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Referat

Diese Dissertation untersucht das Verhalten der elektronischen Transporteigenschaf-
ten bei einem endlichen Temperaturgradienten in ungeordeneten Systemen in der
Nahe des Metall-Isolator-Ubergangs. Eine vollstandige analytische Untersuchung
dieser Fragestellung ist schwierig oder vielleicht unmoglich wegen der notigen Be-
handlung von Unordnung im Modell und der Beschreibung eines Temperaturgradi-
enten. Zum Studium dieses Problems nutzen wir deswegen numerische Verfahren.
Wir ermitteln die Gleichstromleitfahigkeit, die Thermokraft, die Warmeleitfahigkeit,
die Lorenzzahl, die thermoelektrische Giitezahl und die spezifische Warmekapazitat
des dreidimensionalen Anderson-Modells der Lokalisierung mit Hilfe eines phanome-
nologischen Ansatzes. In einer Dimension berechnen wir desweitern die Leitfahigkeit,
die Lokalisierungsldnge und den Peltier-Koeffizienten durch eine neue mikroskopische
Methode, basierend auf einer rekursiven Green-Funktionsformulierung.

In unserem phdnomenologischen Ansatz verwenden wir das kritische Verhalten
der Leitfahigkeit am absoluten Nullpunkt der Temperatur und die Eigenschaften
der Zustandsdichte zur Bestimmung des chemischen Potentials. Ohne eine weitere
Néherung berechnen wir die thermoelektrischen Transporteigenschaften. Wir stellen
fest, dass die Thermokraft am Ubergang nicht divergiert. Unsere Ergebnisse zeigen
weiterhin, dass die Leitfahigkeit, die Thermokraft, die Warmeleitfahigkeit, und die
Lorenzzahl auf der metallischen und der isolierenden Seite mit einer Ein-Parameter-
Skalenkurve beschrieben werden konnen. Bei der Verwendung einer passenden Funk-
tion aus experimentellen Daten der temperatur- und energieabhéangigen Leitfahigkeit
beobachten wir einen Wert des dynamischen Exponenten in Ubereinstimmung mit
der Skalen-Hypothese nicht-wechselwirkender, ungeordneter Systeme. Wir zeigen
zusatzlich, dass die Thermokraft am Ubergang Werte annimmt, die mit den Ex-
perimenten vergleichbar sind. Der beobachtete Vorzeichenwechsel der Thermokraft
kann mit diesem phdnomenologischen Modell im Rahmen der linearen Antwort-
theorie nachvollzogen werden. Obwohl unsere Methoden und Ergebnisse fiir drei-
dimensionale, nicht-wechselwirkende Systeme hergeleitet wurden, konnen sie fiir
Phaseniibergange, dhnlich zum Anderson-Ubergang mit stetiger Zustandsdichte,
angewandt werden.

Ohne Benutzung der energieabhangigen Leitfahigkeit verwenden wir die rekur-
sive Green-Funktionsmethode fiir eine mikroskopische Beschreibung des Transports.
Wir konnen die Transporteigenschaften iterativ mit der Grofle des Systems berech-
nen. Wir simulieren dabei nichtelastische Streu-Effekte oder eine endliche Tempe-
ratur. Unsere Untersuchung in einem eindimensionalen ungeordneten Draht zeigt,
dass der Peltier-Koeffizient eine Lorentz-ahnliche Verteilung hat.

Schlagworte

Metall-Isolator-Ubergang, Anderson-Lokalisierung, thermoelektrische Effekte, unge-
ordnete Systeme, amorphe Materialien, Quantenphaseniibergang, elektronische und
thermische Transporteigenschaften, Leitfahigkeit, dynamische Skalierung, rekursive
Green-Funktionsmethode
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Summary

This dissertation demonstrates the behavior of the electronic transport properties
in the presence of a temperature gradient in disordered systems near the metal-
insulator transition. In particular, we first determine the d.c. conductivity, the
thermopower, the thermal conductivity, the Lorenz number, the figure of merit,
and the specific heat of a three-dimensional Anderson model of localization by a
phenomenological approach. Then we also compute the d.c. conductivity, the lo-
calization length and the Peltier coefficient in one dimension by a new microscopic
approach based on the recursive Green’s functions method. A fully analytic study
is difficult, if not impossible, due to the problem of treating the intrinsic disorder
in the model, as well as, incorporating a temperature gradient in the Hamiltonian.
Therefore, we resort to various numerical methods to investigate the problem.

We incorporate the critical behavior of the zero temperature d.c. conductivity of
the Anderson model and the nature of its density of states through the chemical po-
tential into the Chester-Thellung-Kubo-Greenwood formulation of linear response.
Without any additional approximation, we calculate the thermoelectric transport
properties. We find that the thermopower does not diverge at the transition. Our
results also show that the d.c. conductivity, the thermopower, the thermal con-
ductivity, and the Lorenz number obey scaling near the transition in both metal-
lic and insulating sides of the system. Using a suitable form for the energy- and
temperature-dependent conductivity we observe the value of a dynamical scaling
exponent expected for noninteracting disordered systems. In addition, the values
of the thermopower have the right order of magnitude close to the transition as
compared to the experimental results. A sign change in the thermopower as is often
observed in experiments can also be modeled within the linear response formulation
using a modified conductivity as input into the calculation. Although the method
and results here are obtained for a three-dimensional noninteracting system, they
may also characterize other systems, including those of lower dimensions, which un-
dergo a phase transition similar to that of the Anderson model and have a finite and
smooth density of states at the transition.

In order to microscopically determine the thermoelectric transport properties
without assuming a functional form of the energy-dependent d.c. conductivity, we
use the recursive Green’s function method in the limit of zero temperature. We
illustrate how to iteratively compute transport properties in terms of the size of the
system. In this approach, we are able to simulate inelastic scattering effects or a
finite temperature. Our studies on a one-dimensional disordered wire show that the
distribution of the Peltier coefficient is semi-Lorentzian for localized states.

Keywords

Metal-insulator transition, Anderson localization, thermoelectric effects, disordered
systems, amorphous materials, quantum phase transition, electronic and thermal
transport, conductivity, dynamical scaling, recursive Green’s functions method
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Chapter 1

Introduction

The technological advances today more and more rely on non-crystalline materials.
In the past, for example, electronic devices were based on monocrystal semicon-
ductors. But procuring or producing pure crystalline materials, such as silicon, on
a large scale has been and still is economically difficult. In addition, hardly any
solid material has a perfect crystalline structure upon close inspection. Accord-
ing to Bloch’s theorem, the resistance of a perfect crystal is zero at absolute zero
temperature. Yet the best conductors like Cu have a finite, albeit, small electrical
resistivity. Impurities, vacancies, dislocations and isotope defects exist which distort
an otherwise ideal crystal. When the distortions are enormous as found in amor-
phous materials, the properties of such systems can no longer be described by models
assuming an ideal crystalline structure. This has prompted scientists to study and
treat materials having no long range order as a class distinct from crystalline mate-
rials. Theoretical models appropriate for disordered systems are continually being
developed. One of the most fundamental of these models is that due to Anderson.
He was first to reason that strong disorder in a conducting system, having finite
resistivity, can drive it to become insulating with infinite resistivity as the tem-
perature T approaches zero [2]. This phenomenon is known as the disorder-driven
metal-insulator transition (MIT) [4, 46, 56, 72]|. Electron-electron interactions and
electron-lattice coupling may also induce an MIT [4, 56, 72, 73]. However, in three-
dimensional (3D) amorphous materials the MIT is mainly attributed to disorder [46].
Therefore, being the characteristic of non-crystalline solids, this disorder-driven MIT
has been the subject of numerous studies. The main focus in these investigations is
the study of the d.c. conductivity o or the resistivity (1/0) near the MIT. However,
recent studies have encompassed thermoelectric properties as well. This is of no
surprise since a sound physical knowlegdge of transport and scattering mechanisms
in conductors has been partly achieved through studies involving thermoelectric
transport properties [27]. Renewed interests in the study of thermoelectric effects
have also been brought about by the search for superior thermoelectric materials.
Such materials may provide an alternative, environmental friendly technology for
power generation or refrigeration devices in contrast to compressor-based refriger-
ation technologies using chlorofluorocarbons [63]. Therefore, the study of thermo-
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electric transport properties in disordered systems near the MIT is a rudiment for
more complex treatments motivated by its possible practical applications.

Knowing the motivation upon which this work is based, we begin by reviewing
the definitions of the main transport and thermal properties considered here. Then
we give an outline of this dissertation.

1.1 Definition of the linear transport properties

Thermoelectric effects in a system are due mainly to the presence of a temperature
gradient VT and an electric field E [3]. The relationship of the electric or heat
current with V7' and E is neither in classical nor in quantum mechanics rigorously
proven from the equations of motion of the electrons [107]. But if VT is small and
E is weak, these permit to restrict the calculation of the induced currents to linear
order. In the absence of VT with E # 0, the electric current density (j) flowing at
a point in a conductor is directly proportional to E,

() = oE . (1.1)

By applying a finite gradient V7' in an open circuit, electrons, the thermal con-
ductors, would flow towards the low-T" junction as shown in Fig. 1.1. This causes
a build-up of negative charges at the low-T junction and a depletion of negative
charges at the high-T junction. Consequently, this process sets up an electric field
E which opposes the thermal flow of electrons. For small VT, it is given as

E=SVT. (1.2)

This equation defines the thermoelectric power S, abbreviated commonly as ther-
mopower. In the Sommerfeld free-electron model of metals, S is found to be directly
proportional to —7 [3]. The negative sign is brought about by the charge of thermal
conductors, which in this case are the electrons. Note that S is mainly due to two
distinct effects: (i) the diffusion of the charge carriers and (ii) the net momentum
transfer from phonons to carriers [27]. But at low 7' where the MIT is relevantly
defined, the diffusive part of S dominates that of the phonon-drag contribution
(25, 27]. Normally, the phonon-drag contribution to S dominates, but due to the
disorder in amorphous materials it is not present at low 7" because the phonon sys-
tem is maintained in equilibrium [27, 85]. In studying transport properties near the
MIT, we need to consider only their low T behavior and take the limit as T — 0,
since strictly speaking the MIT is defined only at 7' = 0. Hence, in this work only
the diffusion contribution to S is considered. In a measurement such as in Fig. 1.1,
the thermopower Sap is not a property of the junction but of the bulk materials A
and B, that is, Sag = Sa — Sg. The absolute thermopower of a material can be
obtained by using a superconductor for material B since no thermoelectric voltage
develops in a superconductor (3], i.e., Sg = 0.

If an electric current instead is driven in the circuit in Fig. 1.1 at a uniform 7T,
heat will be released at one of the junctions and absorbed at the other end. This
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Figure 1.1: The Seebeck effect. Across junctions of different materials A and B a temper-
ature gradient VT induces an electric field E in the opposite direction which opposes the
thermal flow of electrons.

phenomenon is known as the Peltier effect [3]. The ratio of the density of the heat
flow (j,) to the electric current density is the Peltier coefficient II, that is,

(g) = () - (1.3)

When (j) = 0, the flow of heat in a system is proportional to VT for small VT.
Fourier’s law gives this as
(q) = K(=VT), (1.4)

where the coefficient K is the thermal conductivity [3]. At low 7', the phonon
contribution to o and K becomes negligible compared to the electronic part [3]. As
T — 0, o approaches a constant and K becomes linear in 7' in metals. One can then
verify the empirical law of Wiedemann and Franz which states that the ratio of K
and o is directly proportional to T [11, 100, 107]. The corresponding proportionality
coefficient is known as the Lorenz number Ly,

e K

Ly= 5—
° ki oT’

(1.5)
where e is the electron charge and kg is the Boltzmann’s constant. For metals, it
takes the universal value 72/3 [3, 11]. Strictly speaking, the law of Wiedemann and
Franz is valid at very low T (< 10K) and at high (room) 7. This is because in
these regions the electrons are scattered elastically. At T" ~ 10 — 100 K deviations
from the law are observed which imply that K /oT depends on T

In summary, Eqgs. (1.1)-(1.5) express the phenomenological description of the
transport properties of linear response.

Another thermoelectric property of interest is the efficiency of a material. It is

found to depend on the sample properties through the dimensionless parameter ZT'
[63], where
S?o
Z =—. 1.6
& (16)
The quantity Z is called the figure of merit in units of inverse temperature, and so
ZT is often referred to as the dimensionless figure of merit. Using Eq. (1.5), Eq.

(1.6) can be rewritten in terms of S and Ly as

e? §?

T = ——.
12 Lo

(1.7)
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In this work we are also able to compute the specific heat ¢y of the Anderson
model. This thermal property at constant electronic density n is defined as [3]

o\ - (g_T) , (18)

where u is the average energy density of the system. If only electronic contributions
are present, cy is linear in T according to the Sommerfeld free electron model of
metals [3]. Above room T the contributions from the ionic degrees of freedom
dominate c,. However, they fall off as T and ¢, decreases linearly with T" at very
low T [3].

1.2 Scope of this work

The objective of this dissertation is to elucidate the T" behavior of the thermoelec-
tric transport properties in disordered systems near the MIT. In this work we use
different numerical procedures based either on a phenomenological approach or on
a microscopic method. They allow us to treat the disorder and the temperature
gradient in the problem that hinders a fully analytic investigation. We consider o,
S, K and Lg in most of this work. In cases where it is more convenient to measure,
we consider II instead of S. Only one of the two is an independent transport prop-
erty as will be illustrated in Chap. 4. In solving for the thermoelectric transport
properties we are also able to calculate other properties of a disordered system such
as the chemical potential u, the specific heat ¢, and the figure of merit Z. Knowing
1, it is straightforward to calculate ¢y, and similarly, knowing the thermoelectric
transport properties, the efficiency Z of a material can be determined.

A short report on relevant experimental measurements on the thermoelectric
transport properties of amorphous alloys and doped semiconductors is given in Chap.
2. We will later check how far our results correspond with experiments mentioned
here. In this way we are able to predict what to expect in cases where experiments
are insufficient or absent. Next, the Anderson model of localization and the conse-
quences on the mechanisms of localization by the one-parameter scaling theory will
be briefly reviewed in Chap. 3. In Chap. 4 the thermoelectric transport properties
are expressed in terms of the kinetic coefficients in the framework of linear response.
The formulation of Kubo and Greenwood for ¢ and the extension of the formulation
by Chester and Thellung will also be discussed. The advantage of this formulation
is its validity regardless of the strength of the scattering provided that only elastic
scattering of noninteracting electrons is considered. Here it will be shown how S, K
and Ly are intimately related to the energy dependence of o.

A survey of the different methods and approximations taken in calculating the
thermoelectric transport properties near the MIT is given in Chap. 5. In the limit
T — 0, the Sommerfeld expansion of S yields a diverging S at the MIT. On the
contrary, exact calculations at the transition and approximations at high 7' near
the MIT show S to be a constant. Then we shall illustrate in Sec. 5.4 the steps
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to calculate the T" dependence of o, S, K, and Ly, which is neither restricted to a
low- or high-T" expansion as in Refs. [10, 86] nor confined to the critical regime as
in Ref. [23]. In Chap. 6 we present results of these calculations obtained for a 3D
noninteracting system. Note that the approach taken is in principle also valid for
lower dimensions. We show that S is a finite constant at the MIT as argued in Refs.
(23, 86]. We clarify that the difference in the theoretical calculations for S stems
from the vanishing of the radius of convergence for the Sommerfeld expansion used
in Refs. [10, 86] at the MIT. In addition, we discuss Z and ¢y of the Anderson model.
Furthermore, we show that o, S, K and L obey scaling. An essential feature of the
results shown here is that, in general, they are applicable to all transitions having a
similar critical behavior of ¢ as in the Anderson model. Thus, in Sec. 6.9 we further
discuss this point including the relevance of our study to the experiments and the
limitations of the method used here.

A semi-phenomenological approach is considered in Chap. 7. It entails obtaining
the energy and temperature dependence of ¢ from empirical data. The experimen-
tal data of o have been chosen since they yield a dynamical scaling behavior in
accordance with scaling arguments, which is not observed in Chap. 6. In Sec. 7.1
we discuss how we use the empirical results as input in the Chester-Thellung-Kubo-
Greenwood (CTKG) formulation of obtaining the transport properties. Then we
demonstrate that the right order of magnitude of S at the MIT, and perhaps even
the experimentally found sign change in S at low 7', can be described within a linear
response formulation using the noninteracting Anderson model of localization. But
in order to do so, we have to use a more suitably chosen energy-dependent o as
input for the linear response formulation. We further show that o, S, K, and L,
still obey scaling. Then in Sec. 7.5 we show that the change in sign of S cannot be
produced simply by varying the density of states p or the chemical potential u(T).
Rather, a small variation in the energy and temperature dependence of o at the
MIT can effectively bring about the sign change of S. This suggests a qualitative
change in the scattering mechanism near the MIT.

In Chap. 8 we shift from a macroscopic to a microscopic approach. We will
show how to microscopically calculate the transport properties using the Green’s
function recursive method in the 7" = 0 limit. The iterative equations for o, the
localization length A, and II will be presented. Here we will show how inelastic
scattering processes can be simulated. Numerical results for a 1D disordered wire,
an insulator, yield that the distribution over a large number of configurations of
the Peltier coefficient is Lorentzian. This shows that the Peltier coefficient in one
dimension is not a self-averaging quantity. Last, we give in Chap. 9 a summary
of the dissertation and an outlook of thermoelectric transport in other related and
analogous systems.



Chapter 2

Experimental results
from disordered systems

Experimental evidence on the thermoelectric transport properties near the MIT in
disordered systems is mainly obtained from two different classes of materials: heav-
ily doped semiconductors and amorphous alloys. The random distribution of dopant
atoms in the crystalline host brings about the disorder in heavily doped semicon-
ductors [37]. The variation of the dopant concentration N, or the application of
uniaxial stress on the system at constant N, changes the system’s disorder strength.
On the other hand, amorphous alloys, take for instance Ge;_,Au,, can be visualized
as Au atoms suspended in a random Ge network [43]. In this case the strength of
the disorder is varied by the atomic concentrations in the alloy. In both cases, by
effectively varying the strength of the disorder, the system can be tuned across the
MIT. Thereby a ’critical’ magnitude of the tuning parameter exists at which the
MIT occurs, such as, the critical dopant concentration /N, in doped semiconductors.

2.1 On the d.c. conductivity

The task in o experiments near the MIT is to determine how ¢ behaves with respect
to the external tuning parameter as it approaches its critical value. One hopes to
observe that for a disorder-driven MIT o ~ t” where ¢t is the dimensionless distance
from the MIT, for example, t = (N, — N;)/N.. The conductivity exponent v is
expected to be universal. This is a prediction of the one-parameter scaling theory at
the MIT which will be discussed in more detail in Chap. 3. The important point to
note here is that this behavior has been indeed observed. However, different values
of v have been obtained. In uncompensated semiconductors [37, 78] and in some
amorphous metals [43, 108] v & 0.5 is observed, while v & 1.0 is observed in other
amorphous metals [54] and in compensated semiconductors [37]. The latter is called
‘compensated” when both donors and acceptors are present such as in Si:(P,B).
But recent measurements in uncompensated Si:P [97] and Si:B [6] yield v = 1.0
and v = 1.6, respectively. It is currently believed that these different exponents
are caused by interactions in the system [4]. Indeed, an MIT may be induced not

6
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only by disorder but also by interactions such as electron-electron and electron-
phonon interactions, among others [73]. Indications of electron-electron interactions
have been found, e.g., in o (or the resistivity = 1/0) of doped semiconductors
in both metallic [84] and insulating regimes [58]. Nevertheless, the experimental
confirmation of the critical power-law behavior of ¢ allows the use of the Anderson
model as an approximate description of the transition between the metallic and the
insulating states in disordered systems.

