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Referat

Diese Dissertation befasst sich mit Modellrechnungen zur Dynamik vom photoinduzier-
ten Elektrontransfer und Exzitontransfer in Systemen mit vielen Freiheitsgraden. Aufler-
dem trégt diese Arbeit zu einigen theoretischen und numerischen Aspekten der Redfield-
Theorie bei. Betrachtet werden der ultraschnelle Elektrontransfer im Farbstoff Betain-30,
die Elektroninjektion von einem Chromophormolekiil Perylen ins Leitungsband vom Halb-
leiter TiO, sowie die Exziton-Ausbreitung in einem modellhaften ringférmigen System
mit 18 Lokalisierungszentren.

Zuerst wurde der Einfluss der elektronischen Kopplung auf die Dissipationsterme der
Redfield-Gleichung untersucht. Es wurde gezeigt, dass bei bestimmten Potenzialkonfi-
gurationen die Vernachlissigung der elektronischen Kopplung (die s.g. diabatic damping
approzimation, DDA) dazu fiihrt, dass das System nicht in das thermische Gleichgewicht
mit dem Wiarmebad relaxiert. Jedoch verliert die DDA ihre Giiltigkeit nicht fiir kleine
elektronische Kopplung in einer ganzen Reihe von Fillen, z.B. in der Marcus inverted regi-
on. Die Transfermechanismen, welche jenseits dieser Naherung auftreten, werden mit Hilfe
der Storungstheorie erster Ordnung in der elektronischen Kopplung detailliert untersucht.
Solche Betrachtung in diabatischer Darstellung beseitigt viele der Nachteile sowohl der
DDA als auch der exakten Formulierung in adiabatischer Darstellung. Weiterhin wurden
direkte Verfahren zur genauen numerischen Losung zeitlokaler Mastergleichungen (bzw.
der Redfield-Gleichung) implementiert und getestet. Die Effizienz dieser Methoden wurde
am Beispiel von einem eindimensionalen Elektrontransfer-Modell bestimmt. Desweiteren
wurde noch ein neues stochastisches Verfahren zur Propagation von Dichtematrizen ent-
wickelt und in den Simulationen verwendet.

Der ultraschnelle photoinduzierte Elektrontransfer in Betain-30 wurde sowohl mit einer
einzelnen Reaktionsmode als auch mit zwei Reaktionsmoden modelliert. Anhand der
reduzierten Dichtematrix liel sich die Gesamtpolarisation berechnen und somit war es
moglich, ein Pump-Probe-Experiment zu simulieren. Die Rechenergebnisse wurden dann
mit experimentellen Daten verglichen.

Die Anpassungsfiahigkeit der Dichtematrix-Theorie an physikalisch sehr unterschiedli-
che Modelle hat auch erméglicht, Exzitontransfer in biologischen Systemen und Elektron-
transfer an Oberflichen zu untersuchen. Das Studium des letztgenannten Systems stellt
eine neue Anwendung der Dichtematrix-Methode dar.

Schlagworter

Elektrontransfer, Exzitontransfer, dissipative Quantendynamik, reduzierte Dichtematrix,
Redfield-Theorie, stochastische Wellenfunktion, Dissipation, Pump-Probe-Spektroskopie,
Betain-30
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Chapter 1

Preamble

Quantum dynamics of complex molecules or molecules in a dissipative environment has
attracted a lot of attention during the last years. In particular, the effort of numerous
scientists in the last two decades has been focused on the theoretical description of elec-
tron transfer (ET) which has been regarded as a key process in many chemical reactions
in gaseous and condensed phase. ET can be generally defined as a transition between
two microscopic states whereby an electron changes its spatial location moving from a
donor site to an acceptor site. Since the middle of the twentieth century the theoret-
ical research on ET has greatly advanced as the first quantitative description for ET,
the theory of Marcus, appeared [72]. Based on the classical transition state theory the
electron was considered as a classical particle moving in an effective potential along the
reaction coordinate and possibly passing over a barrier. The main result of this classical
approach is the rate law with maximum at the configuration where the reorganization
energy equals the change of the free energy of the reaction. A second issue concerns the
so called inverted region whose existence was experimentally confirmed for intramolecular
ET in organic radical anions [17] and in betaine dyes [51]. The predicted rate dependence
was in excellent agreement with the experimentally determined rates of many systems [17]
except for some systems in the inverted region like the betaine dyes [51,117] for which the
rates are strongly underestimated by Marcus theory. As the electronic coupling between
the donor and the acceptor groups in the betaine dyes is very strong the quantum effects
like tunneling and resonances predominate in the overall mechanism and hence increase
the measured rates. On the other hand the dynamic solvent effects were not taken into
account in Marcus theory. The solvent can change not only the energy of the electronic
states but also, playing the role of a dissipative environment, can take part in the reac-
tion dynamics. Further attempts to account for the quantum effects as well as for the
dynamic solvent effects resulted in other rate theories [113,48]. Recently, path integral
methods [119,70], semi-classical approaches [36] and semi-group methods [20,59,54] were
applied to ET problems. Nearly all quantum approaches use the reduced density matrix
(RDM) formalism in order to proceed with only those degrees of freedom of the total
system which are relevant for the E'T dynamics. In contrast to the rate theories the RDM
approach allows for a physically correct formulation of the quantum dynamics on very
short time scales. Several RDM studies based on or derived from the Redfield theory suc-
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ceeded to treat ET in the normal [76,47,25,23] and in the inverted region [122,27,103,23].
The Redfield theory was originally established in the research area of nuclear magnetic
resonance [98]. Compared to path integral methods the Redfield theory is advantageous
to approach systems with ever increasing complexity. The path integral methods are still
limited for simple and sometimes trivial systems since they, implemented numerically, are
computationally very demanding. Progress in this respect was done by Makri et al. [71]
who applied their numerical path integral technique to ET in bacterial photosynthesis
using a simple three-state model. More recently a very promising quantum-classical it-
erative hybrid method was developed [109, 118] which allows for a numerically accurate
treatment of highly complex systems (e.g. polyatomic molecules in solution) at reasonable
computational costs. The iterative hybrid method was successfully tested on the spin-
boson model for ET [116]. The remarkably rapid progress of ET theories was, among
others, reviewed by Barbara et al. [5] and more recently by Bixon and Jortner [8].

This thesis presents novel numerical simulations of carrier transfer in three different
systems with use of Redfield theory as well as certain advance in some purely theoretical
and numerical aspects of the Redfield approach.

Chapter 2 gives a brief introduction to the RDM theory. A microscopic model for
ET shall be introduced and the limits of several approximations for the Redfield master
equation for this ET model shall be examined. It will be shown that for certain potential
configurations and electronic coupling strengths the Redfield theory must be applied in
a strict way without further approximations. In the next Chapter 3 a large selection
of established methods for the numerical solution of QME is tested and their numerical
efficiency is verified on the example of the ET model with one reaction coordinate. A new
stochastic wave function method is proposed and its applicability for solving the Redfield
QME is proven.

The next three chapters include applications of the introduced theory, models and nu-
merical methods to experimentally relevant systems. Chapter 4 reports on photoinduced
ET in betaine-30 in solution. The classical Marcus theory and the quantum mechanical
golden rule fail to predict the rate because of the large value of the donor-acceptor elec-
tronic coupling. In order to be successful one has to elaborate the model so that dynamic
solvent effects as well as multi-mode internal vibrational energy redistribution during the
ET transition with the participation of a low-frequency mode can be considered. All
these peculiarities of betaine dyes make their quantum dynamical treatment a very de-
manding task. In the introduction of Chapter 4 the state of the art in this research area
will be overviewed. Then a donor-acceptor model comprising two reaction modes will be
constructed. First, the ET rates are computed and compared with the rates calculated
with the single-reaction-mode model as well as with the rates predicted by other theories
and measured in experiment. Next, using again the RDM approach in the framework of
Redfield theory and a two-mode model for ET, transient emission-absorption spectra with
high frequency and time resolution are simulated. The simulated spectra are compared
with recent experimental data, discussed and conclusions about the ET mechanism are
done.

The treatment of photoinduced ET from a chromophore molecule attached to the sur-
face of a semiconductor represents an additional challenge for the theory as the conduction
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band of the semiconductor has to play the role of an acceptor. Such an acceptor can be
modeled with a quasi-continuum of diabatic states. The system of choice, a covalently
attached perylene chromophore to the surface of porous TiOy, was recently studied in
pump-probe experiments [13]. Chapter 5 gives an extension to the existing theory [95]
and numerical simulations [96] by taking the vibrational dissipation into account.

In addition to open spin systems and ET systems Redfield theory allows for treatment
of other physically different problems such as exciton transfer. Chapter 6 deals with
exciton dynamics in biological chlorophyll aggregates. The system Hamiltonian describes
a single exciton propagating in a model ring structure. The simulation takes into account
static disorder in the local energies of the ring sites as well as the dynamic disorder induced
by the thermal bath. The experimentally measured quantity is here the anisotropy of
fluorescence which is numerically simulated. Furthermore, non-Markovian effects in the
short-time exciton transfer dynamics are considered. The influence of non-Markovian
effects is estimated by comparing with the results obtained by Redfield theory. Finally,
all results from the whole work are summarized and conclusions are given in Chapter 7.



Chapter 2

Redfield theory and models for
electron transfer

2.1 Introduction

Besides classical and semi-classical descriptions of dissipative molecular systems several
quantum theories exist which fully account for the quantum effects in dissipative dynam-
ics. Among the latter are the reduced density matrix (RDM) formalism [9, 74, 20, 59, 54]
and the path integral methods [119,70]. The basic concept in all these theories is the sepa-
ration of the total system into relevant system and thermal reservoir (bath) as sketched in
Fig. 2.1. All considerations and calculations in this thesis shall be done in the framework
of Redfield theory [98], in which one has to solve a quantum master equation (QME) for
the RDM. It is obtained from the Liouville-von Neumann equation!

do

ot
which describes the time evolution of the density matrix o of the total system by per-
forming a second-order perturbation treatment in the system-bath coupling as well as
restricting the calculation to the Markovian limit. In this approach the quantum dynam-
ics of an “open” system, e.g. the irreversible loss of coherence with time and the exchange
of energy with the thermal bath, can be described. The unidirectional energy flow into
the environment (the bath) is called dissipation. Within this theory it is possible e.g.
to simulate the dissipative short-time population dynamics usually detected by modern
ultrafast spectroscopy experiments.

To be rigorous in applying Redfield theory, the operators describing the time evolution
have to be expressed in eigenstate representation (ER) of the relevant system as has been
done in the original paper [98]. For electron transfer this was performed in part of the
literature (see for example [25,90, 45, 46]), while in another part [77,75,62,27,121,122]
diabatic (local) representations (DRs) have been used.

While in ER the dissipative term is evaluated exactly, in DR the influence of the
coupling between the local subsystems on dissipation is neglected. As a consequence

—i[H, 0] (2.1)

! Atomic units will be used for the equations, i.e. A = 1.
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Figure 2.1: System-bath separation.

the relaxation terms do not lead to the proper thermal equilibrium of the coupled system
[20,105]. Only the thermal equilibrium of each separate subsystem is reached which can be
quite different from the thermal equilibrium of the coupled system. In the following it will
be shown that even for a very small intercenter coupling a completely wrong asymptotic
value can be obtained.

Although possibly leading to the wrong thermal equilibrium the local DR has advan-
tages. For large problems it may be difficult to calculate the eigenstates of the system.
These are not necessary in the DR. There one only needs the eigenstates of the sub-
systems. The quantum master equation can be implemented more efficiently in DR in
many cases [77, 123,104, 55]. Moreover, almost all physical and chemical properties of
transfer systems are expressed in the DR. For example, to determine the transfer rate one
often calculates the population of the diabatic states and obtains the rate from their time
evolution.

Using the semi-group methodology and a simple model of two fermion sites, DR and
ER have been compared already [20]. The curve-crossing model, used in the present work,
requires a more complicated treatment. Here DR and ER will not only be compared but
it will be shown how the relaxation term can be written more precisely in DR for small
intercenter coupling.

