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Abstract

This work aims to investigate some applications of the conjugate duality for scalar
and vector optimization problems to the construction of gap functions for varia-
tional inequalities and equilibrium problems. The basic idea of the approach is
to reformulate variational inequalities and equilibrium problems into optimization
problems depending on a fixed variable, which allows us to apply duality results
from optimization problems.

Based on some perturbations, first we consider the conjugate duality for scalar
optimization. As applications, duality investigations for the convex partially sepa-
rable optimization problem are discussed.

Afterwards, we concentrate our attention on some applications of conjugate
duality for convex optimization problems in finite and infinite-dimensional spaces
to the construction of a gap function for variational inequalities and equilibrium
problems. To verify the properties in the definition of a gap function weak and
strong duality are used.

The remainder of this thesis deals with the extension of this approach to vector
variational inequalities and vector equilibrium problems. By using the perturbation
functions in analogy to the scalar case, different dual problems for vector optimiza-
tion and duality assertions for these problems are derived. This study allows us to
propose some set-valued gap functions for the vector variational inequality. Finally,
by applying the Fenchel duality on the basis of weak orderings, some variational
principles for vector equilibrium problems are investigated.
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Introduction

In connection with studying free boundary value problems, variational inequali-
ties were first investigated by Stampacchia [80]. There is a huge literature on
the subjects of variational inequalities and related problems. Specially, the books
by Kinderlehrer and Stampacchia [51] and by Baiocchi and Capelo [13] provide
a thorough introduction to the applications of variational inequalities in infinite-
dimensional spaces. Moreover, for an overview of theory, algorithms and applica-
tions of finite-dimensional variational inequalities we refer to the survey paper by
Harker and Pang [47] and the comprehensive books by Facchinei and Pang [30],
[31].

From theoretical and practical point of view, the reformulation of variational
inequalities into equivalent optimization problems is one of the interesting subjects
in nonlinear analysis. This approach is based on the so-called gap or merit functions.
Some related well known results are due to Auchmuty [7], Auslender [8], Fukushima
[33], Peng [70], Yamashita, Taji and Fukushima [91], Zhu and Marcotte [99] for
the variational inequality; Chen, Yang and Goh [21] for the extended variational
inequality; Giannessi [38], [39] for the quasivariational inequality and Yang [93] for
the prevariational inequality problems, respectively. We refer also to the survey
papers by Fukushima [34] and by Larsson and Patriksson [57]. Depending on the
used approaches, different classes of gap functions for variational inequalities are
known as Auslender’s [8]; dual [61]; regularized [7], [33], [99]; "D” or "difference”
[70], [91] and Giannessi’s [38], respectively.

Among the mentioned approaches, the gap function due to Giannessi [38] has
been associated to the Lagrange duality for optimization problems. In order to
obtain variational principles for the variational inequality problem, Auchmuty [7]
used the saddle point characterization of the solution and later some properties of
such gap functions were discussed by Larsson and Patriksson [57]. Duality aspects
for variational inequalities (such problems are called inverse variational inequali-
ties) were investigated by Mosco [66] and later by Chen, Yang and Goh [21]. By
applying the approach due to Zhu and Marcotte [99], some relations between gap
functions for the extended variational inequality and the Fenchel duality for op-
timization problems were studied by Chen, Yang and Goh [21]. In the context of
convex optimization and variational inequalities the connections between properties
of gap functions and duality have been interpreted (see [21], [48]).

According to Blum and Oettli [15], equilibrium problems provide an unified
framework to the study of different problems in optimization, saddle and fixed
point theory, variational inequalities etc. Some results from these fields have been
extended to equilibrium problems. By using the approach of Auchmuty [7], vari-
ational principles for equilibrium problems were investigated by Blum and Oettli
[14].

On the other hand, various duality schemes for equilibrium problems were de-
veloped by Konnov and Schaible [52]. Here the authors deal with the relations
between solution sets of the primal and ”dual problems” under generalized convex-
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ity and generalized monotonicity of the functions. One can notice that the so-called
Minty variational inequality follows from the classical dual scheme for the equilib-
rium problem.

The vector variational inequality in a finite-dimensional space was introduced
first by Giannessi [37] and some gap functions for variational inequalities have been
extended to the vector case. By defining some set-valued mappings, gap functions
in the sense of Auslender were extended from the scalar case to vector variational
inequalities by Chen, Yang and Goh [23]. The authors introduced also a generaliza-
tion of Giannessi’s gap function if the ground set of vector variational inequalities
is given by linear inequality constraints.