Analogously, the temperature dependence of ¢ is expected to behave as T/**
where z is the dynamical exponent. Scaling arguments [4, 56, 98] for noninteracting
systems predict that z is equal to the dimension d. Good agreement with recent
measurements in Si:P has been obtained. The experiments yield o scaling with
v~ 1and z ~ 3 [97]. Therefore, the neglect of interactions in the Anderson model
is approximately valid in the experimental situation in 3D disordered systems [76].
Related scaling behavior of o observed in Si:P on the metallic side of the MIT yields
v =13 and z = 2.4 [91, 92]. Conductivity data for Si:B under uniaxial stress were
also observed to obey dynamical scaling with v = 1.6 and z = 2 [6].

Experiments on amorphous alloys and doped semiconductors mentioned above
show that the transition from a metallic to an insulating state is continuous. In the
1970’s amorphous semiconductors, for example CdySnOy4, gave the impression of o
having a non-zero value in the metallic regime at 7" = 0 [73]. The experimental re-
sults support that the MIT is discontinuous and in the metallic regime ¢ jumps to a
finite value. This minimum value is known as Mott’s minimum metallic conductivity
and denoted as opmin. The evidence seems to suggest that o, > 300 Q tem . But
these results are extrapolations to zero temperature and the actual conductivity mea-
surements are performed at relatively high temperatures. Recently, o, is observed
in amorphous Si;_,Ni, and its estimated value lies in the range of 20 — 70 Q~'cm™!
measured up to 7' = 0.2 K [70]. It is still unclear why in most other materials there
is no discontinuity in o at the MIT.

2.2 On the thermopower at the MIT

Near the MIT contradictory behavior of S has been observed in different amorphous
materials. As the MIT is approached and as very low T (i.e., 1.2 K) is reached, S
appears to diverge in amorphous Nb-Si [85]. In contrast, S — 0 in amorphous
materials, namely, Ge;_,Au, (lowest T = 1.2 K) [43], Au,Sbigo_, (lowest T =5
K) [54], and Cu,Sbigo—,-films (lowest 7' = 5 K) [41]. All these measurements have
been taken in such a way that the MIT has been approached from the metallic side.
In these amorphous materials, S — 0 as 7" — 0 in the metallic regime. In the
insulating regime, measurements on the last two amorphous materials yield that S
behaves similar to the metallic case. For the uncompensated Si:P, in the metallic
regime and very close to the MIT, S — 0 down to 7' = 40 mK [52]. But on the
insulating side S increases to very large values as 7' — 0. The seemingly divergent
behavior of S in the insulating regime has not been observed in the compensated
Si:(P,B). For the latter case, S(T — 0) goes to zero [58].
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The magnitude of S is of the order of 0.1-10 'V /K in all of the results cited
above except for the diverging cases. In amorphous materials S is mainly positive,
while in the heavily doped semiconductors S is mainly negative. The qualifying
term ’mainly’ is added because as T is decreased S changes sign in the amorphous
alloys, in uncompensated Si:P and in the metallic Si:(P,B). S continuously increases
from negative to positive values or vice versa at low 7. It reaches a maximum
(minimum) value and decreases (increases) to zero. This change in sign corresponds
to a change of thermal conductors from electrons to holes or conversely and has
been attributed to electron-phonon interaction in amorphous alloys [54, 85]. On
the other hand in heavily doped semiconductors the sign change is believed to be
caused by electron-electron interactions (in uncompensated Si:P in the insulating
regime) [58] or attributed to the existence of local magnetic moments and their
interactions with electrons [52, 57, 106]. This conclusion is based on the suppression
of the anomalous behavior by a magnetic field [52, 57, 106]. We remark that the sign
change in S is also observed in metals, high-7T, materials and quasicrystals [5, 32, 74].
Analytical treatments of metals as a degenerate free-electron gas taking into account
inelastic scattering with phonons [15, 16, 17|, as well as numerical considerations
incorporating electronic correlations in superconductors [36] have also been shown
to generate a sign change in S. But in these systems the sign change occurs at a T
value which is 2 orders of magnitude higher than in disordered systems.

Other interesting experimental results near the MIT come from 2D electron gases
in high mobility Si-MOSFETSs [25, 26, 27]. S varies smoothly through the MIT. In
the metallic regime S approaches zero as ~ —T', while in the insulating regime S
reaches a minimum at some 7' and rises to large values as 7' — 0. Near the MIT,
the magnitude of S ranges from 0.1 - 100 xV/K and remains negative.

2.3 On the thermal conductivity
and the specific heat

The thermal conductivity of the insulating Si:P samples exhibited a 72 behavior
for T < 10 K [57]. The same T dependence of K has also been observed in the
compensated Si:(P,B) [105]. Other noncrystalline materials, namely, the vitreous
SiO,, Se, silica- and germania-based glasses are also observed to have a K o T2
below 1 K [103]. The magnitude of K was observed to be 3 or 4 orders smaller
than that of crystals. Moreover, ¢, is two orders of magnitude larger than the
corresponding crystalline ¢y. In these noncrystalline materials ¢y is found to be
quasilinearly dependent on 7. At T < 1 K, ¢y is observed to vary as AT + BT3
where A and B are constants. This behavior is said to be a characteristic of the
glassy state. In Si:P the electronic part of ¢y [72, 77] has been found to be linear in
T at the order of 1 K near the MIT. An increase in ¢y is observed at the order of
0.1 K and lower. This was attributed to localized moments. However, this has not
been fully explained. The linear behavior and the upturn at very low 7" has been
observed on both sides of the transition.



Chapter 3

Concepts of localization

3.1 The Anderson transition

The Anderson-type MIT has been the subject of investigation for decades since
Anderson formulated the problem in 1958 [2]. He proposed that increasing the
strength of a random potential in a 3D lattice may cause an “absence of diffusion”
for the electrons. What is now known as the Anderson model of localization is
described by a tight-binding Hamiltonian of the form [46]

HZZ@IZ’WHZVEJWJI, (3.1)

i#]

where ¢; is the potential energy at the site ¢ of a regular cubic lattice and is assumed
to be randomly distributed in the range [-W/2,W/2]. Therefore the width W
measures the strength of the disorder. The hopping parameters V;; are usually
restricted to nearest neighbors. In this Hamiltonian (3.1) only the electronic degrees
of freedom of a disordered system are included and further excitations such as lattice
vibrations are not considered. In the absence of a magnetic field, for a macroscopic
system having strong enough disorder, the one-particle wavefunction (r) becomes
exponentially localized,

W(r) ~ e /A (3.2)

for large r at temperature 7' = 0 and the d.c. conductivity o vanishes [46]. Here r is
the distance from the localization center and A is known as the localization length
because it measures the spatial extent of the localized ¢(r). Extended states are
characterized by A — oco. Anderson argued that for a range of W there exist energy
E regions for which the eigenstates of (3.1) are localized and there are regions for
which they are extended. Mott was the first to propose the concept of a mobility edge
E. which separates the extended from localized states [71]. This can be illustrated
in Fig. 3.1 which shows the Anderson model’s smooth density of states p(E). This
quantity has been obtained by diagonalizing the Hamiltonian (3.1) with the Lanczos
method as in Refs. [22, 66, 67]. As can be seen in Fig. 3.1, there are no singularities
in p(E) since singularities are typical of systems having long-range order [46]. The

9
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0.08 |

| localized
states

ex}ended stétes

\ localized
states

Figure 3.1: The density of states of a 3D Anderson model, averaged over many disorder
realizations with W = 12. The solid vertical lines at —FE. and E. denote the mobility
edges. The dashed lines for o.(E) are given in arbitrary units.

states in the band tails with energy |E| > E. are localized within finite regions of
space in the system at 7' = 0 [46, 71]. When the Fermi energy Ef is within these tails
at T = 0 the system is insulating. Otherwise, if |Ep| < E. the system is metallic.
Thus, E. is the critical energy of the transition from metallic to an insulating state.
At the critical disorder W, = 16.5, the mobility edge occurs at E. = 0, all states with
|E| > 0 are localized [7, 29]. States with E = 0 are multifractal [29, 67], that is, they
show self similarity on all length scales. Their wavefunction amplitudes form very
irregular patterns which are not similar to exponentially localized or homogeneously
extended states.

Although the Anderson model is described by the simplest of independent elec-
tron Hamiltonians, analytical derivations of its critical properties on both the lo-
calized and extended side of the transition remain difficult. Solving directly the
Schrédinger equation for a Hamiltonian given by (3.1) is extremely difficult due to
the randomness of its potential energy. Only in the case of one dimension are all
states rigorously shown to be localized even for weak disorder [53]. Thus, theoretical
proof in higher dimensions mostly comes from numerical computations.

3.2 Consequences of the one-parameter
scaling theory

The principle of the one-parameter scaling theory is that close to the MIT there is
only one relevant scaling parameter that is sufficient to describe electronic transport
on the metallic side, as well as, on the insulating side [1]. The essence of this
theory can be understood by considering the logarithmic derivative 8 of the zero-
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B

metallic M'I/ q=2

/(/

insulating Ing

Figure 3.2: The § function for systems of different dimensionality [1].

temperature conductance g, which is defined as

_dlng
~dlnL
for a d-dimensional hypercube of size L. The basic assumption is that 5 depends

only on g and not on L, energy, or disorder. The asymptotic behavior of g and ( is
as follows: in the high-conducting Ohmic limit

B (3.3)

g — 00 g(L) ~ L Blg) »d—2, (3.4)
while in the insulating regime

g—0 g(L) ~ exp(—2L/)) B(g) > Ing . (3.5)

Assuming that £ is a smooth monotonically increasing function, one obtains similar
curves for d = 1,2 and 3. This is illustrated in Fig. 3.2. For § > 0, g increases
with increasing L indicating metallic behavior, while for § < 0, g decreases with
increasing L indicating insulating behavior. Since on the d = 1 curve § is always
negative, one ends with all localized states in the thermodynamic limit. At T = 0,
a noninteracting system is always insulating for d = 1. This is also the case for
d = 2. But A\ may be very large in d = 2. One needs to go to very large system
sizes before the localization will set in. Only for d = 3 does a fixed point § = 0
exist. This corresponds to the MIT. The conductance is then independent of the
system size. Hence, a significant consequence of the one-parameter scaling theory
is that for d < 3 there is no MIT in the thermodynamic limit at 77 = 0 and in
zero magnetic field. Except for the 1D case, these results still have to be rigorously
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proven. But they are believed to hold on the basis of considerable evidence in their
support. Current interest in the marginal case d = 2 arose after an MIT in a 2D
electron gas of high mobility Si-MOSFETs was observed at T' < 2 K [45]. Today it
is a continuing subject of debate whether the metallic regime in these 2D systems
is simply a finite temperature effect.

According to Wegner, the MIT must be continuous for the one-parameter scaling
theory to hold [98]. Today, it is widely accepted that for dimension d = 3 near an
exclusively-disorder-induced MIT the critical behavior of o is given by

v
£

(3.6)
0, |E| > E.,

where oy is a constant and v is the correlation length exponent which in 3D is
equal to the conductivity exponent [46]. Numerical studies based on the Anderson
Hamiltonian of localization have supported this scenario with much evidence [7, 8,
29, 39, 40, 46, 87, 88]. The value of v has been computed from the non-linear sigma-
model [19, 99], transfer-matrix methods [8, 46, 87, 88], Green’s functions methods
[46], and energy-level statistics [38, 39, 40, 104]. Most recent numerical results
8, 46, 87, 88], computed with higher accuracy, suggest that v = 1.57 + 0.03.

Wegner [19, 99] was the first to show that for disordered noninteracting electron
systems o can be written close to the MIT in a scaling form as

o(t,Q) = b* 1F (b7, b°Q) . (3.7)

Here F is a system-dependent function of the dimensionless distance ¢ from the
critical point, €2 is an external parameter such as the frequency or the temperature,
b is a scaling parameter and z is the dynamical exponent. For the noninteracting
case, z = d [4, 56, 98].

Near the Anderson transition, as illustrated by Eq. (3.6), t = 1 — E/E.. As
t — 0, 0 ~ t¥. Consequently, suppose that b=1¢"". For d =3 and Q =T, Eq. (3.7)

simplifies to
o(t,T) T
=F|—]. 3.8
=7 () (3.5)

As will be shown later, in the 3D Anderson model o also has a power law behavior
with respect to 7. Suppose then that b = T/, In this case another scaling form
for o close to the MIT is obtained [1, 4, 56, 98] from Eq. (3.7), that is,

a;fl,g) _r (#) _ (3.9)

If the one-parameter scaling theory is true, these laws (3.8) and (3.9) should be
experimentally observable.
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3.3 Mott’s minimum metallic conductivity

A different scenario for a disorder-driven MIT has been proposed by Mott, who
argued that the transition from the metallic state to the insulating state is discon-
tinuous [71]. According to this scenario, o drops from a finite value o, to zero [71]
for T'= 0 at the MIT. Mott estimated the minimum metallic conductivity to be

1 2
Omin &~ 5% (310)

where y is some microscopic length of the system such as the inverse of the Fermi
wave number, y & kl;l. The existence of on;, yields a discontinuous jump in the
B-function for d = 3 in Fig. 3.2 and thus it appears unconvincing. The application
of renormalization group theory by Wegner [98] on this problem shows that o, is
possible in d = 2 and not in d = 3.



Chapter 4

Linear thermoelectric effects

4.1 The equations of linear response

The linear response theory, a powerful general method, postulates that the reaction
of a many-body system linearly depends on the applied “force” [64]. Thus, a more
compact and general way of looking at these thermoelectric “forces” and effects is
as follows: the responses of a system to E and VT up to linear order [9] are

() = lel " (le|LnE - Li,T'VT) (4.1)

and
(Gg) = €7 (le|LnE — LyyT™'VT) . (4.2)

The kinetic coefficients L;; are the keys to calculating the transport properties the-
oretically. In general, the L;; are tensors. For the isotropic case considered here L;;
are scalar quantities. Using Ohm’s law (1.1) in Eq. (4.1), we obtain

g = L11 . (43)

Also from Eq. (4.1), S, measured under the condition of zero electric current, is
given as

Ly,
= . 4.4
‘€|TL11 ( )
Having the same condition, Eq. (4.2) yields
Lo L1y — Loy Lyo
K = . 4.5
62TL11 ( )
It follows from Eq. (1.5) that Ly is expressed as
LosLyy — Loy L
L, = L2iu 21L12 (4.6)

(kBT'LH)2

Therefore, the transport properties can be determined immediately once the coef-
ficients L;; are known. In the absence of a magnetic field, as considered in this

14
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work, the Onsager relation Ly; = Ly5 holds [9]. Taking this into consideration and
substituting Eqgs. (4.4) and (4.6) in Eq. (1.7), the efficiency in terms of the L;; is

given as

LpLi .\

ZT:( 72 —1) . (4.7)
12

Furthermore, at a constant T, the use of Eqs. (4.1) and (4.2) in Eq. (1.3) would
yield the Peltier coefficient

IT = . 4.8
e[ L1y 49
Comparison between Eqs. (4.4) and (4.8) shows,
I1
S == 4.9
T ) ( )

that there is only one independent transport property: either S or II. One can then
decide whichever is more convenient to measure in a particular situation.

Eliminating the kinetic coefficients in Eqgs. (4.1) and (4.2) in favor of the transport
properties, we obtain

(j) = oE — oSVT (4.10)
and )
bol _ g5 - KXY (4.11)

Here, (j,)/T is simply the entropy current density [9]. Hence, the thermopower
is just the entropy transported per Coulomb by the flow of thermal conductors.
According to the third law of thermodynamics, the entropy of a system and, thus,
also (j,)/T will go to zero as T — 0. Whether this is satisfied in the Anderson
model or not can be checked using Eqgs. (4.10) and (4.11).

4.2 The Kubo-Greenwood formula

Kubo [50] and Greenwood [28] independently derived the expression for the d.c.
conductivity of a system. To illustrate the context upon which the formula for o
is based, we follow the example given in Ref. [73]. Consider an electron gas in an
external electric field F cos(wt), where F' is the electric force, w is the frequency
and t is the time. The current at T is given by Eq. (1.1). According to Kubo and
Greenwood, the d.c. conductivity obtained by taking the limit w — 0 is given by

o(T) = /U(E) (‘%) i, (4.12)

where f = f(E, u,T) is the Fermi function,

1
" 1+ exp([E — u(T)]/ksT)

fE, 1 T) (4.13)
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and pu(T) is the chemical potential. The energy dependent conductivity o(E) is
defined as

[ Delalp(E)]?, (4.14)

where £ is the Planck’s constant divided by 27, V is the atomic volume, m, the
electron mass, p(F) is the density of states, and Dp is the matrix element,

0
Dg = /;pl*,%wld%. (4.15)

Here v, 1y are wave functions of energy E and the subscript “av” indicates that
an average is taken over all states [ and !’ having this energy.

The conventional Boltzmann equation for o can be obtained from Eq. (4.14) by
assuming that the mean free path, the average distance an electron travels between
collisions, is large. In non-crystalline materials where the mean free path is propor-
tional to or less than the distance between atoms, the Boltzmann approximation is
an inadequate description [107].

Aside from o, Kubo together with Yokota and Nakajima first derived rigorous
expressions for L;; [51] for systems in thermal equilibrium. It is sufficient to men-
tion here that they were able to show that the L;; are current-current correlation
functions, namely,

Lz’j (&8 <j1j2> (iaj =1, 2) (4-16)
where j; = j and j» = j,. The interested reader is referred to Ref. [64] for details.

4.3 The Chester-Thellung-Kubo-Greenwood
formulation

The general expressions of ¢, which have been derived by Kubo and Greenwood,
and of the linear response coefficients L;;, derived by Kubo and his colleagues,
were simplified by Chester and Thellung [11]. They assumed that the electrons
are scattered elastically by static impurities or by lattice vibrations and that they
move independently of each other. In what is now called the CTKG formulation
[11, 28, 50, 51], the kinetic coefficients are expressed as

Ly = /_oo A(E) [—W} dE, (4.17)
Ly = — /_Z A(E)[E — u(T)] [—%} dE, (4.18)
" Loy = /_Z A(E) [E — w(T))? [—W] dE, (4.19)

where A(FE) contains all the system-dependent features. Thus, a nice feature of this
formulation is that all microscopic details of the system such as the dependence
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on the strength of the disorder enter only in A(E). This function A(E) can be
calculated in the context of the relaxation-time approximation [3]. However, an
exact evaluation of L;; in this way is difficult, if not impossible, since it relies on the
exact knowledge of the energy and T dependence of the relaxation time. In most
instances, these are not known.



