapse. The thi
k solidline denotes a high temperature expansion [86℄ while the dashed line is the Sommerfeldexpansion [10, 86℄ for EF �E
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Figure 6.12: Average energy density of the 3D Anderson model of lo
alization. The dataare measured with respe
t to u0 = u(T = 0).6.8 The spe
i�
 heatThe properties of the Anderson model of lo
alization enter into the 
al
ulation ofthe 
hemi
al potential � and the average energy density u only via its density ofstates �(E). The latter is without singularities as had been shown in Fig. 3.1 and issmooth similar to that of a nonintera
ting Fermi gas. Therefore, one expe
ts thatu(T ) in the Anderson model behaves as � T 2 similar to a nonintera
ting Fermi gas.Indeed, this is the 
ase as shown in Fig. 6.12. There are only negligible di�eren
esbetween results obtained from both mobility edges E
 = �7:5. Hen
e, only one setof results has been shown for 
larity. There are also negligible di�eren
es betweenresults obtained from di�erent energy regimes. Only above T � 80K is u in theinsulating regime slightly lower than that in the 
riti
al or metalli
 regime.For free ele
trons in the Sommerfeld theory of metals, 
V is given by [3℄
V = �22 �kBTEF �nkB : (6.4)This equation holds provided that the degrees of freedom other than the ele
troni
ones have negligible 
ontributions. Similarly, as shown in Fig. 6.13, 
V is linear inT in the Anderson model in agreement with result from experiments [77, 103℄. Butthe slope of the data of the disordered system is larger than the slope from theSommerfeld free ele
tron theory of a metal. This indi
ates that a large e�e
tive
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Figure 6.13: Spe
i�
 heat of the 3D Anderson model of lo
alization. The solid line isobtained from Eq. (6.4).mass is indu
ed by the disorder in the absen
e of intera
tions. Due to the almostuniform behavior of u, there are no noti
eable di�eren
es in the T behavior betweendi�erent regimes in the spe
i�
 heat 
V. This is veri�ed in Fig. 6.13. The 
V resultagrees with measurements in Si:P whi
h show that 
V in the metalli
 and in theinsulating regime have the same T behavior. We do not observe an upturn in 
V atT < 10 K whi
h was found in Si:P. This upturn is also not seen in the 
V for thefree ele
tron gas. As far as the numeri
al approa
h utilized here is 
on
erned, theindistinguishability of the T behavior in di�erent energy regimes makes 
V a poorquantity for studying the MIT in the disordered systems.6.9 Con
lusionsThe thermoele
tri
 e�e
ts in the 3D Anderson model near the MIT have been inves-tigated in this 
hapter. The T dependen
e of the transport properties is determinedby �(T ). This quantity was 
omputed by numeri
ally inverting the formula for thenumber density n(�; T ) of nonintera
ting parti
les. Using the result for �(T ), thethermoele
tri
 transport properties are 
al
ulated within the CTKG formulation oflinear response. In the metalli
 regime � remains �nite, S ! 0, K ! 0, L0 ! �2=3,and ZT ! 0 as T ! 0. On the other hand, in the insulating regime, S !1. Thisis attributed to both � and K going to zero. Thus, it be
omes in
reasingly diÆ
ultto a
hieve equilibrium and, hen
e, the system requires a large ele
tri
 �eld. For L0,a universal value of � + 1 is obtained even in the insulating regime. Dire
tly at the



6.9. CONCLUSIONS 41MIT, the thermoele
tri
 transport properties agree with those obtained in Ref. [23℄.Namely, as T ! 0, one �nds � � T �, K � T �+1, while L0 ! 
onst. In addition, atthe 
riti
al regime the Anderson model is a highly eÆ
ient thermoele
tri
 system.Its ZT values are twi
e as large as the best thermoele
tri
 material used in today'ste
hnology. At the insulating regime, ZT in
reases to large values in 
ontrast toreal insulators. This is attributed to the negle
t of inelasti
 s
attering pro
esses inthe numeri
al method.The thermopower S also remains nearly 
onstant in the 
riti
al regime and, inparti
ular, it does not diverge at the MIT in 
ontrast to earlier 
al
ulations usingthe Sommerfeld expansion at low T [10℄. Here it is proven that the di�eren
e isnot so mu
h due to an order of limits problem, but rather re
e
ts the breakdown of
onvergen
e of the Sommerfeld expansion at the MIT [86℄. The results are supportedby s
aling data for S at di�erent values of T and EF onto a single 
urve whi
h is
ontinuous a
ross the transition. S
aling 
urves for �, K and L0 are 
onstru
ted ina similar way. We remark that some of the experiments for S [54, 85℄ have beenin
uen
ed by the Sommerfeld expansion su
h that the authors plot their results asS=T . In su
h a plot the signature of the MIT is hard to identify, sin
e S=T at theMIT diverges as T ! 0 solely due to the de
rease in T . The results obtained heresuggest that plots as in Figs. 6.3 and 6.5 should show the MIT more 
learly.The value of S is at least two orders of magnitude larger than observed in ex-periments [52, 54, 85℄. This large dis
repan
y may be due to the assumptions ofthe study. First, it is assumed that a simple power-law behavior of the 
ondu
tivity�(E) as in Eq. (3.6) was valid even for E � E
 and E � E
. Se
ond, it is as-sumed that it is enough to 
onsider an averaged density of states �(E). While the�rst assumption is of 
ourse 
ru
ial, the se
ond assumption is of less importan
e ashas been 
he
ked: Lo
al 
u
tuations in �(E) will lead to 
u
tuations in the ther-moele
tri
 properties for �nite T , but do not lead to a di�erent T ! 0 behavior:S remains �nite with values as given in Fig. 6.9. Moreover, averaging over manysamples yields a suppression of these 
u
tuations and a re
overy of the previousbehavior for �nite T . In this 
ontext, we remark that | naively assuming all otherparts of the derivation are un
hanged | impli
ations of many-parti
le intera
tionssu
h as a redu
ed single-parti
le density of states at EF [20, 21, 24, 96℄, will onlymodify the T dependen
e of �. Consequently, the T dependen
ies of �, S, K, L0and ZT may be di�erent, but the values of S, L0 and ZT at the MIT remain thesame.Our results also suggest that the 
riti
al regime is very small. Namely, as the�lling in
reases slightly from n = 97:74% to 97:80%, the behavior of the system
hanges from metalli
 to 
riti
al and �nally to insulating. Up to the best of ourknowledge, su
h small 
hanges in the ele
tron 
on
entration have not been used inthe measurements of S as in Refs. [41, 52, 54, 85℄. Su
h a �ne tuning of n is notessential for measurements of � as is apparent from Fig. 6.2 but it is important forS. Of 
ourse, one may also spe
ulate [23℄ that these results suggest that a trueAnderson-type MIT has not yet been observed in the experiments.We a
hieved s
aling for the four transport quantities �, S, K and L0 with respe
t



42 CHAPTER 6. TRANSPORT NEAR THE MITto a single parameter j(� � E
)=E
j=kBT . This fa
tor stems from the form of Lijand from the fa
t that the expli
it T dependen
e enters only via � and the Fermidistribution fun
tion. However, we obtain an unphysi
al value of z = 0:77 6= d.Moreover, our result �z = 1 seems to violate the Harris 
riterion [33℄ whi
h requires�z > 2. However, this observation needs to be examined in more detail sin
e theHarris 
riterion might be altered depending on the 
hoi
e of T dependen
e via theFermi distribution.Finally, in this 
hapter we showed that u � T 2 and 
V � T for all energy regimes.These T dependen
ies resemble the behavior of the nonintera
ting Sommerfeld freeele
tron theory of metals. This featureless behavior 
an be tra
ed to the fa
t thatthe 
riti
al behavior of the Anderson model did not 
ome into play in 
omputing uand 
V and there are no gaps in �(E). At the mobility edges, �(E) remained smoothand 
ontinuous.



Chapter 7A phenomenologi
al approa
hThere are only two parameters that are model dependent in the transport theorydis
ussed in Se
. 4.3. These are A(E) and �(T ). To determine the behavior ofthe thermoele
tri
 transport properties 
lose to the Anderson MIT, A(E) in Eqs.(4.17)-(4.19) is usually set [10, 23, 44, 86℄ equal to the 
riti
al behavior of � givenby Eq. (3.6). In the previous 
hapter we have seen that this leads to an unphysi
alvalue for z = 1=� and therefore an unphysi
al frequen
y and T dependen
e of �.The main reason for this behavior is easily understood: there is no T dependen
ein Eq. (3.6) and 
onsequently all T dependen
e in � is due to the broadening of theFermi fun
tion in Eqs. (4.17)-(4.19) with in
reasing T . Thus in order to model the
orre
t T dependen
e, one should add to Eq. (3.6), valid at T = 0, the appropriateT dependen
ies su
h as � / T 1=z in the metalli
 and � / exp (�T ) in the insulat-ing1 (say, variable-range-hopping) regimes [80℄. Su
h a purely theoreti
al model for�
(E; T ) will then in
orporate a multitude of 
onstants that 
an be adjusted to �tthe experimental results. Of 
ourse, this is of limited pra
ti
al use sin
e the validityof these �tting parameters is hard to justify.Here we use instead re
ent experimental data obtained by Wa�ens
hmidt etal. [97℄ as input for �
(E; T ). The d.
. 
ondu
tivity was measured in Si:P atthe MIT under uniaxial stress. The experimental data yield good s
aling of �a

ording to Eq. (3.9) with a dynami
al exponent z = 2:94� 0:3 and � = 1 � 0:1.These values agree with the s
aling arguments [4, 56, 98℄ and reasonably well withthe numeri
al results [68, 69, 87, 88℄ for nonintera
ting systems. We emphasizethat it is | in prin
iple | unimportant whether the s
aling has been a
hieved bystress-tuning or other variations of the e�e
tive disorder 
ontent in the material.Theoreti
al studies in anisotropi
 Anderson models have shown [68, 69℄ that the
riti
al properties remain una�e
ted by the anisotropy (or stress). Therefore, weexpe
t that while nonuniversal properties su
h as the numeri
al values of �, S,et
., may di�er a

ording to the material 
onsidered in a parti
ular experiment, theuniversal properties su
h as the 
riti
al exponents and the s
aling behavior shouldbe as dis
ussed here.1We negle
t a T 1=z pre-fa
tor in the insulating regime, be
ause we want to highlight only themain di�eren
es in the leading T dependen
es of metalli
 and insulating regimes.43