2.2 Reduced density matrix formalism

The total system under consideration is divided into a relevant system (S) and a heat
bath (B) (Fig. 2.1). Therefore the total Hamiltonian consists of three terms — the relevant
system part Hg, the bath part Hg, and the system-bath interaction Hgg:

H = Hg+ Hg + Hgp. (22)

As already introduced, the full description of the whole system can be reduced using a
RDM (in the following p) which depends only on the degrees of freedom of the relevant
system. In the trivial case of vanishing Hgg such a reduction is straightforward because
the total density matrix simply factorizes. The treatment of cases with finite values of Hsp
requires more special formal approaches, such as the path integral method or perturbation
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theory in Hgg. The former method provides an exact description for arbitrary values
of Hsg. In contrast, perturbation theory makes sense only for sufficiently small Hgg.
Moreover, it is not easy to answer a priori the question of how small Hsg has to be. This
can be answered only when one has derived closed equations of motion for the RDM. The
first-order expansion in Hgg of the Liouville-von Neumann equation for the full system
(2.1) leads to the so called mean field correction to the system dynamics [74]. The only
physical meaning of this correction is a shift of the energy scale of Hg which gives no
relaxation behavior of the dynamics. Therefore one has to expand Eq. (2.1) to second order
in Hsp making use of a special projector formalism (Nakajima-Zwanzig formalism) which
i) allows for factorization of the total density matrix and ii) ensures exact summation of
the perturbation series to arbitrary order. This formalism is performed in the interaction
picture and its application to derive a closed QME for the RDM is thoroughly described
in Ref. [74]. On the way of derivation the following additional assumptions are made.

1. The bath stays in thermal equilibrium for any time scale of the dynamics of the
relevant system and its macroscopic state is given by a canonical distribution

6_BHB

PB ~ P—y (2.3)

where 3 = 1/(kgT) is the inverse temperature.

2. The initial full density matrix factorizes as o(ty) =~ p(to)ps. According to Eq. (2.3)
the density matrix of the bath pg does not depend on the RDM p(¢y). Thus, the
factorization of o(ty) means that initial correlations between the relevant system
and the bath are not taken into account.

3. The system-bath interaction is modeled by bilinear terms containing relevant sys-
tem operators K, acting only in the state space of the relevant system and bath
operators ®,, acting in the state space of the bath

Hsp =Y Kp®,. (2.4)

In contrast to the first two items, this assumption does not present a restriction
of the second-order perturbation theory. It is sufficiently general and is done for
convenience. Redfield theory was originally derived without this assumption. It has
also to be noted that in some cases the index m in Eq. (2.4) counts up to 1 (only one
term is considered), in other cases to more than 1, depending on the microscopic
model.

The resulting time-nonlocal QME with omitted first-order mean-field term reads [74]

t—to
0 . . .
_(9? = —i[Hs, p] — E / dT{Cmn(T) [Km, e T p(t — T)eZHsT}

mn g

—C* (1) [Km,e_iHsTp(t — T)KneiHsT} } : (2.5)
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The first term on the right-hand side of this integro-differential equation describes the
coherent dynamics of the relevant system. The other nonlocal terms give rise to dissipa-
tion. Characteristic for Eq. (2.5) is that the RDM at time ¢ depends explicitly on its own
history p(t — 7). This memory introduces a strong nonlinearity into the QME and makes
the direct integration of Eq. (2.5) infeasible. The quantity C,,(7) is the bath correlation
function which establishes a connection between the fluctuations of the operators ®,, and
®,, around their equilibrium values (®,,), respectively (®,,), at different times

Conn(7) = (@ ()2 (0)) — (P ) (D). (2.6)

The bath correlation function is characterized by a correlation time 7., giving the time
scale on which C,,,(7) decays to zero. If 7. is short compared to any other characteristic
time scale of the system then C,,,(7) can be approximated by ¢,,,0(7). Using such an
assumption Eq. (2.5) is reduced to its Markovian limit. Since the operators ®,, and K,
can be chosen to be Hermitian [33,32] the matrix ¢,,, can then be diagonalized by means
of a unitary transformation ¢ = UTkU and Eq. (2.5) can be cast into a special symmetric
form, which is called Lindblad form

) il (0] + X [Lap(OLL — JpOLL Ly~ LiLup8)] . (2)

ot 2 2
where L, = \/kpn >y, Unm K. The Lindblad QME (2.7) has been extensively used in the
quantum optics community (see e.g. [19,29,35,30,89]) because by construction/generation
it keeps the RDM Hermitian, normalized, and positive semidefinite. The last property
ensures that all eigenvalues of the RDM (the populations) stay non-negative which is
important for the physical interpretation of the populations as probabilities. As it will
be shown later the Lindblad form of QME is obtainable on other levels of approximation
as well. This means that x,, which can be viewed as generalized diffusion coefficients
(or rates), may hold quite different physical information depending on how Eq. (2.7) is
obtained.

It is very difficult, and sometimes even impossible, to model a real system with a J-
correlated bath. Thus, one is naturally motivated to search for another approach to bring
the memory kernel in Eq. (2.5) into a time-local form, i.e. to ignore the memory effects.
Let us suppose that the integrand in Eq. (2.5) does not change significantly within the time
interval [0; 7,,,], whereby the memory time 7,, is related but not necessarily identical to the
bath correlation time 7,.. Under this assumption one can invoke the Markov approximation
by substituting p(t — 7) with p(¢). This implies that the continuous time axis ¢ (the axis
of the solution p(t)) has a coarse mesh size At > 7, and hence the upper integral limit
can be extended to infinity. Technically the Markov approximation is applied within
the interaction picture in which the fast oscillating off-diagonal elements in the RDM
vanish [74]. As result, one has to plug p(t — 7) — 57 p(t)e ™57 into Eq. (2.5). Making
use of the compact notation

Ap=Y" / 47 Coon(T) KL (= 7). (2.8)
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where K!(—7) = e 7K, 57 is the operator K, in the interaction representation, the
final form of the desired Markovian QME reads [91, 74]

gf i [Hs, pl Z{[mp, m |+ [Km oAl b (2.9)

This is the Redfield equation expressed in terms of the operators A,, and K,, acting in
the Hilbert space. For historical reasons one should mention that the original Redfield
equation [98,9] is written in terms of the Redfield tensor R instead. The latter is acting
on the RDM like the Liouville superoperator £

dp

5 —i[Hs, p] + Rp = Lp. (2.10)

A unique relation between R, K, and A,, can be obtained after some algebra in arbitrary
representation. The action of the Redfield tensor can be expressed in state representation
as
(iIRplj) = >_ Rijpapm - (2.11)
kel
If the indices m and n are suppressed for simplicity the matrix elements of the Redfield
tensor read

Rijr = KijAip + A Kk — 0 > KAk — O ZAITTKTJ : (2.12)

In the original paper [98] it is proposed that some terms of R can be regarded as pertur-
bations and can be ignored if R;ji < |w;j — wy|. Here w;; are the transition energies for
|i) — |7). All remaining terms, the so called secular terms, enter two decoupled equations
of motion. The first one involves the off-diagonal elements of p (the coherences) and has
an analytical solution

Pij (t) = pij(())eiiwijteRij’ijt . (213)

The second one is the Pauli master equation for the diagonal elements of p (the popula-
tions) [74,23]

Opii

ot

=Y Riijipij(t) + Riipilt) - (2.14)
J#i

According to Redfield [98] this approximation, known as secular approzimation (SA) has

to be applied with caution for systems with resonances and should not be applied for

systems with degeneracy. A special case in which the SA is known to fail is if a strong

resonant field is applied [98]. Further in Sec. 2.6 the SA will be numerically compared

with other levels of approximation when applied to a simple ET model.

Summing up, let us first answer the question about the range of validity for the second-
order perturbation theory (also known as the second Born approzimation). Looking at
the right-hand side of Eq. (2.5) one can extract the magnitude of the contribution of
the first-order and of the second-order term, respectively (Hs) and 7,,(Hsp)? [74]. The
perturbation expansion is justified only if the latter quantity is smaller that the former
one.
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The Markovian approach with the use of the Redfield equation succeeds especially in
treating excitation/relaxation of nuclear spins in molecules in strong magnetic fields (e.g.
in NMR spectroscopy) [98,9,18]. In these systems the environment has much shorter cor-
relation times than the times for which the spin states evolve. However, there exist many
physically relevant situations in which the environment correlation time is comparable
or even longer that the evolution time scale of the relevant system and the Markovian
description fails. In particular, for very low temperatures the bath fluctuations become
relatively rare events. This leads to a very slow decay of the bath correlation function
Cyun(t) while the system relaxation has still very short characteristic times (e.g. ET be-
tween centers in frozen media). In addition to the necessary quantal description the
memory effects have to be taken into account in this case.

2.3 Electron transfer in a two-center system

As far as the aim of this work is to approach systems with ET the next step has to be
modeling the relevant system and the bath in an appropriate way. In most ET systems one
can distinguish at least two terminal states. In the first one the particle (the electron) is
localized at a center (group of atoms) which is called donor and the state is conventionally
denoted as DA state. If the particle is localized at the center known as acceptor the state of
the system is denoted as DA™ state. For all cases of intramolecular ET this basic concept
seems to be sufficient. For instance, in betaine-30 the first electronically excited state Sy
can be identified as DA state and the ground state Sy as DTA™ state. Nevertheless,
there are models for ET (applied e.g. to porphyrin-quinone complexes, DNA and other
biological systems) in which the electron can occupy intermediate (bridge) centers, i.e.
there exist other local states involved in the ET process. Being virtually unoccupied,
such states can, however, strongly influence the dynamics of the transition from DA to
DTA~ and wvice versa. This interesting phenomenon is known as superezchange which
will not be investigated here. The model for the Hamiltonian of the relevant system
Hg, which will be described below, has already been widely used, e.g. most recently in
Refs. [77,62,25,27,47,122,23,52], and will be applied with no further modifications.

In every chemical reaction, the transitions between DA and DtA~ cause certain re-
organization of the nuclei in the molecular system along a reaction path in the potential
energy surface (PES). An effective description of the reaction path can be done either by
selecting representative normal vibrational modes of the molecule or by modeling the PES
along a so-called effective reaction coordinate. Since for most ET reactions the modes
under reorganization are diabatically coupled to the electronic states of DA and DTA~
two crossing diabatic PESs provide a suitable representation. As first approximation the
PESs can be considered harmonic as sketched in Fig. 2.2. The stable points (for harmonic
PESs the minima) of the PESs correspond to the relaxed geometries of DA and of DTA™.
In this Chapter it is not yet necessary to specify which state, DA or DA™, has lower
energy. All parameters that completely determine a two-center system with one reaction
coordinate are the oscillator frequencies w; and wsy, the reorganization energy A, and the
change of the free energy AG, as depicted in Fig. 2.2. Note that in the following the
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Reaction coordinate a

Figure 2.2: Sketch of the model with one effective mode.

frequencies for both diabatic states are assumed to be equal and designated by wy. The
definition of the reorganization energy reads

1 1
A= éMwS(Aq)Q = inAQ (2.15)

where Aq is the coordinate shift and A the dimensionless coordinate shift of the upper
state relative to the ground state and M is the reduced mass. Alternatively, an equivalent
parameterization is done in terms of the electronic-vibrational coupling x which is defined
as the gradient of the potential of the upper state along the dimensionless coordinate at
the minimum position of the ground state. Thus, it reads k = wyA. Important to note
is which different configurations can be considered in the framework of this model. The
case A > |AG] is called normal region in which the model particle has to overcome a
(classical) barrier. This particular configuration of the model PESs is depicted in Fig 2.2.
The configuration with A = |AG|, e.g. the ground-state PES intersects the upper PES at
its minimum, represents the regime of maximal back-transfer rate in the classical Marcus
theory [72,73]. A < |AG| defines the strongly exothermic Marcus inverted region. In this
case the minimum of the upper PES is located between the crossing and the minimum
of the ground-state PES with respect to the reaction coordinate. Finally, configurations
with A = 0 (no crossing of the diabatic PES) physically represent vibronically decoupled
electronic states.