Chapter 5

Application to the Anderson
model of localization

In order to incorporate the Anderson model and the MIT in the CTKG formulation,
a different approach is taken: o is simply L;; as given in Eq. (4.3). Thus, to take
into account the MIT in this formulation, A(E) is identified with o(E) given in Eq.
(3.6) [10, 23, 86]. The L;; in Eqgs. (4.17)—(4.19) can now be easily evaluated close
to the MIT without any approximation, once the 7' dependence of the chemical
potential y is known. Unfortunately, this is not known for the experimental systems
under consideration [37, 52, 54, 85, 91, 93, 108], nor for the 3D Anderson model.
Thus one has to resort to approximate estimations of i or to numerical calculations,
as we shall do in the following sections.

5.1 Sommerfeld expansion in the metallic regime

The chemical potential u(T') of a system measures the change in its internal energy
due to an increase or decrease in the number of its chemical constituents. At T =0, u
= Ep. If u(T) is unknown, then one can use in Eqgs. (4.17)—(4.19) that the derivative
of the Fermi function —df/0F is appreciable only in an energy range of the order of
kgT near p ~ Ep in metals. The lowest non-zero T' corrections for the L;; are then
accessible by the Sommerfeld expansion [3], provided that the derivative of A(E) is
nonsingular and slowly varying in this region. The Sommerfeld expansion is used
for integrals of the form [ deH(e)f(¢) where H(e) is nonsingular and not rapidly
varying in a region of order kg7 near € = yu. The integral is expanded as follows

d2] 1

/_OO dsH(s)f(e):/ deH (e +Z (kgT)¥¢; e H ()

o0 —

(5.1)

e=p
where c¢; are dimensionless numbers [3]. Hence, in the limit T — 0 such that
kT < |E. — Ew| [86], the transport properties are
d*A(E)
dE?

2

6 (ksT)?

, (5.2)
E=Ep

18
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_ r%AT  dA(E)
= 3A(FR) dF |pp, >3
k3T 72(ksT)? [dA(E)]”
k=30 {A(EF)_ 3A(Er) [ dE L:EF} (5.4)

and consequently

o 72(ksT)? [dA(E)]’
L"‘?{l_sm%)}z[ aF ]} >

In the derivations of S, K, and Ly, the term of order 72 in Eq. (5.2) has been ignored

as is customary. The terms of order T2 in Eqgs. (5.4) and (5.5) are usually dropped,

too. In this case in the metallic regime, Ly reduces to the universal value 7%/3 [3].
Setting A(E) = o(E) in Eq. (5.3), we arrive at the Mott formula [12]

w2 kiT do(E)

S=-
3lelo(Er) dE

(5.6)

E=Ep

The above approach was adopted in Refs. [10] and [86] to study thermoelectric
transport properties in the metallic regime close to the MIT in the Anderson model.
From Eq. (5.6), the authors deduce

vl kE T

S=——77——7~.
3lel(Er — E)

(5.7)

Therefore, in the metallic regime, S is linearly dependent on T' [3]. At Er = E, S
diverges. However, setting A(E) = o.(F) at the MIT [10] in Eq. (3.6) is in contra-
diction to the basic assumption of the Sommerfeld expansion, since its derivative is
not smoothly varying at Er = E..

5.2 Exact calculation at u(7T) = E,

A different approach taken by Enderby and Barnes is to fix u = —FE. at finite T
and later take the limit 77 — 0 [23]. Thus, again without knowing the explicit T
dependence of p, the coefficients L;; can be evaluated at the MIT. For the transport

properties they obtain
_ o.v(ksT)"1,

5.8
BP >
kBI/+1L,+1
S=-= 5.9
PR (5.9)
okp (ksT)"*! +1)%12
_ Zokn(ksT)"" (y+2)1y+2——(” Sy : (5.10)

e |E.|” v,
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and : 22
(v +2)1yss v+ 1)1,
L= oL (5.11)

Here I; = In2 and I, = (1 — 2'"")T'(v)((v) for Re(v) > 0, v # 1, where T'(v)
and ((v) are the usual gamma and Riemann zeta functions. Hence, at the MIT, S
does not diverge nor go to zero but remains a universal constant. Its value depends
only on the conductivity exponent v. This is in contrast to the result (5.7) of the
Sommerfeld expansion which yields a diverging S at Frp = E.. In addition, we find
that 0 oc 7% and K o< T"*! as T — 0. Thus o and K/T approach zero in the
same way. This signifies that the Wiedemann and Franz law is also valid at the
MIT recovering an earlier result in Ref. [90] obtained via diagrammatic methods.
However, at the MIT, Ly does not approach 72/3 but again depends on v.

We emphasize that Eqs. (5.8)—(5.11) are exact at any T value such that u(7T") —
E. = 0]23]. Of course, this assumes that A(E) takes the critical behavior of o given
in Eq. (3.6). Therefore, the expressions in Egs. (5.8)—(5.11) are valid only at 7' =0
since the power law behavior of o, holds only in the limit 7" — 0.

5.3 High-temperature expansion

In this section the lowest-order corrections to the results obtained for u(7T') = E, are
considered. This is done by expanding the Fermi function (4.13) for high T, that
is, for |E. — u(T)| < kgT. In addition, u(T) ~ Er is assumed for the temperature
range considered. This procedure gives

B o.v(kgT)?

v (5.12)
|E|

R

kgT

Cutler and Mott [12] predicted for the first time that at |E, — Ep| < kgT

ks E. — Eg
S = el <A+ T > (5.13)

and hence at the MIT this gives a constant S [73, 86]. This result implies that S
will vary smoothly across the critical regime. Expanding f(F, u,T) and considering
only its first order correction in Eq. (4.18), together with Eq. (5.12), we obtain

S = (5.14)

kB v+1 L,+1 —I/L,(Ec —EF)/kBT EC—EF
‘6| 14 I,, — (l/ — 1)],,_1(EC — EF)/kBT kBT

Taking only the lowest order correction in (5.14), we get back Eq. (5.13). Moreover,
for E. = Ep, the constant —kgA/|e| is just given by Eq. (5.9).

For K and Lo, we again have to use the expansion of f(E, u,T) in Eqgs. (4.18)-
(4.19) in order to get non-trivial terms. Details of the calculation are given in
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Appendix A. We give here the main results. The high-T" expansion for the thermal
conductivity gives

K M{<u+2> [fu+2—<v+1>fv+1E _EF}

2T |E.|” kT
(vt 1)? [l,y1 — vI,(Ec — Br)/ksT]’ } . (5.15)

v I,— (v—1)I, ((E.— Ep)/ksT

For the Lorenz number we obtain
v+2I,.— v+ 1)I,.1(E. — Er)/kgT
v I,—(v—-1)I, (E.— Ep)/kgT
v+1 I, —vI(E.— Ep)/ksT 17
14 I,, — (l/ — 1)],,_1(EC — EF)/kBT

Ly

(5.16)

Soif E. = EF, Eqgs. (5.15) and (5.16) reduce to Egs. (5.10) and (5.11), respectively. It
is important to note that the fundamental conditions used in the high-7" expansion
are somewhat contradictory, namely, the expansion is valid for high T such that
E. — i(T)| < kT, whereas setting u(7T') = Ef is true only for 7' = 0.

Sections 5.1-5.3 presented different ways of circumventing the explicit compu-
tation of u(T). However, their ranges of validity are not overlapping and it is a
priori not clear whether the assumptions for u(7') are justified for S or any of the
other transport properties close to the MIT. In order to clarify the situation, we
numerically compute £(T") in the next section and then use the CTKG formulation
to compute the thermal properties without any further approximation.

5.4 The numerical method using the CTKG
formulation

Inspection of Eqgs. (4.17)—(4.19) reveals that the explicit 7' dependence of the co-
efficients L;; occurs in f(E,p,T) and (7). More precisely, knowing u(7'), it is
straightforward to evaluate the L;;. The quantity u(7") is usually determined in
such a way that the total number or the number density n of particles comes out
correctly. For any set of noninteracting particles, n can be determined as

n(u, T) = / " dEp(E)f(B, 1 T) (5.17)

o]

where p(E) is again the density of energy levels (in the unit volume) as in Fig. 3.1.
Hence, if n and p(F) are known, Eq. (5.17) can be solved for u(T).

In this work, the density of states p(E) for the 3D Anderson model has been
obtained for different disorder strengths W as outlined in Sec. 3. It has been de-
termined with an energy bin width of 0.1 meV (~ 1 K). Using p(E), n is first
numerically calculated at 7' = 0 for the metallic, critical and insulating regimes
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using the respective Fermi energies |Er| < E., Er = E., and |Eg| > E.. At u = Ej,
n becomes
Er
n(Er) :/ dEp(E). (5.18)
By keeping n(u, T) fixed at n(Eg), u(T) is numerically computed for small finite 7.
As T is increased, the respective changes in u(T') are recorded. Using this result
in Eqgs. (4.17)-(4.19) in the CTKG formulation, the L;; are calculated by numerical
integration and, subsequently, the T-dependent transport properties (4.3)—(4.6) are
determined. The flow diagram in Fig. 5.1 recapitulates the numerical method using
the CTKG formulation.
From p and u(T') we can also determine the average energy density of the system,

"= /oo dEp(E)Ef(E, . T) . (5.19)

o0

Consequently, ¢, can be computed using Eq. (1.8).

In this work we have chosen v = 1.3, which is in agreement with experimental
results in Si:P [91, 92] and the numerical data of Refs. [39, 40]. More recent numerical
results [8, 87, 88], computed with higher accuracy, suggest that v = 1.57 + 0.03.
As we shall show later, this difference only slightly modifies our results. For the
magnitude of the disorder strength W, we consider W having no large fluctuations
in the density of states. Besides W should not be too close to the critical disorder
W, so that the energy-dependent MIT of Eq. (3.6) can be clearly observed. In Chap.
6 we shall show results obtained for W = 12 with E, = 7.5. This corresponding
value of E, has been calculated previously in Ref. [29]. We have checked as low as
W =8 (E. = 7.0) and as high as W = 14 (E. = 8.0). The T-dependence of the
thermoelectric transport properties obtained for these disorder strengths are very
similar to W = 12 and so we do not show them here. The results for o, K, and Ly
are the same at —F, and E, since they are functions of Li;, Loy and L2,, only. On
the other hand, this is not true for S. We shall explain the difference in the next
chapter.

For comparison with the experimental results, o in Eq. (3.6) is measured in units
of @ 'em™!. For the same reason, the energy scale is fixed by setting V;; = 1 eV.
Hence the band width of Fig. 3.1 is comparable to the band width of amorphous
alloys [35]. Moreover, the experimental investigations of S in amorphous alloys
[41, 54] have been done at high electron filling [34]. Therefore, we will mostly
concentrate on the energy region near the MIT at E..
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START: given Eg, T' = Tinitiat; b = Minitial

T=T+dT

compute n(Ff)
of Eq. (5.18)

p=p+du

determine n(E)
using Eq. (5.17)

w(T) = p

no

yes

obtain Lij (T)
from Eqs. (4.17)-(4.19)
with A(E) equal to Eq. (3.6)

compute o(T), S(T), K(T), Lo(T) & ZT
using Eqs. (4.3)-(4.7)

no ’ yes
T = sz'nal

Figure 5.1: Schematic diagram of the numerical method to calculate the thermoelectric
transport properties using the CTKG formulation.




Chapter 6

Transport near the metal-insulator
transition

6.1 The chemical potential

Figure 6.1 illustrates the behavior of x(T') for the 3D Anderson model at Er — E, =
—0.01, 0, and 40.01. To easily compare results from different energy regions, the
difference of p(7T) from Ef is plotted in the figure. The T dependence of u(T) is
identical in the metallic, critical and insulating regions for each mobility edge at low
T. In all cases |u(T)| oc T?. Furthermore, u(T) at —E, equals —u(T) at E.. This
symmetric behavior with respect to u = Er reflects the symmetry of the density of
states at £ = 0 as illustrated in Fig. 3.1.

For the purpose of comparison, u(7') of a free electron gas is computed using the
method outlined in Sec. 5.4. The density of states of a free electron gas is obtained

from [3]
n 1/2
= (2) (6.1)

where Fp = E. = 7.5. This chosen value of the mobility edge is in a region where
p(E) increases with E in a similar way as p(E) behaves at —FE, for the Anderson
model. Thus, p(T') of the Anderson model at —E, is concave upwards as in the case
of a free electron gas. Since p o< m, this high curvature indicates a large effective
mass as compared to the free electron mass. Fig. 6.1 also includes u(T') obtained by
the usual Sommerfeld expansion for Eq. (5.17) [3], that is,

Ep — u(T) = % <WQI€EBZ>2 : (6.2)

This result checks the numerical procedure of Sec. 5.4. Indeed, as shown in Fig. 6.1,
our numerical approach is in perfect agreement with the free electron result.

24
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Figure 6.1: The temperature dependence of the chemical potential measured with respect
to the Fermi energy for both mobility edges. Also shown is u(T') for a free electron gas.
The solid line denotes u(7T) of Eq. (6.2).

6.2 The d.c. conductivity

Figure 6.2 shows the 7" dependence of o. The corresponding values of Er and
the fillings n used in the figure are listed in Tab. 6.1. We find that ¢ at T = 0
remains finite in the metallic regime with 0 /0, = |1 — Ex/E.|", because —0f/0E —
§(FE — Er) in Eq. (4.17) as T — 0. Accordingly, o = 0 in the insulating regime at
T = 0. In the critical regime, o(T — 0) ~ T" in agreement with Ref. [23] and Eq.
(5.8). Moving away from the critical regime towards the metallic regime one finds
within the accuracy of the data that o ~ T?2. In the metallic regime o increases for
increasing 7. This is different from the behavior in a real metal where o decreases
with increasing T, since the behavior of o in Fig. 6.2 is due to electron (hole)
diffusion.

Also shown in Fig. 6.2 are results for the Sommerfeld expansion (5.2) and the
high-T expansion (5.12) for 0. The Sommerfeld expansion result demonstrates that
its radius of convergence decreases for EFr — E. and in fact is zero in the critical
regime. Results for the other transport properties will establish this point more
clearly. On the other hand, the high-T" expansion is very good in the critical regime
down to T' =0 at E, = Ep. The small systematic differences between our numerical
results and the high-T expansion for large T are due to the differences in u(7T") and
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T (meV)

T (K)

Figure 6.2: The low-temperature behavior of the d.c. conductivity. The symbols are as
shown in Tab. 6.1. The dashed lines represent the Sommerfeld expansion result for o(7")
in the metallic regime as given in Eq. (5.2). For all 8 choices of Ep — E,, the corresponding
high-T' expansion (5.12) is indicated by solid lines.

Ex. The expansion becomes worse both in the metallic and insulating regimes for
larger T'. All of this is in complete agreement with the discussion of the expansions
in Secs. 5.1 and 5.3.

6.3 The thermopower

The behavior of the thermopower at low 7" near the MIT is illustrated in Fig. 6.3.
In the metallic regime, S — 0 as T" — 0. At very low 7', S o« T which agrees with
the Sommerfeld expansion result (5.7). But upon approaching the critical regime,
the expansion becomes unreliable similar to the case of o of Sec. 6.2. This behavior
persists even if higher order terms are included in the derivation of S. For example,
the effect of including O(7T?) terms of Eq. (5.2) is depicted in Fig. 6.3. By considering
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Table 6.1: Differences of Fr and n(Er) with respect to the mobility edge at E. = 7.5.
The density at Ep = E. corresponds to n = 97.768%.

regime Ep —E. n(Ep) —n(E.) symbol

(eV) (%)
metallic -0.010 -0.031 o
-0.007 -0.022 v
-0.005 -0.015 O
-0.003 -0.009 A
-0.001 -0.003 &
critical 0.000 0.000 .
insulating  0.001 0.003 +
0.003 0.009 X
0.010 0.031 *

a constant 7" in the metallic regime, one observes S to increase as Er approaches E..
This is consistent with the increasing asymmetry in the functional form of o(E) as
given in Eq. (3.6). Namely, the conductivity of electrons with energies E, > u(T) is
smaller than the conductivity of holes with energies Ej < p(T'). It is this electron-
hole asymmetry which leads to a finite L5 and consequently a non-zero value of S
at finite T'. A constant o(E) would simply give S = 0.

In the insulating regime S becomes very large as T' — 0. It even appears to
approach infinity. A seemingly divergent behavior in the insulating regime has also
been observed for Si:P [57], where it has been attributed to the thermal activation
of charge carriers from Ep to the mobility edge E.. In general, a small amount of
conductivity yields a large S. We refer again to the open circuit in Fig. 1.1 for
an elementary picture of this phenomenon. Suppose T at the cooler junction is
adjusted such that VT remains constant. As T" — 0 both ¢ and K vanish in the
case of insulators. The behavior of K(7T) will be shown in the next section. The
vanishing of ¢ and K implies that as T decreases it becomes increasingly difficult
to move a charge from T to T+ §7T. A larger amount of force needs to be exerted,
and hence, a larger E is required to do the job. From Eq. (1.2), this implies a larger
S value.

What happens in the critical regime, i.e., at Fr = E.? It can be observed in Fig.
6.3 that S approaches a value of 228.4 uV/K in the limit 7" — 0. This is exactly
the magnitude predicted by Eq. (5.9) [23] for v = 1.3. In the inset of Fig. 6.3, the
T dependence of S is shown to be linear. The non-divergent behavior of S clearly
separates the metallic from the insulating regime. Furthermore, just as for o, the
Sommerfeld expansion for S breaks down at Er = E., i.e., the radius of convergence
is zero. Therefore, the divergence of Eq. (5.7) at Er = E. reflects this breakdown
and is not physically relevant. On the other hand, the high-T" expansion [86] nicely
reflects the behavior of S close to the critical regime as also shown in Fig. 6.3. For
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Figure 6.3: The low temperature behavior of the thermopower S. The symbols are as
shown in Tab. 6.1. The dashed lines represent the behavior of S(T') in the metallic regime
as given in Eq. (5.7). The dot-dashed lines indicate S, calculated with the O(T?) term of
Eq. (5.2), for Bp — E. = —0.01 eV (o) and —0.001 eV (¢). Solid lines are obtained from
the high-T expansion (5.14). The inset shows the behavior at Er = E. on an enlarged
scale.

Ey = E., the high-T expansion (5.13) assumes a constant value of S due to setting
wu(T) = Eg for all T. This is approximately valid, the differences are fairly small as
shown in the inset of Fig. 6.3.

It is important to stress that there is no contradiction that S > 0 in our cal-
culations whereas S < 0 in Ref. [23]. A comparison of S in energy regions close
to E. and to —E, is made in Fig. 6.4 such that |EFr — E.| = 0.01 meV. Clearly,
they have the same magnitude but S < 0 at —E, and S > 0 at E.. The two cases
mainly differ in their number density n. At —FE. the system is at low filling with
n = 2.26% while at E. the system is at high filling with n = 97.74%. In agreement
with the discussion at the beginning of this chapter, the sign of S implies that at
low filling the thermoelectric conduction is due to electrons and we obtain the usual
picture as in Fig. 1.1 where the induced field E is in the direction opposite to that
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Figure 6.4: An example that the magnitude of S(T') is the same in metallic regions close
to —E. (M) and E. (o). The +-symbols indicate | S| for —E,. In all cases |Er — E.| = 0.01
eV.

of VT'. At high filling, S > 0 means that E is directed parallel to VT'. This can
be interpreted as a change in charge transport from electrons to holes. This sign
reversal also occurs in the insulating as well as in the critical regime.