44 CHAPTER 7. A PHENOMENOLOGICAL APPROACH7.1 The numeri
al method using empiri
al � dataIn the �(t; T ) s
aling of Ref. [97℄, t = (s � s
)=s
 where s is the stress and s
 the
orresponding value at the transition. We sample these s
aled data for several valuesof (t; T ). In order to get a smooth fun
tional form for �(t; T ), a spline 
urve �
 is�tted to these sampled points. A spline 
urve is a polynomial with lo
ally minimal
urvature [81℄. The spline �
 is transformed as a fun
tion not only of T but also ofenergy E by setting t = (E�E
)=E
. This substitution is justi�ed be
ause di�erenttuning parameters at the MIT of a system are expe
ted to yield the same universals
aling properties. Finally, the resulting �
(E; T ) is substituted for A(E) in Eqs.(4.17)-(4.19). Fig. 7.1 shows that ex
ept for this 
hange the thermoele
tri
 transportproperties are 
omputed in the same way as in Se
. 5.4.In this 
hapter we 
onsider temperatures from 0:01 K to 0:2 K. Far from thetransition we 
ould not probe lower than T < 0:02 K. This is due to the limited inputdata and 
onsequently a limited range of the spline fun
tion that generated �
(E; T ).The unit of �
 is taken as 
�1
m�1 
onsistent with the experiments. The E s
ale is(arbitrarily) �xed at 1 meV whi
h is the order of magnitude of the binding energy ofan isolated donor in a heavily doped semi
ondu
tor [58℄. In order to 
ompare withthe results for the Anderson model presented in Chap. 6, E
 is set to 7:5. This valueis of no spe
ial signi�
an
e and 
an be assigned (nearly) arbitrarily. The importantpoint to 
onsider is the lo
ation of the Fermi energy EF with respe
t to E
. Thisdistinguishes the ele
troni
 regimes. The metalli
, 
riti
al and insulating regimesare again identi�ed as jEFj < E
, EF = E
, and jEFj > E
, respe
tively. Here �(T )is derived in Eq. (5.17) from �(E) of the 3D Anderson model of lo
alization. Thedensity of states of a heavily doped semi
ondu
tor is proportional to pE similar tothat a free ele
tron gas. In addition, �(E) has a tail instead of a sharp band edgeas a 
onsequen
e of the intera
tion of the 
harge 
arriers with the impurity atoms.This is similar to the left end of �(E) for the Anderson model given in Fig. 3.1. Dueto the symmetry of the latter, we are justi�ed in using mobility edge at the rightside. We simply keep in mind that � at �E
 is equivalent to �� at E
 as had beenshown in Se
. 6.1. Hen
e, we expe
t S to be positive in the metalli
 regime in ourresults. There is no 
ontradi
tion with results from experiments in Si:P yieldingnegative S in the same regime. In Se
. 7.4 we shall also show the e�e
t of using adi�erent fun
tional form of �(T ).7.2 Temperature dependen
e of thethermoele
tri
 transport propertiesUsing the spline �
(E; T ), i.e. experimental �
 input and �(E) of a 3D Andersonmodel as given in Chap. 3, we have 
al
ulated the thermal transport properties asin Chap. 6. Consistent with the dynami
s of the experiment in Ref. [97℄, we expe
t�(T ) � T 1=z in the 
riti
al regime with z � 3. This is indeed the behavior of �(T )
lose to E
 as shown in Fig. 7.2. For jEF � E
j � 0:2 meV we obtain z = 3:2� 0:3.
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START: given EF, T = Tinitial, � = �initial


ompute n(EF)of Eq. (5.18)??determine n(E)using Eq. (5.17)�(T ) = �?
6 -� = �+ d�

HHHHHH������ n(E) ?= n(EF)HHHHHH ������no� ?yesobtain Lij(T )from Eqs. (4.17)-(4.19)with A(E) = �(E; T )?
ompute �(T ), S(T ), K(T ) & L0(T )using Eqs. (4.3)-(4.6)?HHHHH����� T ?= TfinalHHHHH ����� -yes &%'$END� no

6

6 -?T = T + dT
INPUT:Sample �(t; T )data of Ref. [97℄t = (s� s
)=s
+t = (E � E
)=E
?�t a spline 
urveto sampled data+�(E; T )?�

Figure 7.1: S
hemati
 diagram of the numeri
al method using an energy- and temperature-dependent 
ondu
tivity as input obtained from an experimental data .
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Figure 7.2: Numeri
al 
al
ulations for the ele
tri
al 
ondu
tivity � as a fun
tion of temper-ature T from a phenomenologi
al 
onstru
tion of �
(E; T ). The �lled symbols representthe metalli
 regime jEFj < E
, (�) denotes the 
riti
al regime EF = E
, and the opensymbols represent the insulating regime jEFj > E
.Note that �(T ) = L11 has been integrated a

ording to Eq. (4.17) over the energyrange where �f=�E � 10�20 meV�1. Therefore our numeri
al 
al
ulation of � is
onsistent sin
e it reprodu
es 
losely the original result in Ref. [97℄. If the results inFig. 7.2 are plotted with respe
t to (�� E
)=E
T 1=�z we obtain a rough s
aling of� similar to Fig. 3 of Ref. [97℄. S
aling of the transport properties will be dis
ussedin Se
. 7.3.In the present approa
h, S in the vi
inity of the MIT is two orders of magnitudesmaller when 
ompared to previous results for the Anderson model as shown inFig. 7.3. The magnitude of S is in fa
t 
omparable to the experimental results indisordered systems [52, 54, 85℄. Furthermore, S ! 0 as T ! 0 in the metalli
, 
riti
aland insulating 
ases. This behavior of S(T ) in all ele
troni
 regimes was observedin amorphous AuxSb1�x [54℄ and in amorphous Ge1�xAux [43℄. As indi
ated by the



7.2. T DEPENDENCE OF TRANSPORT PROPERTIES 47

0 0.05 0.1 0.15 0.2
T (K)

0

0.5

1

1.5

2

S
 (

µV
/K

)

0.0
0.1
0.2
0.5
1.0

0 0.05 0.1 0.15 0.2
T (K)

0

0.5

1

1.5

2

S
 (

µV
/K

)
1
2
3
4
5

0 0.05 0.1 0.15 0.2
T (K)

0

0.5

1

1.5

2

S
 (

µV
/K

)
EF−Ec (meV)
−1.0, metal
−0.5
−0.2
−0.1

0 0.05 0.1 0.15 0.2
T (K)

0

0.5

1

1.5

2

S
 (

µV
/K

)

EF−Ec (meV)
0.0, critical
0.1, insulator
0.2
0.5
1.0

0 0.005 0.01 0.015

T (meV)

0

0.5

1

1.5

2

S
 (

µV
/K

)

Figure 7.3: The thermopower S as a fun
tion of T obtained from a phenomenologi
al
onstru
tion of �
(E; T ). The same symbols as in Fig. 7.2 distinguishing the metalli
,
riti
al and insulating regimes are used. The lines are obtained from the Mott formula(5.6).di�erent lines in Fig. 7.3, S is in good agreement with the Mott formula (5.6). This
omes as no surprise sin
e � in Fig. 7.2 is smooth a
ross the transition at �nite T .Note that in order to evaluate the Mott formula properly for the system 
onsideredhere, the E dependen
e of the input spline �
(E; T ) was used instead of �(T ) fromFig. 7.2. Again we emphasize that it is no 
ontradi
tion that S is positive here butmainly negative in the doped semi
ondu
tors in all ele
troni
 regimes. In the energyregions 
lose to E
 > 0 the 
harge 
arriers are holes instead of ele
trons as shownin Fig. 6.4. S would be negative if the left mobility edge E
 < 0 for low �lling hadbeen 
hosen instead.The 
orresponding T dependen
e of K is shown in Fig. 7.4. In all ele
troni
regimes K ! 0 as T ! 0. This is like the behavior of K using �
 in Eq. (3.6).As presented in Chap. 6, K in the metalli
 regime is larger than in the insulatingregime sin
e there are more mobile heat 
arriers in the former. From the results
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Figure 7.4: The T dependen
e of the thermal 
ondu
tivity 
omputed with Eq. (4.5) usinga phenomenologi
al 
onstru
tion of �
(E; T ). .of � and K in Figs. 7.2 and 7.4 respe
tively, we easily derived L0. As shown inFig. 7.5, L0 ! �2=3 as T ! 0 whether it be in the metalli
, 
riti
al or insulatingregime. This is di�erent from the results using Eq. (3.6) for �. There one obtainsan L0 whi
h depends on the 
ondu
tivity exponent in the 
riti
al and insulatingregimes while it approa
hes the universal value [3℄ �2=3 only in the metalli
 regime.Here there is no markedly distin
t behavior in the metalli
 regime 
ompared to theinsulating regime. For jEF � E
j = 0:1; 0:2 meV, L0 in the metalli
 regime is lessthan its 
orresponding value in the insulating regime. For jEF�E
j = 0:5; 1:0 meV,L0 in the metalli
 regime is larger than its 
orresponding value in the insulatingregime. Using the results for S and L0 from Figs. 7.4 and 7.5, respe
tively, we
al
ulate ZT from Eq. (1.7). The ZT values obtained in this 
ase are very smallin all energy regimes. Refer to Fig. 7.6. This is in 
ontrast to the behavior inthe unmodi�ed Anderson model. However, low ZT values are 
hara
teristi
 of realmetals and insulators [63℄.7.3 Dynami
al s
alingIn Fig. 7.7, �, S,K and L0 data for di�erent t and T parameters are shown to 
ollapseonto s
aling 
urves when plotted as a fun
tion of t=T 0:31 where t = j1� EF=E
j. Forea
h quantity, s
aling 
learly yields two bran
hes, one for the metalli
 regime and
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Figure 7.5: The Lorenz number L0 shifted by �2=3, the universal value for metals [3℄obtained through the use of a phenomenologi
al 
onstru
tion of �
(E; T ).
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tri
 transport properties obtained using a phenomeno-logi
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tion of �
(E; T ), where t = j1�EF=E
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7.4. EFFECTS OF A STRUCTURED DENSITY OF STATES 51another for the insulating regime. As depi
ted in Fig. 7.7a, � satis�es Eq. (3.9).With � = 1 in a

ordan
e with the experiment in Ref. [97℄, 1=�z = 0:31 givesz = 3:2. This is in good agreement with the predi
tion z = 3 for 3D nonintera
tingsystems. Furthermore, it indi
ates that the Harris 
riterion [33℄, �z > 1, is satis�edwhi
h in turn implies a sharp MIT.To enable to s
ale the data in Fig. 7.4 as a fun
tion of t=T 0:31 we need to plotK=T 1:31 instead of K. The produ
t K=T 1:31 in Fig. 7.7
 veri�es that � and K=Tbehave similarly as the MIT is approa
hed. This 
on�rms earlier results in the 3DAnderson model from various methods [90℄.Similarly, the data in Figs. 7.3 and 7.5 are made to s
ale as fun
tion of t=T 0:31after taking �rst the produ
ts St2=T 1:31 and L0t3=T 2:31, respe
tively. These expli
itT dependent 
omponents to get s
aling in Figs. 7.7b and 7.7d for both S and L0 havenot been observed in the respe
tive s
aling 
urves in the 3D Anderson model. Theprodu
ts St2=T 1:31 and L0t3=T2:31 naturally arise from the dynami
s of the system.Using an appropriate �(E; T ) as input in Eqs. (4.17)-(4.19) yields these expli
it Tdependent fa
tors. In the absen
e of a temperature dependent input fun
tion, wedo not need these expli
it T dependent 
omponents to s
ale S and L0.7.4 E�e
ts of a stru
tured density of statesIn the 
al
ulation of �(T ), S(T ), K(T ), L0(T ) and ZT , a phenomenologi
al 
on-stru
tion of �
(E; T ) is employed. But the density of states � is assumed to be thesame as that of the 3D Anderson model of lo
alization given in Chap. 3. Sin
e this�(E) is a smooth and (restri
ted to E > 0) monotoni
 fun
tion, �(T ) obtained fromEq. (5.17) is also a smoothly and monotoni
ally varying fun
tion with T as des
ribedin Se
. 4. It would then be interesting to 
onsider the e�e
ts of a possible stru
turein �. In this regard, we make arti�
al variations in �(T ). The main assumption hereis that the stru
ture of � 
orresponds only to variations in �(T ) and not in �. InFig. 7.8 two examples of a modi�ed �(T ) in the 
riti
al regime are presented.Example A has a pronoun
ed maximum, while example B has both a maximumand a minimum. The height of the maximum in both examples A and B is � 0:1meV. Note that this is signi�
antly larger than the half-width of the bump whi
h is� 0:005 meV. This is also true for the depth of the minimum in example B. Thus asmall 
hange in T 
orresponds to a large 
hange in �(T ). Applying these forms of�(T ) together with Eq. (3.6) for � reprodu
es the same stru
tures in S. For example,using form B of �(T ) we obtain an S having both a maximum and a minimum in thesame T interval as �(T ). But S in the Anderson model of lo
alization is still of theorder of 100 �V/K while the variations are only of the order of 10 �V/K and not largeenough to 
ause a sign 
hange in S. On the other hand using the phenomenologi
al
onstru
tion of �
(E; T ) yields even smaller 
hanges. Variations in L11 and L12 ofless than 1% are observed as 
ompared to their unmodi�ed values. Consequently,negligible 
hanges in S are found. Figure 7.3 would appear unmodi�ed. Hen
e alarge 
hange in the density of states � and 
onsequently in �(T ) is not suÆ
ient to
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Figure 7.8: Comparison between modi�ed (dashed and dotted lines) and unmodi�ed (solidlines) 
hemi
al potentials. The 
urves are shifted with respe
t to the mobility edge. Thethin solid line is the unmodi�ed � shown on a �ner (right) s
ale. We only 
onsider the Trange where �
(E; T ) data are available.
ause the 
hange of sign for S as observed in the experiments. We emphasize thatthis weak dependen
e of S on � and �(T ) justi�es our use of the simple Andersondensity of states in this 
hapter.7.5 E�e
ts of a stru
tured �
(E; T )Suppose that for small T there are non-monotoni
ities in �
(E; T ) | although thesehave not been observed in the experiments [52, 54, 85℄. In this se
tion we 
onsiderthe 
ase when there is a sizeable 
hange in �
(E; T ) in the region 
lose to E
 for smallT . The 
orresponding `bumps' in �
(E; T ) are shown in Fig. 7.9 with di�erent peakheights and with half-widths < 1 meV. For simpli
ity they are essentially quadrati
fun
tions of E and have been generated su
h that they de
ay qui
kly as e�T 4 within
reasing T . The height of the bumps is < 1 
�1
m�1 whi
h is at least an orderof magnitude smaller than the values observed for � in the measurements [54, 97℄.The lowest temperature studied is T = 6 mK and we shall only 
onsider metalli
and insulating regions with jEF � E
j � 0:1 meV.Our results in Fig. 7.10 using �
(E; T ) with and without bumps indi
ate thatthere are only small variations in the slope of log(�). In parti
ular � � T 1=3 remains
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Figure 7.9: The modi�ed �
(E; T ) as input having in
reasing bumps with de
reasing T
entered at E�E
 = 0:05 meV. For 
larity only sele
ted isotherms are shown. The verti
alline indi
ates the mobility edge.valid within the a