In analogy to the scalar case, vector equilibrium problems can be considered as a
generalization of vector variational inequalities, vector optimization and equilibrium
problems (see [4], [45] and [69]). Therefore some results established for these spe-
cial cases have been extended to vector equilibrium problems. By using set-valued
mappings as a generalization of the scalar case (cf. [7] and [14]) and by extending
the gap functions for vector variational inequalities, variational principles for vector
equilibrium problems were investigated by Ansari, Konnov and Yao [5], [6] (see also
[53])-

The aim of this work is to investigate a new approach on gap functions for vari-
ational inequalities and equilibrium problems on the basis of the conjugate duality
for scalar and vector optimization problems. The proposed approach is considered
first for variational inequalities in finite-dimensional Euclidean spaces, afterwards
this is extended to the equilibrium problems in topological vector spaces.

Before discussing the construction of some new gap functions for variational in-
equalities, we consider the conjugate duality for scalar optimization in connection
with some additional perturbations. Dual problems related to such perturbations
are so-called Fenchel-type and Fenchel-Lagrange type dual problems, respectively.
Closely related to this study, we reformulate the strong duality theorem in [16] and
as applications we discuss duality investigations for the convex partially separable
optimization problem.

Dual problems arising from the different perturbations (see [16] and [90]) in convex
optimization allow us to apply them to the construction of gap functions. The con-
struction of a new gap function for variational inequalities is based on the following
basic ideas:

¢ to reduce variational inequalities into optimization problems depending on a
fixed variable in the sense that both problems have the same solutions;

¢ to state the corresponding dual problems;

¢ to introduce a function as being the negative optimal value of the stated dual
problem for any fixed variable;

¢ to prove that the introduced function is a gap function for variational inequal-
ities.

To verify the properties of a gap function for variational inequalities, weak and
strong duality results are used. Under certain conditions as well as continuity and
monotonicity, by using the relations between gap functions and Minty variational
inequality problem, the so-called dual gap functions for the variational inequality
problem are investigated.
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We mention that the construction based on the Fenchel duality does not depend
on the ground set of the problem. Based on this remark, our approach is extended
to more general cases including variational inequalities, namely to equilibrium prob-
lems. Duality results we are going to use are recent developments on the conjugate
duality theory in the settings of locally convex spaces due to Bot and Wanka [18].

The introduced gap functions for equilibrium problems provide a convenient way
of explaining as special cases the conjugate duality results for convex optimization
problems and some gap functions for variational inequalities. Involving conjugate
functions in the formulation of gap functions for variational inequalities and equi-
librium problems, the techniques of convex analysis can be used to compute them.

By introducing some set-valued mappings in connection with the conjugate du-
ality for vector optimization, we show that a similar approach like in the scalar case
can be applied to the vector variational inequality problem. For this reason, we
mention the conjugate duality theory developed by Tanino and Sawaragi [75], [82]
based on the Pareto efficiency. We remark that although the objective function of
the primal problem is vector-valued, by using this theory, the objective functions of
the dual problems turn out to be set-valued. By applying different perturbations as
in the scalar case (see [90]), we obtain some dual problems of this kind. In analogy
to the scalar case, we call them the Lagrange, the Fenchel and the Fenchel-Lagrange
dual problem for vector optimization, respectively.

As done in the scalar case, we show that the approach used by the construction
of a gap function for the vector variational inequality can be applied to the study of
variational principles for vector equilibrium problems. In order to investigate these
variational principles, we use the conjugate duality theory for vector optimization
problems on the basis of weak orderings developed by Tanino [84].

The thesis is organized as follows. The first chapter deals with the study of the
conjugate duality for scalar optimization via perturbations. Moreover, as applica-
tions we extend duality investigations for the convex partially separable optimiza-
tion problem.

In the second chapter, we apply the conjugate duality discussed in Chapter 1 to
the construction of gap functions for variational inequalities and equilibrium prob-
lems. In order to introduce new gap functions, for any fixed variable we use some
equivalent reformulations of variational inequalities and equilibrium problems as
optimization problems which allow us to apply duality results for convex optimiza-
tion.