In Fig. 6.5, the data of Fig. 6.3 have been taken and plotted as a function of u—E..
In the top figure, the data coincides with the isothermal lines which were calculated
according to Ref. [23] by numerically integrating L5 and Ly; for a particular T to
get S. All isotherms in the figure of the metallic (4 < E.) and insulating (¢ > E.)
regimes cross at 4 = E, and S = 228.4 uV /K. Comparing with Eq. (5.7), again one
clearly finds that the Sommerfeld expansion does not give the correct behavior of
S in the critical regime. The data presented in Fig. 6.5 suggest that one can scale
them onto a single scaling curve as will be shown later. To compare with plots from
experiments, we show at the bottom of Fig. 6.5 S/T for a single T as a function of
i — E.. This figure shows that as the mobility edge is approached from the metallic
regime S/T rises to at least an order of magnitude but it does not diverge. In fact,
it only saturates to a finite value at u = E.. This agrees with results down to the
lowest measured temperature in amorphous materials [41, 54] of S/T plotted as a
function of atomic concentration, and also in 2D electron gases [26] of S/T plotted
as a function of electron density.
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Figure 6.5: Top: The data of S in Fig. 6.3 shown as a function of y measured from E. = 7.5
eV. The horizontal line indicates the fixed point MIT value as given in Eq. (5.9). The thin
dashed lines represent isotherms of S calculated using the same method as in Ref. [23].
The solid line is an isotherm of S obtained from Eq. (5.7) for T' = 22.3 K. Bottom: An
isotherm of S/T at T = 1.16 K. The vertical dashed line is only a guide to the eye for
uw=FE..
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Klo, (NWQ/K)

Figure 6.6: The thermal conductivity K as a function of temperature. The symbols are
as shown in Tab. 6.1. The dashed lines were obtained in O(7T') from the Sommerfeld
expansion (5.4) for the metallic regime. The results of the high-T' expansion (5.15) for all
8 choices of Eg — E, are indicated by solid lines.

6.4 The thermal conductivity and the Lorenz
number

The dependence of the thermal conductivity on 7 is shown in Fig. 6.6. Whether it
be in the metallic or insulating regime, K — 0 as 7" — 0. This simple behavior is
due to the fact that phonon contributions are not included in the Anderson model
and in the CTKG formulation. The T dependence of K varies depending on whether
one is in the metallic or in the insulating regime and how far one is from the MIT.
Directly at the MIT, K — 0 as T"*!. This confirms the T' dependence of K as given
in Eq. (5.10). Near the MIT, the T dependence of K /T is thus the same as for o
in agreement with Ref. [90]. Again, the Sommerfeld expansion (5.4) is reasonable
only at low T in the metallic regime. In the same way as for ¢ and S, the high-T'
expansion is again fairly good in the vicinity of the critical regime.

At this point the behavior of the entropy in the system as T'— 0 can be deter-
mined. In the metallic regime, S and K vanish as 7' — 0, while in the critical and
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insulating regime, o and K vanish as T — 0. Applying these results to Egs. (4.10)
and (4.11) yields that for all regimes the entropy current density (jq)/7 vanishes as
T — 0. Therefore, the third law of thermodynamics, which states that S = 0 at
T = 0, is satisfied here in the numerical results of the 3D Anderson model.

Next, we present the Lorenz number (1.5) as a function of 7" in Fig. 6.7. In the
metallic regime, as T — 0, the universal value 72/3 is approached. Note that for
a metal this value should hold up to room temperature [3]. However, the results
for the Anderson model show a nontrivial 7' dependence. One might have hoped
that the higher-order terms in Eq. (5.5) could adequately reflect the T' dependence
of these Ly data. However, this is not the case as shown in Fig. 6.7. This indicates
that even if higher-order T' corrections in the Sommerfeld expansion are included it
will not give the right behavior of Ly near the MIT. The radius of convergence of
Eq. (5.5) is even smaller than for o, S and K. Similarly, the high-T" expansion is
also much worse than previously for o, S and K. Thus in addition to the results for
the critical regime, only the expansion results for nearby data sets in the insulating
and metallic regimes are presented in Fig. 6.7. In the critical regime, Ly linearly
increases with 7" as T' — 0 as shown in the inset of Fig. 6.7. The high-T expansion
does not reproduce this just like the results of S. At the MIT, Ly = 2.4142. This is
again the predicted [23] v-dependent value as given in Eq. (5.11).

In the insulating regime, one can show analytically by taking the appropriate
limits that Ly approaches v+1asT — 0. In agreement with this, one finds that Ly =
2.3 at T =0 in Fig. 6.7. At first glance, it may appear surprising that a transport
property in the insulating regime could be determined by a universal constant of
the critical regime such as v. However, in the evaluation of the coefficients L;;, the
derivative of the Fermi function for any finite 7" decays exponentially and thus one
will always have a non-zero overlap with the critical regime. In the evaluation of Eq.
(4.6), this v dependence survives in the limit 7 — 0. In real materials, we expect
the relevant high-energy transfer processes to be dominated by other scattering
events and thus Lg should be different. Nevertheless, for the present model, this v
dependence holds.

6.5 The figure of merit

Thermoelectric materials used in refrigeration or power generation devices in the
current state of technology are heavily doped semiconductors [63]. This choice is
made on the basis that these materials are relatively efficient as compared to pure
metals and insulators. From the definition of efficiency, Eq. (1.6), metals are poor
thermoelectric materials because of a low S and a large electronic contribution to K.
Insulators and lightly doped semiconductors have a large S and a small electronic
contribution to K. However, ¢ is very small in these systems. In conclusion, the
material which gives a large ZT is half-way between metals or insulators. At present
materials used in thermoelectric devices have ZT' values between 0.4 and 1.3. For
example, the ZT values of SiGe, BiTe and PbTe are 0.6, 0.9 and 1.2, respectively
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Figure 6.7: The Lorenz number as function of temperature. The symbols are as shown
in Tab. 6.1. The dashed circles mark the values of Ly at T' = 0 for metallic (top) and
insulating (bottom) regimes. The dashed lines were obtained from Eq. (5.5). The results
of the high-T expansion (5.16) for Er — E. = 0 eV, £0.001 eV and 0.003 eV are indicated
by solid lines. The inset shows the behavior at Er = E. on an enlarged scale.

[63].

In Fig. 6.8 we show the efficiency of the Anderson model as a hypothetical
thermoelectric material. The behavior of ZT reminds us of S in Fig. 6.3. As T — 0,
ZT — 0 in the metallic case. At the MIT, ZT = 3. Corresponding values of ZT at
the MIT for different values of v are plotted in Fig. 6.9. For the range of v measured
in experiments, it yields ZT > 2. This value is large compared to the materials used
in today’s thermoelectric devices. Also ZT goes to very large values in the insulating
regime which is due to the seemingly diverging S as T — 0. These very large ZT
values at the MIT and in the insulating regime have not been observed in real
materials. As T is increased ZT in all regimes has a magnitude of order 1. This
large order of magnitude of ZT at the MIT and in the insulating regime is due to the
fact that we have only considered diffusion of charge carriers and elastic scattering.
Taking into account inelastic processes present in transport in real materials should
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Figure 6.8: Figure of merit in 3D Anderson model. The symbols are as shown in Tab. 6.1.
The dashed lines indicate the low temperature expansion results. The solid lines show the
high temperature expansion results.

decrease this high value of ZT. Furthermore, in the Anderson model the values of
o at finite 7" in the insulating regime and in the metallic regimes are comparable.

6.6 Possible scenarios in the critical regime

The results presented in Sec. 6.3 at the MIT show that S takes the value 228.4 4V /K
for v = 1.3. This value is 2 orders of magnitude larger than those measured near the
MIT [41, 52, 54, 85]. However, as mentioned in Chap. 2, the conductivity exponents
found in many experiments are either close to v = 0.5 or to 1 [37, 93, 108] and
one might hope that this difference may explain the small experimental value of S.
Also, recent numerical studies of the MIT by transfer-matrix methods together with
non-linear finite-size scaling find v = 1.57 + 0.03 [8, 87, 88]. In Fig. 6.9 S, Ly and
ZT at the MIT are plotted for a range of v values. All S values still differ by 2
orders of magnitude from the experimental results. Furthermore, the results for S
and Ly are independent of the unit of energy. Even if, instead of 1 eV, one had used
Vij =1 meV, which is appropriate in doped semiconductors [37, 52, 57, 91, 93, 108],
one would still obtain the same values as in Fig. 6.9.

Next, we consider S if o at the mobility edge is described by Mott’s hypothesis
on the minimum metallic conductivity. Suppose that the behavior of ¢(E) close to



6.6. POSSIBLE SCENARIOS IN THE CRITICAL REGIME 35

300 B

S (UV/K)
N

3

]

L

150 o

Figure 6.9: The thermopower, the Lorenz number and the dimensionless figure of merit
at the MIT for a 3D Anderson model evaluated for a range of v values at E, = 7.5. In
the case of v = 0.5 and 1, the values of S (for E; < 0) and Lo have already been shown in
Refs. [18] and [23]. The corresponding ZT values are also included in Ref. [18].

the MIT is
E| < E.,

Omin,
O(E) B { Oa |E| > Eca (63)

with omin = 300 Q tcm !, Using the numerical approach of Sec. 5.4, a magnitude of
S =119.5 uV/K at the MIT is obtained. This value is still rather large and thus the
assumption of a minimum metallic conductivity as in Eq. (6.3) cannot explain the
discrepancy from the experimental results. We remark that the order of magnitude
of S is not changed appreciably, even if we add to the metallic side of Eq. (6.3) a
term as given in Eq. (3.6) with oy a few hundred Q 'cm™! for example, say, for
v=1.

Lastly, we emphasize that the transport properties calculated for W = 8 and 14
do not differ appreciably from those computed for W = 12 in both the metallic and
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insulating regions provided only temperatures 7' < 100 K are considered. The same
values as in the case of W = 12 of S and Lj at the MIT are obtained. Again both §
and Ly approach their values at the MIT linearly with 7', but with different slopes.
Our results show that the higher the disorder strength the smaller the magnitude
of the slope.

6.7 Scaling features

The o data from the metallic (|Er| < E.), insulating (|Er| > E.) and critical
(Ep = E.) energy regions of Fig. 6.2 collapse onto a single scaling curve when
plotted as a function of |(u — E.)/E.|/kgT. This is illustrated in Fig. 6.10. The
scaling of ¢ is in accordance with Eq. (3.9). Comparison between the results from
the scaling in ¢ in Fig. 6.10 with Eq. (3.9) yields vz = 1. With v = 1.3 this yields
a dynamical exponent z = 0.77, which is contrary to z = d = 3 as expected from
scaling arguments [4, 19, 99].

Similar scaling for S is also shown in Fig. 6.10. Note that unlike in o there is
no pre-factor in the scaling form since S becomes independent of 7' at the MIT
as T — 0. As was pointed out in Ref. [86], S for high and low 7" might scale in
terms of |Fr — E.|/kgT. This is approximately valid although the proper scaling
variable should be |(u—E.)/E.|/ksT. The scaling curve for S converges at the value
228.4 uV /K as predicted in Ref. [23] for v = 1.3. It can be clearly seen here that
in the metallic regime the computed data for the Anderson model agree with the
Sommerfeld expansion result at low 7. In the insulating regime S grows infinitely
large. This can be attributed to the decrease in charge carriers which contribute to
a current.

The corresponding scaling curves for K and Ly are shown in Fig. 6.11. They
also scale with respect to |(u — E.)/E.|/kgT. The normalization factor in K is due
to the fact that K oc kgT"*! as T — 0 at the critical regime. Ly does not require a
pre-factor since it is independent of T at the MIT [23]. The result for Ly shows that
it approaches 7%/3 in the metallic regime as expected in the Sommerfeld free electron
theory of metals. In the critical regime, Ly converges to 2.414 which is the value for
v = 1.3 predicted in Ref. [23]. Due to the exponential decay of the derivative of the
Fermi function as T — 0, Ly approaches v 4+ 1 = 2.3 in the insulating regime.

We emphasize that the scaling for o, S, K and L, is very good and the small
width of the scaling curve is only due to the size of the symbols. The results for
the high-T' expansion as indicated by solid lines in Figs. 6.10 and 6.11 are good
only close to the MIT. All four transport properties can also be made to scale with
respect to kgT/|(n — E.)/E.|. The scaling of o would then obey Eq. (3.8) with
a pre-factor of |(u — E.)/E.|"". There are no pre-factors for S and L,, while K
requires the pre-factor |(p — E.)/E.|~®*"). The same value of z is obtained whether
we use the scaling of Eq. (3.8) or of Eq. (3.9).
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Figure 6.10: Scaling of the d.c. conductivity (top) and the thermopower (bottom) in the
3D Anderson model. The symbols are the same as those in Tab. 6.1. For clarity only every
second data point is shown. In both graphs, the thin solid line is the scaling curve onto
which all data from the different energy regimes collapse. The thick solid line denotes a
high-temperature expansion [86] while the dashed line is the Sommerfeld expansion [10, 86]
for Bp — B, = —0.01 eV.
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Figure 6.11: Scaling of the thermal conductivtiy (top) and the Lorenz number (bottom)
in the 3D Anderson model. The symbols are the same as those in Tab. 6.1. For clarity
only every second data point is shown. In both figures, the thin solid line is the scaling
curve onto which all data from the different energy regimes collapse. The thick solid
line denotes a high temperature expansion [86] while the dashed line is the Sommerfeld
expansion [10, 86] for EFr — E. = —0.01 eV.
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Figure 6.12: Average energy density of the 3D Anderson model of localization. The data
are measured with respect to ug = u(T = 0).

6.8 The specific heat

The properties of the Anderson model of localization enter into the calculation of
the chemical potential 4 and the average energy density u only via its density of
states p(E). The latter is without singularities as had been shown in Fig. 3.1 and is
smooth similar to that of a noninteracting Fermi gas. Therefore, one expects that
u(T) in the Anderson model behaves as ~ T similar to a noninteracting Fermi gas.
Indeed, this is the case as shown in Fig. 6.12. There are only negligible differences
between results obtained from both mobility edges E. = £+7.5. Hence, only one set
of results has been shown for clarity. There are also negligible differences between
results obtained from different energy regimes. Only above T ~ 80K is u in the
insulating regime slightly lower than that in the critical or metallic regime.

For free electrons in the Sommerfeld theory of metals, ¢y is given by [3]

w2 (kgT
ey = 5 <%F> nkg . (6.4)

This equation holds provided that the degrees of freedom other than the electronic
ones have negligible contributions. Similarly, as shown in Fig. 6.13, ¢y is linear in
T in the Anderson model in agreement with result from experiments [77, 103]. But
the slope of the data of the disordered system is larger than the slope from the
Sommerfeld free electron theory of a metal. This indicates that a large effective
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Figure 6.13: Specific heat of the 3D Anderson model of localization. The solid line is
obtained from Eq. (6.4).

mass is induced by the disorder in the absence of interactions. Due to the almost
uniform behavior of u, there are no noticeable differences in the T behavior between
different regimes in the specific heat ¢,. This is verified in Fig. 6.13. The ¢y result
agrees with measurements in Si:P which show that ¢, in the metallic and in the
insulating regime have the same 7" behavior. We do not observe an upturn in ¢y at
T < 10 K which was found in Si:P. This upturn is also not seen in the ¢, for the
free electron gas. As far as the numerical approach utilized here is concerned, the
indistinguishability of the T" behavior in different energy regimes makes ¢y, a poor
quantity for studying the MIT in the disordered systems.

6.9 Conclusions

The thermoelectric effects in the 3D Anderson model near the MIT have been inves-
tigated in this chapter. The T" dependence of the transport properties is determined
by u(T). This quantity was computed by numerically inverting the formula for the
number density n(u, T) of noninteracting particles. Using the result for u(T'), the
thermoelectric transport properties are calculated within the CTKG formulation of
linear response. In the metallic regime o remains finite, S — 0, K — 0, Ly — 72 /3,
and ZT — 0 as T'— 0. On the other hand, in the insulating regime, S — oco. This
is attributed to both ¢ and K going to zero. Thus, it becomes increasingly difficult
to achieve equilibrium and, hence, the system requires a large electric field. For Ly,
a universal value of v + 1 is obtained even in the insulating regime. Directly at the
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MIT, the thermoelectric transport properties agree with those obtained in Ref. [23].
Namely, as T'— 0, one finds 0 ~ T", K ~ T"*!, while Ly — const. In addition, at
the critical regime the Anderson model is a highly efficient thermoelectric system.
Its ZT values are twice as large as the best thermoelectric material used in today’s
technology. At the insulating regime, ZT increases to large values in contrast to
real insulators. This is attributed to the neglect of inelastic scattering processes in
the numerical method.

The thermopower S also remains nearly constant in the critical regime and, in
particular, it does not diverge at the MIT in contrast to earlier calculations using
the Sommerfeld expansion at low 7' [10]. Here it is proven that the difference is
not so much due to an order of limits problem, but rather reflects the breakdown of
convergence of the Sommerfeld expansion at the MIT [86]. The results are supported
by scaling data for S at different values of 7' and Er onto a single curve which is
continuous across the transition. Scaling curves for o, K and Lg are constructed in
a similar way. We remark that some of the experiments for S [54, 85] have been
influenced by the Sommerfeld expansion such that the authors plot their results as
S/T. In such a plot the signature of the MIT is hard to identify, since S/T at the
MIT diverges as T' — 0 solely due to the decrease in 7". The results obtained here
suggest that plots as in Figs. 6.3 and 6.5 should show the MIT more clearly.

The value of S is at least two orders of magnitude larger than observed in ex-
periments [52, 54, 85]. This large discrepancy may be due to the assumptions of
the study. First, it is assumed that a simple power-law behavior of the conductivity
o(E) as in Eq. (3.6) was valid even for E < E. and E > E.. Second, it is as-
sumed that it is enough to consider an averaged density of states p(E). While the
first assumption is of course crucial, the second assumption is of less importance as
has been checked: Local fluctuations in p(E) will lead to fluctuations in the ther-
moelectric properties for finite 7', but do not lead to a different 7" — 0 behavior:
S remains finite with values as given in Fig. 6.9. Moreover, averaging over many
samples yields a suppression of these fluctuations and a recovery of the previous
behavior for finite 7. In this context, we remark that — naively assuming all other
parts of the derivation are unchanged — implications of many-particle interactions
such as a reduced single-particle density of states at Ep [20, 21, 24, 96], will only
modify the T" dependence of u. Consequently, the T dependencies of o, S, K, Ly
and ZT may be different, but the values of S, Ly and ZT at the MIT remain the
same.

Our results also suggest that the critical regime is very small. Namely, as the
filling increases slightly from n = 97.74% to 97.80%, the behavior of the system
changes from metallic to critical and finally to insulating. Up to the best of our
knowledge, such small changes in the electron concentration have not been used in
the measurements of S as in Refs. [41, 52, 54, 85]. Such a fine tuning of n is not
essential for measurements of ¢ as is apparent from Fig. 6.2 but it is important for
S. Of course, one may also speculate [23] that these results suggest that a true
Anderson-type MIT has not yet been observed in the experiments.