ura
y of these estimations. Note that the lowest measuredtemperature in Ref. [97℄ is 15 mK. From Fig. 7.10 one sees that the variations forT � 15 mK are mu
h smaller than for T < 15 mK. Hen
e, these variations in �
ould not have been observed in the experiments.How the bumps a�e
t S is shown in Fig. 7.11. Even with the very small bump 3,S 
hanges sign in the 
riti
al regime as T ! 0. As the bump in
reases this 
hangebe
omes more pronoun
ed. The temperature TS=0 at whi
h the sign 
hange o

ursis 0:01 K for bump 3, TS=0 = 0:02 K for bump 2, and TS=0 � 0:04 K for bump1. These results for TS=0 are still about one order of magnitude smaller than insemi
ondu
tors [52, 106℄ and two orders of magnitude smaller than in amorphousalloys [54, 85℄. Of 
ourse, as shown in Fig. 7.11, TS=0 shifts to higher values as thebump height in
reases. Nevertheless, the minimum value of S for T < TS=0 has thesame order of magnitude as the 
orresponding maximum value of S in Si:(P,B) andin Si:P. We emphasize that the value of TS=0 of 
ourse depends on the energy unit
hosen and thus will vary for systems with di�erent bandwidths, e.g., a larger bandwidth will give rise to a larger value of TS=0.A similar sign 
hange is observed in the metalli
 regime but the depth of theminimum is smaller than in the 
riti
al regime. The Mott formula for S with �(T )given in Fig. 7.10 
an readily model this behavior sin
e �(T ) remains slowly varyingeven if �
(E; T ) has a bump near E
. In the insulating regime, S has a shallow



54 CHAPTER 7. A PHENOMENOLOGICAL APPROACHmaximum and drops to zero as T ! 0. This is di�erent from experiment [58℄, whereS 
hanges sign and neither has maximum nor minimum in the insulating regime.Unlike in S, there is no sign reversal in K as 
an be seen in Fig. 7.12. Onlynegligible variations at T < 15 mK are found. This should be expe
ted sin
e therehas also been hardly any 
hange in the slope of �(T ) ex
ept for T < 15 mK.However, the small in
rease in � at T < 15 mK in the metalli
 regime together withthe minimally modi�ed K leads to a drasti
 
hange in L0 even in the 
ase of thesmallest bump. The in
rease and de
rease in � leads to a maximum and minimumin L0, respe
tively. However, L0 still approa
hes the universal value �2=3 for T ! 0as demonstrated in Fig. 7.13.
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riti
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larity ea
h set of �(T ) is shiftedby 0:2 along the verti
al axis from ea
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Figure 7.11: The thermopower for di�erent 
ases of �
 input. The lines are guides for theeye only.A question arises as to the physi
al validity of the bumps. From experiments,one 
ommonly observes a sign 
hange in S for small T . As shown here, su
h asign 
hange 
an only be extra
ted within the nonintera
ting Anderson model oflo
alization by introdu
ing an arti�
ial bump-like stru
ture in �
. We interpret thisas eviden
e that the sign 
hange is more likely due to physi
al pro
esses not presentin the Anderson des
ription of disordered systems.7.6 Con
lusionsIn this 
hapter, we have shown that the anti
ipated value of the dynami
al s
alingexponent z � 3 as well as the right order of magnitude for the thermopower S �1 �V/K at the MIT 
an be obtained when taking into a

ount the expe
ted Tdependen
ies of � in addition to the simple s
aling behavior of Eq. (3.9). Our
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Figure 7.12: The thermal 
ondu
tivity remains largely una�e
ted by variations in �
(E; T ).The data for unmodi�ed and modi�ed �
(E; T ) lie on top of ea
h other. The lines areguides for the eye only.approa
h is phenomenologi
al in the sense that we have refrained from using �ttingparameters and have rather taken experimental data as input. Using this data,we 
an explain the large deviations from experimental results as reported in thetheoreti
al studies of Refs. [10, 23, 44, 86℄. We have shown that our results forS agree with those predi
ted by the Mott formula. This is not surprising be
ausewe had used a � slowly varying on the s
ale of kBT near the MIT. We emphasize,however, that for a disordered system where intera
tions are negligible, we shouldstill expe
t the Anderson-type transition as given in Eq. (3.6) dire
tly at T = 0.Consequently, S � 100�V/K at the MIT [23, 44, 86℄ should again be expe
ted andone should observe a large in
rease of jSj at very low T . However, su
h temperaturesappear presently ina

essible by experiment. Despite the observed 
hanges in thebehavior of S obtained by using a modi�ed �(E; T ) in our 
al
ulations, �, S, K andL0 still obey s
aling near the MIT.Another feature 
onsidered here is the sign 
hanges of S at low T . Our studiesyield that even large variations in the 
hemi
al potential �(T ) do not lead to asign 
hange in S. On the other hand, a variation in the input �
(E; T ) data 
angive rise to su
h a sign 
hange in S, while at the same time resulting in only small
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hanges in the 
ondu
tivity �. Hen
e we have e�e
tively modeled the underlyingphysi
al reasons for the sign 
hange | whi
h have been attributed to ele
tron-ele
tron intera
tions [58℄ or to the existen
e of lo
al magneti
 moments and theirintera
tions with ele
trons [52, 106℄ or to inelasti
 s
attering with phonons [15, 16,17℄ | by simply 
hanging the input �
(E; T ). A possible test for the existen
eof su
h a stru
tured �
(E; T ) 
an be made in the measurements of L0, sin
e itsT variation is mu
h more sensitive to the bumps than �. Although it remainsun
lear what might 
ause 
u
tuations in �
(E; T ) 
lose to E
, we have been ableto des
ribe the main features of the 
riti
al behavior of S(T ). A mi
ros
opi
 andpossibly system-dependent approa
h to the problem may eventually a

ount forthese abrupt 
hanges in �
. Of 
ourse, if many-parti
le intera
tions and ele
tron-phonon 
oupling are important, we no longer expe
t the feasibility of the CTKGformulation [11, 28, 50℄ used here.



Chapter 8A mi
ros
opi
 approa
h using there
ursive Green's fun
tion methodThe 
al
ulations of the thermoele
tri
 transport properties that have been done inthe previous se
tions and those found in the literature are based either on the CTKGformulation or other perturbative methods. These methods are ma
ros
opi
 in na-ture and rely on the expli
it form of the energy and temperature dependen
e of �as had been shown earlier. A mi
ros
opi
 approa
h to determine the thermoele
tri
transport properties without assuming expli
itly a fun
tional form of � would bequite instru
tive. To our knowledge, there has only been Ref. [95℄ whi
h reported onthe distribution of S in a 1D disordered wire in the lo
alized regime. The authorswere able to analyti
ally and numeri
ally show that in this 
ase the distributionof S is Lorentzian. So far there has been no other mi
ros
opi
 
al
ulation of S,�, K or L0 in disordered systems near the MIT. Yet in dealing with this problemone is not bereft of any tool. In the early 80's Ma
Kinnon had already developedthe re
ursive Green's fun
tion method to 
onstru
t an algorithm to 
al
ulate the
ondu
tivity tensor and the density of states of a d-dimensional disordered system[59, 60℄. This method 
an be adopted and further developed to 
al
ulate kineti

oeÆ
ients and eventually the other transport properties. Here � is 
omputed it-eratively using O(N) arithmeti
 operations where N is the number of sites in thesystem. The advantage of this approa
h 
ompared to the already existing numer-i
al work on � is that it 
an treat ma
ros
opi
 systems sin
e its 
omputer storagerequirements are minimal. The maximum N value one 
an set is mainly limitedby the 
omputer time available and the pre
ision of the 
omputer. Hen
e, in beingable to deal with very large system sizes, one avoids problems arising from �nite-sizee�e
ts.In this 
hapter, we shall 
onsider the transport properties of a 
hain initiallyhaving N sites. The key feature of the re
ursive Green's fun
tion method is thatadding one more site to the 
hain will not a�e
t the whole system. The newlyadded site only 
ouples to the last site of the original 
hain. This will be
ome
lear in the next se
tion. Here we will dis
uss only a 1D system in a tight-bindingmodel with nearest neighbor hopping in the limit T = 0. It is straightforward to58



8.1. BASIC ALGORITHM 59extend the 
omputations to higher dimensions. We will only give the summary ofthe basi
 algorithm, a review of whi
h is also given in Ref. [48℄. Detailed derivationsof relevant equations and re
ursion relations are given in the Appendix B.8.1 Basi
 algorithmThe tight-binding Hamiltonian (3.1) with only one state per latti
e site and nearestneighbor hopping 
an be rewritten in one dimension asH =Xj �jjjihjj+ V (jjihj + 1j+ jj + 1ihjj) ; (8.1)where the diagonal elements �j are randomly distributed in a box of width W andthe hopping parameter V is a 
onstant. In adding one more site to a 
hain of Nsites, this Hamiltonian 
an then be 
onsidered as an unperturbed Hamiltonian ofthe �rst N sites and the de
oupled (N+1)th site plus a perturbation [59℄. Equation(8.1) then simpli�es to H(N+1) = H0 +H 0 ; (8.2)where H0 = H(N) + �N+1jN + 1ihN + 1j (8.3)and H 0 = V (jNihN + 1j+ jN + 1ihN j) : (8.4)The Hamiltonian H 0 is the 
oupling between the Nth site and the (N + 1)th site.Therefore, the main idea in this algorithm is that the (N + 1)th site 
ouples not tothe whole N -sites system but only to the Nth site.The one-parti
le Green's fun
tion is a solution to the equation(z� �H)G�(z�) = 1 (8.5)where z� = E � i� is the 
omplex energy variable. Using Eqs. (8.1)-(8.4) in thisde�nition, it follows that G�(z�) 
an also be 
al
ulated iteratively asG(N+1)� = G�0 +G�0H 0G(N+1)� (8.6)and G�0 = G(N)� + jN + 1ihN + 1jz� � �N+1 ; (8.7)where in site representationG�jk � hj j G�(z) j ki =Xi hj j iihi j kiz� � Ei : (8.8)Here Ei and j ii are the solutions of the S
hr�odinger equation. The term jGjkj2gives the transmission probability for a parti
le to be transferred from site j to sitek. Similarly, other transport properties related to G�(z) 
an be determined in are
ursive fashion.