The third chapter is devoted to the conjugate duality for vector optimization
and its applications to the vector variational inequality. First, we investigate dual
vector optimization problems arising from the different perturbations like in the
scalar case (see [90]). Afterwards, we concentrate on special cases of the stated
dual vector optimization problems which have some advantages for applications. In
conclusion, we define some new gap functions for the vector variational inequality
on the basis of the duality results discussed in this chapter.

In the last chapter we focus our attention on the investigation of variational
principles for vector equilibrium problems related to the conjugate duality. In order
to describe new variational principles, by using the Fenchel duality for vector op-
timization based on weak orderings, we introduce set-valued mappings depending
on the data, not on the solution set of the vector equilibrium problems. A similar
way is applied to variational principles for the dual vector equilibrium problem. As
special cases we discuss gap functions for weak vector variational inequalities.
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Chapter 1

Conjugate duality for scalar
optimization

1.1 An analysis of the conjugate duality

The concept of perturbed problems and conjugate functions provides an unified
framework to duality in optimization. The related original works are due to Fenchel
[32] and Moreau [65]. Later this theory was developed by Rockafellar [71] and by
Ekeland and Temam [27] in finite- and infinite-dimensional spaces, respectively. For
a comprehensive introduction to the conjugate duality we refer also to the book [73]
by Rockafellar.

In [90], Wanka and Bot, considered three different dual problems for scalar op-
timization problems with inequality constraints: the well known Lagrange and
Fenchel dual problems and a “combination “ of both, which is the so-called Fenchel-
Lagrange dual problem. More details about this approach and its applications can
be found in [16], [17], [85], [89] and [90].

By construction, ”weak duality” always holds, i.e. the optimal objective values of
the mentioned dual problems are less than or equal to the optimal objective value
of the primal problem. Under convexity assumptions, a constraint qualification
guarantees the so-called ”strong duality”, in fact that the optimal objective values
of the primal and the dual problems coincide and that the dual problems have
optimal solutions.

By using the indicator function of a set, we investigate some additional dual
problems. These dual problems will be so-called Fenchel-type and Fenchel-Lagrange-
type dual problems, respectively. Under convexity and regularity assumptions, we
study the relations between their optimal objective values.

1.1.1 Fenchel-type dual problems

Let X C R” be a nonempty set and f : R® — R = RU {+oc}, g = (g1, 9m)T :
R™ — R™ be given functions. We consider the optimization problem

(F)  Jpf @), O={a <R o(o) £ 0}

Further we assume that dom fNXNG # @, where dom h = {z € R"| h(z) < +o0}

is the effective domain of the function h : R — R. For z,y € R™, & < y means
Rm,
m

y—z €RY ={z=(21,...,zm)” €ER™| 2, >0, i =1, m}

5



6 Chapter 1. Conjugate duality for scalar optimization

Let us remark that throughout this work the elements in the finite-dimensional

n
Euclidean spaces are supposed to be column vectors and 27y = Y x;y; denotes as
i=1
usual the inner product of the vectors z,y € R™.
By using a general perturbation approach and the theory of conjugate functions

different dual problems to (P) have been derived (see [16], [90])

(Dr) sup_inf [f(x) +q" g(2)),
q > gxeX
R
ok . T
(Dr) pseuﬂg{ frp)+ nf p x}

and

(Dr1) s { = () + inf [pTo +¢Tg(@)]}.
peRn rxeX
qg=>0
=
By h{ : R" — R we denote the conjugate function of the function h relative to the

set C defined by h%(€) = sup[¢Ta —h(z)]. If C = R", then h{, becomes the classical
zeC

(Fenchel-Moreau) conjugate, which will be denoted by h*. The problems (Dy) and
(Dp) are the classical Lagrange and Fenchel dual problems, respectively. The dual
problem (Dgp) is called the Fenchel-Lagrange dual and it is a ” combination” of the
Fenchel and Lagrange dual problems.

In this subsection we aim to discuss some dual problems to (P), which have a
similar form as (D). By using the indicator function we can reduce the problem
(P) to the equivalent form

(P inf (4 0x +00)(x),
where d¢ () is the indicator function of a given set C' defined by

0, ifxeC,
do(z) = { +oo, ifxéC.