The harmonic potentials are coupled by an electronic coupling v15 assumed here to be
coordinate-independent for simplicity. Thus, the Hamiltonian of the uncoupled system is
then given by

Hy = Z {Ui + (ajai + %) wi] (2.16)

i=1,2

and the coupling by
V=303 (1= 8oy f (i, M: j, N)[iM){jN| . (2.17)
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The first index in each state vector [iM) denotes the diabatic PES while the second labels
the vibrational level. a; and a! are the boson operators acting in state i, and f (i, M;j,N)
is the Franck-Condon factor which measures the overlap between the vibronic states |iM)
and |[jN). All Franck-Condon factors can be calculated with the use of the eigenfunctions
@i m(q) of the harmonic oscillator

£(6,03.N) = (iM13N) = @M [ dala)(al }liN) = [ dagin(@ginla) . (219
This was all necessary to model the relevant system and sufficient for the definition of Hg
Hs=Hy+V . (2.19)

In order to use the Redfield QME (2.9) one needs to know K and A. Bilinear system-
bath coupling (2.4), that was already assumed, allows a variety of ways to define K,
and ®,,. A very natural approach is expanding the PES of the total system around the
global minimum into a series, restricting oneself to second order terms (all first order
terms vanish automatically). Then the total PES splits into pure harmonic components
which give rise to Hg described above and Hg (harmonic bath), and a presumably small
coupling term proportional to Y, ¢Z;, where ¢ is the coordinate operator of the relevant
system and Zj, are the bath coordinate operators. Taking only one term from Eq. (2.4)
and comparing it with >, ¢Z¢ one can set K = q and ® o > Z¢. Thus, K reads

K=q=>% @QuM)""(al +a;) [iM)(iN] (2.20)

i MN

where M is the reduced mass of the relevant system and

Ze = ge (b} +be) - (2.21)

The rest of the total Hamiltonian is the bath of harmonic oscillators
Hy =Y we (blbe +1/2) (2.22)
3

Here one may decide to simplify the system-bath coupling model introducing the rotating
wave approzimation (RWA) [115,119,74]. It means that all terms in Hgg proportional to
a;be and aI bz will be neglected. They give rise to elementary transitions in which an exci-
tation (deexcitation) occurs simultaneously both in the relevant system and in the bath.
Such events are very unlikely and the RWA can be reasonably applied for weak system-
bath coupling. Nonetheless, this brings no special advantages from a computational point
of view except for a few special cases like the damped harmonic oscillator [53,120] or the
present ET model with additional approximations [122,124,23] (see Sec. 2.5). In both
cases the Redfield QME (2.9) turns into a Lindblad QME (2.7).

In order to obtain relevant physical information about the ET dynamics one has
to calculate the expectation values of certain observables. Most commonly used are the
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populations (occupation probabilities) of the diabatic states which are calculated by means
of a partial trace over the vibrational levels

P, =" pivimt- (2.23)
M

For the case of propagating the RDM in the basis of diabatic states |iM) (i.e. in the DR)
this is convenient. Using other representations one has to transform the RDM back to the
DR in order to apply Eq. (2.23) which requires two matrix-matrix multiplications. In such
cases it is advantageous to use the projection operator of the ith diabatic state O; = |i) (i
instead, whose matrix is initially transformed to ER, to calculate the populations

P, =tr(p0O;) . (2.24)

This is numerically less expensive because only one matrix-matrix multiplication has to
be done. The populations demand little effort for calculation and provide a clear insight
into the overall dynamics as well as into the mechanisms of the ET reaction. In addition,
the RDM enables the simulation of experimentally detectable transient spectra, of course
with more computational costs and considerable sophistication of the models. Then the
relevant quantity is the total polarization that measures the response of the system to the
action of external fields. The expectation value of the total polarization is necessary for
these simulations and will be used in Chapter 4.

2.4 Electron transfer model with multiple reaction
coordinates

As already introduced, the Redfield formalism allows arbitrary models for the relevant
system. It is possible that one can subsequently take strongly coupled degrees of freedom
from the bath and put them into the relevant system part. This will effectively reduce
the system-bath coupling and hence make the application of the Redfield theory itself
more reasonable. Multi-mode modeling of ET reactions (including systems in the inverted
region) has been done in Ref. [121,122,23] with similar argumentation. On the other hand,
there is experimental evidence for the participation of multiple modes in the ET transition
in some systems (discussed in detail in Chapter 4). Correspondingly, the relevant part of
the total ET system can be modeled with a treatably small set of R reaction coordinates
{q:}. For this purpose one may select a set of representative harmonic normal modes from
the molecule and from its environment (e.g. solvent or crystal lattice). Since all normal
modes are completely decoupled one can use the single-mode operators (2.16), (2.17), and
(2.20) to calculate the matrix elements of the necessary operators in the full diabatic basis
|iMy ... Mg). The matrix element of the Hamiltonian reads

R
(iMy ... Mg|Hs|jNy ... Ng) = 65U + 3" Hingy iz, T[] 00, v, (2.25)
=1 p#l
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where

1 ) .

Him, v, = 5ij5Mllei,l(Ml + 5) +(1— (5ij)vijf(la My; j, Ny) (2.26)
is the matrix element of the partial Hamiltonian for mode [ in a single-mode basis. The
o d . . . - . . (0)

;1 denote the eigenfrequencies of the oscillators, v;; the electronic coupling, and U, the
minimum energy of the i-th diabatic state. The Franck-Condon factors f (i, M;; j, N;) are
calculated with the use of Eq. (2.18).

For R reaction coordinates the expression for Hgg includes R terms linear in each
coordinate ¢;. The matrix element of the latter reads

<ZM1 e MR|ql|jN1 Ce NR> = O‘i,léij (5Mz+17Nz\/Ml + 1+ (5MZ_LNZ\/MZ) H(SMPNP (227)

p#l

The prefactor o;; = \/wi; /2 \Agq establishes the connection between w;, the coordinate
shift Ag, and the reorganization energy \;.

The multi-mode model can be easily reduced to the previously defined effective single-
mode model by means of an orthogonal transformation of Hg [87,115]. After this proce-
dure all R normal modes are transformed to a finite bath with R — 1 modes bilinearly
coupled to the effective mode and the coupling energy appears at the expense of the
reduced reorganization energies of the modes. Thus, the reduction from a multi-mode
to a single-mode model extends the bath and enlarges the system-bath coupling. The
addition of modes to the relevant system can reduce the system-bath coupling and result
in a larger total reorganization energy.

2.5 Perturbation expansion of the relaxation opera-
tor

Assuming a quantum bath consisting of harmonic oscillators the time correlation function
of the bath operator is given as [90]

C(1) = (P(7)P(0)) = /de(w)n(w)(eiw + ey (2.28)

Here J(w) denotes the spectral density of the bath [90], n(w) = (e — 1)~! the Bose-
Einstein distribution, and 5 = 1/(kgT’) the inverse temperature. If ® is Hermitian the
Fourier transform C(w) of the correlation function (2.28) has the property [90]

C(w) = e ™0 (~w) (2.29)

which is a necessary but not sufficient condition for the relevant system to evolve to
thermodynamic equilibrium.

The Hamiltonian Hg of the system we are interested in can be separated according
to Eq. (2.19). Two canonical bases can be constructed for such a Hamiltonian. The DR
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is based on the eigenfunctions of Hy. It is often called a local basis because the basis
functions of the diabatic PESs are located at the specific subsystems. Latin indices such
as |m) are used below to designate the DR basis states. The other basis diagonalizes
the system Hamiltonian Hg. So it consists of eigenstates of Hg and is called adiabatic
basis which has been mostly used in nuclear magnetic resonance [98, 18] as well as in ET
studies [47]. These ER basis states will be denoted by Greek indices such as |u). As
discussed in the introduction, Redfield theory is defined in ER but for transfer problems
DRs have some conceptual and numerical advantages.

Here one first calculates the dissipation in the DR for small intercenter coupling V.
In this basis the matrix elements of A are given by

(n|Alm) = /mJ /wwwﬂwlﬂmm%)my (2.30)

To evaluate the matrix element of K we have to use perturbation theory in V' because the
diabatic states |n) are not eigenstates of Hg but of Hy. Some details of the determination
of (n|A|lm) are given in Appendix A. Using the real part of the Fourier transform of the
correlation function (2.28)

C(w) = 27[1 + n(w)][J(w) — J(~w)] , (2.31)

and denoting the transition frequency between diabatic states |m) and |n) by wy, the
final result can be written as

J|V|m>

m

<n!V| )

(n[Afm) = %C(wmn)W\KW -5 Z n|Kl5) [Cwmn) = Clwjn)]

- —Xiuﬂm

This first-order result DR1 can be split into a zeroth-order contribution DRO independent
of V and a first-order contribution proportional to V. Taking the DRO term

[C(wmn) — C(wmi)] - (2.32)

(lAbm) = 2 Ceim) (0] ) (2.33)

only is equivalent to a complete neglect of the influence of the intercenter coupling V' on
dissipation. This assumption has been used earlier [77,75,62,27,121,122] and is sometimes
called the diabatic damping approximation (DDA) [23,52]. In this approximation only the
states |n) and |m) contribute to the matrix element (n|A|m). In DRI all states contribute
to each of these matrix elements. As a consequence the spectral density of the bath is not
only probed at the transitions of the uncoupled subsystems as in DRO but at many more
frequencies.

As long as the bath has constant temperature the system has to relax, after a certain
time, to the thermal equilibrium with the bath. This physical requirement is fulfilled if
the detailed balance condition [90] for the microscopic rates R, ., is satisfied

Ry = exp (—=Bwun) Ruv s - (2.34)
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This principle is valid only if |¢) and |v) are eigenstates of the relevant system. If we use
the diabatic states |m) and |n) instead of |u) and |v) and substitute the DRO expression
for A (2.33) into Eq. (2.12) and then plug the resulting rates Rmn, into Eq. (2.34) we
arrive exactly at Eq. (2.29) but the thermodynamic equilibrium will not always be reached
as will be shown numerically in Sec. 2.6.

The ER result for the matrix elements of A can easily be deduced from the DR result
by replacing the diabatic states by adiabatic ones and setting V' = 0 in Eq. (2.32):

WAL = SCu) WK (2.35)

This result is of course correct for arbitrary intercenter coupling strength.

In the DRO expansion (2.33) the system can emit or absorb only at transition frequen-
cies wpy,. The spectral density of the bath J(w) is effectively reduced to discrete values
J(w) = X¢7e0(w — we). The advantage of this approach is the scaling behavior of the
CPU time with the number N of basis functions which results from the simple structure
of the A matrix (2.33). It scales like N2 as will be shown numerically in Chapter 3. This
is far better than the N? scaling of the DR1 approximation (2.32). In DRI the spectral
density is probed at many more frequencies. One needs the full frequency dependence of
J(w) which we take to be of Ohmic form with exponential cutoff

J(w) = n0(w)we /. (2.36)

Here © denotes the step function and w, the cutoff frequency. The normalization prefactor
n is determined such that the spectral densities in DR and ER coincide at wy. Eq. (2.36)
together with Eq. (2.31) yields the full correlation function.

If the system Hamiltonian Hg is diagonalized and the resulting ER basis is used to
calculate the elements of the operators in Eq. (2.9), there will be no longer any convenient
structure in K or A, so that the full matrix-matrix multiplications are inevitable. For this
reason the CPU time scales as N?, where A is the number of eigenstates of Hg. There
appears to be a minimal number A, below which the diagonalization of Hg fails or the
completeness relation for |u) is violated. Nevertheless, the benefit of this choice is the
exact treatment of the intercenter coupling. It is straightforward to obtain the matrices
for p and K (see for example Ref. [25]).