We achieved scaling for the four transport quantities o, S, K and Ly with respect
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to a single parameter |(u — E.)/E.|/ksT. This factor stems from the form of L;;
and from the fact that the explicit 7" dependence enters only via p and the Fermi
distribution function. However, we obtain an unphysical value of z = 0.77 # d.
Moreover, our result vz = 1 seems to violate the Harris criterion [33] which requires
vz > 2. However, this observation needs to be examined in more detail since the
Harris criterion might be altered depending on the choice of T'" dependence via the
Fermi distribution.

Finally, in this chapter we showed that u ~ T2 and ¢y ~ T for all energy regimes.
These T dependencies resemble the behavior of the noninteracting Sommerfeld free
electron theory of metals. This featureless behavior can be traced to the fact that
the critical behavior of the Anderson model did not come into play in computing u
and ¢y and there are no gaps in p(E). At the mobility edges, p(E) remained smooth
and continuous.



Chapter 7

A phenomenological approach

There are only two parameters that are model dependent in the transport theory
discussed in Sec. 4.3. These are A(E) and p(T). To determine the behavior of
the thermoelectric transport properties close to the Anderson MIT, A(F) in Egs.
(4.17)-(4.19) is usually set [10, 23, 44, 86] equal to the critical behavior of o given
by Eq. (3.6). In the previous chapter we have seen that this leads to an unphysical
value for z = 1/v and therefore an unphysical frequency and T dependence of o.
The main reason for this behavior is easily understood: there is no T' dependence
in Eq. (3.6) and consequently all T' dependence in o is due to the broadening of the
Fermi function in Eqs. (4.17)-(4.19) with increasing T. Thus in order to model the
correct T' dependence, one should add to Eq. (3.6), valid at T = 0, the appropriate
T dependencies such as o o< T'/* in the metallic and o o exp (—7) in the insulat-
ing! (say, variable-range-hopping) regimes [80]. Such a purely theoretical model for
o.(E,T) will then incorporate a multitude of constants that can be adjusted to fit
the experimental results. Of course, this is of limited practical use since the validity
of these fitting parameters is hard to justify.

Here we use instead recent experimental data obtained by Waffenschmidt et
al. [97] as input for o.(E,T). The d.c. conductivity was measured in Si:P at
the MIT under uniaxial stress. The experimental data yield good scaling of o
according to Eq. (3.9) with a dynamical exponent z = 2.94 + 0.3 and v = 1 £ 0.1.
These values agree with the scaling arguments [4, 56, 98] and reasonably well with
the numerical results [68, 69, 87, 88] for noninteracting systems. We emphasize
that it is — in principle — unimportant whether the scaling has been achieved by
stress-tuning or other variations of the effective disorder content in the material.
Theoretical studies in anisotropic Anderson models have shown [68, 69] that the
critical properties remain unaffected by the anisotropy (or stress). Therefore, we
expect that while nonuniversal properties such as the numerical values of o, S,
etc., may differ according to the material considered in a particular experiment, the
universal properties such as the critical exponents and the scaling behavior should
be as discussed here.

'We neglect a T'/# pre-factor in the insulating regime, because we want to highlight only the
main differences in the leading T dependences of metallic and insulating regimes.

43
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7.1 The numerical method using empirical o data

In the o(¢,T) scaling of Ref. [97], t = (s — s¢)/s. where s is the stress and s, the
corresponding value at the transition. We sample these scaled data for several values
of (¢t,T). In order to get a smooth functional form for o(¢,T'), a spline curve o is
fitted to these sampled points. A spline curve is a polynomial with locally minimal
curvature [81]. The spline o, is transformed as a function not only of 7' but also of
energy F by setting ¢t = (E — E..)/E,. This substitution is justified because different
tuning parameters at the MIT of a system are expected to yield the same universal
scaling properties. Finally, the resulting o.(F,T) is substituted for A(E) in Egs.
(4.17)-(4.19). Fig. 7.1 shows that except for this change the thermoelectric transport
properties are computed in the same way as in Sec. 5.4.

In this chapter we consider temperatures from 0.01 K to 0.2 K. Far from the
transition we could not probe lower than 7" < 0.02 K. This is due to the limited input
data and consequently a limited range of the spline function that generated o.(E,T).
The unit of o, is taken as O 'cm™! consistent with the experiments. The E scale is
(arbitrarily) fixed at 1 meV which is the order of magnitude of the binding energy of
an isolated donor in a heavily doped semiconductor [58]. In order to compare with
the results for the Anderson model presented in Chap. 6, E. is set to 7.5. This value
is of no special significance and can be assigned (nearly) arbitrarily. The important
point to consider is the location of the Fermi energy Er with respect to E.. This
distinguishes the electronic regimes. The metallic, critical and insulating regimes
are again identified as |Ep| < E., Er = E,, and |Ep| > E., respectively. Here u(7T)
is derived in Eq. (5.17) from p(E) of the 3D Anderson model of localization. The
density of states of a heavily doped semiconductor is proportional to v/E similar to
that a free electron gas. In addition, p(F) has a tail instead of a sharp band edge
as a consequence of the interaction of the charge carriers with the impurity atoms.
This is similar to the left end of p(E) for the Anderson model given in Fig. 3.1. Due
to the symmetry of the latter, we are justified in using mobility edge at the right
side. We simply keep in mind that p at —FE. is equivalent to —u at E. as had been
shown in Sec. 6.1. Hence, we expect S to be positive in the metallic regime in our
results. There is no contradiction with results from experiments in Si:P yielding
negative S in the same regime. In Sec. 7.4 we shall also show the effect of using a
different functional form of u(T).

7.2 Temperature dependence of the
thermoelectric transport properties

Using the spline o.(E,T), i.e. experimental o. input and p(E) of a 3D Anderson
model as given in Chap. 3, we have calculated the thermal transport properties as
in Chap. 6. Consistent with the dynamics of the experiment in Ref. [97], we expect
o(T) ~ T"# in the critical regime with z & 3. This is indeed the behavior of o(T)
close to E. as shown in Fig. 7.2. For |Er — E.| < 0.2 meV we obtain z = 3.2 +0.3.
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Figure 7.1: Schematic diagram of the numerical method using an energy- and temperature-
dependent conductivity as input obtained from an experimental data .
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Figure 7.2: Numerical calculations for the electrical conductivity o as a function of temper-
ature T' from a phenomenological construction of o.(F,T). The filled symbols represent
the metallic regime |Er| < E., (%) denotes the critical regime Ep = E;, and the open
symbols represent the insulating regime |Ep| > E..

Note that o(T') = Lq; has been integrated according to Eq. (4.17) over the energy
range where f/OE > 1072 meV!. Therefore our numerical calculation of o is
consistent since it reproduces closely the original result in Ref. [97]. If the results in
Fig. 7.2 are plotted with respect to (u — E.)/E.T"/* we obtain a rough scaling of
o similar to Fig. 3 of Ref. [97]. Scaling of the transport properties will be discussed
in Sec. 7.3.

In the present approach, S in the vicinity of the MIT is two orders of magnitude
smaller when compared to previous results for the Anderson model as shown in
Fig. 7.3. The magnitude of S is in fact comparable to the experimental results in
disordered systems [52, 54, 85]. Furthermore, S — 0 as T — 0 in the metallic, critical
and insulating cases. This behavior of S(T') in all electronic regimes was observed
in amorphous Au,Sb; , [54] and in amorphous Ge; ,Au, [43]. As indicated by the
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Figure 7.3: The thermopower S as a function of T' obtained from a phenomenological
construction of o.(F,T). The same symbols as in Fig. 7.2 distinguishing the metallic,
critical and insulating regimes are used. The lines are obtained from the Mott formula
(5.6).

different lines in Fig. 7.3, S is in good agreement with the Mott formula (5.6). This
comes as no surprise since o in Fig. 7.2 is smooth across the transition at finite 7.
Note that in order to evaluate the Mott formula properly for the system considered
here, the E dependence of the input spline o.(E, T) was used instead of o(T") from
Fig. 7.2. Again we emphasize that it is no contradiction that S is positive here but
mainly negative in the doped semiconductors in all electronic regimes. In the energy
regions close to E, > 0 the charge carriers are holes instead of electrons as shown
in Fig. 6.4. S would be negative if the left mobility edge E. < 0 for low filling had
been chosen instead.

The corresponding 7' dependence of K is shown in Fig. 7.4. In all electronic
regimes K — 0 as 7' — 0. This is like the behavior of K using o, in Eq. (3.6).
As presented in Chap. 6, K in the metallic regime is larger than in the insulating
regime since there are more mobile heat carriers in the former. From the results
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Figure 7.4: The T dependence of the thermal conductivity computed with Eq. (4.5) using
a phenomenological construction of o.(E,T). .

of 0 and K in Figs. 7.2 and 7.4 respectively, we easily derived L,. As shown in
Fig. 7.5, Ly — ©%/3 as T — 0 whether it be in the metallic, critical or insulating
regime. This is different from the results using Eq. (3.6) for 0. There one obtains
an Ly which depends on the conductivity exponent in the critical and insulating
regimes while it approaches the universal value [3] 7%/3 only in the metallic regime.
Here there is no markedly distinct behavior in the metallic regime compared to the
insulating regime. For |Fr — E.| = 0.1,0.2 meV, Ly in the metallic regime is less
than its corresponding value in the insulating regime. For |Er — E.| = 0.5,1.0 meV,
Ly in the metallic regime is larger than its corresponding value in the insulating
regime. Using the results for S and Ly from Figs. 7.4 and 7.5, respectively, we
calculate ZT from Eq. (1.7). The ZT values obtained in this case are very small
in all energy regimes. Refer to Fig. 7.6. This is in contrast to the behavior in
the unmodified Anderson model. However, low ZT values are characteristic of real
metals and insulators [63].

7.3 Dynamical scaling
In Fig. 7.7, 0, S, K and Ly data for different ¢ and T parameters are shown to collapse

onto scaling curves when plotted as a function of ¢/7°3" where t = |1 — Er/E.|. For
each quantity, scaling clearly yields two branches, one for the metallic regime and
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relative positions of various values of the Fermi energy Ep with respect to the mobility
edge E..
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another for the insulating regime. As depicted in Fig. 7.7a, o satisfies Eq. (3.9).
With v = 1 in accordance with the experiment in Ref. [97], 1/vz = 0.31 gives
z = 3.2. This is in good agreement with the prediction z = 3 for 3D noninteracting
systems. Furthermore, it indicates that the Harris criterion [33], vz > 1, is satisfied
which in turn implies a sharp MIT.

To enable to scale the data in Fig. 7.4 as a function of ¢/7T°3' we need to plot
K/T'3! instead of K. The product K/T*?! in Fig. 7.7c verifies that ¢ and K/T
behave similarly as the MIT is approached. This confirms earlier results in the 3D
Anderson model from various methods [90].

Similarly, the data in Figs. 7.3 and 7.5 are made to scale as function of ¢/77%3!
after taking first the products St?/T"'3! and Lgt®/T?3!, respectively. These explicit
T dependent components to get scaling in Figs. 7.7b and 7.7d for both S and Ly have
not been observed in the respective scaling curves in the 3D Anderson model. The
products St?/T'-3! and Lgt3/T2.31 naturally arise from the dynamics of the system.
Using an appropriate o(E,T) as input in Eqgs. (4.17)-(4.19) yields these explicit T
dependent factors. In the absence of a temperature dependent input function, we
do not need these explicit 7" dependent components to scale S and Lg.

7.4 Effects of a structured density of states

In the calculation of o(T'), S(T), K(T), Lo(T) and ZT, a phenomenological con-
struction of o.(F,T) is employed. But the density of states p is assumed to be the
same as that of the 3D Anderson model of localization given in Chap. 3. Since this
p(E) is a smooth and (restricted to E > 0) monotonic function, u(7) obtained from
Eq. (5.17) is also a smoothly and monotonically varying function with 7" as described
in Sec. 4. It would then be interesting to consider the effects of a possible structure
in p. In this regard, we make artifical variations in (7"). The main assumption here
is that the structure of p corresponds only to variations in u(7") and not in o. In
Fig. 7.8 two examples of a modified u(T') in the critical regime are presented.
Example A has a pronounced maximum, while example B has both a maximum
and a minimum. The height of the maximum in both examples A and B is &~ 0.1
meV. Note that this is significantly larger than the half-width of the bump which is
< 0.005 meV. This is also true for the depth of the minimum in example B. Thus a
small change in T corresponds to a large change in u(7). Applying these forms of
u(T) together with Eq. (3.6) for o reproduces the same structures in S. For example,
using form B of x(7T") we obtain an S having both a maximum and a minimum in the
same T interval as u(T"). But S in the Anderson model of localization is still of the
order of 100 £ V/K while the variations are only of the order of 10 ¢V /K and not large
enough to cause a sign change in S. On the other hand using the phenomenological
construction of o.(E,T) yields even smaller changes. Variations in Ly; and Ly of
less than 1% are observed as compared to their unmodified values. Consequently,
negligible changes in S are found. Figure 7.3 would appear unmodified. Hence a
large change in the density of states p and consequently in u(7") is not sufficient to



52 CHAPTER 7. A PHENOMENOLOGICAL APPROACH

T (meV)
0 0.005 0.01 0.015
T ‘ ‘ | 7.5
0.1
5.0
< 3
2 0.05 e
é 2'57
o S
" =
E O 0.0 L|IJ
- \B g
— =25
-0.05 |-
. | | |
0 0.05 0.1 0.15 0.2

T (K)

Figure 7.8: Comparison between modified (dashed and dotted lines) and unmodified (solid
lines) chemical potentials. The curves are shifted with respect to the mobility edge. The
thin solid line is the unmodified p shown on a finer (right) scale. We only consider the T
range where o.(F,T) data are available.

cause the change of sign for S as observed in the experiments. We emphasize that
this weak dependence of S on p and pu(T') justifies our use of the simple Anderson
density of states in this chapter.

7.5 Effects of a structured o.(E,T)

Suppose that for small T' there are non-monotonicities in o.(E,T) — although these
have not been observed in the experiments [52, 54, 85]. In this section we consider
the case when there is a sizeable change in o.(E, T') in the region close to E, for small
T. The corresponding ‘bumps’ in o.(E,T) are shown in Fig. 7.9 with different peak
heights and with half-widths < 1 meV. For simplicity they are essentially quadratic
functions of £ and have been generated such that they decay quickly as e T with
increasing 7. The height of the bumps is < 1 Q2 'cm ™! which is at least an order
of magnitude smaller than the values observed for ¢ in the measurements [54, 97].
The lowest temperature studied is 7' = 6 mK and we shall only consider metallic
and insulating regions with |Er — E.| < 0.1 meV.

Our results in Fig. 7.10 using o.(E,T) with and without bumps indicate that
there are only small variations in the slope of log(c). In particular o ~ T'/3 remains
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Figure 7.9: The modified o.(E,T) as input having increasing bumps with decreasing T
centered at £ — E. = 0.05 meV. For clarity only selected isotherms are shown. The vertical
line indicates the mobility edge.

valid within the accuracy of these estimations. Note that the lowest measured
temperature in Ref. [97] is 15 mK. From Fig. 7.10 one sees that the variations for
T > 15 mK are much smaller than for 7' < 15 mK. Hence, these variations in o
could not have been observed in the experiments.

How the bumps affect S is shown in Fig. 7.11. Even with the very small bump 3,
S changes sign in the critical regime as 7" — 0. As the bump increases this change
becomes more pronounced. The temperature T's—y at which the sign change occurs
is 0.01 K for bump 3, Ts—q = 0.02 K for bump 2, and Ts—y =~ 0.04 K for bump
1. These results for T's—o are still about one order of magnitude smaller than in
semiconductors [52, 106] and two orders of magnitude smaller than in amorphous
alloys [54, 85]. Of course, as shown in Fig. 7.11, T's_q shifts to higher values as the
bump height increases. Nevertheless, the minimum value of S for T' < T's—y has the
same order of magnitude as the corresponding maximum value of S in Si:(P,B) and
in Si:P. We emphasize that the value of T's_y of course depends on the energy unit
chosen and thus will vary for systems with different bandwidths, e.g., a larger band
width will give rise to a larger value of Ts—,.

A similar sign change is observed in the metallic regime but the depth of the
minimum is smaller than in the critical regime. The Mott formula for S with o(T)
given in Fig. 7.10 can readily model this behavior since o(7T') remains slowly varying
even if o.(F,T) has a bump near E.. In the insulating regime, S has a shallow
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maximum and drops to zero as T'— 0. This is different from experiment [58], where
S changes sign and neither has maximum nor minimum in the insulating regime.

Unlike in S, there is no sign reversal in K as can be seen in Fig. 7.12. Only
negligible variations at 7" < 15 mK are found. This should be expected since there
has also been hardly any change in the slope of o(T) except for T < 15 mK.
However, the small increase in o at 7' < 15 mK in the metallic regime together with
the minimally modified K leads to a drastic change in Ly even in the case of the
smallest bump. The increase and decrease in ¢ leads to a maximum and minimum
in Ly, respectively. However, L, still approaches the universal value 72/3 for T — 0
as demonstrated in Fig. 7.13.
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Figure 7.10: Comparison between o with and without bumps in the metallic, critical and
insulating regimes for Fr — E, = —0.1, 0.0, 0.1 meV. For clarity each set of o(T) is shifted
by 0.2 along the vertical axis from each preceding set. The lines are guides for the eye
only.
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A question arises as to the physical validity of the bumps. From experiments,
one commonly observes a sign change in S for small 7. As shown here, such a
sign change can only be extracted within the noninteracting Anderson model of
localization by introducing an artificial bump-like structure in o.. We interpret this
as evidence that the sign change is more likely due to physical processes not present
in the Anderson description of disordered systems.

7.6 Conclusions

In this chapter, we have shown that the anticipated value of the dynamical scaling
exponent z ~ 3 as well as the right order of magnitude for the thermopower S =
1 uV/K at the MIT can be obtained when taking into account the expected T
dependencies of o in addition to the simple scaling behavior of Eq. (3.9). Our
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Figure 7.12: The thermal conductivity remains largely unaffected by variations in o.(E, T).
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guides for the eye only.

approach is phenomenological in the sense that we have refrained from using fitting
parameters and have rather taken experimental data as input. Using this data,
we can explain the large deviations from experimental results as reported in the
theoretical studies of Refs. [10, 23, 44, 86]. We have shown that our results for
S agree with those predicted by the Mott formula. This is not surprising because
we had used a o slowly varying on the scale of kg7 near the MIT. We emphasize,
however, that for a disordered system where interactions are negligible, we should
still expect the Anderson-type transition as given in Eq. (3.6) directly at T = 0.
Consequently, S ~ 100uV /K at the MIT [23, 44, 86] should again be expected and
one should observe a large increase of | S| at very low T'. However, such temperatures
appear presently inaccessible by experiment. Despite the observed changes in the
behavior of S obtained by using a modified o(F, T') in our calculations, o, S, K and
Ly still obey scaling near the MIT.