Obviously, the optimal objective values of (P) and (P°) coincide. Let us notice that
to (D) associates the perturbation function @5 : R™ x R™ — R given by (see [16])

Pp(v,y) = { +00, otherwise.

We assume that each term of f0 := f+¢dx +d¢ takes the same perturbation variable
and let us consider all possible perturbations that we can do in the objective function
f9. Introducing the corresponding perturbation functions, we can state different
dual problems. But some dual problems related to these perturbation functions
coincide with each other or they lead to (P) or (Dp). In other words, based on the
following perturbation functions, we formulate some different dual problems.

(i) ®p, : R" x R® — R,
p (z,y) = f(z +y) + ox(z +y) + 0x(2) + da(),

(i) ®x, : R" x R® — R,
P, (z,y) = flx +y) +0x (@) + dc(z + y) + da(w),
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(iii) ®p, : R" x R* — R,

Op,(2,y) = f(r +y) +ox (v +y) +da(n),
(iv) ®r, : R" x R" — R,

Qp,(2,y) = f(r +y) +ox(v) + dc(z +y),

where y € R™ is the perturbation variable.
The dual problems to (P°) can be defined by

(0r)  swp { — @R 00},

where

5, (0,) = s {p"y—p (2}, i=T1
x,yeR”

Calculating the conjugate functions ®%. , i = 1,4, we obtain the following four dual
problems

) e {00 s ).

(Dr) s { =)+ gt pTeh

(Dp,) sup { fx(p) + mf D x}
peR™

(Dr,) sup { falp) + 1nf D x}
peR™

or, equivalently,

(Dr) s {;22 R U
() s { IS 9o+ B 2,
(Or) {;2£ ~pTel+ jnt o),
(Dr,) suwp {;gg[f(m —p"a] + inf p'a}.

One can notice that the problems (Dp,), i = 1,4, are so-called Fenchel-type
dual problems. As said before, the weak duality is always fulfilled and even more
we have the following relation

U(Z)Fé)
<v(Dr)

v(Dp) < v(P‘s) = v(P), (1.1)
< v(l)Fb)

U(l)Fh)

where we denote by v(P), v(Dp) and v(Dp,) the optimal objective value of (P), (D)
and (Dpr,), i = 1,4, respectively.

All inequalities in (1.1) can be strict. The next example shows this for some of them.

Ezample 1.1 Let X = [0,+00) and the functions f,g: R — R be given by

_ z, x>0, L
flx)= { 0, otherwise, glz)=1—2%,
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respectively. In order to find optimal objective values of (Dg,),i = 1,4, one has to
calculate the following terms:

o . |0, p <1,
(©) ch[f(x) —pr] = ig%x(l —p) = { —o00, otherwise;
Ds 0<p<0.5,
L _ — i . . : _ _ _ <p<
(1) inf [f(x) — pr] = min { inf 2(1 — p). inf (~pr)} L-p 05<p<1,

oo,  otherwise;

D, p =0,

(iii) inf pz= ;I;f(') pr = inf px :{ oo, otherwise;

zeXNG > z>1
1—2°%<0

. . . 07 p 2 0’
(iv) a}g)f( pr= :ig%px o { —o0, otherwise;
0, p=0,

) éggpx -t { igflpx’ xglf1px} - { —o00, otherwise.

By using the above calculations, the optimal objective values of (D), i = 1,4, can
be obtained as follows.

v(Dp,) = su {inf x) —pzx]+ inf :c}: su =1;
(Dr,) sup nf[f(e) —pa]+ inf p e v
vDr) = s { I/ —p) ot o)

= max{ sup 2p, sup 1}:1;
0<p<0.5 0.5<p<1

v(Dry) = sup { Inf [f(z) —pa] + ;ggpx} = 0;
v(Dr,) = igg { mlgg[f(x) — pr] + mlg;px}

= max{ sup p, sup (1—p)}=0.5.
0<p<0.5 0.5<p<1

inf [f(x) ~pa] = min{ inf 2(1 - p), inf (pr)}

zeR™
o 0, 0<p<l,
o —00, otherwise,

the optimal objective value of the Fenchel dual problem is

v(Dp) = su {— *(p) + inf x}: su =1.
(Dr) sup. fp)+ nf p e p

Moreover, v(P) = Ei)l}fﬂf(m) = 1. Hence, it holds
T

v(Dr,) <v(Dr,) <v(Dr) =v(Dr,) = v(Dr) = v(P).