60 CHAPTER 8. A MICROSCOPIC APPROACH8.2 1D transport re
ursion relations8.2.1 The d.
. 
ondu
tivityHere we brie
y review the re
ursive Green's fun
tion method for �(E) given inRefs. [59, 60℄. From Eq. (4.16) we see that L11 / hjji and from Eqs. (4.3) and(4.12) that L11 = �(E) at T = 0. The Kubo-Greenwood formula for the energy-dependent 
ondu
tivity (4.14) in terms of the one-ele
tron Green's fun
tion G(E)
an be rewritten as�(E) = 2e2~�Vm2eTrfp ImG(E + i�) p ImG(E + i�)g ; (8.9)where V is the length of the system and p is the momentum operator. Expressing pin terms of the position operator x,p = ime~ [H; x℄ ; (8.10)Eq. (8.9) 
an be rewritten in position representation as�(E) = � 4e2�~Na "�2 NXjk xjG(N)+jk G(N)+�kj xk + � NXj x2j ImG(N)+jj # (8.11)for a system with V = Na, where a is the latti
e spa
ing and G(N)+jk is the matrixelement of G+(E) between the position eigenstates that 
orrespond to the jth andkth sites of the N -sites system.Using Eq. (8.11) for a (N + 1)-site system and extra
ting the 
oupling termsbetween the Nth and (N +1)th sites, the following re
ursion relations are obtained:�(N+1) = 4e2�~(N + 1)as(N+1) ; (8.12)s(N+1) = s(N) + Re�g+N+1 �V 2b(N) � g+�N+1jd(N)j2 � 2�g+�N+1d(N)xN+1+(i� � �2g+�N+1)x2N+1�	 ; (8.13)b(N) = (g+N)2 �V 2b(N�1) � 2jd(N�1)j2g+�N +(i��2�2g+�N )x2N �4�d(N�1)g+�N xN� ; (8.14)d(N) = jg+N j2V 2[�xN + d(N�1)℄ ; (8.15)and g+N+1 � G(N+1)+N+1N+1 = (z+ � �N+1 � V 2g+N)�1 : (8.16)By availing of Eqs. (8.12){(8.16), �(E) 
an be 
omputed iteratively as a fun
tionof the length of the system. Beginning at N = 0, the initial values of the re
ursionrelations are s(0) = b(0) = d(0) = g+0 = 0. In our numeri
al 
al
ulations we set thehopping term V = 1 and a = 1 for 
onvenien
e.



8.2. 1D TRANSPORT RECURSION RELATIONS 618.2.2 The lo
alization lengthThe lo
alization length � and its inverse 
 is de�ned as [14, 61, 62℄1�(E) = 
(E) = � lim�!0 limN!1 12N ln ��G+1N (E)��2 : (8.17)The transmission probability jG+1N j2 from site 1 to site N 
an be expressed in termsof the diagonal elements (8.16) of G+(E + i�), that is,G(N)+1N = V N�1 NYm=1 g+m : (8.18)With this de�nition, we 
an rewrite 
 of Eq. (8.17) in an iterative form as
N = N � 1N 
N�1 � 1N ln jV gN j : (8.19)For V = 1, 
1 = ln jg1j and Eq. (8.19) holds for N > 1.A

ording to numeri
al results using Eq. (8.19) at the band 
enter [14, 79℄
(0) = W 2105V 2 : (8.20)This behavior is 
onsistent with a se
ond-order perturbation theory of evaluatingthe Green's fun
tion in Eq. (8.17) [94℄
(E) = W 224(4V 2 � E2) (8.21)in the limit of small W and jEj < 2V . These results indi
ate that in a 1D system� diverges as W�2 as W ! 0 [13℄. For W > 0, � remains �nite. As a result,an in�nitely long 1D nonintera
ting disordered system is lo
alized even for weakdisorders [46℄.8.2.3 The Peltier e�e
tIn a similar way as in the previous se
tion we 
an also 
ompute L12(T = 0). FromEq. (4.16), L12 / hjqji. This is similar to L11 ex
ept that it now depends also onthe heat 
urrent. We 
an, thus, write L12 similar to Eq. (8.11)L(N)12 = (E � �)L(N)11� 2� e2�~Na Im" NXj x2jG(N)+jj (�j � z) + 2V N�1Xj xjG(N)+jj+1 xj+1# : (8.22)As derived in Appendix B, Eq. (8.22) for a (N + 1)-site system 
an be transformedinto an equivalent re
ursive form as followsL(N+1)12 = (E � �)�(N+1) � � e2�~(N + 1)aImf (N+1)+ (8.23)



62 CHAPTER 8. A MICROSCOPIC APPROACHwhere f (N+1)+ = f (N)+ � 2V 2(xN � xN+1)2g+Ng+N+1 � 2V 3g+N+1h(N)+ (8.24)and h(N)+ = V g+2N �(xN�1 � xN )2g+N�1 + V h(N�1)+� : (8.25)The initial 
ondition is f (0)+ = h(0)+ = 0. Knowing L12, we still 
annot dire
tly
ompute S be
ause of its expli
it T dependen
e. From Eqs. (4.8) and (4.9) we seethat it is more 
onvenient to 
ompute � in the limit T ! 0. It is given as�(N+1) = 1jej �(E � �)� �4 Imf (N+1)+s(N+1) � : (8.26)Fig. 8.1 summarizes the numeri
al pro
edure of iteratively 
omputing the 
on-du
tivity, the lo
alization length and the Peltier 
oeÆ
ient.8.3 The dimensionless thermopowerIn this se
tion we review the results in Ref. [95℄ whi
h demonstrated that the dis-tribution of the dimensionless thermopower ~S of a single-
hannel disordered wire inthe lo
alized regime is Lorentzian. Here we derive that ~S is just the tra
e of the realpart of the Green's fun
tion G+(E).The dimensionless thermopower ~S is obtained by rewriting Eq. (5.6) in terms ofthe 
ondu
tan
e g in the limit T ! 0~S = �2�g(E) dg(E)dE ����E=EF ; (8.27)where � is the mean level spa
ing near EF and S is related to ~S asS = �2�33 k2BTjej� ~S : (8.28)Assuming single 
hannel 
ondu
tion, the 
ondu
tan
e 
an be obtained from thetransmission probability T(E) through the Landauer formula [53℄g(E) = 2e2~ T(E) : (8.29)In the 1D disordered wire of length N , T(E) =j G+1N (E)j2. Substituting this aboveand in Eq. (8.27) and using Eq. (8.17), we obtain~S = �2� ddE ln j G+1N (E)j2 = �N�� ddE 1�(E) : (8.30)We keep in mind that � is measured in the limit N !1 and � ! 0.



8.3. THE DIMENSIONLESS THERMOPOWER 63START: given x = xinitial, V , �, Y?
ompute g+of Eq. (8.16)?determine s, b, d, f , husing Eqs. (8.13){(8.15) and Eqs. (8.24){(8.25)?obtain � and �from Eqs. (8.12) and (8.19)?
ompute L12 and �using Eqs. (8.23) and (8.26)?HHHHH����� Y ?= YfinalHHHHH ����� -yes &%'$END� no

6 -x = x+ a

Figure 8.1: S
hemati
 diagram of the re
ursive Green's fun
tion method for obtaining thetransport properties. The variable Y 
an be set to either the disorder W , the number ofsites N or the imaginary part of the energy �.In the limit of weak s
attering the dominant e�e
t of the disorder is simply tointrodu
e a �nite mean free path at energies well inside the band. This implies thaton the average the diagonal element g+m given in (8.16) 
an be approximated byg+m � (E+ � �m + i�0)�1 ; (8.31)where the sum of � and all self-energy 
ontributions in g+m is assumed to be a 
onstant�0. Using this result with (8.18), it follows thatddE ln j G+1N(E)j2 � �2 NXj=1 ReG+jj : (8.32)
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Figure 8.2: The energy dependent 
ondu
tivity as a fun
tion of the imaginary part of theenergy for di�erent disorders. The length of the 1D system is 3� 106 a.Consequently, Eq. (8.30) be
omes~S = ��� Tr �ReG+(E)� : (8.33)From the de�nition of ~S in (8.30), its distribution 
an be shown to be given as[95℄ P ( ~S) = 1� 11 + ~S2 : (8.34)This relation 
onforms with the Lorentzian distribution that has a full-width at halfmaximum � equal to 2. Therefore, the 
orresponding � for S is given as� = 4�33 k2BTe� : (8.35)Similarly, the distribution of � would be given by Eq. (8.34) with a full-width athalf maximum �0 = �T . It is important to note that Eq. (8.35) was derived for anonintera
ting system in the limit T ! 0 and �! 0.8.4 Results and dis
ussionWe 
omputed �(E), � and � for a 1D disordered wire setting E=V = �=V = 1:0. Asshown in Fig. 8.2 for small disorders, � is proportional to 1=� for large �, while � � �for very small �. These have been �rst observed in Ref. [59℄ through the s
aling of
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Figure 8.3: Lo
alization length vs. the imaginary part of the energy for di�erent disorderstrengths. The solid line is taken in the limitW ! 0 and 
orresponds to an e�e
tive phasebreaking length l�.� with respe
t to �. The term ImG+(E) in Eq. (8.9) is proportional to Æ(E �H).Hen
e, the parameter � 
orresponds to a �nite width of the delta fun
tion. Thelimit � ! 0 must be taken only after the limit N ! 0 has already been taken [13℄.The latter limit is needed in order to distinguish between lo
alized and extendedstates and between vanishing and nonvanishing of �. The � � 1=� behavior forlarge � is similar to the Drude theory of metals if 1=� is taken as an average lifetime[13, 14℄ of an ele
tron in an eigenstate. In e�e
t, a nonzero � simulates inelasti
s
attering pro
esses. A �nite � 
an also be thought of as a �nite T . For large �, this
orresponds to a large T where inelasti
 s
attering of 
arriers is due to impurities,latti
e imperfe
tions and phonons. Hen
e, � de
reases as 1=�. But for small �,the e�e
tive phonon 
ontribution be
omes negligible and thus � in
reases with �.This is further supported by � remaining small but �nite for the range of � we havestudied. It only goes to zero as � ! 0.Fig. 8.3 shows that � goes to a �nite value for every value of W 6= 0 as � ! 0.This tells us that the system is lo
alized for d = 1 if disorder is present. AsW ! 0, �in
reases and approa
hes its behavior at theW = 0 limit. We expe
t that �!1 atW = 0 and the system be
omes ballisti
 in the thermodynami
 limit. The behaviorof � in the limitW = 0 
orresponds to an e�e
tive phase breaking length l�. In Fig.8.3 we observe that l� � ��1. This is similar to a theoreti
al predi
tion by Gorkovand Dzyaloshinskii [75℄ that for 1D ballisti
 systems l� � T�1. Furthermore, sin
el� � T�z [42℄, then we obtain a dynami
al exponent z = d = 1. In the ballisti
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Figure 8.4: Lo
alization length vs. disorder strength. The solid line is obtained from Eq.(8.21). The error of � is smaller than the size of the symbols.regime l� should have a linear dependen
e with the phase 
oheren
e relaxation time[75℄. Sin
e the relaxation time is inversely proportional to �, then � � T whi
hagrees with our earlier result for small �.Fig. 8.4 shows how � diverges as W ! 0. In the limit � ! 0 and W ! 0,we �nd that � � W�2 and approa
hes the behavior spe
i�ed by Eq. (8.21). Onthe other hand, � remains �nite as W ! 0 at �nite �. This implies that for �niteT we have a �nite T dependent l�. This suggests that one only needs to 
onsidersegments of length l� in the 1D wire. Beyond l� one 
an use the 
lassi
al resultthat voltages along 
onse
utive segments add for a given 
urrent [42℄. Hen
e, in thethermodynami
 limit, the ma
ros
opi
 
ondu
tivity is determined by Ohm's law for�nite T .The distribution of the Peltier 
oeÆ
ient is illustrated in Fig. 8.5 for two values of�. We observe that for a �xed system length a large � yields a Gaussian distributed�. For a small � the width of the distribution be
omes wider and it is no longer�tted by a Gaussian distribution. The tail of the distribution in Fig. 8.5b also doesnot perfe
tly �t a Lorentzian distribution as argued in Ref. [95℄. Re
all that a Eq.(8.34) des
ribing a Lorentzian distribution was obtained through an approximation.Taking into a

ount the full mi
ros
opi
 s
attering e�e
ts in Eq. (8.26), we obtain asemi-Lorentzian distribution. Nevertheless, we 
an 
on
lude that in the limit T ! 0the Peltier 
oeÆ
ient is not a self-averaging quantity.
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Figure 8.5: Distribution of the Peltier 
oeÆ
ient for (a) � = 0:001 and (b) � = 10�6obtained from 10; 000 di�erent 
on�gurations of disorderW = 2 and length 3�106 a. Thethi
k solid line is a Lorentzian �t of the distribution while the dashed line is that of aGaussian distribution.