Another feature considered here is the sign changes of S at low 7. Our studies
yield that even large variations in the chemical potential p(7) do not lead to a
sign change in S. On the other hand, a variation in the input o.(F,T) data can
give rise to such a sign change in S, while at the same time resulting in only small
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changes in the conductivity 0. Hence we have effectively modeled the underlying
physical reasons for the sign change — which have been attributed to electron-
electron interactions [58] or to the existence of local magnetic moments and their
interactions with electrons [52, 106] or to inelastic scattering with phonons [15, 16,
17] — by simply changing the input o.(E,T). A possible test for the existence
of such a structured o.(E,T) can be made in the measurements of Lg, since its
T variation is much more sensitive to the bumps than o. Although it remains
unclear what might cause fluctuations in o.(F,T) close to E., we have been able
to describe the main features of the critical behavior of S(T"). A microscopic and
possibly system-dependent approach to the problem may eventually account for
these abrupt changes in o.. Of course, if many-particle interactions and electron-
phonon coupling are important, we no longer expect the feasibility of the CTKG
formulation [11, 28, 50] used here.



Chapter 8

A microscopic approach using the
recursive Green’s function method

The calculations of the thermoelectric transport properties that have been done in
the previous sections and those found in the literature are based either on the CTKG
formulation or other perturbative methods. These methods are macroscopic in na-
ture and rely on the explicit form of the energy and temperature dependence of o
as had been shown earlier. A microscopic approach to determine the thermoelectric
transport properties without assuming explicitly a functional form of ¢ would be
quite instructive. To our knowledge, there has only been Ref. [95] which reported on
the distribution of S in a 1D disordered wire in the localized regime. The authors
were able to analytically and numerically show that in this case the distribution
of S is Lorentzian. So far there has been no other microscopic calculation of S,
I, K or Ly in disordered systems near the MIT. Yet in dealing with this problem
one is not bereft of any tool. In the early 80’s MacKinnon had already developed
the recursive Green’s function method to construct an algorithm to calculate the
conductivity tensor and the density of states of a d-dimensional disordered system
[59, 60]. This method can be adopted and further developed to calculate kinetic
coefficients and eventually the other transport properties. Here o is computed it-
eratively using O(N) arithmetic operations where N is the number of sites in the
system. The advantage of this approach compared to the already existing numer-
ical work on ¢ is that it can treat macroscopic systems since its computer storage
requirements are minimal. The maximum N value one can set is mainly limited
by the computer time available and the precision of the computer. Hence, in being
able to deal with very large system sizes, one avoids problems arising from finite-size
effects.

In this chapter, we shall consider the transport properties of a chain initially
having N sites. The key feature of the recursive Green’s function method is that
adding one more site to the chain will not affect the whole system. The newly
added site only couples to the last site of the original chain. This will become
clear in the next section. Here we will discuss only a 1D system in a tight-binding
model with nearest neighbor hopping in the limit 7" = 0. It is straightforward to

58
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extend the computations to higher dimensions. We will only give the summary of
the basic algorithm, a review of which is also given in Ref. [48]. Detailed derivations
of relevant equations and recursion relations are given in the Appendix B.

8.1 Basic algorithm

The tight-binding Hamiltonian (3.1) with only one state per lattice site and nearest
neighbor hopping can be rewritten in one dimension as

H=Zej\j><j\+V(\j><j+1\+\j+1><j\), (8.1)

J

where the diagonal elements €; are randomly distributed in a box of width W and
the hopping parameter V is a constant. In adding one more site to a chain of N
sites, this Hamiltonian can then be considered as an unperturbed Hamiltonian of
the first N sites and the decoupled (N + 1)th site plus a perturbation [59]. Equation
(8.1) then simplifies to

HN — 7+ H (8.2)
where
Hy=HW) 4 en [N +1)(N +1 (8.3)
and
H =V (|IN)(N+ 1]+ |N + 1){(N|) . (8.4)

The Hamiltonian H' is the coupling between the Nth site and the (N + 1)th site.
Therefore, the main idea in this algorithm is that the (N + 1)th site couples not to
the whole N-sites system but only to the Nth site.

The one-particle Green’s function is a solution to the equation

(z* — H)G*(z*) =1 (8.5)

where z¥ = E + if is the complex energy variable. Using Eqs. (8.1)-(8.4) in this
definition, it follows that G*(z*) can also be calculated iteratively as

G(N-I—l):i: — Gai: + Gg:HIG(N-l-l):I: (86)
and N+1){(N+1
G§:G<N)i+| I NN+ |, (8.7)
Z— — €EN41

where in site representation
Lo ot VARIGR)
ijZ(]\G(Z)|k>:Zﬁ- (8.8)
i (2

Here E; and | i) are the solutions of the Schrodinger equation. The term |Gj|?
gives the transmission probability for a particle to be transferred from site j to site
k. Similarly, other transport properties related to G*(z) can be determined in a
recursive fashion.
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8.2 1D transport recursion relations

8.2.1 The d.c. conductivity

Here we briefly review the recursive Green’s function method for o(E) given in
Refs. [59, 60]. From Eq. (4.16) we see that L;; o (jj) and from Eqs. (4.3) and
(4.12) that Ly; = o(E) at T = 0. The Kubo-Greenwood formula for the energy-
dependent conductivity (4.14) in terms of the one-electron Green’s function G(FE)
can be rewritten as

2e*h
TVm?

where V is the length of the system and p is the momentum operator. Expressing p
in terms of the position operator x,

o(E) = Tr{p ImG(F + &) p ImG(E + i£)}, (8.9)

1M,

p=— [H, z] , (8.10)
Eq. (8.9) can be rewritten in position representation as
42 | AN AN ) ST
Jk J

for a system with V = Na, where a is the lattice spacing and G%XH is the matrix
element of G*(E) between the position eigenstates that correspond to the jth and
kth sites of the N-sites system.

Using Eq. (8.11) for a (N + 1)-site system and extracting the coupling terms
between the Nth and (NN + 1)th sites, the following recursion relations are obtained:

N+ — LA s(N+D) (8.12)
7h(N +1)a ’ '

ol

sV = s Re {gh, [V — gl [dN))? — 26987, dN ey
+(2§ §2QN+1)33N+1]} ) (8-13)

BV = (gh)? [V2BV 1 — 2|1 gt 4 (i6—262g57) o —4€d N Vgtran] , (8.14)

= |g]J(,\2V2[§a:N + d(N_l)} , (8.15)
and
(N+1) N
gJJ\r/+1 = GN++1NJ;1 = (2 T —eny — V291J\rr> t (8.16)

By availing of Eqgs. (8.12)—(8.16), 0(E) can be computed iteratively as a function
of the length of the system. Beginning at NV = 0, the initial values of the recursion
relations are s(0) = b(®) = 4O = g = 0. In our numerical calculations we set the
hopping term V =1 and a = 1 for convenience.
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8.2.2 The localization length

The localization length A and its inverse « is defined as [14, 61, 62]

1 1
- — _ T . - +
MNE) (E) = ~lim lim 5510 |Gly(E)

2

(8.17)

The transmission probability |G{y|* from site 1 to site N can be expressed in terms

of the diagonal elements (8.16) of G*(E + i), that is,

N
G =V g (8.18)
m=1
With this definition, we can rewrite v of Eq. (8.17) in an iterative form as
N -1 1
= 11— —=In|Vgn|. 8.19
N N N-iT oy Van| ( )

For V =1, v =In|g¢;| and Eq. (8.19) holds for N > 1.
According to numerical results using Eq. (8.19) at the band center [14, 79]
W2
0) = .
10 = To5v7
This behavior is consistent with a second-order perturbation theory of evaluating
the Green’s function in Eq. (8.17) [94]

(8.20)

W2
F)= ————
NE) = S — 5
in the limit of small W and |E| < 2V. These results indicate that in a 1D system
A diverges as W2 as W — 0 [13]. For W > 0, ) remains finite. As a result,

an infinitely long 1D noninteracting disordered system is localized even for weak
disorders [46].

(8.21)

8.2.3 The Peltier effect

In a similar way as in the previous section we can also compute Li2(7T = 0). From
Eq. (4.16), L1 « (j,j). This is similar to Ly; except that it now depends also on
the heat current. We can, thus, write L similar to Eq. (8.11)

N N
ng) = (E - N)Lgl )
2 N-1

N
e
- 2 Im Zx?G%-VH(ej —z)+2V Z ij;-]ﬁijH . (8.22)
J J

ThNa

As derived in Appendix B, Eq. (8.22) for a (IV + 1)-site system can be transformed
into an equivalent recursive form as follows

2

LA (g e e &
12 ( ,LL)O' gﬂ'h(N-Fl)a

Im f(VFD+ (8.23)
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where
FOIDE = N+ 2V (xn — $N+1)291J\rrg;\rf+1 - 2V3QJJ\r/+1h(N)Jr (8.24)

and
W =V [(an1 — an)’gn .y + VAV DT] (8.25)

The initial condition is f®+ = h(®+ = 0. Knowing Li,, we still cannot directly
compute S because of its explicit T' dependence. From Eqgs. (4.8) and (4.9) we see
that it is more convenient to compute II in the limit 7" — 0. It is given as

1 € Im fVH+
(N+1) _ _ _sS=5
I = {(E 1) TRy . (8.26)

Fig. 8.1 summarizes the numerical procedure of iteratively computing the con-
ductivity, the localization length and the Peltier coefficient.

8.3 The dimensionless thermopower

In this section we review the results in Ref. [95] which demonstrated that the dis-
tribution of the dimensionless thermopower S of a single-channel disordered wire in
the localized regime is Lorentzian. Here we derive that S is just the trace of the real
part of the Green’s function G (E).

The dimensionless thermopower S is obtained by rewriting Eq. (5.6) in terms of
the conductance g in the limit 7' — 0

A dg(E)

S = , (8.27)
2ng(FE) dE E=Ey
where A is the mean level spacing near Ep and S is related to S as
213 k2T ~
S=-"2S. 8.28
3 lelA (8.28)

Assuming single channel conduction, the conductance can be obtained from the
transmission probability T(E) through the Landauer formula [53]

. 2¢2

8(£) = —-T(E). (8.29)

In the 1D disordered wire of length N, T(E) =| G (E)|*>. Substituting this above
and in Eq. (8.27) and using Eq. (8.17), we obtain
A d

s Ad N 2 _
S = on dE In | GlN(E)‘

NAd 1

BT (8.30)

We keep in mind that A is measured in the limit N — oo and £ — 0.
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Figure 8.1: Schematic diagram of the recursive Green’s function method for obtaining the
transport properties. The variable Y can be set to either the disorder W, the number of
sites NV or the imaginary part of the energy &.

In the limit of weak scattering the dominant effect of the disorder is simply to
introduce a finite mean free path at energies well inside the band. This implies that
on the average the diagonal element g, given in (8.16) can be approximated by

gh ~ (BT — e, +i€) 1, (8.31)

where the sum of ¢ and all self-energy contributions in g, is assumed to be a constant
¢'. Using this result with (8.18), it follows that

N

d

—=1n | Giy(E) ~ —2) ReGj;. (8.32)
j=1
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Figure 8.2: The energy dependent conductivity as a function of the imaginary part of the
energy for different disorders. The length of the 1D system is 3 x 10 a.

Consequently, Eq. (8.30) becomes

§=-2n [ReGT(E)] . (8.33)

s
From the definition of S in (8.30), its distribution can be shown to be given as

[95]

P(S) = 1t

T4 52

This relation conforms with the Lorentzian distribution that has a full-width at half

maximum I' equal to 2. Therefore, the corresponding T" for S is given as

(8.34)

43 k3T
r=—=-"_. 8.35
3 eA ( )
Similarly, the distribution of IT would be given by Eq. (8.34) with a full-width at
half maximum I = T'T. Tt is important to note that Eq. (8.35) was derived for a
noninteracting system in the limit 7 — 0 and A — 0.

8.4 Results and discussion

We computed o(E), A and II for a 1D disordered wire setting E/V = u/V = 1.0. As
shown in Fig. 8.2 for small disorders, o is proportional to 1/¢ for large £, while o ~ ¢
for very small £. These have been first observed in Ref. [59] through the scaling of
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Figure 8.3: Localization length vs. the imaginary part of the energy for different disorder
strengths. The solid line is taken in the limit W — 0 and corresponds to an effective phase
breaking length [4.

o with respect to &. The term Im G*(E) in Eq. (8.9) is proportional to §(E — H).
Hence, the parameter £ corresponds to a finite width of the delta function. The
limit & — 0 must be taken only after the limit N — 0 has already been taken [13].
The latter limit is needed in order to distinguish between localized and extended
states and between vanishing and nonvanishing of 0. The o ~ 1/¢ behavior for
large & is similar to the Drude theory of metals if 1/¢ is taken as an average lifetime
[13, 14] of an electron in an eigenstate. In effect, a nonzero ¢ simulates inelastic
scattering processes. A finite & can also be thought of as a finite T. For large &, this
corresponds to a large T" where inelastic scattering of carriers is due to impurities,
lattice imperfections and phonons. Hence, o decreases as 1/£. But for small ¢,
the effective phonon contribution becomes negligible and thus ¢ increases with &.
This is further supported by ¢ remaining small but finite for the range of £ we have
studied. It only goes to zero as & — 0.

Fig. 8.3 shows that )\ goes to a finite value for every value of W £ 0 as £ — 0.
This tells us that the system is localized for d = 1 if disorder is present. As W — 0, A
increases and approaches its behavior at the W = 0 limit. We expect that A — oo at
W = 0 and the system becomes ballistic in the thermodynamic limit. The behavior
of A in the limit W = 0 corresponds to an effective phase breaking length /4. In Fig.
8.3 we observe that I, ~ & . This is similar to a theoretical prediction by Gorkov
and Dzyaloshinskii [75] that for 1D ballistic systems l, ~ T~'. Furthermore, since
lg ~ T—% [42], then we obtain a dynamical exponent z = d = 1. In the ballistic
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Figure 8.4: Localization length vs. disorder strength. The solid line is obtained from Eq.
(8.21). The error of A is smaller than the size of the symbols.

regime [y should have a linear dependence with the phase coherence relaxation time
[75]. Since the relaxation time is inversely proportional to o, then o ~ T which
agrees with our earlier result for small &.

Fig. 8.4 shows how A diverges as W — 0. In the limit ¢ — 0 and W — 0,
we find that A\ ~ W2 and approaches the behavior specified by Eq. (8.21). On
the other hand, A remains finite as W — 0 at finite £&. This implies that for finite
T we have a finite T' dependent l4. This suggests that one only needs to consider
segments of length [, in the 1D wire. Beyond [; one can use the classical result
that voltages along consecutive segments add for a given current [42]. Hence, in the
thermodynamic limit, the macroscopic conductivity is determined by Ohm’s law for
finite T'.

The distribution of the Peltier coefficient is illustrated in Fig. 8.5 for two values of
&. We observe that for a fixed system length a large £ yields a Gaussian distributed
I1. For a small £ the width of the distribution becomes wider and it is no longer
fitted by a Gaussian distribution. The tail of the distribution in Fig. 8.5b also does
not perfectly fit a Lorentzian distribution as argued in Ref. [95]. Recall that a Eq.
(8.34) describing a Lorentzian distribution was obtained through an approximation.
Taking into account the full microscopic scattering effects in Eq. (8.26), we obtain a
semi-Lorentzian distribution. Nevertheless, we can conclude that in the limit 7' — 0
the Peltier coefficient is not a self-averaging quantity.
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Figure 8.5: Distribution of the Peltier coefficient for (a) ¢ = 0.001 and (b) ¢ = 1075
obtained from 10, 000 different configurations of disorder W = 2 and length 3 x 10® a. The
thick solid line is a Lorentzian fit of the distribution while the dashed line is that of a
Gaussian distribution.



Chapter 9

Summary and outlook

This dissertation deals with extensive studies on the thermoelectric effects in the
region near the metal-insulator transition of disordered systems. The tempera-
ture dependence of the thermoelectric transport properties in three dimensions has
been investigated in the Anderson model of localization using a linear response
formulation and a modified approach using experimental data. Transport in a one-
dimensional disordered wire in the limit at 7' = 0 is also studied using the recursive
Green’s function method.

Relevant experimental results of o, S, K and ¢y in amorphous materials are
summarized in Chap. 2. Despite differences in the conductivity exponent, there is
a consensus in experiments that the conductivity at the MIT is continuous in the
absolute-zero-temperature limit and this is thought of as being brought about by
disorder. Interactions are believed to affect the value of ¥ making different systems
fall into different universality classes. For the case of S, experiments do not agree
on its behavior at the MIT. To check whether S diverges or not at the MIT is one
of the main concerns in this work.

Essential concepts of the Anderson model of localization and the scaling theory
are reviewed in Chap. 3. The basic idea here is that ¢ behaves as t” as t — 0 where
t measures a dimensionless distance from the transition. Furthermore, o scales with
respect to only one parameter on both sides of the transition with a dynamical
scaling exponent z equal to the spatial dimension for noninteracting systems. The
fundamental theory of linear response in calculating the thermoelectric transport
properties and the CTKG formulation are provided in Chap. 4. Here the kinetic
coefficients are shown to be the key ingredients in determining o, S, K, Lg, II and
ZT. This approach is only for noninteracting systems subject to elastic scattering
processes. Nevertheless, the CTKG formulation does not depend on the strength
of disorder in a system and so has far-reaching applications. Therefore, the use of
this method in studying transport properties at the MIT in disordered systems is
not limited to the Anderson model. In general, it applies to systems having o ~ t¥
close to the MIT. For such systems, it is straightforward to compute the transport
properties from the CTKG formulation. But this approach also requires a knowledge
of the chemical potential in a system which usually is not known. Different ways
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in handling p for the Anderson model are surveyed in Chap. 5. Assuming u ~ E¥y,
a low-T" expansion of the L;; yields a diverging S at the transition, while a high-
T expansion gives a constant S in the critical regime. However, both methods
are questionable when applied at the MIT. The low-T solution uses the Sommerfeld
expansion which assumes that o at the transition must be a slowly varying function.
This is in contradiction to the assumed critical behavior of ¢ in the Anderson model.
Using the high T" approach at the transition effectively assumes that u(7) = Er is
valid even at high 7. Another way in computing S is an exact calculation of the
L;j at u(T) = E.. This yields a constant S at the MIT, the magnitude of which
is determined only by v. The limitations of these methods can only be overcome
by a knowledge of u(7). At the end of Chap. 5 we demonstrate how u(7) can be
numerically computed in the 3D Anderson model of localization from the density of
states.

In Chap. 6, we report on the temperature dependence of o, S, K, Ly and ZT
for the Anderson model obtained by applying the numerically determined u in the
CTKG formulation. We demonstrate that one obtains S — 0 in the metallic regime,
while in the insulating regime S does not approach zero but increases to large values
as T — 0. Note that this seemingly diverging S in the insulating regime does not
violate the third law of thermodynamics since both ¢ and K vanish in this regime.
At the MIT, S is a constant of the order of 100 xV/K. The value of S we obtain
is the same value predicted in Ref. [23]. But it is two orders of magnitude greater
compared to experimental results in disordered systems. An interesting observation
is that the behavior of S as " — 0 in the Anderson model for different energy regimes
is very similar to that seen in 2D electron gases in high-mobility Si-MOSFET’s in
what appears to be an MIT [25, 27]. In addition, S at the claimed MIT has an
order of magnitude of 10 xV/K [25, 27]. A similar S behavior has been observed
near the MIT for 3D La-substituted BaPb; ,Bi,O3 but in a 7" range of ~100 K
[101]. We emphasize that the CTKG method and the computation of y used here
is not restricted to d = 3. More importantly, if o at the MIT for any system can be
modeled by the same critical behavior as in the 3D Anderson model of localization
and if it has a smooth density of states in the region near the MIT such as in Fig.
3.1, then S would behave exactly as we had illustrated in Chap. 6.