The following assertion deals with the equality relations between optimal objective
values of the primal and above dual problems.

Theorem 1.1 (see [71]) Assume that X and G are convex sets and that f is a
convex function.
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(i) If ri(X N dom f) N ri(G) # @, then v(Dp,) = v
(ii) If ri(G N dom f) N ri(X) # @, then v(Dp,) = v
(i) If ri(X N G) N ri(dom f) # @, then v(Dp) = v(P),
() If ri(X) N ri(G) N ri(dom f) # &, then

v(Dr,) = v(Dr,) = v(Dr,) = v(Dr,) = v(Dr) = v(P).

1.1.2 Fenchel-Lagrange-type dual problems

Before considering further dual problems to (P), we remark that to (Drr) (see [16])
corresponds the perturbation function @y, : R™ x R™ x R™ — R defined by

flz+y), ifreX and g(z) < 2,
(I)FL(x7y?Z) = RT

+-00, otherwise.

In order to apply the same approach to (Dpy, ), we transform the problem (P) into
the following equivalent form

(%) inf(f+0x)(@).

Each term of the objective function for (P ) is supposed to take the same pertur-
bation variable. According to all possible perturbation functions, we can obtain
some dual problems having similar form as (Dpr,). Since some of them are reduced
to (Dpr) or (Dr), we introduce only three additional perturbation functions.

(i) ®pz, i R" x R" x R™ — R,

flz+y) +ox(z+y)+ox(z), ifg(z) <z
Qpp, (v,y,2) = R
+00, otherwise.

(ii) ®pp, : R" x R" x R™ — R,

f(@) +ox(z+y), ifglx) <z
Prr,(2,y,2) = RY
400, otherwise.

(iii) ®pr, : R® x R" x R™ — R,

fle+y) +ox(z+y), ifgx) <z
Prr,(z,y,2) = R
00, otherwise.
Consequently, we define the following three dual problems
(Dpe) sup { int[7(@) — )+ 7o+ o g(@)]
q>0
R
(Dr)  swp { i€ [=p"a]+ inf o+ f(2) +q"g(@)]
pER™ rzeX TER™
q >0
=Y
(Dpi,)  swp { inf[f(z) —pTa] + inf [pTo+q g(x)]}.
pER™ reX rcR"
q>0
T
As in the previous subsection, we call the problems (Dgyr,), ¢ = 1,3, Fenchel-

Lagrange-type dual problems. If we denote by v(Dp),v(Dpr) and v(Dpp,) the
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optimal objective value of (D), (Drr) and (Dgr,), i = 1,3, respectively, then it
holds
v(Drr,)

’U(DFL) S ’U(DL). (12)
<v(Drr,)
v(DFry)

Example 1.2 (see [16]) Let X = [0, co) and functions f: R — R, g: R — R be
defined by

ﬂm={‘ﬁ’xza @)= a® 1,

400, otherwise,
respectively. It is easy to verify that
v(Dpr,) = (Dpr,) = —00.
Moreover, in [16] it was shown that
v(Dp) =—1and v(Dpr) = —o0.

It remains to compute v(Dpr,). As

. . . 2 2
inf [pr + f(2) +qg(2)] = ;g%[px z” +q(z” —1)]
—q, q 2 1, p Z 07
= —00, 0<g<lorg=1, p<O,

2

and in view of

. _ ] 0 p <0,
igfo(_px) o { —o0, otherwise,
one has
v(Drr,) = sup{ inf (~pz) + inf [pz + f(x) + qg(a)] |
peR LzEX z€Rn
q2>0
»?
= max{sup —q ,sup(f —_— fq>} =—1.
p:0( ) p<0 4(¢—1)
q>1 q>1

In conclusion, we have
v(Drr,) = v(Drr,) = v(Drr) < v(Drr,) = v(DL).

In order to state the equality relations between optimal objective values of duals
introduced in this subsection, let us mention two auxiliary assertions (see Fenchel’s
duality theorem in [71]).