2.6 Population dynamics in a two-center system

It is worthwhile to summarize and compare the various approximations introduced in the
foregoing section. To do this, we solve Eq. (2.9) using a model with two harmonic diabatic
PES with equal curvature along a single reaction coordinate ¢ as depicted in Fig. 2.3. The
corresponding model parameters are listed in Table 2.1. A Gaussian wave packet in the
upper diabatic state (the excited state) |1) is prepared by a d-pulse excitation from the
lowest vibrational level of the ground state |g) of the system

prarn(t = 0) = (1M]g0) (20[LN). (2.37)
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Table 2.1: Parameters used in Chapter 2 for the one-mode model. The configuration
labels according to Fig. 2.3 are marked by bold letters.

Parameter Used value(s)

System frequency, wy 0.1 eV (~ 800 cm™ ')
Change of the free energy, |AG| | 2wy (a, c), 2.5w, (b, d)
Reorganization energy, A 3wo (a, b), 14wy(c, d)
Intercenter coupling, vqo 0.1wg, 0.5wy, wy
Damping rate, I' = 7J(wq)/Muwg | 0.1wg

Bath cutoff frequency, w, wo

Bath temperature, kgT wo/4 (295 K)

The coordinate shift of |g) with respect to |1) is chosen such that mainly the fourth and
fifth vibrational levels of the excited state |1) are populated. No coupling to the ground
state after the preparation of the initial state is assumed. The initial wave packet starts
moving on the PESs of |1) and |2), and spreading. The relevant system part begins losing
energy to the bath and dephasing. The population of |1) starts decaying. So the motion
of the initial wave packet along the coordinate models the ET dynamics between the
centers.

First, let us compare the population dynamics with RWA, SA and DDA, and the
dynamics calculated without all these approximations. Very similar and more detailed
comparison has been done only with RWA in a recent study by Egorova et al. [23].
Figure 2.4 shows such a comparison of the population decay of the upper state with
strong intercenter coupling V' in configuration (a) (see Fig. 2.3). Typical for the DDA is
the wrong long-time behavior of the dynamics which is in agreement with the conclusion
in Ref. [23]. In contrast, the SA results in deviations for short times. The simultaneous
use of DDA and SA keeps the features of both approximations. Showing no qualitative
difference from the pure case of DDA the application of DDA with RWA results in a
slightly smaller deviation from the correct population dynamics. This strange effect can
be regarded as a case of error cancelation.

In the following we compare the population dynamics in the two-center electron trans-
fer system using three different intercenter coupling strengths V' and four different config-
urations of the two harmonic PESs. Beginning our analysis with the weak coupling case
v12 = 0.1wy it is expected that a perturbation expansion in V' yields almost exact results.
This is the reasoning why the DRO term, which is easy to implement, has been used in
earlier work [77,75,62,27,121,122].

In configuration (a) the eigenenergies of the two diabatic PESs are in resonance. For
example, the first vibrational eigenenergy of the first center equals the third vibrational
eigenenergy of the second center. It is important to note that in this configuration no
vibrational level of the first center is below the crossing point of the two PESs. The cal-
culations using ER and DRO as well as DR1 give almost identical results, see Fig. 2.5 (a).
For long times DRO deviates a tiny bit. Redfield theory in ER is known to give the correct
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Figure 2.3: The four different configurations of the two diabatic harmonic potentials |1)
and |2) as discussed in the text, with the vibronic energy levels in DR.
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Figure 2.4:  Comparison of various approximations in the framework of the Redfield
theory. The population of the upper state calculated with no approximations is drawn in
thick solid line. Dashed line shows SA, dotted line DDA thin solid line is drawn for DDA
together with SA, and dot-dashed for DDA with RWA.
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Figure 2.5: Time evolution for small intercenter coupling and for the four different
configurations. The results in ER are shown by the solid line while the results in diabatic
basis are shown by dotted (zeroth-order) and dashed (first-order) lines. The results for
ER and DRI1 are indistinguishable for small intercenter coupling. Note the logarithmic
time scale.

long-time limit (up to the Lamb shift).

Configuration (b) differs from the first one by shifting the first PES up by wy/2. As
shown in Fig. 2.5 (b) the ER and DRI results again agree perfectly. On the other hand,
the DRO results are a little bit off already at early times and the equilibrium value departs
from the correct value much more than in the first, on-resonance configuration.

Shifting the PESs further apart than in (a) yields configuration (c). The energy levels
are again on resonance but this time two vibrational levels of the first center are below
the curve-crossing point, i.e. there is a barrier for low-energy parts of the wave packet. As
shown in Fig. 2.5 (¢) DR1 and the ER results agree perfectly once more. The DRO results
are terribly off. The long-time population of the first center which should vanish for the
present configuration stays finite. If we increase the energy of the first PES by wy/2 to
obtain configuration (d) DRO fails again while DR1 gives correct results in comparison to
the ER, see Fig. 2.5 (d).

To understand the large difference between DR0O and DRI let us have a closer look at
the final result for the matrix elements of A, Eqgs. (2.32) and (2.33). The DRO contribution
(2.33) is independent of the intercenter coupling V. The system part of the system-bath
interaction K allows only for relaxation within each center. So there is no mechanism
in the dissipative part which transfers population from one center to the other. This
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Figure 2.6: Time evolution for medium intercenter coupling.

transfer has to be done by the coherent part of the master equation. But the coherent
part cannot transfer components of the wave packet with energy below the crossing point
of the PESs. As tunneling is almost completely suppressed, those components of the wave
packet cannot leave their center anymore although the corresponding PES might be quite
high in energy. This results in the failure of DRO for the configurations with barrier: Parts
of the wave packet get trapped in the two lowest levels of the left center. From Eq. (2.32)
one can explain why in the on-resonance case the DRO results are in better agreement
with the correct results than in the off-resonance case. In this configuration some of the
DRI1 terms are very small and so the DR1 correction is smaller.

Now we discuss the medium coupling strength v15 = 0.5wq (see Fig. 2.6). The results
for configurations (a) and (b), i.e. without barrier, look quite similar. In both cases the
ER and DRI results agree very well for short and long times. At intermediate times there
is a small difference. The DRO results already deviate at short times and for long times
there is too much population in the left (higher) center. For configurations (c) and (d),
i.e. with barrier, again the ER and DR1 results coincide for small and long times. DRO
is off already after rather short times and the long-time limit is again wrong.

For strong coupling v12 = wy (see Fig. 2.7) the behavior of the results is quite similar
to the medium coupling. For configurations (a) and (b) the difference at intermediate
times is a little larger, so is the deviation of the long-time DRO limit. For configurations
(c) and (d) with barrier there is also a discrepancy for DR1 already at short times and the
correct long-time limit is not reached exactly. But the disagreement is surprisingly small
for the strong coupling. Overall DRI still looks quite reasonable while the DRO results
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Figure 2.7: Time evolution for strong intercenter coupling.

are completely off.

2.7 Transfer mechanisms within the first-order ex-
pansion of the relaxation operator

As already noted most physical quantities, e.g. the population of a diabatic state, are ob-
tained by projecting the RDM onto the diabatic basis. Therefore, one can take advantage
of the analytical result for the DR1 contribution in the relaxation operator A in order to
analyze the limits of validity of DDA.

Inspecting Eq. (2.32) one can see that all diabatic levels contribute to each matrix
element of A, i.e. all diabatic levels can mediate population transfer between donor and
acceptor. This is not the case in the DRO term (2.33) where only two levels give rise merely
to population decay (damping) within one diabatic state. Thus, the only mechanism for
population transfer in DDA arises from the coherent term in Eq. (2.9).

The contribution of the DR1 term in the relaxation operator A can be viewed as a
sequence of two one-quantum processes. The first can be thermal activation from a level
|n) due to the bath (Fig. 2.8 a). According to the selection rule AM = +1 a neighboring
vibronic level |j) from the same diabatic state is virtually occupied. After that the
population is transfered coherently to such a level |m) in the other diabatic state with
which the Franck-Condon overlap is sufficiently large. Alternatively, as seen in Eq. (2.32)
the backward sequence is possible as well, i.e. coherent transfer from |n) to |i) followed
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Figure 2.8: Schematic representation of the mechanisms for population transfer within
DRI.

by damping down into the next |m) (Fig. 2.8 b). Besides these two possibilities there can
be two other routes not shown in Fig. 2.8. These are thermal deexcitation from a higher
lying |n) to |j) and then a coherent transfer according to case (a). Respectively, there
can occur excitation of |i) to a higher |m) in case (b).

In addition Eq. (2.32) allows for classification of cases for various configuration pa-
rameters of the relevant system and for a rigorous determination of the validity limits of
DDA. In particular, one has to regard cases in which the coherent transfer mechanisms
are hindered, e.g. low levels with inefficient Franck-Condon overlap.

2.7.1 Configurations with barrier in the normal region

This is the case in which A > |AGP?|. The lowest levels in the upper diabatic state have
no Franck-Condon overlap with the levels of the lower diabatic state. Thus, after very
fast vibrational relaxation (damping) taking about 10 vibrational periods the lowest level
of the upper state is predominantly occupied and in this way the population is trapped
before significant coherent transfer has taken place. This short-time phenomenon is less
pronounced for larger intercenter coupling whereby coherent mechanisms start to domi-
nate over damping, and hence over trapping at early times of the dynamics (Fig. 2.6 ¢, d).
If the DR1 term is taken into account the trapped population can be transfered to the
donor state on a much larger time scale via thermally assisted channels as already dis-
cussed above in this section. Regarding the latter two statements, note the plateau-like
feature after 10 vibrational periods when coherent mechanisms become slower and DR1
starts to prevail (Fig. 2.6 ¢, d).

A very interesting situation occurs if the diabatic levels of the donor and of the acceptor
states are not in resonance. With DDA such a detuning can influence only the coherent
term, and as seen in Fig. 2.5 (¢, d) and Fig. 2.6 (¢, d), no major difference between the
in- and off-resonance cases can be detected. Nevertheless, the dynamics with inclusion

of DR1 differs due to the factors C'(wmn) — C(wjn) and C(wpn) — Clwmi) in Eq. (2.32)



30 Chapter 2. Redfield theory and models for electron transfer

N
ol Y

O """"""""""""""""""" |
0 200 400
1 ‘ ‘ ‘ w
D_H 05 [ | \\ /
§ 1 N\
0 ‘ | —— \\.//
0 10 20
1 T T i T \\ /
&H 0.5 |- 7 A\ / /
L / 1 \V/
O ‘ " —~ - e \\//
0 10 20

w,t/(2m)

Figure 2.9: Population dynamics of the upper localization center for different values of
the reorganization energy and weak intercenter coupling (vis = 0.1lwg) calculated with
DDA (dotted lines) and without DDA (solid lines). The first and the third configurations
are identical with cases (c) and (a) respectively from Fig. 2.3 and the last configuration
is in the Marcus inverted region (A = 0.5wy).

some of which vanish in case of resonance, i.e. [m) and |j) or |n) and |i) respectively, have
equal energies, and do not contribute in the transfer process. It can thus be concluded
that DDA is better behaved in the case of resonance configurations.

To sum up, the population dynamics in systems with potentials with barrier in the nor-
mal region show a good time separation between early coherent and later DR1-dependent
transfer mechanisms. Tunneling (regarded as slow coherent motion) can only be efficient
for more specific configurations in which non-vanishing overlap between the levels below
the curve-crossing is present.
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2.7.2 Barrierless configurations and configurations in the in-
verted region

Exploring a selection of configurations in the normal and in the inverted region (Fig. 2.9)
it was possible to verify that the DDA is valid not only in the inverted region but also
in the normal region without barrier. In both cases the configurations are characterized
by a very strong Franck-Condon overlap between the diabatic levels in the donor and
the acceptor states. This enables very fast coherent population transfer. Evidence for
the dominating coherent motion are the multiple revivals of population on the donor
(Fig. 2.6 a, b). Provided that the damping in the acceptor state is present, the system
approaches its equilibrium state before the coherences have completely decayed and before
the DR1 term has contributed substantially. This is the reason why in this regime the
transfer rate is determined by the damping rate. In addition, the distinction between
the cases in- and off-resonance has no relevance to the transfer mechanism either. For
sufficiently small value of the intercenter coupling the DR1 and higher order terms give
minor contribution and the DDA (2.32) is valid. However, for large intercenter coupling
the perturbation theory and particularly DDA fail and one cannot separate and examine
contributions in A in this manner.