Chapter 9Summary and outlookThis dissertation deals with extensive studies on the thermoele
tri
 e�e
ts in theregion near the metal-insulator transition of disordered systems. The tempera-ture dependen
e of the thermoele
tri
 transport properties in three dimensions hasbeen investigated in the Anderson model of lo
alization using a linear responseformulation and a modi�ed approa
h using experimental data. Transport in a one-dimensional disordered wire in the limit at T = 0 is also studied using the re
ursiveGreen's fun
tion method.Relevant experimental results of �, S, K and 
V in amorphous materials aresummarized in Chap. 2. Despite di�eren
es in the 
ondu
tivity exponent, there isa 
onsensus in experiments that the 
ondu
tivity at the MIT is 
ontinuous in theabsolute-zero-temperature limit and this is thought of as being brought about bydisorder. Intera
tions are believed to a�e
t the value of � making di�erent systemsfall into di�erent universality 
lasses. For the 
ase of S, experiments do not agreeon its behavior at the MIT. To 
he
k whether S diverges or not at the MIT is oneof the main 
on
erns in this work.Essential 
on
epts of the Anderson model of lo
alization and the s
aling theoryare reviewed in Chap. 3. The basi
 idea here is that � behaves as t� as t! 0 wheret measures a dimensionless distan
e from the transition. Furthermore, � s
ales withrespe
t to only one parameter on both sides of the transition with a dynami
als
aling exponent z equal to the spatial dimension for nonintera
ting systems. Thefundamental theory of linear response in 
al
ulating the thermoele
tri
 transportproperties and the CTKG formulation are provided in Chap. 4. Here the kineti

oeÆ
ients are shown to be the key ingredients in determining �, S, K, L0, � andZT . This approa
h is only for nonintera
ting systems subje
t to elasti
 s
atteringpro
esses. Nevertheless, the CTKG formulation does not depend on the strengthof disorder in a system and so has far-rea
hing appli
ations. Therefore, the use ofthis method in studying transport properties at the MIT in disordered systems isnot limited to the Anderson model. In general, it applies to systems having � � t�
lose to the MIT. For su
h systems, it is straightforward to 
ompute the transportproperties from the CTKG formulation. But this approa
h also requires a knowledgeof the 
hemi
al potential in a system whi
h usually is not known. Di�erent ways68



69in handling � for the Anderson model are surveyed in Chap. 5. Assuming � � EF,a low-T expansion of the Lij yields a diverging S at the transition, while a high-T expansion gives a 
onstant S in the 
riti
al regime. However, both methodsare questionable when applied at the MIT. The low-T solution uses the Sommerfeldexpansion whi
h assumes that � at the transition must be a slowly varying fun
tion.This is in 
ontradi
tion to the assumed 
riti
al behavior of � in the Anderson model.Using the high T approa
h at the transition e�e
tively assumes that �(T ) = EF isvalid even at high T . Another way in 
omputing S is an exa
t 
al
ulation of theLij at �(T ) = E
. This yields a 
onstant S at the MIT, the magnitude of whi
his determined only by �. The limitations of these methods 
an only be over
omeby a knowledge of �(T ). At the end of Chap. 5 we demonstrate how �(T ) 
an benumeri
ally 
omputed in the 3D Anderson model of lo
alization from the density ofstates.In Chap. 6, we report on the temperature dependen
e of �, S, K, L0 and ZTfor the Anderson model obtained by applying the numeri
ally determined � in theCTKG formulation. We demonstrate that one obtains S ! 0 in the metalli
 regime,while in the insulating regime S does not approa
h zero but in
reases to large valuesas T ! 0. Note that this seemingly diverging S in the insulating regime does notviolate the third law of thermodynami
s sin
e both � and K vanish in this regime.At the MIT, S is a 
onstant of the order of 100 �V/K. The value of S we obtainis the same value predi
ted in Ref. [23℄. But it is two orders of magnitude greater
ompared to experimental results in disordered systems. An interesting observationis that the behavior of S as T ! 0 in the Anderson model for di�erent energy regimesis very similar to that seen in 2D ele
tron gases in high-mobility Si-MOSFET's inwhat appears to be an MIT [25, 27℄. In addition, S at the 
laimed MIT has anorder of magnitude of 10 �V/K [25, 27℄. A similar S behavior has been observednear the MIT for 3D La-substituted BaPb1�xBixO3 but in a T range of �100 K[101℄. We emphasize that the CTKG method and the 
omputation of � used hereis not restri
ted to d = 3. More importantly, if � at the MIT for any system 
an bemodeled by the same 
riti
al behavior as in the 3D Anderson model of lo
alizationand if it has a smooth density of states in the region near the MIT su
h as in Fig.3.1, then S would behave exa
tly as we had illustrated in Chap. 6.Another result a
hieved in Chap. 6 is the s
aling of the T behavior of �, S,K and L0. The s
aling of � yields z < d. This result naturally arises due to theabsen
e of a T dependen
e in the 
riti
al behavior (3.6) of � in the Anderson modelwhi
h had been used as input in the CTKG formulation. Hen
e, we resort to using afun
tional form of �(E; T ) obtained from experimental data in Chap. 7. The s
alingof � obtained in experiments on Si:P [97℄ gave a dynami
al exponent z � d. Fromthis result, we infer the fun
tional form of �(E; T ). Doing the same pro
edure in
al
ulating the thermoele
tri
 transport properties as in the 
ase of the Andersonmodel, we obtain again a non-diverging S at the MIT. Similarly, we obtain goods
aling in the T behavior of �, S and K and L0. Our s
aling result for � providesz � d.We emphasize that the results in the 
ase of the Anderson model are for non-



70 CHAPTER 9. SUMMARY AND OUTLOOKintera
ting systems whi
h are appli
able to disordered systems at low T where thedi�usion 
ontribution to S would dominate. But in the phenomenologi
al approa
husing experimental data, all system dependent features su
h as s
attering pro
essesare impli
itly en
oded in the behavior of �(E; T ). Moreover, simulating 
u
tuationsin this fun
tion at the mobility edge gives rise to sign 
hanges in S. Larger 
hangesin magnitude in L0 are even observed. These 
u
tuations hardly appear in the totalenergy-integrated �. Hen
e, we expe
t these 
u
tuations will hardly be observablein � experiments. We suggest that experimental measurements of the Lorenz num-ber would probably yield better results.The spe
i�
 heat in the Anderson model is found to be linear in T . There is noqualitative distin
tion of the behavior of 
V(T ) from the metalli
, insulating and the
riti
al regimes. This is an e�e
t of the independen
e of 
V from the 
riti
al behaviorof � and the absen
e of latti
e 
ontributions to our method. Consequently, 
V(T )will not 
hange using our phenomenologi
al approa
h to the transport properties.In Chap. 8 we perform a mi
ros
opi
 
al
ulation of the transport properties. Forthis purpose, we use the re
ursive Green's fun
tion method, whi
h does not requirean expli
it assumption of the form of the energy dependen
e of �. Moreover, it isnumeri
ally inexpensive sin
e it does not require a large amount of 
omputer stor-age. The algorithm that had already been developed for � in Refs. [59, 60℄ has beenextended here to in
lude other transport properties. Inelasti
 s
attering pro
esseswere simulated through a �nite width of the imaginary part of the energy appearingin the Green's fun
tion �. It serves as a �nite T or its inverse serves as an averageinelasti
 s
attering time. Our results on the transport properties in a 1D disorderedwire show that � � � for very small � and a phase breaking length l� behaves as ��1.It in turn yields z = d = 1. In addition, we �nd that � diverges as W�2 in the limit� ! 0 and W ! 0. For large �, � remains �nite and this implies a �nite l�. Thenthe motion of ele
trons in the thermodynami
 limit 
an be des
ribed 
lassi
ally.Also for large � we obtain a Gaussian distributed �. The distribution of � be
omessemi-Lorentzian only for � ! 0. It would be quite interesting to be able to obtainthe a
tual T dependen
e of the transport properties. But this would require moreinvestigations on the e�e
ts of various limits on the transport properties and of theirbeing non-self-averaging. These investigations would be useful to disordered quasi-one-dimensional 
ondu
tors and single-walled 
arbon nanotubes. For these systems,the MIT is also disorder-driven [65℄. However, there is no agreement to its exa
tnature. Experiments on quasi-1D polymers show that the MIT is Anderson-typeand � is 
ontinuous at the transition [55, 102℄. Studies [65℄ on the metalli
 side nearthe MIT in polymers and single-walled 
arbon nanotubes suggest that per
olationmodels of an MIT 
an be ex
luded. But aside from disorder-indu
ed lo
alization,inter
hain-intera
tion-indu
ed delo
alization is also important. We have not 
omea
ross experimental results for thermopower or Peltier 
oeÆ
ient on these systemsnear the MIT.Extending the re
ursive Green's fun
tion method in 
al
ulating the thermoele
-



71tri
 transport properties to higher dimensions would also be quite interesting.1 Theone-parameter s
aling theory has ruled out an MIT in d = 2 [1, 46℄. Today thishas been under debate due to 
laims of experimental results of resistivity s
alingin Si-MOSFETs [45, 47, 49℄. As we have mentioned earlier, S in Si-MOSFETs hasthe same behavior as S for a nonintera
ting 3D disordered system near the MIT.Therefore, with the re
ursive Green's fun
tion method one would then be able tomi
ros
opi
ally 
he
k the behavior of S in d = 2.A related a
tive �eld of resear
h is the study of the thermopower in the presen
eof a magneti
 �eld [27℄. This is motivated by the quest to understand the quantizedHall e�e
t in 2D ele
tron gases. In the presen
e of a magneti
 �eld, the thermopoweris a tensor. The di�usion diagonal 
omponent of the thermopower is predi
ted to bequantized similar to that of the Hall resistivity [89℄. However, the thermopower, asobserved in experiments, has a more 
ompli
ated os
illatory nature with respe
t tothe magneti
 �eld and it has been found that phonon-drag is also important [27℄. Itremains un
lear how the di�usion part of thermopower plays a role in these systems.Another interesting area is the problem of lo
alization and transport propertiesin quasi
rystals. Sin
e its dis
overy it has attra
ted attention due to its uniqueproperties. Contrary to ordinary metals, quasi
rystals are 
hara
terized by a low
ondu
tivity that in
reases when temperature or disorder in
reases 
lose to the MIT[82, 83℄. At the insulating side of the quasi
rystal Al-Pd-Re , the 
ondu
tivity hasa power-law temperature behavior, i.e. �(T ) � T �, for a wide range of temper-atures [82℄. This remains unexplained. Amorphous thin �lms of Al-Cu-Fe andAl-Pd-Re when 
rystallized to an i
osahedral phase show a sign 
hange and a largejump in magnitude of the thermopower [30, 32℄. This thermopower behavior in theamorphous-to-quasi
rystalline transition is as
ribed to a 
hange in band stru
turedue to strong intera
tions between the atomi
 stru
ture and the ele
troni
 system[30, 31℄. But the exa
t dependen
e of the transport properties on the �ne tuning ofthe disorder is still being disputed. Hen
e, the pe
uliar nature of quasi
rystals andthe asso
iated MIT is another interesting subje
t open for further investigations.

1The re
ursive Green's fun
tion method had already been used Refs. [61℄ and [62℄ to determine
 in d = 2 and 3.