Lemma 1.1 Assume that X is a convex set and that f, g;, i = 1,m, are convex
functions. Let ri(X) N ri(dom f) # @. Then for each ¢ € R™, q > 0, it holds

R

7@+ "o = sup { intlf) —pTal+ it o7+ Tyl
= sup { inf [f(@) —p"a] + int pTa+q"g(x)] |- (1.3)

pER™
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Lemma 1.2 Assume that X is a convex set and that f, g;, i
functions. Let ri(X) N ri(dom f) # &. Then for each ¢ € R™, ¢

1,m, are convex

> 0, it holds

m
RT

int17() + a"gla)) = sup { in [=p"a] + inf [f(@) +p e +q"g(@)]}.  (14)

Theorem 1.2 Assume that X is a convex set and that f, g;, i = 1,m, are convex
functions. Let ri(X) N ri(dom f) # @. Then, it holds

v(Drr,) = v(Drr,) = v(Drr,) = v(Drr) = v(DL).

Proof: As (1.3), (1.4) hold for each ¢ € R™, ¢ > 0, and by (1.2), one has
R

v(Drr,) = v(Drr,) = v(Drr,) = v(Drr) = v(Dy).

O

Taking into account a constraint qualification in Theorem 1.1 and Theorem 1.2,
the optimal objective values of all dual problems investigated in this section turn
out to be equal to each other. Specially, we can reformulate Theorem 2.8 in [16]
given in the case dom f = X. Recall that the constraint qualification in [16] can be
rewritten as

gi(x') <0, i €L,

(CQ) 3z’ € ri(X) Nri(dom f) : gl <0 ieN.

Here
L={ie{l,...m} | g; is an affine function}

and
N ={ie{l1,..,m} | ¢g; is not an affine function}.

Theorem 1.3 (see Theorem 2.8 in [16])

Let X be a convex set and f, g;, 1 = 1,m, be convex functions. Assume that the
constraint qualification (CQ) is fulfilled. If v(P) is finite then (Dr), (Dp), (Dpr)
have optimal solutions and it holds

’U(P) = ’U(DL) = ”U(DF) = ’U(DFL).

1.2 Convex partially separable optimization prob-
lems

The study of convex partially separable optimization problems first might be ap-
peared in [43] and [44]. According to [19], [25] and [76] by Schmidt et al., the
convexity and some other conditions arising in spline approximation problems usu-
ally lead to such type problems.

In [76] and references therein, Lagrange dual problems for convex partially sep-
arable optimization problem and its particular cases were established and strong
duality assertions were derived. In most of these cases, Lagrange dual problems are
unconstrained and if solutions of them are known, then the solutions of the primal
problems can be explicitly computed by the so-called return-formula. This is the
idea which has been applied by solving tridiagonally separable optimization prob-
lems and then by different convex and monotone spline approximations problems.
For details, we refer to [76] and [77].
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This section aims to extend duality investigations for convex partially separa-
ble optimization problems. By using the duality results discussed in Section 1.1,
we obtain different dual problems for the convex partially separable optimization
problem. Moreover, we derive optimality conditions for the mentioned problem and
its particular cases.

1.2.1 Problem formulation and preliminaries

Assume that F; : R — R and G; : R — R™, i = I, n, are convex functions and
W; CRE, i =T, n, are convex sets. Let A; € REX(+1D) [ ¢ N be given matrices.
Let us introduce the following optimization problem

psy  ; (A,
(P°P?) ulgév;Fl(Azu),

where

W = {u = (’LLQ, ...,un)T € Rn+1‘ ZGz(Az’UJ) Rgm 0, Aju e Wi, i= 1,7”L} .
=1 +

(P°P®) is called the convex partially separable optimization problem.
Introducing the auxiliary variables v; = A;u € R, i = T,n, (P°*) can be

rewritten as
n

(P?) inf > Fi(v),
=1

where

V = {’UGRk‘ ZGz(vz) <0, v; — Aju=0, v; e W;, i:l,n},
R

i=1

with v = (u,v1, ..., v,) ER"E xR x oo xRl and k=n+ 141 + ... + 1.