2.8 Summary

In addition to the approximations in Redfield theory, i.e. second-order perturbation expan-
sion in the system-bath coupling and Markov approximation, we have applied perturbation
theory in the intercenter coupling. It has been shown for two coupled harmonic surfaces
that the zeroth-order approximation DRO, which is equivalent to DDA, can yield wrong
population dynamics even for very small intercenter coupling. These artifacts disappear
using the first-order theory DRI1.

For configurations without barrier it is possible to use DRO for weak to medium in-
tercenter coupling. This of course depends on the accuracy required especially for the
long-time limit. In all other cases one should either use the exact ER or DR1. Although
the first-order results are not exact for medium and strong intercenter coupling these
calculations have at least two advantages. First of all, one does not need to calculate the
eigenstates and eigenenergies of the full system Hamiltonian Hg. For small systems like
two coupled harmonic surfaces on one reaction coordinate this calculation is of course easy.
But if one wants to study larger systems like molecular wires [20,25] and/or multi-mode
models [121, 122, 123] this is no longer a trivial task. The second advantage is related
to the fact that in all transfer problems one is mainly interested in properties which are
defined in a local basis, e.g. the population in each subsystem at any moment in time.
If one uses the ER one has always to transform back to the DR in order to calculate
these properties. So for large-scale problems using a DR together with the first-order
perturbation in V' should be advantageous.

In a sense the present study is an extension of the investigation performed by Davis
et al. [20]. They compared ER and DR for a two-site problem. Here we looked at a more
general multilevel system and also calculated the first-order perturbation. In their model
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they do not have a reaction coordinate and therefore no barrier. Their findings correspond
more to cases (a) and (b) discussed previously. Besides the agreement in the case of small
intercenter coupling they also found good agreement in the high-temperature limit. Using
our model this statement could not be confirmed for a general configuration, although
there might be configurations where it would be true.

In Ref. [127] the authors followed a strategy different from the present work. They
also studied two coupled harmonic oscillators modeling two coupled microcavities, but
only one cavity was coupled to the thermal bath directly. This should not effect the
questions studied here. With a transformation to uncoupled oscillators they effectively
reduced the intercenter coupling to zero. The result [127] is then exact for arbitrary V.
The disadvantage of this strategy is that it is not easy to extend to larger systems. The
advantage of the presently developed first-order expansion in V' is its general applicability
to problems of any size.



Chapter 3

Numerical methods

3.1 Introduction

An analytical solution of the Redfield QME is possible only for a limited number of trivial
problems, e.g. the damped harmonic oscillator or a single spin in an environment. Mod-
eling real systems one has to approach the solution numerically. Already for moderately
large systems this task becomes computationally very demanding or even intractable, and
therefore requires efforts in reducing the numerical complexity of the RDM propagation.
Straightforward diagonalization of the Liouville superoperator can be used in case of a
time-independent Hamiltonian. In this way the rates, i.e. the characteristic inverse times
of an exponential decay of the occupation probability of the excited states, can be ob-
tained. Such an approach involves a huge number of floating point operations and the
overall computational effort will scale as AN® where A is the size of the basis of vibronic
states. Furthermore the direct diagonalization can be numerically unstable, but neverthe-
less has been successfully used [47]. Another strategy [38] suggests solving N'? ordinary
differential equations and requires products between the Liouville superoperator and the
RDM which scale as N'*. This is still a very expensive method for simulation of multi-level
systems.

Assuming a bilinear system-bath coupling the numerical effort can be reduced consid-
erably by rewriting the Redfield equation in such a form (2.9) that only matrix-matrix
multiplications are needed [91] rather than applying a superoperator onto the RDM.
Hence, a computational time scaling of A'® and a storage requirement of N2 is achieved.
In what follows, all approaches based on the latter scaling will be referred to as direct
propagation methods.

Using stochastic wave function methods a significant reduction of the scaling of the
numerical effort with increasing number of basis functions can be achieved. These methods
prescribe certain recipes for unraveling of the QME and substitute the RDM by a set of
wave functions which evolve partially stochastically in time. The method has the typical
scaling of the well developed and optimized wave function propagators, i.e. N2. Between
the direct and the stochastic methods to solve the Redfield equation the accuracy differs
especially because direct RDM integrators are numerically “exact” while the stochastic
wave function simulation methods have statistical errors. For small and medium size
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problems direct propagators can be prefered. Simulations based on the Lindblad QME
(2.7) with use of both direct and stochastic methods have already been compared [102,11].

When using stochastic methods for wave function propagation one has to solve
Schrodinger-type equations with a non-Hermitian Hamiltonian. For that purpose the
same algorithms of the direct propagators can be used. In this sense the direct methods
are also of importance for solving Redfield equations by means of stochastic wave function
methods. Stochastic unraveling methods will be discussed in detail in Sec. 3.5 and used
for some applications in Chapter 4.

The present studies are restricted to state representation. Grid representation of the
stochastic wave function is especially useful for complicated or unbound potentials. Then
one can take advantage of another propagator, the split operator [31]. This approach
can be advantageous for the following reasons. First, its performance does not depend
on the spectral range of the Hamiltonian or Liouville superoperator. Second, the most
demanding fast Fourier transformations (FFTs) scale with the basis size as N In N i.e.
less than A/? for the methods in state representations. Typical drawback of this approach
is that it cannot be applied with Hamiltonians which have mixed terms in coordinate and
momentum operators.

More recently the multi-configuration time-dependent Hartree method has been es-
tablished to treat density matrix operators [94]. This method might be favorable for
multi-dimensional problems, especially dynamics of chemical reactions.

3.2 Scaling properties of the Redfield quantum mas-
ter equation

The representations introduced in Chapter 2 allow us to consider the numerical effort for
a single computation of the right hand side of Eq. (2.9), respectively of Lp(t) in Eq. (2.10).
In the DR its computation can be approached using two different algorithms. It is possible
to perform matrix-matrix multiplication only on those elements of K and A which have
nonzero contributions to the elements of Lp(t) (Fig. 3.1, solid line). This is advantageous
because of the tridiagonal form of K in diabatic representation and shows the best scal-
ing properties, namely N?3. In the same representation but with the full matrix-matrix
multiplications in Eq. (2.9) (Fig. 3.1, dashed line) the performance is slightly worse than
the same operation in adiabatic representation (Fig. 3.1, dotted line) although the scal-
ing behavior is the same, i.e. N' = 2. This is due to the non-diagonal Hamiltonian Hg
in the former case that requires an additional matrix-matrix multiplication for the com-
puting of the coherent term in Eq. (2.9). Below we will perform the full matrix-matrix
multiplication to evaluate Lp(t) in both representations. We do this to concentrate on
the various propagation schemes, not the unequal representations. Nevertheless, there
are performance changes in the different representations because of the disparate basis
functions and forms of the operators in these basis functions.
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Figure 3.1:  Scaling behavior of the product Lp(t). Solid line — tridiagonal form of K
in diabatic representation, dotted line — adiabatic representation, dashed line — diabatic
representation with full matrix-matrix multiplications. The CPU time is scaled so that it
is equal to 1 for N' = 50 in diabatic representation.

3.3 Direct reduced-density-matrix propagators

In the present section a variety of numerical schemes for solution of the Liouville-von
Neumann equation will be tested and compared. The performance of the well-known
Runge-Kutta (RK) scheme is studied in two different implementations: as given in the
Numerical Recipes [93] and by the Numerical Algorithms Group [84]. In addition to these
general-purpose solvers there are more special algorithms which have been applied previ-
ously to the time evolution of wave packets and density matrices. For density matrices
these are the short-iterative-Arnoldi (SIA) propagator [91,90], the short-time Chebyshev
polynomial (CP) propagator [38], and the Newtonian polynomial (NP) propagator [7,4].
The latter propagator is also used as a reference method because of its high accuracy.

Next, a symplectic integrator (SI), which was originally developed for solving classical
equations of motion and extended to wave packet [37] and density matrix propagation [49],
is tested.

A possible alternative to the Chebyshev scheme is the application of Legendre polyno-
mials [58]. Both types of polynomials are special cases of the more general hypergeometric
polynomials (Jacobi polynomials) which gives the hint that the latter can be used for in-
terpolating time propagators as well. Legendre and Jacobi polynomials are not applied
in the current work.
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3.3.1 Runge-Kutta method

The RK algorithm is a well-known tool for solving ordinary differential equations. Thus,
this method can be successfully applied to solve a set of ordinary differential equations
for the matrix elements of Eq. (2.9). It is based on a few terms of the Taylor series
expansion. In the present work we use the FORTRANT77 implementation as given in the
Numerical Recipes [93] which is a fifth-order Cash-Karp RK algorithm and will be denoted
as RK-NR. As alternative the RK subroutine DO2PDF from the Numerical Algorithms
Group [84] which is based on RKSUITE [10] was tested. It will be referred to as RK-NAG.
Both RK-NAG and RK-NR involve terms of fifth order and use a prespecified tolerance
7 as an input parameter for the time step control. The tolerance 7 and the accuracy of
the calculation are not always simply proportional. Usually decreasing 7 results in longer
CPU times.

In Ref. [104] a time step control mechanism different from those used in RK-NAG and
RK-NR was tested. Discretizing the time derivative in Eq. (2.9) and requiring

3§ﬂt1ﬁﬁ+@ﬁg<r (3.1)
At

one only has to call the propagation subroutine once and to store the previous RDM.
In addition one has to calculate the action of the Liouville superoperator £ onto the
RDM but the numerical effort for this is small compared to a call of the propagation
subroutine. It was shown in Ref. [104] that this time step control is the most efficient for
propagation with the coherent terms in Eq. (2.9) only but disadvantageous for problems
with dissipation. This is the reason why we do not include this algorithm in the present
study.

3.3.2 Short iterative Arnoldi propagator

The SIA propagator [91,90] is a generalized version of the short iterative Lanczos prop-
agator [66] to non-Hermitian operators. With the short iterative Lanczos algorithm the
wave function can be propagated by approximating the time evolution operator in Krylov
space, which is generated by consecutive multiplications of the Hamiltonian onto the wave
function. In analogy the Krylov space within the SIA method is constructed by recursive
applications of the Liouville superoperator onto the RDM p,, = L"p(t). In this way it is
tailored to the RDM at every moment in time. The Liouville superoperator, denoted by
[ in Krylov space, has Hessenberg form

L~VIVE, (3.2)

where the orthogonal transformation matrix V' is constructed iteratively using the so-
called Lanczos procedure [91]. The Krylov representation [ can be easily diagonalized to
L with the help of a transformation matrix S:

eFl = VSeltsTYT (3.3)
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Since the diagonalization is performed in the Krylov space the numerical effort depends
on its dimension which can be chosen small in practice. Having thus derived a diagonal
operator e the calculation of p(t) is straightforward.

3.3.3 Symplectic integrator

The SIs were originally developed for solving classical equations of motion [101]. The time
evolution of a classical Hamiltonian system can be viewed as a canonical transformation
and Sls are sequences of canonical transformations. Recently it was shown that the time
evolution of wave packets [37] and density matrices [49] can also be performed using SIs.
In order to rewrite the Redfield equations in the form of coupled canonical variables that
are analogous to classical equations of motion one defines the functions [49]

Q) = p(t), (3.4)
P(t) = p(t), (3.5)
the operator
W = L%, (3.6)
and the Hamiltonian function
G(Q, P) = %[PTP +QTWQ . (3.7)

Doing so one obtains equations of motion analogous to the classical ones

d 9G(Q, P)

%P(t) = T = -WQ(?) , (3:8)
d 9G(Q, P)
EQ(t) = —p = P(t) . (3.9)

Rewriting this into the SI algorithm of order m yields [49]

Py = Py + biALL* Q4 (3.10)
Qi = Qi1 + a;AtF; (3.11)
for i = 1,...,m. Different sets of coefficients {a;} and {b;} are given in the literature.