Appendix AHigh-temperature expansion ofkineti
 
oeÆ
ientsHere we derive the high-T expansion of the Lij in the limit jE
 � �(T )j � kBTfor the Anderson model of lo
alization. We begin by rewriting the Fermi fun
tion(4.13) in terms of E
 su
h thatE � � = (E � E
) + (E
 � �) : (A.1)Equation (4.13) simpli�es to f = 11 + ex+Æ (A.2)where x = E � E
kBT (A.3)and Æ = E
 � �kBT : (A.4)Note that jE
 � �(T )j � kBT implies Æ � 1. Using Taylor's approximationf(x+ Æ) � f(x) + f 0(x) � Æ + f 00(x) � Æ2 + � � � (A.5)and f 0(x) = � ex(1 + ex)2 ; (A.6)in �rst order expansion we obtainf(x + Æ) = 11 + ex+Æ � 11 + ex � Æex(1 + ex)2 : (A.7)Next, we substitute Eq. (A.7) into Lij as given in Eqs. (4.17){(4.19). We againidentify A(E) in these equations with � in the 
riti
al regime. For simpli
ity, we
onsider the 
riti
al behavior of � near the left mobility edge in Fig. 3.1 su
h thatA(E) = a (E � E
)� ; E � E
 (A.8)where a is a 
onstant. This is 
onsistent with Eq. (3.6) if a = �0=jE
j�.72



A.1. L11 73A.1 L11Using Eq. (A.8), Eq. (4.17) be
omesL11 = a Z 1E
 (E � E
)� �� �f�E� dE : (A.9)We 
hange variable E to x using Eq. (A.3) withdx = dEkBT (A.10)and �f�E = �f�x �x�E = �f�x 1kBT : (A.11)Eq. (A.9) redu
es to L11 = a (kBT )� Z 10 x� ���f�x� dx : (A.12)Integrating by parts we getL11 = a (kBT )� �(�x�f) j10 + � Z 10 x��1fdx� : (A.13)In this equation we substitute Eq. (A.7)L11 = a (kBT )� �x� � 11 + ex � Æex(1 + ex)2��10+a (kBT )� � Z 10 x��1 � 11 + ex � Æex(1 + ex)2� dx : (A.14)The �rst term vanishes andL11 = a� (kBT )� �Z 10 x��11 + exdx� Æ Z 10 x��1ex(1 + ex)2dx� : (A.15)Simplifying the se
ond integral term via integration by parts, Eq. (A.15) is thenexpressed asL11 = a� (kBT )� �Z 10 x��11 + exdx� Æ(� � 1) Z 10 x��21 + exdx� : (A.16)Hen
e, we get L11 = a� (kBT )� [I� � Æ(� � 1)I��1℄ (A.17)where I� = Z 10 x��11 + exdx (A.18)belongs to a 
lass of Fermi-Dira
 integrals. Its numeri
al value 
an be 
omputedfrom I1 = ln 2, I� = (1 � 21��)�(�)�(�) for Re(�) > 0; � 6= 1, with �(�) and �(�)the usual gamma and Riemann zeta fun
tions.Substituting a = �0=jE
j� and Eq. (A.4), and assuming �(T ) = E for the Trange 
onsidered, we obtain the high-temperature expansion (5.12) for � = L11.



74 APPENDIX A. HIGH-T EXPANSION OF LIJA.2 L12Substituting Eq. (A.8) in Eq. (4.18) yieldsL12 = �a Z 1E
 (E � E
)� (E � �)�� �f�E� dE : (A.19)This is rewritten using Eq. (A.1)L12 = �a Z 1E
 (E � E
)�+1�� �f�E� dE| {z }(A)� (E
 � �) a Z 1E
 (E � E
)� �� �f�E�| {z }L11 : (A.20)Note that the se
ond term is just Eq. (A.9) with an additional fa
tor E
��. Chang-ing variable E to x using (A.3) in the same way as in L11, we simplify term (A)as (A) := (kBT )�+1 Z 10 x�+1 ���f�x� dxIntegrating by parts and expanding f(x) up to �rst order, (A) be
omes(A) = (kBT )�+1 �(�x�+1f) j10 + (� + 1) Z 10 x�fdx� (A.21)= (� + 1) (kBT )�+1�Z 10 x�1 + exdx� Æ Z 10 x�ex(1 + ex)2dx�= (� + 1) (kBT )�+1�Z 10 x�1 + exdx� Æ� Z 10 x��11 + exdx� : (A.22)The �rst term of Eq. (A.21) vanishes by taking the limits of integration using f(x)of the form (A.7). Thus, term (A) is given as(A) = (� + 1)(kBT )�+1 [I�+1 � Æ�I� ℄ : (A.23)Putting this in (A.20) and using the result (A.17) for L11, we obtainL12 = �a(� + 1)(kBT )�+1 [I�+1 � Æ�I�℄�a�(E
 � �) (kBT )� [I� � Æ(� � 1)I��1℄ : (A.24)Substituting this result for L12 in
luding Eq. (A.4) in Eq. (4.4), the high-T expansionfor S is then expressed as (5.14). Again, it is assumed here that �(T ) = E.



A.3. L22 75A.3 L22Using Eq. (A.8) in Eq. (4.19) yieldsL22 = �a Z 1E
 (E � E
)� (E � �)2�� �f�E� dE : (A.25)Expressing this in terms of E
 using Eq. (A.1), we getL22 = a Z 1E
 (E � E
)�+2�� �f�E� dE| {z }(B)+2 (E
 � �) a Z 1E
 (E � E
)�+1�� �f�E� dE| {z }(A)+(E
 � �)2 a Z 1E
 (E � E
)� �� �f�E� dE| {z }L11 : (A.26)Note that the se
ond and third term are just term (A) and L11, respe
tively. Wealready know term (A) from Eq. (A.23) and L11 from Eq. (A.17). We are left to
onsider only term (B).First, we rewrite term (B) by 
hanging variable E to x using (A.3)(B) := (kBT )�+2 Z 10 x�+2���f�x� dx :Integrating by parts and expanding f(x) in term (B) up to �rst order as in (A.7),we have (B) = (kBT )�+2 �(�x�+2f) j10 + (� + 2) Z 10 x�+1fdx�= (kBT )�+2 (� + 2)�Z 10 x�+11 + exdx� Æ Z 10 x�+1ex(1 + ex)2dx�= (kBT )�+2 (� + 2) [I�+2 � Æ(� + 1)I�+1℄ : (A.27)Substituting this result, in
luding term (A) and L11, in Eq. (A.26), we obtainL22 = a(� + 2) (kBT )�+2 [I�+2 � (� + 1)I�+1Æ℄+2a(� + 1) (kBT )�+1 (E
 � �) [I�+1 � �I�Æ℄+a� (kBT )� (E
 � �)2 [I� � (� � 1)I��1Æ℄ : (A.28)Applying this result, Eqs. (A.17) and (A.24) in (4.5) and assuming �(T ) = EF, Kin the limit of high T is given as (5.15). Using the high-temperature expansion forK and � in (1.5) we also obtain L0 in the high-T limit, (5.16).



Appendix BKineti
 
oeÆ
ients in positionrepresentationWe will derive the expressions for the kineti
 
oeÆ
ients in the position representa-tion. These enable us to 
al
ulate iteratively the Lij in terms of the size of a system.First, we review the Green's fun
tion and the resolvent form of � = L11. Then wederive the resolvent form for L12 and its re
ursion relation. For 
ompleteness, wein
lude the derivation for L22.B.1 The Green's fun
tionThe advan
ed or retarded Green's fun
tion G is de�ned as(z� �H)G� = 1 (B.1)where the 
omplex energy z� is given asz� = E � i� : (B.2)With this de�nition, we obtain the following propertiesz+ + z� = 2E ; (B.3)z+ � z� = 2i� ; (B.4)HG� = z�G� � 1 ; (B.5)H2G� = (z�)2G� � z� �H ; (B.6)and G+(E) = 1(E + i�)�H (E � i�)�H(E � i�)�H = E �H � i�(E �H)2 + �2 : (B.7)The imaginary part of Eq. (B.7) 
an be rewritten asImG+ = ��G+G� = 12i �G+ �G�� : (B.8)76



B.2. L11 77B.2 L11The kineti
 
oeÆ
ient L11 in the limit T ! 0 is just the energy dependent 
ondu
-tivity. It is proportional to the 
urrent-
urrent 
orrelation fun
tion, hjji. In termsof the momentum operator in 1D, we haveL11 = 2e2~�Vm2e Tr �p ImG+p ImG+� : (B.9)Substituting Eq. (B.8), we getL11 = � 2e2~4�Vm2e Tr �p �G+ �G�� p �G+ �G��� (B.10)= � e2~2�Vm2eTr24pG+pG+| {z }A1 + pG�pG�| {z }A2 �2 pG�pG+| {z }A3 35 : (B.11)We are left to evaluate simple terms A1, A2 and A3. Substituting the expression ofthe momentum operator given by (8.10) in terms A1 and A2, we obtainpG�pG� = �m2e~2 (xHG�xHG� �HxG�xHG� � xHG�HxG� +HxG�HxG�)= �m2e~2 (2xHG�xHG� � 2xG�xH2G�) : (B.12)Here we use Eqs. (B.5) and (B.6) and getpG�pG� = �m2e~2 �2x(z�G� � 1)x(z�G� � 1)� 2xG�x �(z�)2G� � z� �H�	= �m2e~2 �2xG�x(H � z�) + 2x2� : (B.13)Similarly, we simplify term A3 by substituting Eq. (8.10). We obtainpG�pG+ = �m2e~2 (xHG� �HxG�)(xHG+ �HxG+)= �m2e~2 (2xHG�xHG+ � xG�xH2G+ � xG+xH2G�) : (B.14)Employing Eqs. (B.5) and (B.6), we havepG�pG+ = �m2e~2 �2x(z�G� � 1)x(z+G+ � 1)�xG�x[(z+)2G+ � z+ �H℄ �xG+x[(z�)2G� � z� �H℄	= �m2e~2 24xG�xG+ [�(z�)2 + 2z�z+ � (z+)2℄| {z }B1 +2x2+xG�x (�2z� + z+ +H)| {z }B2 +xG+x (�2z+ + z� +H)| {z }B3 35 : (B.15)



78 APPENDIX B. KINETIC COEFFICIENTSWith Eqs. (B.3) and (B.4), we haveB1 : = �z�(z� � z+) + z+(z� � z+) = 2i�(z� � z+) = 4�2,B2 : = (�z� + z+) + (H � z�) = 2i� +H � z�,andB3 : = (�z+ + z�) + (H � z+) = �2i� +H � z+.Using these results, A3 be
omespG�pG+ = �m2e~2 �4�2xG�xG+ + 2i�(xG�x� xG+x)+xG�x(H � z�) + xG+x(H � z+) + 2x2� : (B.16)Combining (B.13) and (B.16), we obtainL11 = � e2~2�Vm2e Tr��m2e~2 �2xG+x(H � z+) + 2x2+2xG�x(H � z�) + 2x2 � 8�2xG�xG+ � 4i�(xG�x� xG+x)�2xG�x(H � z�)� 2xG+x(H � z+)� 4x2� o (B.17)Finally, we get the expression for the 
ondu
tivityL11 = � 4e2�~V Tr ��2xG�xG+ + 12i�(xG�x� xG+x)� : (B.18)We 
an rewrite this as in Eq. (8.11), i.e. in terms of the matrix elements of G+, byusing in the �rst term that G� = (G+)� and substituting (B.8) in the se
ond term.The re
ursion relations for L11 given in Eqs. (8.12){(8.16) had been derived in Refs.[59, 60℄.B.3 L12Analogous to L11, L12 is proportional to hjqji where jq = jE � �j is the heat 
urrentoperator. L12 
an be expressed asL12 = 2e2~�Vm2eTr �(pE � �p) ImG+ p ImG+� (B.19)= 2e2~�Vm2eTr hpE ~Gp ~G� � p ~Gp ~Gi : (B.20)where the notation ~G � ImG+ is used for 
larity. Next, substitutingpE = 12(Hp+ pH) ; (B.21)