Another result achieved in Chap. 6 is the scaling of the T behavior of o, S,
K and Ly. The scaling of o yields z < d. This result naturally arises due to the
absence of a T' dependence in the critical behavior (3.6) of o in the Anderson model
which had been used as input in the CTKG formulation. Hence, we resort to using a
functional form of o(E,T) obtained from experimental data in Chap. 7. The scaling
of o obtained in experiments on Si:P [97] gave a dynamical exponent z &~ d. From
this result, we infer the functional form of o(F,T). Doing the same procedure in
calculating the thermoelectric transport properties as in the case of the Anderson
model, we obtain again a non-diverging S at the MIT. Similarly, we obtain good
scaling in the T behavior of ¢, § and K and Ly. Our scaling result for o provides
z & d.

We emphasize that the results in the case of the Anderson model are for non-
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interacting systems which are applicable to disordered systems at low T" where the
diffusion contribution to S would dominate. But in the phenomenological approach
using experimental data, all system dependent features such as scattering processes
are implicitly encoded in the behavior of o(F, T'). Moreover, simulating fluctuations
in this function at the mobility edge gives rise to sign changes in S. Larger changes
in magnitude in Lq are even observed. These fluctuations hardly appear in the total
energy-integrated o. Hence, we expect these fluctuations will hardly be observable
in o experiments. We suggest that experimental measurements of the Lorenz num-
ber would probably yield better results.

The specific heat in the Anderson model is found to be linear in T". There is no
qualitative distinction of the behavior of ¢y (T') from the metallic, insulating and the
critical regimes. This is an effect of the independence of ¢y, from the critical behavior
of o and the absence of lattice contributions to our method. Consequently, c,(T)
will not change using our phenomenological approach to the transport properties.

In Chap. 8 we perform a microscopic calculation of the transport properties. For
this purpose, we use the recursive Green’s function method, which does not require
an explicit assumption of the form of the energy dependence of . Moreover, it is
numerically inexpensive since it does not require a large amount of computer stor-
age. The algorithm that had already been developed for o in Refs. [59, 60] has been
extended here to include other transport properties. Inelastic scattering processes
were simulated through a finite width of the imaginary part of the energy appearing
in the Green’s function £. It serves as a finite 7" or its inverse serves as an average
inelastic scattering time. Our results on the transport properties in a 1D disordered
wire show that o ~ £ for very small € and a phase breaking length {, behaves as £ 1.
It in turn yields z = d = 1. In addition, we find that A\ diverges as W =2 in the limit
& —+ 0and W — 0. For large &, A remains finite and this implies a finite /4. Then
the motion of electrons in the thermodynamic limit can be described classically.
Also for large £ we obtain a Gaussian distributed II. The distribution of II becomes
semi-Lorentzian only for ¢ — 0. It would be quite interesting to be able to obtain
the actual T' dependence of the transport properties. But this would require more
investigations on the effects of various limits on the transport properties and of their
being non-self-averaging. These investigations would be useful to disordered quasi-
one-dimensional conductors and single-walled carbon nanotubes. For these systems,
the MIT is also disorder-driven [65]. However, there is no agreement to its exact
nature. Experiments on quasi-1D polymers show that the MIT is Anderson-type
and o is continuous at the transition [55, 102]. Studies [65] on the metallic side near
the MIT in polymers and single-walled carbon nanotubes suggest that percolation
models of an MIT can be excluded. But aside from disorder-induced localization,
interchain-interaction-induced delocalization is also important. We have not come
across experimental results for thermopower or Peltier coefficient on these systems
near the MIT.

Extending the recursive Green’s function method in calculating the thermoelec-
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tric transport properties to higher dimensions would also be quite interesting.! The
one-parameter scaling theory has ruled out an MIT in d = 2 [1, 46]. Today this
has been under debate due to claims of experimental results of resistivity scaling
in Si-MOSFETs [45, 47, 49]. As we have mentioned earlier, S in Si-MOSFETSs has
the same behavior as S for a noninteracting 3D disordered system near the MIT.
Therefore, with the recursive Green’s function method one would then be able to
microscopically check the behavior of S in d = 2.

A related active field of research is the study of the thermopower in the presence
of a magnetic field [27]. This is motivated by the quest to understand the quantized
Hall effect in 2D electron gases. In the presence of a magnetic field, the thermopower
is a tensor. The diffusion diagonal component of the thermopower is predicted to be
quantized similar to that of the Hall resistivity [89]. However, the thermopower, as
observed in experiments, has a more complicated oscillatory nature with respect to
the magnetic field and it has been found that phonon-drag is also important [27]. It
remains unclear how the diffusion part of thermopower plays a role in these systems.

Another interesting area is the problem of localization and transport properties
in quasicrystals. Since its discovery it has attracted attention due to its unique
properties. Contrary to ordinary metals, quasicrystals are characterized by a low
conductivity that increases when temperature or disorder increases close to the MIT
(82, 83]. At the insulating side of the quasicrystal Al-Pd-Re , the conductivity has
a power-law temperature behavior, i.e. o(T) ~ T, for a wide range of temper-
atures [82]. This remains unexplained. Amorphous thin films of Al-Cu-Fe and
Al-Pd-Re when crystallized to an icosahedral phase show a sign change and a large
jump in magnitude of the thermopower [30, 32]. This thermopower behavior in the
amorphous-to-quasicrystalline transition is ascribed to a change in band structure
due to strong interactions between the atomic structure and the electronic system
(30, 31]. But the exact dependence of the transport properties on the fine tuning of
the disorder is still being disputed. Hence, the peculiar nature of quasicrystals and
the associated MIT is another interesting subject open for further investigations.

!The recursive Green’s function method had already been used Refs. [61] and [62] to determine
vin d =2 and 3.



Appendix A

High-temperature expansion of
kinetic coefficients

Here we derive the high-T' expansion of the L;; in the limit |E, — p(T)| < kgT
for the Anderson model of localization. We begin by rewriting the Fermi function
(4.13) in terms of E, such that

E—p=(E-E)+(E.—p) . (A.1)
Equation (4.13) simplifies to
1
f= = (A.2)
where E_ &
== ¢ A
x T (A.3)
and B
c M
= . A4
0= "7 (A.4)
Note that |E, — u(T)| < kgT implies § < 1. Using Taylor’s approximation
flx+6)~ flx)+ fl(x)- 6+ f'(x) - 62 + - -- (A.5)
and N
, e
= A.6
Fl@) =~ e (A6)
in first order expansion we obtain
1 1 oe”
flo+9) = - (AT)

1+ert " T4er  (14e2)?°

Next, we substitute Eq. (A.7) into L;; as given in Eqs. (4.17)-(4.19). We again
identify A(FE) in these equations with o in the critical regime. For simplicity, we
consider the critical behavior of o near the left mobility edge in Fig. 3.1 such that

A(E)=a(E - E.)’, E>E, (A.8)

where a is a constant. This is consistent with Eq. (3.6) if a = 0o /|E.|".
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A.l L11

Using Eq. (A.8), Eq. (4.17) becomes

Ly, = E—-E)' |—-==)dE. A.
11 G/Ec( )<8E> (A.9)
We change variable E to z using Eq. (A.3) with
dE
de = —— A.10
T T (A.10)
and of afor  of 1
T
S R N A1l
OFE 0Ox0FE  Ox kgT ( )
Eq. (A.9) reduces to
Ly = a(kgT)" " —== | dx. A12
11a(B)/0$<ax>l’ ( )
Integrating by parts we get
Ly = a (kgT)” [(—x"f) lo° +1// a:”lfdx} . (A.13)
0
In this equation we substitute Eq. (A.7)
1 de” >
Ly, = T)" < x¥ —
n = o ed) {x [He“’ (Heﬂz] }0
+a (k T)”y/oo [ (A.14)
P 0 14+er (14 e)? '

The first term vanishes and

Ly = av (k T)"[/Oo ! da:—d/ooﬂda:] (A.15)
e o lter o (Ttes2 | ‘

Simplifying the second integral term via integration by parts, Eq. (A.15) is then
expressed as

0o ‘rllfl 00 ‘TV72
Ly = kgT)" de —6(v —1 dx| . A.16
11 = av (kgT) [/0 l—i—el‘x (v )/0 T a:] ( )
Hence, we get
L11 = av (kBT)V [I,, - 5(V - 1)[,,_1] (Al?)
where
o] ZBV_I
1, :/ dx (A.18)
0 1 + e®

belongs to a class of Fermi-Dirac integrals. Its numerical value can be computed
from I; = In2, I, = (1 —2"")T(v){(v) for Re(v) > 0, v # 1, with ['(v) and ((v)
the usual gamma and Riemann zeta functions.

Substituting a = oy/|E.|” and Eq. (A.4), and assuming u(T) = E for the T
range considered, we obtain the high-temperature expansion (5.12) for 0 = Ly;.
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A.2 Ly
Substituting Eq. (A.8) in Eq. (4.18) yields
> v of
Ly = —a/ (E—E.)"(E— p) ~3% dE . (A.19)
Ec

This is rewritten using Eq. (A.1)

8f
3 _ E—E v+l [ YY) E

N J/

(4)

(B, — p)a /EOO (B — B (-%) . (A.20)

Note that the second term is just Eq. (A.9) with an additional factor E, — u. Chang-
ing variable E to x using (A.3) in the same way as in Ly, we simplify term (A)

) (A) := (kgT)"* / T g (-3—9 dz

0

Integrating by parts and expanding f(x) up to first order, (A) becomes

() = ) [+ ey [ o] (A1)

B V_l_l o0 ‘,1;,1/ _ o ‘,1;,1/6.’3
=(v+1)(ksgT) </0 1+ o dx 5/0 A+ e em)de>
00 v 00 v—1
— (4 1) (kaT)"! </ . da:—éy/ ’ dm) (A22)
0 0

+ e® 1+ e®

The first term of Eq. (A.21) vanishes by taking the limits of integration using f(z)
of the form (A.7). Thus, term (A) is given as

(A) = (v + 1) (ksT)" " [I, 11 — VL] . (A.23)
Putting this in (A.20) and using the result (A.17) for L1, we obtain

Ly = —a(v+ 1)(kgT)" " [I, 41 — 6vI,]
—av(E, — p) (kgT)" [I, — 0(v — 1)1,_4] . (A.24)

Substituting this result for L;; including Eq. (A.4) in Eq. (4.4), the high-T" expansion
for S is then expressed as (5.14). Again, it is assumed here that u(7) = E.
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A.3 Lo
Using Eq. (A.8) in Eq. (4.19) yields
Lo = —a /Eoo (E— E)" (B — )’ (-%) i . (A.25)

Expressing this in terms of E, using Eq. (A.1), we get

o of
v+2
Loy = a/EC (E - E,) <__a ) dE

-~

(B)
o0 d
+2(E. — p) a/EC (E — E)""! (—8—£> dE
(4)
00 5 a
+ (B, — u)%/EC (E — E,) <—8—£> dE . (A.26)

~~

L1

Note that the second and third term are just term (A) and Ly, respectively. We
already know term (A) from Eq. (A.23) and Ly; from Eq. (A.17). We are left to
consider only term (B).

First, we rewrite term (B) by changing variable E to z using (A.3)

(B) := (kgT)""? /000 z’+? <—%> dz .

Integrating by parts and expanding f(z) in term (B) up to first order as in (A.7),
we have

(B) = a7y (a2 1) 4 4 2) [0 pa]

= (kgT)""* (v + 2) /00 ! d —5/00 aer d
B 0 1—|—e$x 0 (l—i-e“”)?x
= (kgT)" > (v +2) [Iygo — 6(v + 1)L, 14] . (A.27)

Substituting this result, including term (A) and Liq, in Eq. (A.26), we obtain

Loy = a(v +2) (ksT)" " [I,42 — (v + 1)1,410]
+2a(v 4+ 1) (kgT)" ™ (B, — p) [I41 — v1,0]
+av (keT)” (Be — p)* [I, — (v = 1)1,-16] . (A.28)

Applying this result, Eqs. (A.17) and (A.24) in (4.5) and assuming u(7T') = Ep, K
in the limit of high T is given as (5.15). Using the high-temperature expansion for
K and o in (1.5) we also obtain Lg in the high-T" limit, (5.16).



Appendix B

Kinetic coefficients in position
representation

We will derive the expressions for the kinetic coefficients in the position representa-
tion. These enable us to calculate iteratively the L;; in terms of the size of a system.
First, we review the Green’s function and the resolvent form of o = L;;. Then we
derive the resolvent form for L5 and its recursion relation. For completeness, we
include the derivation for L.

B.1 The Green’s function
The advanced or retarded Green’s function G is defined as
(z5 — H)G* =1 (B.1)
where the complex energy z* is given as
7* = FE+i¢. (B.2)

With this definition, we obtain the following properties

7t +7 =2F, (B.3)
7zt — 2 = 2i€, (B.4)
HG* =7°G* -1, (B.5)
H?G* = (#*)°G* —7* — H, (B.6)

and 1 (E—i€)— H E— H— i
GH(E) = ke A s S B.7
(E) (E+i€)—H(FE—-i)—H (E—H)?+¢& (B7)

The imaginary part of Eq. (B.7) can be rewritten as
1

ImG" = —£GTG™ = % (GJr — G’) . (B.8)
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B.2 L

The kinetic coefficient Lq; in the limit 7' — 0 is just the energy dependent conduc-
tivity. It is proportional to the current-current correlation function, (jj). In terms
of the momentum operator in 1D, we have

L= 20 [pImGp G (B.9)
1S pImG T pIm : :
Substituting Eq. (B.8), we get
Ly = -2 np(et -6 p(GF -6 (B.10)
47rVm2 '
2
h
- ¢ Tr |-pG+pG+—|—pGpG —2pGpG+-| . (B.11)
271'\/"]’)1(23 —_—— S—— —_———

Al A2 A3

We are left to evaluate simple terms A1, A2 and A3. Substituting the expression of
the momentum operator given by (8.10) in terms Al and A2, we obtain

2

pGFpG* = —% (tHG*rHG* — HrG*tHG* — 2HGTHxG* + HzG*HxG™)
2
= —% (20 HG* s HG* — 22G* 2 H?G?Y). (B.12)

Here we use Eqgs. (B.5) and (B.6) and get

pGEpG* = —% {22(zG* — 1)z(z"G* — 1) — 22GTz [(z")*GT — 2" — H|}
m2
= —& [20GFa(H — z%) + 22°] . (B.13)
Similarly, we simplify term A3 by substituting Eq. (8.10). We obtain
2
_ m? _ _
pG pGT = s (tHG~ — HzG™)(zHG" — HzG™")
2
= —% (2eHG zHG" — xG"zH?’G" — 2GtzH?>G™). (B.14)
Employing Egs. (B.5) and (B.6), we have
m2
pG pGT = —h—; {22(z7G~ - 1)z(z* Gt - 1)

+2G 2 (—22" +2z" + H) +2G 'z (22" +2z~ + H)| . (B.15)

B2 B3
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With Egs. (B.3) and (B.4), we have

Bl: =—-z(z —z")+27(z —2") = 2i(z” —z") = 4,
B2: =(—z"+zY)+(H—-2")=2{+H—1z",

and

B3: =(—z"+z )+ (H—-2z")=—-2i{+H—z".

Using these results, A3 becomes

2

pG pGt = —% [4822G~2G T + 2i€(2G "z — 2G )

+2G x(H —z7) + 2Ga(H — z7) + 227] . (B.16)

Combining (B.13) and (B.16), we obtain

e2h mz + + 2
Ly = oV Tr{—ﬁ [2eGTa(H —z") + 22
+20Gx(H —27) + 22° — 822G~ 2G"t — 4i€(zG~z — G 1)
—22G x(H —z7) — 22GYz(H — z*) — 42?] } (B.17)

Finally, we get the expression for the conductivity

4e? 2 -t L - +
Ly i Tr [g G~ 2G +§z§(a:G r—zG x)} : (B.18)

We can rewrite this as in Eq. (8.11), i.e. in terms of the matrix elements of G, by
using in the first term that G~ = (G™)* and substituting (B.8) in the second term.
The recursion relations for Lq; given in Eqgs. (8.12)—(8.16) had been derived in Refs.
59, 60].

B.3 Ly

Analogous to Ly, Ly is proportional to (j,j) where j, = jg — 1 is the heat current
operator. Li5 can be expressed as

2¢%h
Ly = vazTr [(pE — pp) ImG™* pImG™] (B.19)
2e2h ~ = -~ =
= ﬂ_vszr{pEGpG—qupG] . (B.20)

where the notation G = ImG™ is used for clarity. Next, substituting

1
PE = §(Hp+pH) ) (B.21)
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we obtain

2e%h 1 ~ =~ ~ =~
L, = ‘ Tr[—(Hp—i—pH)GpG—qupG}

TVm2 2
2e2; . .
- = Tr[pGpHG—qupG}. (B.22)

TVm?2

Here we had used that the Hamiltonian commutes with G. Noting that the second
term is given by (B.9) with Eq. (B.8), L1y is expressed as

e’h B )
2rVm2 Trlp (¢ -@ ){),H (G -G )l—ML11 (B.23)
c1

L12 -

We are left to simplify term C'1 using (B.5)
Cl: = pG'pHG" —pG pHG" — pG'pHG + pG pHG~  (B.24)
= pGTp(z"GT - 1) —pG p(ztGT —1)
—pGtp(z G —1)+pG p(z G —1)
= pG pGtzt —pG pGT(zt +27) +pG pG z . (B.25)
Using (B.2) and (B.3), term C1 further simplifies
Cl = pG'pG*T(E +i€) — pG~pG 2E + pG~pG~(E — if)
= E (pG*pG* +pG pG~ —2pG pG™)
+i€ (pGtpG* — pG pG ) . (B.26)

Combining (B.11) and (B.26), Ly in terms of p is given as:

e2h

21Vm?2

Lyy = (B — p)Lyy —i§ Tr [pG*pG* — pG pG ] . (B.27)

In terms of x, Ly is expressed using (B.13) as

62

L= (E — p)Ly; + me Tr[2Gta(H-2")—a2G z(H—2")] . (B.28)

B.4 Recursion relation of L,

Here we will determine the recursion relation of the term (B.28). )
We let each trace term in (B.28) for an (N + 1)th system equal a function f, i.e.,

N+1
Tr [0GNEg(H - 2%)] = (| eGN T a(H — 2%) | j) = fV* - (B.29)

J
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Then the trace term in (B.28) can be rewritten as
f-(N+1)+ f(N+1) — 27,Il'l’lf (N+1)+ (B30)

Thus, we only need to determine f*¥+1)_ For convenience, we drop the advance-
and retarded-notation (+) of the Green’s function. Going back to (B.29), and using

the closure relation
> Ik)k =1, (B.31)
k

FONHD) s given as

N1 N+1
FOED = 37 | aGN e | k) | H-2 ] j) = Z% Vi (Hig — 20) (B.32)
ik

where 0, is the Kronecker delta.