Here we choose the McLachlan-Atela fourth-order method [79]. The coefficients for this
method are listed in Ref. [37]. A comparison of the McLachlan-Atela fourth-order method
with the McLachlan-Atela third-order method [79] and Ruth’s third-order method [101]
for RDM propagation has been given elsewhere [49].

3.3.4 Newton polynomial scheme

Another way to solve Eq. (2.9) is by a polynomial expansion of the time-evolution opera-
tor. Such methods are well established and approved for wave-function propagation [66,4].
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Figure 3.2: Spectrum of the scaled Liouville superoperator L for the model of electron
transfer (see the text below Eq. (3.13)). Approximate eigenvalues obtained in the Krylov
subspace are plotted as dots. Open squares denote the interpolation points A; for the NP
scheme.

Recently the Faber [43] and NP [7] algorithms have been applied to propagate density
matrices and it has been shown that they behave very similarly [43]. The main idea
of the NP method is the representation of the Liouville superoperator by a polynomial
interpolation

Np—1 Np—1 n—1
eFt Pn,—1(L) = Z UpPr = Z a, H(/L —\j) (3.12)
n=0 n=0 Jj=0

of order N, where the p,, are computed recursively and a,, are the nth divided differences.
The interpolation points A; can be chosen to form a rectangular area in the complex plane
(see Fig. 3.2) which contains all eigenvalues of £. This interpolation scheme is uniform,
i.e. the accuracy in energy space is approximately the same in the whole spectral range
of £. This is in contrast to schemes such as the SIA propagator which are nonuniform
approximations. A consequence of this property is the very high accuracy which can be
achieved with uniform propagators. This is why we take a high-order NP expansion as
reference solution. Since the quality of the approximation of the time evolution operator
is equivalent to a scalar function with the same interpolation points A;, one can, before
performing the actual calculation, check the accuracy on a scalar function. For the cal-
culation with the NP propagator we set the truncation limit of the expansion to 1071,
i.e. the sum in Eq. (3.12) is truncated when the residuum fulfills a,||p,|| < 1075 [4].

3.3.5 Chebyshev polynomial scheme

As a last contribution to the present study we will examine the CP propagator. Recently
it was studied by Guo et al. [38] for density matrices. The Liouville superoperator is
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approximated by a series of CPs Ty (x). Generally the CPs diverge for non-real arguments.
For propagators of the kind e~ it has been shown [4] that the CPs may tolerate some
imaginary part in the eigenvalues of H. The stability region has the form of an ellipse with
a center at the origin and a very small half-axis in imaginary direction [4]. In contrast,
the eigenvalues of the Liouville superoperator are spread over the negative real half of the
complex plane and symmetrically with respect to the real axis (see Fig. 3.2). The real
components for the system that we consider are one order of magnitude smaller than the
imaginary components. This is why we make the expansion along the imaginary axis and
use an expression similar to that already applied to wave function propagation [66]:

Np—1 B
Xt me elTA N (2= 8,0) Ju (LT AT (L) (3.13)

n=0

Here the expansion coefficients .J, are the Bessel functions of the first kind, and L is the
appropriately scaled Liouville superoperator: L = (£ — Lt)/L~, where L™ and L* are
the half span and the middle point of the spectrum of £. Since the spectrum is symmetric
with respect to the real axis, L™ = 0. The time evolution of p is given by

Np—1

p(t+ At) = Y (2= 0p0) Jn(LAL)py, - (3.14)

n=0

The Chebyshev vectors p,, are generated by means of a recurrence procedure:
Pn = 2Lpn_1 + pn2, po=p(t) and py = Lpy . (3.15)

For the CP and NP methods one has to adjust the values of the spectral parameters
L~ and L™. One can obtain some knowledge about the spectrum of £ by an approximate
diagonalization, e.g. by Krylov subspace methods. For instance, Fig. 3.2 shows an approx-
imate spectrum of £ appropriately scaled so that all eigenvalues lie within the rectangle
formed by the Newtonian interpolation points.

3.4 Performance of the direct propagators

The aim of this section is to compare the different numerical methods described above for
propagating the RDM in time. The calculations were performed for both RK methods
with different tolerance parameters 7 and for the SI as well as the NP, CP, SIA propagators
with different time steps. The number of interpolation points /V, in NP and CP propaga-
tors is 170 and 64, respectively. The summation terms in Eq. (3.12) and in Eq. (3.13) are
truncated if their contribution is less than 1076, The dimension of the Krylov space for
the STA method was set to 12 because smaller as well as larger values are less efficient for
the example studied here. All computations were made on Pentium III 550 MHz personal
computers with intensive use of BLAS and LAPACK libraries. The code was compiled
using the PGF90 Fortran compiler [88]. For estimation of the computational error of all
methods the NP algorithm with 210 interpolation points was chosen as a benchmark.
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Figure 3.3: PESs for a model electron transfer system. Diabatic PESs are plotted on
the left side, and the PES of the adiabatic excited state |e) on the right side.

A one-dimensional model of a system with two charge localization centers (m = 1, 2)
as presented in Fig. 3.3 is considered. The vibronic coupling of these two centers can
be strong while the coupling to the bath degrees of freedom is assumed to be small.
Transitions between the centers model the main physics of an electron transfer reaction.
A more detailed description of the model was already given in Sec. 2.6. The temperature
T =298 K is used. The displacement of the PES of the ground state |g) with respect to
|1) corresponds to a reorganization energy A = 1.1wy where wy is the system frequency.
All other parameters are the same as for configuration (c¢) in Table 2.1 and for strong
intercenter coupling, i.e. v13 = wy. A basis size of 16 vibrational levels per center, i.e. a
density matrix with N'x A = 32 x 32 = 1024 elements, satisfies the completeness relation
and presents no difficulties during the diagonalization of Hs. Using Eq. (2.9) the Redfield
tensor R needs not be constructed explicitly. A typical computation till the equilibrium
is reached takes a few hours of CPU time on the above described computers (see below
for details).

In all cases the RDM was propagated for a total time period of 3 x 10° a.u. which
is sufficient for complete relaxation to equilibrium. It was compared to the RDM pief
evaluated by the NP algorithm at the same points in time. The relative error £(t) of each
method at a certain moment in time ¢ has been estimated using a formula similar to that
proposed for wave functions by Leforestier et al. [66]:

| T (pO)prrlt)
T (u(®)

As the error £ we define the maximum value of (¢) over the total propagation time. For
more details we refer to Ref. [104]. Other error measures (see for example [86,38]) can be
used as well but they will have the same qualitative behavior.

As an index for the numerical effort two possibilities were explored. The first one
is a direct measurement of the CPU time of the total propagation (Fig. 3.4). It may
look quite different on other computer architectures or even on the same architecture but

£(t) = (3.16)
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Figure 3.4: Numerical performance of different numerical propagators. Results obtained
in the diabatic (adiabatic) representation are shown in the left (right) plot. The arrows
represent the numerical performance for the NP propagator with 50 interpolation points
and time step 100 a.u.

under changed operation conditions. An evidence of the performance (Fig. 3.4) will be
expressed by means of CPU time versus the error €.

Another approach to describe the numerical effort has been proposed [38] and is called
efficiency factor. It is defined as the ratio between the time step At and the number
of operations Lp(t) within this time step. Because of the definition it is a machine
independent quantity. The larger the efficiency factor, the better the performance of
the algorithm. Because the RK algorithms propagate with variable time step we cannot
directly use the definition of the efficiency factor. Instead we define a quantity « as the
total number N, of Lp(t)-evaluations divided by the total time for the propagation:

a = N,/(N,AL) . (3.17)

Here N denotes the total number of time steps. The inverse of o will have the meaning
of an efficiency factor for an averaged time step At. We should point out that N, does not
take into account the effort for summation of the different contributions. In particular in
the case of the NP method the summation of the different terms in the polynomial expan-
sion (3.12) can be non-negligible. This can be seen in the different relative performance
of the propagators shown in Figs. 3.4 and 3.5. We consider both the CPU time and the
quantity « as measures of the numerical effort.

Contributions from the algorithm to calculate Lp(t) also influence the CPU time. As
discussed above, in all computations represented in Figs. 3.4 and 3.5 the full matrix-matrix
multiplications in Eq. (2.9) were performed. The performance of the CP, NP, SI and SIA
methods is only influenced very little by the choice between diabatic and adiabatic repre-
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Figure 3.5: Numerical effort of different numerical propagators as defined in Eq. (3.17)
in the diabatic (adiabatic) representation shown in the left (right) panel. The arrows
represent the numerical performance for the NP propagator with 50 interpolation points
and time step 100 a.u.

sentation. Both RK implementations are less efficient in the adiabatic than in the diabatic
representation, though the RK-NAG scheme has still the best performance besides the
NP algorithm. The RK-NR scheme has an advantage for computation in diabatic rather
than in adiabatic representation especially for medium precision requirements. In that
range the performance curves of the RK methods exhibit a shoulder for the adiabatic case
which seems to result from a numerical artifact.

Because the error of the STA algorithm is not uniformly distributed in energy space [57]
we could expect some difference in its performance in diabatic and adiabatic represen-
tation. But because the coupling vy chosen here is not very large, the eigenstates of
the coupled system are just slightly disordered (see Fig. 3.3, right plot) and hence the
performance of the STA algorithm is almost not changed.

The uniformity, stability and high accuracy of the CP propagator for wave functions
is well known [66,57,86]. The CP approach to density matrix propagation was introduced
by Guo and Chen [38]. Using a damped harmonic oscillator as model system and starting
from a pure state they established that the relative error can reach the machine precision
limits (107'9) for sufficiently small stepsize. However, for the system of coupled harmonic
potentials studied here and using an initial RDM with non-zero off-diagonal elements the
error saturates at € &~ 107® (see Fig. 3.4). It was not possible to decrease this saturation
limit neither by increasing the order of the CP nor by decreasing the time step. This limit
seems to depend strongly on the imaginary part of the eigenvalues of £. For large time
steps the CP method loses its stability and one needs to estimate the efficiency range of
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N,, At and L~. Turning off the dissipation we could reach much higher accuracy with
the CP propagator as expected.

The SI is easy to implement. The expansion coefficients are fixed and can be taken
from literature. At the same time the fixed coefficients seem to limit the accuracy. For not
too high accuracy the performance of the SI is as good as that of the other propagators
in adiabatic representation. In diabatic representation its performance is a little worse.
But we were not able to achieve very high accuracy with this method. This might be
due to the special version, the fourth order McLachlan-Atela method, which we chose. It
is also important to note the relatively bad stability limit (¢ &~ 107%) of the present SI
propagator. It is known [37] that the second order Leapfrog symplectic method is stable
even for large time steps resulting in very low accuracies. Higher order SI methods, like
the fourth order McLachlan-Atela method, are designed to achieve higher accuracy at
relatively low costs rather than to explore a broad stability range. Extensive studies of
the accuracy and stability of various ST methods have been reported [37,49].

As already highlighted [43] the NP scheme is very stable for arbitrary spectral prop-
erties of £. The only restriction is that the spectrum must be confined within the area
formed by the interpolation points. In our investigation the NP propagator performs with
a good accuracy for N, = 170 and time steps of 1500 a.u. which is 10 times larger than
the step size of the CP scheme. Higher order expansions might be even more efficient but
the numerical implementation gets tricky and easily unstable. For time steps of 100 a.u.
with IV, = 50 the NP algorithm is already numerically exact but computationally very
expensive (see the arrows in Fig. 3.4 and Fig. 3.5). For problems with time-dependent
Hamiltonians (e.g. non-stationary external fields with relatively small amplitude) the RK
and SIA methods will be more efficient with small time step.

At the end we should point out that there exists no ultimate method to determine the
performance of a certain numerical approach which could be valid for different platforms.
Tuning and optimization features are generally not portable and this may cause even
different scaling behavior and hence a different method of preference. That is the reason
why the generality of the results is limited to similar computation platforms and even to
systems with similar properties of the corresponding Liouville superoperator. But on the
other hand this study can give hints on the performance of the different algorithms in
general.