B.4. RECURSION RELATION OF L12 79we obtain L12 = 2e2~�Vm2eTr �12(Hp+ pH) ~Gp ~G� � p ~Gp ~G�= 2e2~�Vm2eTr hp ~GpH ~G� � p ~Gp ~Gi : (B.22)Here we had used that the Hamiltonian 
ommutes with ~G. Noting that the se
ondterm is given by (B.9) with Eq. (B.8), L12 is expressed asL12 = � e2~2�Vm2e Tr �p �G+ �G�� pH �G+ �G���| {z }C1 ��L11 (B.23)We are left to simplify term C1 using (B.5)C1 : = pG+pHG+ � pG�pHG+ � pG+pHG� + pG�pHG� (B.24)= pG+p(z+G+ � 1)� pG�p(z+G+ � 1)�pG+p(z�G� � 1) + pG�p(z�G� � 1)= pG+pG+z+ � pG�pG+(z+ + z�) + pG�pG�z� : (B.25)Using (B.2) and (B.3), term C1 further simpli�esC1 = pG+pG+(E + i�)� pG�pG+2E + pG�pG�(E � i�)= E �pG+pG+ + pG�pG� � 2pG�pG+�+i� (pG+pG+ � pG�pG�) : (B.26)Combining (B.11) and (B.26), L12 in terms of p is given as:L12 = (E � �)L11 � i� e2~2�Vm2e Tr �pG+pG+ � pG�pG�� : (B.27)In terms of x, L12 is expressed using (B.13) asL12 = (E � �)L11 + i� e2�V~ Tr � xG+x(H � z+)� xG�x(H � z�) � : (B.28)B.4 Re
ursion relation of L12Here we will determine the re
ursion relation of the term (B.28).We let ea
h tra
e term in (B.28) for an (N +1)th system equal a fun
tion ~f , i.e.,Tr �xG(N+1)�x(H � z�)� = N+1Xj hj j xG(N+1)�x(H � z�) j ji = ~f (N+1)� : (B.29)



80 APPENDIX B. KINETIC COEFFICIENTSThen the tra
e term in (B.28) 
an be rewritten as~f (N+1)+ � ~f (N+1)+� = 2iIm ~f (N+1)+ (B.30)Thus, we only need to determine ~f+(N+1). For 
onvenien
e, we drop the advan
e-and retarded-notation (�) of the Green's fun
tion. Going ba
k to (B.29), and usingthe 
losure relation Xk j kihk j= 1 ; (B.31)~f (N+1) is given as~f (N+1) = N+1Xjk hj j xG(N+1)x j kihk j H�z j ji = N+1Xjk xjG(N+1)xk (Hkj � zÆkj) (B.32)where Ækj is the Krone
ker delta.B.4.1 Re
ursion relation of ~fConsidering only nearest neighbor hopping, the summation (B.32) above redu
es to~f (N+1) = NXj=1hj j xG(N+1)x j j + 1ihj + 1 j H j ji+ N+1Xj=1 hj j xG(N+1)x j jihj j H � z j ji+ N+1Xj=2 hj � 1 j xG(N+1)x j jihj j H j j � 1i : (B.33)We 
an 
ombine the �rst and third terms sin
e j is just a summation index. Withhj + 1 j H j ji = V and hj j H j ji = �j we obtain~f (N+1) = N+1Xj x2jG(N+1)jj (�j � z) + 2V NXj xjG(N+1)jj+1 xj+1 : (B.34)Thus, we 
an derive L12 given in (8.22) by using the above result together with(B.30) in (B.28).In the following, we expand ~f (N+1) to extra
t the (N + 1)th term su
h that~f (N+1) = x2N+1gN+1(�N+1 � z) + NXj x2jG(N+1)jj (�j � z)+ 2V xNG(N+1)NN+1xN+1 + 2V N�1Xj xjG(N+1)jj+1 xj+1 : (B.35)



B.4. RECURSION RELATION OF L12 81Here gN+1 � G(N+1)N+1 N+1. The Green's fun
tions obey the following set of re
ursionrelations [48, 60℄: G(N+1)jk = G(N)jk +G(N)jN V gN+1V G(N)Nk ; (B.36)G(N+1)j N+1 = G(N)jN V gN+1 (B.37)and G(N+1)N+1 k = gN+1V G(N)Nk (B.38)assuming j; k � N . Substituting these re
ursion relations in (B.35), ~f (N+1) be
omes~f (N+1) = NXj x2jG(N)jj (�j � z) + 2V N�1Xj xjG(N)jj+1xj+1+ x2N+1gN+1(�N+1 � z) + V 2gN+1 NXj x2jG(N)jN G(N)Nj (�j � z)+ 2V 2xNgNgN+1xN+1 + V 2gN+12V N�1Xj xjG(N)jN G(N)Nj+1xj+1 : (B.39)The sum of the �rst and se
ond terms is ~f (N). Thus, we arrive at a re
ursion formulafor ~f (N+1), i.e.~f (N+1) = ~f (N) + x2N+1gN+1(�N+1 � z) + 2V 2xNgNgN+1xN+1 + V 2gN+1~h(N) ; (B.40)where ~h(N) = NXj x2jG(N)jN G(N)Nj (�j � z) + 2V N�1Xj xjG(N)jN G(N)Nj+1xj+1 : (B.41)The re
ursion formula for ~h(N) is determined by expanding the sums above for theNth term. Using (B.37) and (B.38), we 
an rewrite (B.41) as~h(N) = x2Ng2N(�N � z) + V 2g2N N�1Xj x2jG(N�1)jN�1 G(N�1)N�1j (�j � z)+ V 2g2N2V N�2Xj xjG(N�1)jN�1 G(N�1)N�1j+1xj+1 : (B.42)Finally, we have ~h(N) = x2Ng2N(�N � z) + V 2g2N~h(N�1) : (B.43)Therefore L12 of (B.28) 
an be determined iteratively using the re
ursion relations(B.40) and (B.43). Note that both terms depend on x2. The numeri
al results woulddepend on the 
hoi
e of the origin of x and the in
rease in magnitude of the termswith x2 would be more diÆ
ult to handle.



82 APPENDIX B. KINETIC COEFFICIENTSB.4.2 Translationally invariant form of ~fInstead of using ~f , we use the following translationally invariant fun
tionf (N+1) = N+1Xjk (xj � xk)G(N+1)jk (xk � xj) (Hkj � zÆkj) : (B.44)In this way, the numeri
al 
al
ulation will be independent of the 
hoi
e of origin.Expanding f yieldsf (N+1) = N+1Xjk h2xjG(N+1)jk xk � (x2j + x2k)G(N+1)jk i (Hkj � zÆkj) : (B.45)In the se
ond term, using thatN+1Xk G(N+1)jk (Hkj � zÆkj) = 1 ; (B.46)we �nd that f is related to ~f as follows:f (N+1) = 2 ~f (N+1) � 2 N+1Xj x2j : (B.47)From this point on we shall 
onsider f instead of ~f . Considering only nearestneighbor hopping, (B.44) be
omesf (N+1) = � N+1Xj (xj � xj)2G(N+1)jj (Hjj � z)� NXj (xj � xj+1)2G(N+1)jj+1 Hjj+1� NXj (xj+1 � xj)2G(N+1)j+1j Hj+1j= �2V NXj (xj � xj+1)2G(N+1)jj+1 : (B.48)To get the re
ursion form of (B.48) we expand it to get the Nth term as followsf (N+1) = �2V (xN � xN+1)2G(N+1)NN+1 � 2V N�1Xj (xj � xj+1)2G(N+1)jj+1 : (B.49)Using (B.36) and (B.37), (B.49) be
omesf (N+1) = �2V 2(xN � xN+1)2gNgN+1 � 2V N�1Xj (xj � xj+1)2G(N)jj+1�2V 3gN+1 N�1Xj (xj � xj+1)2G(N)jN G(N)Nj+1 : (B.50)



B.5. L22 83The re
ursion form of f is given by (8.24) whereh(N) = N�1Xj (xj � xj+1)2G(N)jN G(N)Nj+1 : (B.51)To get the re
ursion form of h(N) we expand (B.51) as followsh(N) = (xN�1 � xN )2G(N)N�1NG(N)NN + N�2Xj (xj � xj+1)2G(N)jN G(N)Nj+1 : (B.52)In this result we use (B.37) and (B.38) to geth(N) = V g2N "(xN�1 � xN)2gN�1 + V N�2Xj (xj � xj+1)2G(N�1)jN�1 G(N�1)N�1j+1# : (B.53)Thus, we obtain the re
ursion relation (8.25).B.5 L22The kineti
 
oeÆ
ient L22 is more 
umbersome sin
e it depends on the \produ
t"of heat 
urrents, that is,L22 / hjqjqi = h(jE � �j)(jE � �j)i : (B.54)We rewrite Eq. (B.54) in terms of momentum operatorsL22 = 2e2~�Vm2eTr h(pE � �p) ~G (pE � �p) ~Gi (B.55)= 2e2~�Vm2eTr hpE ~GpE ~G� 2� p ~GpE ~G +�2p ~Gp ~Gi : (B.56)Using Eq. (B.21), we obtainL22 = 2e2~�Vm2eTr �12 �pH ~GpH ~G+ pH2 ~Gp ~G�� 2� p ~GpH ~G+ �2p ~Gp ~Gi : (B.57)Substituting (B.8) for ~G, and remembering (B.10) and (B.22) we getL22 = ��2L11 � 2�L12 � e2~2�Vm2e�Tr24 12 pH �G+ �G�� pH �G+ �G��| {z }C2 +12 pH2 �G+ �G�� p �G+ �G��| {z }C3 35(B.58)



84 APPENDIX B. KINETIC COEFFICIENTSWe use (B.5) in C2 to getC2 : = pHG+pHG+ + pHG�pHG� � 2pHG�pHG+= pG+pG+(z+)2 + pG�pG�(z�)2 � 2pG�pG+z�z+= pG+pG+(E2 + 2i�E � �2) + pG�pG�(E2 � 2i�E � �2)�2(E2 + �2)pG�pG+ : (B.59)Again using (B.5) and (B.6), we have for C3C3 : = pH2G+pG+ � pH2G�pG+ � pH2G+pG� + pH2G�pG�= (E2 + 2i�E � �2)pG+pG+ + (E2 � 2i�E � �2)pG�pG��2(E2 � �2)pG�pG+ + 2i�(p2G� � p2G+) : (B.60)Returning to L22 (B.58) with (B.59) and (B.60), we getL22 = (E2 � �2)L11 � 2�L12 � e2~2�Vm2eTr [ � �2(pG+pG+ + pG�pG�)+i�(p2G� � p2G+) +2i�E(pG+pG+ � pG�pG�)� : (B.61)Next we express L22 in terms of x. We already know pG�pG� from (B.13). All weneed to determine is p2G�.p2G� = mei~ [x;H℄mei~ [x;H℄G�= �m2e~2 (xH �Hx)(xH �Hx)G�= �m2e~2 (2xHxHG� � x2H2G� � xH2xG�) : (B.62)Substituting (B.5) and (B.6) we getp2G� = �m2e~2 �2xHx(z�G� � 1)� x2[(z�)2G� � z� �H℄� xH2xG�	= �m2e~2 �2xHxG�z� � x2G�(z�)2 � x2(H � z�)� xH2xG�	 (B.63)and p2G� � p2G+ = �m2e~2 �2z�xG�x(H � z�)� 2z+xG+x(H � z+)�xG�x[H2 � (z�)2℄ + xG+x[H2 � (z+)2℄ + 2�2x2	 :(B.64)Returning to L22 in Eq. (B.61), we �nally haveL22 = (E2 � �2)L11 � 2�L12 + i�e22�V~ Tr ��xG+x[H2 � (z+)2℄ + i�x2	��xG�x[H2 � (z�)2℄� i�x2	� : (B.65)