In order to obtain different dual problems to (P?), let us consider the convex
optimization problem

(P) inf f(z), G={zeX|gx)<0, h(z)=0},
z€G RY,

where X C R! is a convex set, f : Rl = R, § = (G1,..,5)7 : Rl = Rf, h =
(h1,y .oy how)T o R — RY are given such that f, g;, i = 1, ¢, are convex functions and

hj, 7 =1,w, are affine functions.
Based on the previous section, it is clear that the corresponding dual problems

to (P) become

(D) sup inf {f(z)+q] g(z) + ¢ h()},
q1 > 0zeXx

t
Ry

g2 €RY

(51:) sup {—f*(p) + iIIf~pT:E}
pER! zeG

and

(Drz)  sup {—f*(p) + inf pz + ¢f g(z) + quh(x)]} ;
pER' g1 > 0 zeX
RY
g2 ERY
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respectively. For (ﬁ) the constraint qualification (C'Q) looks like

— - . gi(x/) SO, ZEEJ
(CQ) Jz' € ri(X) Nri(dom f) : gi(z') <0, i €N,

hi(z') =0, j=1,w.

Here _
L={ie{1,..t}|g is an affine function}
and B
N ={ie{1,...,t} | g; is not an affine function}.
Denoting by v(P) the optimal objective value of (P ) and by v(Dy1), v(Dg), v(Dpr)

the optimal objective values of (DL), (DF) and (DFL), respectively, we have the
following assertion.

Proposition 1.1 (see Theorem 1.3)
Assume that the constraint qualification (CQ) is fulfilled. If v(P) is finite then
(D), (Dr), (D) have optimal solutions and it holds

”(ﬁ) = U(f)L) = U(EF) = 'U(EFL)-

1.2.2 Duality for convex partially separable optimization prob-
lems

For the convex partially separable optimization problem (P*) we obtain the fol-
lowing dual problems, which follows from (D), (D) and (Dpp), respectively:

n
(D7?) sup Z inf [F;(vi) + g1 Gi(vi) +ql v ¢,
a:€R'i=Tn (21 v EW;
2”2 A?‘Zi:O
i=1

dn+1 > 0
™
Ry

(D) { Z (pi) + 1nf Zm Ul}

pLERz i=1n

and

(D%r) sup { Z:: 7 (pi) + Z inf [(pi + ¢;)"vi + quL+1Gi(Ui)]} .

qz,pieRl,z =I,n i=1vi€Wi
ZATq1—0

qn+1 > 0

The functions F}* are the conjugates of F;, i = 1,n.
Indeed, let us observe that the convex partially separable optimization problem
(P°P%) is a particular case of (P), namely taking

X=RH xW, x---xW, G=V,
FiRF SR, f(v)= ;Fi(vi),

g:RFE - R™ G(v)

Il
=
)
-
—
<
o
~
—
—_
[
=

h:RF - Rl x ... x Rl
h(l]) = (Ul - Al“v o, Un — Anu)Ta
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Lagrange duality. Substituting (1.5) in (D), we have

sup inf {ZF v;) —|—Zq1 vi)—l—quTi(Ui—Aiu)}
i=1

@ >0 veX
R7YL
+

g2 €RM x ... xRn
q2=(q21,---,q2n)

= su inf { Fi(v;) + qar Gy (v
qlzpo u€R™ ! ; ) ; Hete

R v; €W, i=1n
g2 €RM x ... xRIn

+> g =y qgi(AiU)}
=1 =1
. T _ T, .
Sup { u€1£f+1 u ( Z]_ Al q22) + Zl Uilél‘g/i [FZ vi

g >0

m
Ry

g2 €RM x ... xRIn

ol Gilv) + adui]}.

n it S ATqy; —
Because of inf uT(—Zqum.): 0, i i; i 420 =0, (1.6)

n+1 .
uck —00, otherwise,

we get (DP?), by taking the dual variables ¢; := go;, @ = 1,n, and ¢u41 := 1.

Fenchel duality. For p = (py, pu,,-.-s D, ), We calculate f* (p) that appears in
the formulation of (Dg). By definition, it holds

f*(p) = sup{pTU— ( )} = sup {p v—ZF v; }

vERFK veERFK

= sup pUU+ZPU v; — ZF (v)
u€]R”+1
vieR! idi=1n

= sup plu+ Z sup {p.,vi — F;(v;)}.

weRn+1 = v; ERL
Thus, in view of
0 if p, =0
T ) DPu )
= . 1.
u:ﬁfﬂp”u { +00, otherwise, (1.7)
n
and taking into account that inf p’v = inf Y plv;, (D¥*) is immediately ob-
veV veV i=1 ‘
tained, where p; := p,,, ¢ = 1,n, are the corresponding dual variables.