3.5 Stochastic wave function methods

Stochastic unraveling (sometimes also called Monte Carlo wave function method) is an
efficient numerical tool for solving QMEs. This method allows to simulate very large and
complex systems with many degrees of freedom. Instead of propagating the RDM which
describes a mixed state of the relevant system one considers an ensemble of pure states,
the so called quantum trajectories. Each pure state, described by a wave function, expe-
riences fluctuations in the bath and hence evolves stochastically in time. Formally, the
time evolution of every single quantum trajectory is governed by a stochastic Schrodinger
equation (SSE). Averaging of a infinitely large ensemble of quantum trajectories yields
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exactly the deterministic RDM. The stochastic approach might provide physical interpre-
tation of experiments detecting macroscopic fluctuations (e.g. photon counting) in various
quantum systems [89] where ensemble descriptions based on RDM fail.

The unraveling schemes originate from the quantum optics community [19, 29, 35,
30,121, 89] but they have been successfully applied to ET problems [121, 122, 123] as
well. These schemes have been restricted to QMEs of Lindblad form (2.7) that ensures
that the RDM stays Hermitian, normalized and positive semidefinite at all times and
for any system parameters or initial conditions. The increasing interest in descriptions
beyond the Lindblad class such as the quantum Brownian motion [112,111], the Redfield
formalism [74], non-Markovian schemes [80,12], etc. resulted in various efforts to develop
new stochastic wave function algorithms. Strunz et al. [112,111] extended the QME for
Brownian motion to a non-Markovian QME and then applied a quantum state diffusion
algorithm. A similar approach was also proposed by Gaspard and Nagaoka [32]. Very
recently Stockburger and Grabert [110] developed a method on how to exactly represent
the RDM of a system coupled to a linear heat bath in terms of SSEs. The numerical
properties of this approach need to be explored. Breuer et al. [12] extended a scheme,
which they had used to calculate the multitime correlation functions [11], to the unraveling
of QMEs. Their technique is based on doubling the Hilbert space. Instead of a single
stochastic wave function [¢) one has a pair of them, i.e. (|¢),|¢)) [12]. The RDM is
reconstructed by means of the ensemble average p = M[|1))(¢|]. One problem of this
scheme is that the Hermiticity of the RDM is conserved only on an average and not for
every single trajectory. Thus, the deviation from Hermiticity is a quantity with statistical
error and one has to perform a huge number of realizations in order to achieve a good
convergence. Since stability and efficiency are crucial issues for unraveling algorithms we
propose in Subsec. 3.5.2 an alternative approach that fulfills these criteria.

3.5.1 Unraveling of Lindblad quantum master equations

The RDM can be replaced by an ensemble average of pure states [¢), i.e. p = [)(¢]. If
&k (t) are possibly complex noise variables characterized by their average [28]

déy =0, dEide = ot (3.18)

the relevant SSE reads
dlyp) = Dlgp)dt + > Silv)déy, (3.19)
k

where D and Sy are linear operators which may depend on |¢) and explicitly on time.
Evaluating the differential change of the quantity |¢)(¢| [108] using Eq. (3.19), keeping
terms up to first order in dt with the assumption that ensemble averages always factorize,
and after comparing the result with Eq. (2.7) one notices that the operators Sy must be of
the form Sy = L, — oy with arbitrary scalar functions «ay. Having the latter identity one
can find that D = —iH — L S (LELy — 205 Ly + |ag|?) [22]. Substitution into Eq. (3.19)

yields

gy = iyt — 3 [ (L~ 203 L+ o) [9)de + (L~ o)) - (3:20)
k
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According to Ref. [22] the last equation describes a quantum diffusion process if the
leading terms in d&, are first order in v/dt. When d€; get finite number of values, e.g.
++/dt, the process results in continuous trajectories but random within each infinitesimal
time interval dt (for dt — 0 the trajectories become smooth but still stay noisy). Diffusion
methods will not be considered in the present work. However, if the leading terms in d¢y
have finite values of order unity, i.e. zeroth order in v/dt, Eq. (3.20) leads to so called
quantum jump methods which produce trajectories that are deterministic during finite
time intervals connected by discontinuous transitions (jumps). If the jumps are specified
by their jump rates p; one can introduce the relation [22]

dnk — pkdt ip
= ——¢
vV Pk

which obeys condition (3.18). Here dn = 1 indicates the occurrence of a jump. For dn =0
Eq. (3.20) becomes a deterministic Schrodinger equation. Incorporating Eq. (3.21) into
Eq. (3.20) gives the relation oy = /pr exp(—ip). One can set ¢ = 0 without physical
consequence. Thus one obtains the final form of the SSE

d&k (3.21)

: 1 t Ly,
d|y) iHg|y)dt Zk: l2 (pk LkLk) |v)dt + (\/ﬁ 1) W)dn] . (3.22)
So far the jump rates p; remain free parameters. They can be adapted for every single
trajectory so that the wave function |¢) is normalized, i.e. py = (L}L;). The numerical
algorithm of this standard quantum jump method is itemized in Appendix B. It will be
used for reference when comparing with the newly developed quantum jump method in
Subsec. 3.5.2 and in the pump-probe simulations in Chapter 4.

3.5.2 A new unraveling scheme for generalized quantum master
equations

In the following let us consider the solution p(t) of a generalized time-local Hermiticity-
conserving QME

M
B = A+ 040+ X (COPE) + BOWOCI0}  (323)
with the total number M of dissipative channels and arbitrary operators A(t), Cy(t), and
Ex(t). Examples for these operators are given below. Here, the operators are restricted
in such a way that the norm of the solution stays conserved. For readability the time
arguments shall be omitted in the following.

In order to approach the problem let us define a state vector (|i), \¢>)T spanning a
doubled Hilbert space as proposed in Ref. [12]. In contrast to Ref. [12] the RDM shall be
reproduced by an ensemble average (denoted by overbars) of outer products of the vectors

[¥) and [¢)

p = [0) (o] + o) (¥l - (3.24)
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A particular realization (trajectory) of the stochastic process will be denoted by the
pair (|1),|¢)) and the averaging is performed over all trajectories possibly including a
weighted sum over pure initial states. An advantage of this averaging is the conservation
of Hermiticity for every single trajectory in contrast to Ref. [12].

For the SSEs let us consider 2M independent possibly complex noise variables & (¢).
The superscripts ¢ = 1,2 denote which of the two terms from the Hermitian pair in
the sum in Eq. (3.23) is taken and subscripts denote the various dissipative channels.
All stochastic differentials d¢i(t) are assumed to have zero mean, to be normalized and
uncorrelated [28]:

dEL = 0, dgi*del = 6,;6dt | (3.25)

Next, as an ansatz one constructs a SSE which propagates the pair (|¢), |¢))

dlv)y = Dil)dt + ZZS W) dék ; (3.26)
k=1 1i1=1
M 2

dl¢) = Dsloydt+> > Syle)de; . (3.27)
k=11=1

The operators D; and D, govern the deterministic and the operators SJ’:k govern the
stochastic part of the evolution. In general, they may depend on the state vector and
explicitly on time. After differentiating Eq. (3.24), neglecting all terms of higher than
first order in dt, and assuming that ensemble averages always factorize [22] one obtains

dp = [Di[){6] + Dl (V] dt+z{s%krw (O15:4 + S3[oN(VISH] di + Hee. (3.28)

Comparing with Eq. (3.23) one notes that Sj, has to equal S% and SJ, has to equal
S%.. Moreover, one can see that S3, = Cj + a; and S5, = Ej + af with o}, and af
being arbitrary scalar functions of (|4, |¢))" and possibly of time. Making the latter
substitutions in Eq. (3.28) yields the constraint

M
Di=Dy=A->" (ai*Ck + o By + aiai*) . (3.29)
k=1

Any quantum jump method is specified by jump rates pi which have to be real scalar
functions of (|1),|®)). If ni(t) is the number of jumps in channel k due to term 4 up
to time ¢, the probability for ni () to increase by one, i.e. the expectation value of both
dni and (dn})?, is equal to pidt during the infinitesimal time interval d¢. Thus, the noise
variables &, obeying the conditions (3.25) are related to dnj(t) as [22]

dni — p}%dtew

déj, = (3.30)

P
The phase factor €' leads merely to a phase shift in the wave vectors and cancels within

each realization. So we can choose ¢ = 0 without loss of generality. Substituting Eq. (3.30)
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into Egs. (3.26) and (3.27) one finds that o}, = —\/pz. So the SSEs for our quantum jump
method read

M M [ 1
dp) = <A+ Zp’lf;pi> Wydt + Y (E’“ - 1) dn} + (C’“ - 1) dn? | ), (3.31)
k=1 i

d|¢) = (A + fj i ﬂ’i) |6)dt + fj (C’“ - 1) dnl + (E’“ - 1) dn?| ¢). (3.32)
k=1 k=1 | i

2 1 \/17%

Dy

The jump rates p. and p? still remain as free parameters. In the statistical limit their
values have no influence on any averaged physical quantity. Nevertheless, it turns out
that they can strongly influence the convergence behavior of the jump algorithm, i.e.
they determine the statistical error of the observables calculated. A detailed discussion of
this influence and utilization of such free parameters can be found in Ref. [24]. Another
freedom is that Eq. (3.23) is invariant with respect to a gauge transformation of the kind
Cr — kCy, Ey — Ey/k if K is a real, scalar function of time. Each single realization,
and hence the stochastic process, is independent of this gauge transformation. However,
usage of the latter offers us no further advantages.

To ensure an efficient scheme with fast convergence one has to require that the norm
of every single trajectory is constant in time. Asking for (¢|®), (¥]1)), etc. being constant
in time does not create a stable scheme but the condition of norm preservation of |¢){¢|+

|6) (¥l

er{ 5 10)el oyl =0 (3.39

does. Unfortunately, applying this condition does not lead to positive values of the jump
rates pi, for all trajectories at all times. However, since the pi are arbitrary real functions,
they can be replaced by their absolute values. The price to pay is that we have to introduce
an additional weight factor for the trajectories which jumps between one and minus one.
In addition, there is a small deviation of the norm from unity because in the regions where
the pi. are replaced by their absolute values norm conservation is no longer guaranteed.
However, in all our tests this deviation was far below 1% and neither affected numerical
stability nor efficiency. The negative weights are actually needed to reconstruct RDMs
which are, in general, not positive semidefinite. If the RDM stays positive semidefinite
during its entire time evolution the negative weights of some trajectories are not needed,
i.e., all trajectories can be normalized to unity and represent physically relevant pure
states of the open quantum system. In the examples below the RDM can exhibit negative
populations. This unphysical situation could probably be cured by applying an initial
slippage to the initial state [33]. We note that these physically unreasonable RDMs occur
because of unphysical initial states or because the QME is not physically correct or is
applied in a parameter region where it is not valid. Nevertheless an unraveling scheme
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Figure 3.6: Time evolution of the third excited state of the harmonic oscillator in the
quantum Brownian motion model for v = 1073w, kT = 4.5w. The direct integration
of the QME (thick solid line) is compared to the results of the quantum jump method
with 1 trajectory (dot-dashed line), average of 100 (thin solid line) and 1000 (dotted line)
trajectories.

has to be able to mimic also this unphysical behavior of the QME because in the ensemble
average both should fully coincide.
The condition (3.33) applied to the QME (3.23) results in the additional constraint

M
A+ A= -3 (BlC, + ClE,) (3.34)

k=1

and if applied to the deterministic parts of the corresponding SSEs (3.31) and (3.32) it
yields the total jump rate

_ {9lA+ ATY) + (Y] A + Allg)
- 1) + (016) | (3.85)

All partial jump rates can be found subsequently making use of Egs. (3.34) and (3.35):

1 <¢|C};Ek|¢>+<¢|EZOk|¢>
Pe = O+ (W) (3.36)
2 <¢|Elick|w>+<w|CIIEk’¢>
Pe = GO T Wle) (3:37)

The numerical algorithm of the new quantum jump method, which is slightly different
from the standard one introduced in Subsec. 3.5.1, is summarized in Appendix B.