B.6. RECURSION RELATION OF L22 85B.6 Re
ursion relation of L22Here we will derive the re
ursion form of Eq. (B.65) for a system of length (N +1)a.The re
ursion expressions of L11 and L12 are already known. What remains to bedetermined is the re
ursion form of the tra
e term in (B.65). We set ea
h tra
e termin L22 equal to a fun
tion ~v(N+1)�~v�(N+1) = Tr [xG(N+1)� x [H2 � (z�)2℄� i�x2℄= N+1Xjkl xj G(N+1)�jk xkHklHlj + N+1Xj x2j [�(z�)2G(N+1)�jj � i�℄ : (B.66)The sum of the tra
e terms in (B.65) is~v+(N+1) � ~v�(N+1) = 2i Im ~v+(N+1) : (B.67)Thus, we only need to 
onsider the imaginary part of ~v. The re
ursion of ~v 
ontainsan x2 term. Computing for ~v depends on the origin of x and the result be
omes avery large number for large x. To handle this eÆ
iently, we use a translationallyinvariant fun
tion instead whi
h is given byv�(N+1) = N+1Xjkl (xj � xk)G(N+1)�jk (xk � xj)HklHlj : (B.68)Simplifying this equation and usingXj Hlj G�jk = z�Glk � Ælk ; (B.69)we �nd that the new fun
tion v is related to ~v as followsv�(N+1) = 2~v�(N+1) + 2 N+1Xk x2k(Hkk + E) : (B.70)Hen
e, we 
an use this translationally invariant fun
tion be
ause its imaginary partis equivalent to that of ~v. The re
ursive form of Eq. (B.65) is given asL(N+1)22 = (E2 � �2)L(N+1)11 � 2�L(N+1)12 � �e22�(N + 1)a~ Im v+(N+1) : (B.71)To get the re
ursion of v, we separate the (N +1)th and Nth term from the sumin (B.68), that is



86 APPENDIX B. KINETIC COEFFICIENTS
v(N+1) = � NXjkl (xj � xk)2G(N+1)jk HklHlj � NXjk (xj � xk)2G(N+1)jk HkN+1HN+1 j� NXkl (xN+1 � xk)2G(N+1)N+1 k HklHl N+1 � NXjl (xj � xN+1)2G(N+1)j N+1 HN+1 lHlj� NXj (xj � xN+1)2G(N+1)j N+1 HN+1N+1HN+1 j� NXk (xN+1 � xk)2G(N+1)N+1 k HkN+1HN+1N+1� NXl (xN+1 � xN+1)2G(N+1)N+1N+1HN+1 lHl N+1 : (B.72)For 
onvenien
e, we dropped the + index in G+. Keeping in mind that we 
onsideronly nearest neighbor hopping then the se
ond term vanishes. Setting xN+1�xN = 1and using (B.36){(B.38), we obtain the re
ursion form of v(N+1),v(N+1) = v(N) + V 2 gN+1 �w(N) � 2gN (�N+1 + �N )� 8V 2 gN gN�1� : (B.73)where w(N) = � NXjkl (xj � xk)2G(N)jN G(N)Nk HklHlj : (B.74)Next we expand w(N) as followsw(N) = � N�1Xjkl (xj � xk)2G(N)jN G(N)Nk HklHlj � N�1Xkl (xN � xk)2 gN G(N)Nk HklHlN� N�1Xjl (xj � xN )2G(N)jN gN HNlHlj � N�1Xj (xj � xN )2G(N)jN gN �N HNj� N�1Xk (xN � xk)2 gN G(N)Nk HkN �N : (B.75)Substituting (B.37) and (B.38) above, we getw(N) = V 2 g2N �w(N�1) � 2gN�1 (�N + �N�1)� 8V 2 gN�1 gN�2� : (B.76)
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ThesenIn der vorliegenden Arbeit wurden die thermoelektris
hen Transporteigens
haftenin ungeordneten Systemen in der N�ahe des Metall-Isolator-�Ubergangs (MIT) unter-su
ht.Unter Verwendung des kritis
hen Verhaltens der Leitf�ahigkeit �
 und der Zu-standsdi
hte des dreidimensionalen Anderson-Modells der Lokalisierung haben wirmit Hilfe der linearen Antworttheorie in der Chester-Thellung-Kubo-Greenwood-Formulierung die folgenden Ergebnisse gefunden:� Die Thermokraft S divergiert am �Ubergang ni
ht, sondern h�angt im kritis
henBerei
h linear von der Temperatur T ab. Dieses Verhalten steht im Gegensatzzu fr�uheren Bere
hnungen in der Literatur, bei denen eine Sommerfeldentwi
k-lung bei niedrigen T bzw. eine Mott-Formel benutzt wurde. Beides ergibtf�als
hli
herweise eine divergierende Thermokraft, weil die Sommerfeldentwi
k-lung am �Ubergang ni
ht konvergiert.� Der Wert von S am �Ubergang ist� 100 �V/K und somit rund eine Gr�o�enord-nung h�oher, als in Experimenten an amorphen Legierungen und ho
hdotiertenHalbleitern gemessen. S und die Lorenzzahl L0 am �Ubergang werden nur vomWert des kritis
hen Exponenten � der Leitf�ahigkeit bestimmt.� Das Produkt aus W�armeleitf�ahigkeit K und T�1 verh�alt si
h in der glei
henWeise wie die Leitf�ahigkeit im kritis
hen Berei
h.� Das 
hemis
he Potential und die mittlere Energiedi
hte haben ein T 2 Ver-halten im metallis
hen, kritis
hen und isolierenden Berei
h. Die spezi�s
heW�armekapazit�at h�angt im gesamten Energieberei
h linear von T ab. Dieskann mit der Sommerfeldtheorie der Metalle erkl�art werden.� Auf der metallis
hen und der isolierenden Seite des �Ubergangs skalieren �, S,K and L0 als Funktion von t=T 1=�z. Hierbei ist t der dimensionslose Abstandzum MIT und z ist der dynamis
he Exponent. F�ur � = 1:3 haben wir eineSkalierung mit z = 1=�, d.h. z = 0:77, gefunden.� Eine der Vorhersagen der Skalentheorie f�ur ni
ht-we
hselwirkende Systeme ist,dass z glei
h der r�aumli
hen Dimension ist. Unsere Ergebnisse zeigen das ni
ht,weil �
 des Anderson-Modells von T als unabh�angig angenommen wurde.95



Bei der Verwendung experimenteller Daten f�ur die temperatur- und energieabh�an-gige Leitf�ahigkeit beoba
hten wir die folgenden Resultate:� Auf der Skala kBT in der N�ahe des MIT ist � glatt und ver�andert si
h nurlangsam. Unsere Resultate stimmen deshalb mit der Mott-Formel f�ur S �uberein.� Mit diesem ph�anomenologis
hen Modell erhalten wir am MIT Werte f�ur S, diemit den Experimenten verglei
hbar sind. In gesamten Energieberei
h ist dasTemperaturverhalten �ahnli
h und S vers
hwindet, wenn T ! 0.� Die Transportgr�o�en �, S, K und L0 skalieren als Funktion von t=T 0:31 mitz � 3.� Der experimentell beoba
htete Vorzei
henwe
hsel von S kann nur dur
h k�unst-li
h eingef�ugte S
hwankungen von �
(E; T ) in den experimentellen Datenna
hvollzogen werden. Dies l�a�t darauf s
hliessen, dass der Vorzei
henwe
hseldur
h physikalis
he Prozesse jenseits der verwendeten, ni
ht-we
hselwirkendenTheorie hervorgerufen wird. S
hwankungen von � f�uhren ni
ht zu einemVorzei
henwe
hsel von S.� Die S
hwankungen von �
(E; T ) produzieren nur kleine �Anderungen in der�uber die Energie integrierten Gesamtleitf�ahigkeit �(T ). Diese w�urden s
hwierigin den Experimenten zu beoba
hten sein. Sie haben aber gro�en Ein
uss aufL0.Unsere mikroskopis
he Untersu
hung in einem eindimensionalen ungeordnetenDraht liefert folgendes:� Die kinetis
hen KoeÆzienten Lij, die f�ur die Bestimmung der thermoelek-tris
hen Transporteigens
haften n�otig sind, k�onnen mit der Gr�o�e des Systemsiterativ bere
hnet werden.� Ein endli
her, im�aginarer Teil der Energie � in der Green-Funktion kann ef-fektiv als ein endli
hes T interpretiert werden. F�ur kleine � ist die e�ektivePhononenstreuung geringf�ugig, wodur
h � mit steigendem � anw�a
hst. F�urh�ohere T gilt � � ��1.� Im Grenzfall W ! 0 �nden wir eine e�ektive Phasenkoh�arenzl�ange l� � ��zund z = 1.� Wir best�atigen, dass die Lokalisierungsl�ange in d = 1 einen endli
hen Werthat, wenn eine Unordnung vorhanden ist. Die Grenzf�alle � ! 0 und W ! 0f�uhren zur Vergr�o�erung der Lokalisierungsl�ange.� Der Peltier-KoeÆzient hat eine Lorentz-�ahnli
he Verteilung.
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ThesesIn this present work we have investigated the thermoele
tri
 transport properties atthe metal-insulator transition of disordered systems.Using the 
riti
al behavior of the d.
. 
ondu
tivity, �
 and the density of states� of the three-dimensional Anderson model of lo
alization in the Chester-Thellung-Kubo-Greenwood (CTKG) formulation of linear response, we �nd that:� The thermopower S does not diverge at the metal-insulator transition (MIT)and is linear in temperature T in the 
riti
al regime. This is in 
ontrast toearlier 
al
ulations in the literature using the Sommerfeld expansion at low T ,or the Mott formula for S, whi
h both yield a divergent S. It is proven herethat the breakdown of 
onvergen
e of the Sommerfeld expansion at the MITyields this wrong behavior.� The value of S at the MIT is � 100 �V/K and is about an order of magnitudelarger than observed in experiments on amorphous alloys and on heavily dopedsemi
ondu
tors. The magnitude of both S and the Lorenz number L0 at theMIT is independent of T and depends only on the value of the 
ondu
tivityexponent �.� The d.
. 
ondu
tivity � and the produ
t of the thermal 
ondu
tivity K withT�1 behave in the same way in the 
riti
al regime.� The 
hemi
al potential � and the average energy density u have a T 2 behaviorin the metalli
, 
riti
al and insulating regimes. On the other hand, the spe
i�
heat 
V is linear in T for all energy regimes. These T dependen
ies resemblethe behavior of the nonintera
ting Sommerfeld free ele
tron theory of metals.� On both metalli
 and insulating sides of the transition, s
aling is a
hievedfor �, S, K and L0 with respe
t to a single parameter t=T 1=�z, where t is thedimensionless distan
e from the 
riti
al point and z is the dynami
al exponent.We obtain z = 1=� that gives z = 0:77 for � = 1:3.� A

ording to s
aling arguments, z is equal to the system's spatial dimensiond for nonintera
ting systems. Our results do not show this be
ause �
 is T -independent.Utilizing an energy- and T -dependent �, i.e. �
(E; T ), instead of the simple �
,as input in our phenomenologi
al approa
h, we obtain the following results:97



� On the s
ale of kBT near the MIT, � is smooth and varies slowly. Thus, ourresults for S agree with those predi
ted by the Mott formula.� The order of magnitude of S is 
omparable with experimental results. In allenergy regimes, S has the same T dependen
e and S ! 0 as T ! 0.� S
aling is obeyed by �, S, K and L0 near the MIT with respe
t to the pa-rameter t=T 0:31. Thus, for � = 1, we observe z � 3 in agreement with s
alingarguments.� We are able to model the sign 
hanges of S as observed in experiments onlythrough variations in the input �
(E; T ) data. This implies that this feature ofS will not be observed in a 
ompletely nonintera
ting model. Large variationsin � do not lead to a sign 
hange in S.� The variations in �
(E; T ) produ
e only small 
hanges in the total 
ondu
tivity� whi
h would be diÆ
ult to observe in experiments. But they have morepronoun
ed e�e
ts in L0.A mi
ros
opi
 study on a one-dimensional disordered wire using the re
ursiveGreen's fun
tion method yields:� The kineti
 
oeÆ
ients, Lij, needed to determine the thermoele
tri
 transportproperties, 
an be iteratively 
omputed in terms of the size of the system.� A �nite imaginary part of the energy variable � in the Green's fun
tion servesas a measure of a �nite temperature or a �nite inelasti
 relaxation time. Forvery small �, the resulting e�e
tive \phonon" 
ontribution be
omes negligibleand � in
reases with �, while � de
reases as ��1 at larger T .� In the limit W ! 0, we �nd an e�e
tive phase breaking length that behavesas ��1. This yields z = 1.� We verify that in d = 1, the lo
alization length � goes to a �nite value wheneverdisorder is present. It is shown to in
rease in the limit � ! 0 and W ! 0.� The distribution of the Peltier 
oeÆ
ient is semi-Lorentzian.
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