B.4.1 Recursion relation of f
Considering only nearest neighbor hopping, the summation (B.32) above reduces to

N
O = 3 2G| G )G+ H | )

J=1
N+1

+ ) (G 2G| )G | H —z]j)

j=1
N+1

+ Y G=1[2GN e )G H -1 (B.33)

i=2
We can combine the first and third terms since j is just a summation index. With

(j+1|H|j)=V and (j| H|j) = €; we obtain

N+1
5 N+1 N+1
FINHL) — g x?Gg.j —z) 42V E z;G ]J-I-l 33]+1 : (B.34)

J

Thus, we can derive Ly given in (8.22) by using the above result together with
(B.30) in (B.28).
In the following, we expand f(¥+1) to extract the (N + 1)th term such that

fvH = TN+ (en g1 —2) + Z 1’2G N+1)(€j —12)

J

+ 2Va:NG]\J,VJ\J,jla:N+1 +2V Z T; ]ijﬂl)xﬁl . (B.35)
i



B.4. RECURSION RELATION OF L, 81

Here gni1 = GE\],VJFTI)VH. The Green’s functions obey the following set of recursion
relations [48, 60]:
G =GR+ G Van VG (B.36)
G =GN Van (B.37)
and
G = gn VG (B.38)

N+1

assuming j, k < N. Substituting these recursion relations in (B.35), f(N*+1) becomes

N N-1
Fo = 3 aa e —2) + 2 Y 0,6
: .

J

N
+ ayagnalents —2) + Vv 237?(;%)(;%)(6]' —12)
J
N-1
+ 2V2xNgNgN+1xN+1 + Vng+12VZ$jG;%)G%)+1$]‘+1 . (B39)
J

The sum of the first and second terms is f(N). Thus, we arrive at a recursion formula
for f(N+1) je.

FOVHD — FIN) 198 +1(Ent1 — 2) + 2V TN gNgN 41T N1 + V2gnh™ (B.40)
where

N N-1

7 N N N N

B =BG G (6 —2) +2V Y 0, GiY G (B.41)
j J

The recursion formula for h®¥) is determined by expanding the sums above for the
Nth term. Using (B.37) and (B.38), we can rewrite (B.41) as

N-1
AN = 22 g2 (eny —2) + V29 x?G%:ll)GS\J,V__I?(ej —7)
J
N-2
+ V2gR2v Y 2 GN VG (B.42)
J
Finally, we have 3 3
MY = 42 9% (ey — 2) + VZghAWV D (B.43)

Therefore L1y of (B.28) can be determined iteratively using the recursion relations
(B.40) and (B.43). Note that both terms depend on z2. The numerical results would
depend on the choice of the origin of x and the increase in magnitude of the terms
with 22 would be more difficult to handle.
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B.4.2 Translationally invariant form of f

Instead of using f, we use the following translationally invariant function

N+1
f(N+1) = Z(:l?] - ZBk)GEJIZJrl)(CBk — CIJ]’) (Hk] — Z(;kj) . (B44)
jk
In this way, the numerical calculation will be independent of the choice of origin.
Expanding f yields
N+1
f(N+1) = Z |:2$]G§],j+1)xk - (ZB? + CB%)G%XJA) (Hk] - Z(;k]') . (B45)
ik
In the second term, using that

N+1

Z G (N+1) ij — Z(;k]') =1 y (B46)

we find that f is related to f as follows:

N+1

f(N+1) _ N+1 ) Z ZU2 ) (B47)

From this point on we shall consider f instead of f. Considering only nearest
neighbor hopping, (B.44) becomes

N+1 N

_ N+1 GVt
- _E : _‘TJ E : _'TJ-I-l ]J-l—l Hjj-l-l

J

f(N+1)

N

N+
E :$J+1 ) ]+1y Hjij
J

N
= =2V (g —a1)° G (B.48)
J

To get the recursion form of (B.48) we expand it to get the Nth term as follows
fVY = 2V (ay — anga)? ]\]/VJ\JfrJil -2V Z — Tji1) %Vﬂl)- (B.49)

Using (B.36) and (B.37), (B.49) becomes
N-1
f(N+1) = —2V2(I’N — $N+1)2gNgN+1 — 2V Z(I’] — I’j+1)2G§]jV_|)_1
J
N-1
~2Vigni D (25— 251 GWGT, . (B.50)

J



B.5. Loy 83

The recursion form of f is given by (8.24) where

N-1
WY =" (@) — 2,0 GNGT (B.51)
J
To get the recursion form of hN) we expand (B.51) as follows
N—2
N N N) ~(N
W) = (zn-1 — xN)2G§V—)1NGSV]\)I + Z(l’] - xj+1)2G§N)G§Vj)+1 : (B.52)
J

In this result we use (B.37) and (B.38) to get

N-2
WM = V@ | (anar — an)gv-1 +V Y (5 — 21’ GNVGR | - (B.53)
J

Thus, we obtain the recursion relation (8.25).

B.5 Lo

The kinetic coefficient Loy is more cumbersome since it depends on the “product”
of heat currents, that is,

Loz  (igia) = (i — 1) (i — 1)) (B.54)

We rewrite Eq. (B.54) in terms of momentum operators

2e%h . .
Ly = vagTr {(pE — up) G (pe — pp) G] (B.55)
2e2h . g
= 2Tr{pEGpEG—QMpGpEG +u pGpG] . (B.56)
TVm?

Using Eq. (B.21), we obtain

2¢2h 1 . - s s
Loy = 7Tvmgn[§(pHGpHG+-pHGp(;)

—2upépHé+u2pC~¥pG'} . (B.57)

Substituting (B.8) for G, and remembering (B.10) and (B.22) we get
e*h

Lyy = —p*Lyy — 2uLyy — ——
22 w Ly Hin2 27er§

T [1pH (G = G7)pH (Gt = G7) +1pH?* (G* = G7) p (G — G7)|(B.58)

2
(. J/

~”

c2 C3



84 APPENDIX B. KINETIC COEFFICIENTS

We use (B.5) in C2 to get
C2 : = pHG'pHG' + pHG pHG™ — 2pHG pHG™
= pGtpGT(z")* +pG pG (z)* — 2pG pGtz 7"
= pGtpGY(E? + 2i€E — €°) + pG~pG~ (E® — 2i€E — £?)

—2(E* + &)pGpG™ . (B.59)
Again using (B.5) and (B.6), we have for C'3

C3 : = pH’G pGt — pH?’G pGt — pH?’G pG™ + pH?G pG~

= (E*>+2iE — &)pGTpGT + (E* — 2i€E — £*)pG~pG~
—2(E?* — )pG pG™T +2iE(p*G~ — p*GT) . (B.60)

Returning to Loy (B.58) with (B.59) and (B.60), we get
Ly = (B® = p*)Liy — 2ulys — %Tr[ — & (pG*pG*t + pG~pG™)

+il(p’G™ — p’GT) 42 E(pGTpGT — pG™pG7)] . (B.61)

Next we express Lys in terms of z. We already know pGEpG* from (B.13). All we
need to determine is p>G*.

2~ me Me +
= —|z,H—|z, H
Gt = e B e, HIG
2
— —% (¢H — Hz)(zH — Hz)G*
2
= —% (2zHzHG* — 2*H*G* — 2H*2G*%). (B.62)

Substituting (B.5) and (B.6) we get

PGt = —h—; {QZBHZB(ZiGi —1) = 2[(z)*G* —z* — H] - a:HQxGi}
2
= —% {20H2G* 2" — 2*°G*(z7)* — 2*(H — z*) — 2H?2G™} (B.63)
and
2
p’G- —p’Gt = —% {2z72G 2(H —27) — 2z72GTw(H — z7)

—2G z[H? — (z7)%] + 2GT2[H? — (zV)?] + 2¢°2°} .(B.64)
Returning to Loy in Eq. (B.61), we finally have
i&e?
2nVh
—{2G z[H? — (z7)*] — i&2?}] . (B.65)

Ly = (E*—p*)Ly — 2ulis + Tr [{zG1z[H? — (27)*] + i€2”}
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B.6 Recursion relation of Lo

Here we will derive the recursion form of Eq. (B.65) for a system of length (N +1)a.
The recursion expressions of Li; and Li, are already known. What remains to be
determined is the recursion form of the trace term in (B.65). We set each trace term
in Loy equal to a function #(N+1+

gD = Ty [x GWVHVE 2 [H? — (24)?] £ i€2?)
N+1 N+1
= > o G a Hg Hy + ) 22 - (252G £ i) (B.66)
Jkl J

The sum of the trace terms in (B.65) is

~+(N+1)

5 < (N+1)

— = 2iTm TN+ (B.67)

Thus, we only need to consider the imaginary part of . The recursion of ¢ contains
an z2 term. Computing for ¥ depends on the origin of z and the result becomes a
very large number for large . To handle this efficiently, we use a translationally
invariant function instead which is given by

N+1
vi(N+1) — Z(x] N xk) G;g-l-l):l: (xk _ CE]) Hy, Hlj . (B68)
Jkl

Simplifying this equation and using

Y H, G =7"Gy — du, (B.69)
J

we find that the new function v is related to ¢ as follows

N+1
v VD = 2=V 9N " 2R (Hiy + ). (B.70)
k

Hence, we can use this translationally invariant function because its imaginary part
is equivalent to that of . The recursive form of Eq. (B.65) is given as

2
L) g2 2N g (NF1) LI +HN+1) B.71
22 ( 1)Ly Hlgo 27(N + 1)ah mv ( )

To get the recursion of v, we separate the (N + 1)th and Nth term from the sum
in (B.68), that is
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N N
o = Ny - )2 G Hu Hy =Y (- 01)? G Hiovas Hyan
gkl Jk
N N
— Z(xNH — zp)? GS\J;VJ:T;S Hy Hiny1 — Z(% —znp1)? ngz\(ri) Hy 11 Hyj
kl gt

N
2 ~(N+1)
- g (xj —33N+1) GjN+]_ Hyiingt HN+1j
J
N
2 ~(N+1)
- E ($N+1—$k) GN+1k Hynii Hyvpiv

k
N

— ) (an41 —ani)? G e Hyevt Hiv (B.72)
l

For convenience, we dropped the + index in G*. Keeping in mind that we consider
only nearest neighbor hopping then the second term vanishes. Setting xy,1—2y =1
and using (B.36)—(B.38), we obtain the recursion form of v(N+1),

where
N
w™ = — Z(a:] — z3)? G;JX,) G\o Hi Hy; . (B.74)
ki

Next we expand w®™ as follows

N-1 N—-1
w® = - Z(xf - xk)z G;%) GS\JI\Q Hy Hjj — Z(xN - xk)2 gn GE\]I\Q Hy Hin

jkl kl

N-1 N-1

- (z; — zn)? G%) gn Hyi Hyj — Z(% —zy)? Gg%) gn en Hy;
Jl J
N-1
(xn — »’Uk)2 gn GE\]/\Q Hynen . (B.75)

-]

Substituting (B.37) and (B.38) above, we get

w™) =12 g2 [w(N_l) — 2gn-1 (en + en—1) — 8V gny gN—ﬂ : (B.76)
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Thesen

In der vorliegenden Arbeit wurden die thermoelektrischen Transporteigenschaften
in ungeordneten Systemen in der Nihe des Metall-Isolator-Ubergangs (MIT) unter-
sucht.

Unter Verwendung des kritischen Verhaltens der Leitfahigkeit o, und der Zu-
standsdichte des dreidimensionalen Anderson-Modells der Lokalisierung haben wir
mit Hilfe der linearen Antworttheorie in der Chester-Thellung-Kubo-Greenwood-
Formulierung die folgenden Ergebnisse gefunden:

e Die Thermokraft S divergiert am Ubergang nicht, sondern hingt im kritischen
Bereich linear von der Temperatur 7" ab. Dieses Verhalten steht im Gegensatz
zu fritheren Berechnungen in der Literatur, bei denen eine Sommerfeldentwick-
lung bei niedrigen 7' bzw. eine Mott-Formel benutzt wurde. Beides ergibt
falschlicherweise eine divergierende Thermokraft, weil die Sommerfeldentwick-
lung am ﬁbergang nicht konvergiert.

e Der Wert von S am Ubergang ist ~ 100 1V /K und somit rund eine Groéfienord-
nung hoher, als in Experimenten an amorphen Legierungen und hochdotierten
Halbleitern gemessen. S und die Lorenzzahl Ly am ﬁbergang werden nur vom
Wert des kritischen Exponenten v der Leitfahigkeit bestimmt.

e Das Produkt aus Warmeleitfahigkeit K und 7! verhilt sich in der gleichen
Weise wie die Leitfahigkeit im kritischen Bereich.

e Das chemische Potential und die mittlere Energiedichte haben ein T? Ver-
halten im metallischen, kritischen und isolierenden Bereich. Die spezifische
Warmekapazitat hingt im gesamten Energiebereich linear von 7' ab. Dies
kann mit der Sommerfeldtheorie der Metalle erklart werden.

e Auf der metallischen und der isolierenden Seite des Ubergangs skalieren o, S,
K and L als Funktion von #/T%/**. Hierbei ist ¢ der dimensionslose Abstand
zum MIT und z ist der dynamische Exponent. Fiir v = 1.3 haben wir eine
Skalierung mit z = 1/v, d.h. z = 0.77, gefunden.

e Eine der Vorhersagen der Skalentheorie fiir nicht-wechselwirkende Systeme ist,
dass z gleich der raumlichen Dimension ist. Unsere Ergebnisse zeigen das nicht,
weil o, des Anderson-Modells von 7" als unabhidngig angenommen wurde.
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Bei der Verwendung experimenteller Daten fiir die temperatur- und energieabhéan-
gige Leitfahigkeit beobachten wir die folgenden Resultate:

Auf der Skala kgT in der Nahe des MIT ist o glatt und verdndert sich nur
langsam. Unsere Resultate stimmen deshalb mit der Mott-Formel fiir S iiberein.

Mit diesem phanomenologischen Modell erhalten wir am MIT Werte fiir .S, die
mit den Experimenten vergleichbar sind. In gesamten Energiebereich ist das
Temperaturverhalten dhnlich und S verschwindet, wenn 7" — 0.

Die Transportgrofien o, S, K und Lg skalieren als Funktion von ¢/T%3! mit
z ~ 3.

Der experimentell beobachtete Vorzeichenwechsel von .S kann nur durch kiinst-
lich eingefiigte Schwankungen von o.(E,T) in den experimentellen Daten
nachvollzogen werden. Dies lafit darauf schliessen, dass der Vorzeichenwechsel
durch physikalische Prozesse jenseits der verwendeten, nicht-wechselwirkenden
Theorie hervorgerufen wird. Schwankungen von g fithren nicht zu einem
Vorzeichenwechsel von S.

Die Schwankungen von o.(E,T) produzieren nur kleine Anderungen in der
tiber die Energie integrierten Gesamtleitfahigkeit o(T"). Diese wiirden schwierig
in den Experimenten zu beobachten sein. Sie haben aber grofien Einfluss auf
Ly.

Unsere mikroskopische Untersuchung in einem eindimensionalen ungeordneten
Draht liefert folgendes:

Die kinetischen Koeffizienten L;;, die fiir die Bestimmung der thermoelek-
trischen Transporteigenschaften notig sind, konnen mit der Grofle des Systems
iterativ berechnet werden.

Ein endlicher, imaginarer Teil der Energie ¢ in der Green-Funktion kann ef-
fektiv als ein endliches T interpretiert werden. Fiir kleine £ ist die effektive
Phononenstreuung geringfiigig, wodurch ¢ mit steigendem ¢ anwéchst. Fiir
hohere T gilt o ~ 71

Im Grenzfall W — 0 finden wir eine effektive Phasenkohérenzliange [, ~ &7
und z = 1.

Wir bestatigen, dass die Lokalisierungslange in d = 1 einen endlichen Wert
hat, wenn eine Unordnung vorhanden ist. Die Grenzfélle ¢ — 0 und W — 0
fithren zur Vergroflerung der Lokalisierungsléange.

Der Peltier-Koeffizient hat eine Lorentz-ahnliche Verteilung.
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Theses

In this present work we have investigated the thermoelectric transport properties at
the metal-insulator transition of disordered systems.

Using the critical behavior of the d.c. conductivity, o, and the density of states
p of the three-dimensional Anderson model of localization in the Chester-Thellung-
Kubo-Greenwood (CTKG) formulation of linear response, we find that:

The thermopower S does not diverge at the metal-insulator transition (MIT)
and is linear in temperature T in the critical regime. This is in contrast to
earlier calculations in the literature using the Sommerfeld expansion at low 7',
or the Mott formula for S, which both yield a divergent S. It is proven here
that the breakdown of convergence of the Sommerfeld expansion at the MIT
yields this wrong behavior.

The value of S at the MIT is ~ 100 xV/K and is about an order of magnitude
larger than observed in experiments on amorphous alloys and on heavily doped
semiconductors. The magnitude of both S and the Lorenz number L, at the
MIT is independent of 7" and depends only on the value of the conductivity
exponent v.

The d.c. conductivity ¢ and the product of the thermal conductivity K with
T~! behave in the same way in the critical regime.

The chemical potential 4 and the average energy density u have a T2 behavior
in the metallic, critical and insulating regimes. On the other hand, the specific
heat ¢y is linear in 7' for all energy regimes. These T' dependencies resemble
the behavior of the noninteracting Sommerfeld free electron theory of metals.

On both metallic and insulating sides of the transition, scaling is achieved
for o, S, K and L, with respect to a single parameter ¢/7"/%*, where t is the
dimensionless distance from the critical point and z is the dynamical exponent.
We obtain z = 1/v that gives z = 0.77 for v = 1.3.

According to scaling arguments, z is equal to the system’s spatial dimension
d for noninteracting systems. Our results do not show this because o, is T-
independent.

Utilizing an energy- and T-dependent o, i.e. o.(E,T), instead of the simple o,
as input in our phenomenological approach, we obtain the following results:
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e On the scale of kgT near the MIT, ¢ is smooth and varies slowly. Thus, our
results for S agree with those predicted by the Mott formula.

e The order of magnitude of S is comparable with experimental results. In all
energy regimes, S has the same 7" dependence and S — 0 as T' — 0.

e Scaling is obeyed by o, S, K and Ly near the MIT with respect to the pa-
rameter ¢/T°3!. Thus, for v = 1, we observe z =~ 3 in agreement with scaling
arguments.

e We are able to model the sign changes of S as observed in experiments only
through variations in the input o.(E, T') data. This implies that this feature of
S will not be observed in a completely noninteracting model. Large variations
in 1 do not lead to a sign change in S.

e The variations in o.(E, T') produce only small changes in the total conductivity
o which would be difficult to observe in experiments. But they have more
pronounced effects in L.

A microscopic study on a one-dimensional disordered wire using the recursive
Green’s function method yields:

e The kinetic coefficients, L;;, needed to determine the thermoelectric transport
properties, can be iteratively computed in terms of the size of the system.

e A finite imaginary part of the energy variable £ in the Green’s function serves
as a measure of a finite temperature or a finite inelastic relaxation time. For
very small &, the resulting effective “phonon” contribution becomes negligible
and o increases with &, while o decreases as =1 at larger 7.

e In the limit W — 0, we find an effective phase breaking length that behaves
as £1. This yields z = 1.

e We verify that in d = 1, the localization length A goes to a finite value whenever
disorder is present. It is shown to increase in the limit & — 0 and W — 0.

e The distribution of the Peltier coefficient is semi-Lorentzian.
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