Let us briefly show how the proposed method can be applied to two typical physical
problems: the quantum Brownian motion and dissipative electron transfer within Redfield
theory. In both cases the systems are described by Markovian QMEs which do not have
Lindblad structure. The model of Brownian motion [119] describes a particle with mass
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Figure 3.7: Relaxation of the donor population for the electron transfer model. The

solid line shows the exact solution of the QME, the dashed line one arbitrary trajectory,
the dotted line an average over 500 trajectories.

m, coordinate ¢, momentum p, and Hamiltonian Hg interacting with a thermal bath. In

the high-temperature limit of a bath of harmonic oscillators the relevant QME has the
form

% = —i[Hs, p] - % 9, {p. p}] = mkT [q,]q. p]], (3.38)

where v is the damping rate. Comparing with Eq. (3.23) one finds the operators of the

jump algorithm (M = 2)
7 7
E fd — = — —p, .
1 5% Ch i/ 5P (3.39)

E2 = \/mfykTq, CQ = E27 (340)
A = —iHs+ %qp — mykTqq. (3.41)

Modeling the particle as a harmonic oscillator with eigenfrequency w one can compute
the population dynamics depicted in Fig. 3.6. The initial state of the oscillator is the pure
state p33 = 1. As can be seen, the agreement of the results using our stochastic method
and a direct integration of the QME is already quite good for one thousand samples.

As a next test for the present quantum jump method we shall demonstrate the stochas-
tic unraveling of the Redfield QME (2.9). Let us consider the model for electron transfer
in which the system includes a single reaction coordinate with the Hamiltonian [52]

Hs = Hy|1)(1] + H[2) (2] + v12(]1) (2] + [2)(1]) (3.42)

where H; and H, are the Hamiltonians of two coupled harmonic oscillators with equal
frequency wy. We choose a potential configuration in the normal region with no barrier
between the two harmonic potentials with strong electronic intercenter coupling. All
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Figure 3.8: Occurrence of the expectation values of the population on the donor state
produced by the new unraveling scheme for the Redfield QME (dotted line) and the
standard normalized jump method for the Lindblad QME (solid line) at time wt/(27) = 3,
both with 5000 trajectories.

model parameters are the same as for case (a) in Sec. 2.6 (see Table 2.1 and Fig. 2.3).
After rearrangement of Eq. (2.9) one can easily identify the operators involved in Eq. (3.23)
(M =1):

C,=K, BEy=A, A= —iHs— KA. (3.43)

A Gaussian wave packet located at the donor state |1), having energy slightly above
the crossing of the harmonic potentials was chosen as initial state. The numerical
simulation with about 1000 trajectories provides sufficiently converged and accurate
results. Figure 3.7 shows the relaxation of the ensemble averaged donor population
P = (|1){(1|e) + (6]1)(1|p). A widely discussed property of the Redfield equation is
that it does not strictly conserve positivity of the RDM [53]. Although P, is always posi-
tive the tiny negative fraction in Fig. 3.8 is evidence for the existence of single realizations
with negative P;. In contrast, the simulation of the same system with the Lindblad QME,
i.e. with DDA, by means of the standard quantum jump method [19,29, 35,30, 89] keeps
all values of P; well confined between 0 and 1.

Besides the numerical efficiency, another benefit of the quantum trajectories is the bet-
ter insight into the quantum mechanisms underlying the overall dynamics of the ensemble.
Though it is impossible to give direct physical interpretation of every single trajectory
one can extract information from the ensemble statistics. As we can see in Fig. 3.8 the
distribution of the individual expectation values of the population is skew and comprises
several modes. This is better seen in the phase space (Fig. 3.9). Several modes give rise
to distinct pathways of the process as numbered in Fig. 3.9. The letter M stands for the
main mode which disappears slowly with time to the advantage of three satellites denoted
by S1, S and S3. At certain time all modes coalesce to a single bell-like distribution which
continues propagating in phase space while its maximum is approaching the equilibrium
values (p);—oo and (q); . The variance of the final distribution indicates the presence
of thermal fluctuations in the sample at finite temperature.
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Figure 3.9:  Contour plot of the correlated distribution of the expectation values of
momentum (p) and position (g) for the electron transfer model at time wt/(27) = 3 with
5000 trajectories.

Considering the efficiency of the stochastic method it is convenient to look at the
relation between numerical effort and achieved accuracy. When the DDA is invoked
together with RWA in the system-bath coupling one can obtain the Lindblad form (2.7)
which can be solved by the standard quantum jump method [19,29, 35,30, 89] as well
as by the new one. Thus, the numerical efficiency of both methods can be compared.
The expectation values of most observables (like the population) are dispersed around
the ensemble mean in a complicated distribution (Fig. 3.8). The standard deviation
from the mean can be used as a measure for the statistical error, and hence for the
accuracy. Figure 3.10 shows the accuracy of the new method applied to the Lindblad
QME and to the Redfield QME and the accuracy of the standard quantum jump method
applied to the Lindblad QME. Both methods are equally accurate for the Lindblad QME.
However, solving the Redfield QME with the new method is less accurate with the same
number of realizations. Thus, for well converged calculations one needs a much larger
number of trajectories. Furthermore, each time step in the implementation of the new
method requires 4 M +9 matrix-vector multiplications versus only 5 for the standard jump
algorithm which means a significantly higher computational effort.

3.6 Summary

In this Chapter an estimation of the numerical efficiency of several methods for density
matrix propagation has been given. The example of ET in a two-center system has been
used for this purpose. A specific measure of the numerical effort has been introduced in
order to compare methods with fixed time step and such ones with time step control (RK).
Besides the method of reference (NP) the RK-NAG approach shows best performance for
both cases of ER and DR. The advantage of the SIA propagator is that the accuracy
improves with decreasing the time step in both representations and provides a reasonable
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Figure 3.10: Standard deviation from the ensemble mean value of the population of
the upper diabatic PES for 5000 trajectories. Dotted line and dashed line designate the
accuracy of the new method applied to the Redfield QME and to the Lindblad QME
respectively, and the solid line the standard quantum jump method for the Lindblad
QME.

ratio between accuracy and numerical effort. That is not the case with the CP propagator
which exhibits a saturation of accuracy and is therefore not convenient for very small time
steps. The easy-to-implement SI gives reasonable performance for not too high accuracy.
The present SI seems to be limited in accuracy due to the fixed coefficients.

The stochastic unraveling of QMEs is not constrained to Lindblad form anymore
and opens new large fields of application for stochastic methods. This progress became
possible with the use of the wave—function pair in the doubled Hilbert space and the
derivation of stable, almost normalized SSEs. An efficient first-order quantum jump
algorithm was proposed. The efficiency is determined by the behavior of the norm of
every single trajectory. In this sense the jump rates were used as parameters to influence
the efficiency.

Occurrence of negative population for single trajectories is by no means a problem of
the proposed unraveling scheme. Rather it is related to the fact that the QMEs (3.23,
2.9) do not preserve the RDM positive semidefinite. It is known [33] that the negative
eigenvalues of the RDM in the Redfield theory arise from the inconsistency between the
initial RDM and the bath state, i.e. due to neglected initial correlations in the Born-
Markov approximation. Satisfactory resolution of this problem is the slippage of the
initial conditions as derived by Gaspard et al. [33]. In this method the so called slippage
superoperator takes into account the short-time bath correlations. Applied to the initial
RDM it introduces the necessary correlations into the initial state. This manipulation of
the initial state ensures propagation of positive semidefinite RDM at any further moment
of time.

The new stochastic method was successfully tested for a simple ET model using the
Redfield QME and for quantum Brownian motion and should allow for better quantum
dynamical simulation of large systems. It is also capable to unravel non-Markovian QMEs
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when they are in a time-local form like in the time-convolutionless formalism [12] or in
methods using auxiliary density matrices to include the memory effects [80].



Chapter 4

Intramolecular electron transfer in
betaine-30

4.1 Experimental and theoretical background

Betaine-30, also known as Reichardt’s dye [99], is an organic compound whose color
strongly varies with the polarity of the solvent in which it is dissolved. Thus, its long
wavelength absorption band, assigned to the Sq — S; transition, is shifted over 10 000
cm~! on going from non-polar (e.g. ethers) to polar solvents (e.g. water). This property
is called solvatochromism. The transition S; — Sy represents back ET as an electron
moves from the pyridinium ring, the donor, back into the phenoxide moiety, the acceptor
(Fig. 4.1). No fluorescence has been observed which means that this transition proceeds
via radiationless mechanisms, i.e. fast internal conversion. Not only the position of the
band is solvent dependent but also its width and shape. This means that the solvent
environment influences both the free energy gap AG and the Franck-Condon gap |AG|+ A
between the PESs of Sy and S;. Polar solvents have stronger dipole-dipole interaction with
the large dipole of the ground state, shift the ground state energy down and hence make
the back-ET reaction more exothermic.

The full absorption band comprises a number of broadened single peaks arising from
internal molecular vibrations and solvent motion. Such internal and external modes which
undergo reorganization give rise to the effective reaction coordinate. Analyzing the band
shape in various solvents all single-coordinate parameters were determined [51]. Further-
more, it was found [51] that the potential configurations were in the Marcus inverted
region. Another peculiarity, which makes the theoretical treatment of betaine-30 more
difficult, is the large intercenter coupling. Its value is comparable with the energy of
the fastest molecular mode. It was shown [117] that in this case the classical theory of
Marcus [72] failed to give meaningful rates. Nevertheless, Marcus theory was verified
in the inverted region for systems with small electronic coupling [17]. Transient spec-
troscopies [2,1,117,61] showed that reorganization of low frequency internal modes and
solvation take place on the same very short timescale as the back ET itself. The ET
rates in a variety of solvents as well as the reorganization energies arising from internal
and solvent modes were determined with the help of transient spectra. Beard et al. [6]
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Figure 4.1: Left plot: schematic representation of the photoinduced ET transition from
the excited DA state to the ground DTA~ state in betaine-30. Right plot: relaxed three-
dimensional structure of betaine-30 in ground state.

measured directly the intramolecular ET in betaine-30 in chloroform by means of the
emitted electromagnetic wave after pulse laser excitation in strong electric field. They
succeeded to extract two characteristic times, 300 fs and 1.5 ps. Concurrently, Hogiu et
al. [42] observed the population in S; mode-selectively by picosecond time-resolved anti-
Stokes Raman spectroscopy and showed that the rise times of the vibronic populations
of several relevant modes correspond to the back-ET time. Other researchers employed
resonant Raman spectroscopy [126,125] and found a set of Raman-active internal modes
coupled to the electron transition. However, their estimated internal reorganization en-
ergy (170 cm™! with 9 internal modes and 120 cm™! with 19 internal modes, respectively)
is in disagreement with band-shape analysis (2499 cm™) [117] as well as with pump-
probe spectroscopy (3370 cm™!) [61]. On the other hand, the estimate for the solvent
reorganization energy A, for acetonitrile in Refs. [126,125], (6000 cm™* and 4500 cm ™,
respectively) is much larger than the respective value in Ref. [117] (2221 cm™!) or than
theoretical calculations [68,81] (3625 and 4260 cm™!, respectively). As far as these pa-
rameters enter the quantum model for ET which is used in the current work it is very
important to set their values carefully. Despite these discrepancies all authors have agreed
that at least three modes play significant roles — a high frequency quantal internal mode, a
low frequency classical internal mode and a solvent mode. Kovalenko et al. [61] estimated
the characteristic time of the early stage involving solvation of S; and reorganization of
the low-frequency mode to about 100 fs in acetonitrile. Another experimental finding,
which also would concern the choice of a model, is the transient long-wavelength dark
state absorption observed in different media [61]. The nature of the dark state is not
clear yet. The authors of Ref. [61] suppose that the dark state is the conformationally
relaxed excited state. Such a hypothesis is not supported by the low energy of the dark
state absorption. In fact, the Franck-Condon gap between S; and the next optically ac-