Fenchel-Lagrange duality. As we have seen before

fr(p) = sup pourZF* Pu:)

1
u€ER"+ i—1
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By (1.7), we can omit p, in the second term of (Dgy). Thus, this looks like

inf { P v; + Z qf Gi(vs) + Z qa;(v; — A,u)}
1 i=1 i=1

veX i—
n n n n
= inf+1 {ZPS% + Z a4 Gi(vi) + Z Ga7vi — Z UT(Ainhi)}
uveR™T =1 =1 i1 i—1
v, EW,i=1n
n n
. T T . T T
= uelﬂg}fﬂ u ( - ;Ai Q2i) + ;mlggvi[(pm +q2i)" vi + q1 Gi(vy)].

In view of (1.6) and replacing p,,, q2i, i = 1,n, and g1 by pi, ¢, i = 1,n, and g,41,
respectively, we get (D77 ). By using Proposition 1.1, one can derive for (P®*) and
its duals the following necessary and sufficient optimality conditions.

Theorem 1.4 (Optimality conditions for (P?) and (D}"))
(@) Assume that the constraint qualification (CQ) is fulfilled (with the denotations
given in (1.5)). Let @ € R"! be an optimal solution to (PP*). Then there exists
n
an element § = (1, -+ Gn, Gni1) € R - X RIn X R™, gy >0, Y ATqi =0
R =1
such that the following optimality conditions are satisfied:

(i) Fi(0) + Guia Gi(0) + @70 = inf {Fi(vi) + Goy1 Gilvs) + @l wik, i =Tom,

(i) 4t (X Giw) =0,

(b) Letu € W and § = (q1, -+, G Gnt1) € R1 x -« x Rl x R™ be feasible to (D*),

satisfying (i) — (i4i). Then @ and q are optimal solutions to (PP®) and (D}"’),
respectively, and strong duality holds.

Proof: Let % be an optimal solution to (P®). Then v(P?®) = Y F;(v;) €
i=1

R, where v; = A;u, ¢ = 1,n. Therefore, by Proposition 1.1, there exists § =
(@1seeer Gy Gns1) € R x -+ x R x R™, an optimal solution to (D}7*) such that
n
Gn+1 > 0, Y ATg = 0, and strong duality holds
A

RT =1
n

n
Fi(v) = inf {F;(vi) + Gy Gi(vi) + G vi}-
; (U ) ;vzlgm{ (U ) + qn+1 (U ) + q; v }
After some transformations we get
0 = Y {FiW)+ @41 Gi(vi) + ) vi
i=1
B 1?&/[1*—'1(111) + (77{+1Gi('l1i) + gl v}

+ (- Xn:Gi(m)) +a’ (- ZH:A?@).
1=1 =1

Taking into account that @,g are feasible to (P°*) and (D7?), respectively, and
since the inequality

Fi(0:) + 451 Gi(03) + @} v > v_igiV[Fz‘(Uz‘) + @1 Gi(vi) + @ vl i =T,
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is true, (i) — (¢4i) follows.
In order to prove the statement (b) the same calculations can be done in the opposite
direction. |

Theorem 1.5 (Optimality conditions for (P?*) and (DP*))

(a) Assume that the constraint qualification (CQ) is fulfilled. Let u € R™"! be
an optimal solution to (PP%). Then there exists an element p = (P1,...,Pn) €
RU x ... x Rl such that the following optimality conditions are satisfied:

n n
(ii) Y prv; = inf 3 plo,
i=1 veV

(b) Let i € W and p € R1 x --- x Rl» be such that (i) — (i) are satisfied. Then
@ and p are optimal solutions to (PP*) and (D), respectively, and strong duality
holds.

Proof: Let @ be an optimal solution to (P®). Then v(P%%) = Y F;(v;) €
i=1

R, where v; = A;ii, i = 1,n. Therefore, by Proposition 1.1, there exists p =
(P1y oy Pn) € R x - x Rl an optimal solution to (D®), and it holds

(7)) — — * (o ; =T
ZFZ(M) = ZF (Pi) + vlggzpz v;.
=1 =1 =1
The last relation can be rewritten as
_ e N T T
0= ;{Fz(vz)'i_Fi (pz) pi vz}+i_zlpi U Ulgxf/lzzlpz Vj . (18)

Since the inequalities

Fi(v;) + F} (i)
T . T
E ; Ui — f E ; Ui >
,_1plv vlgv‘_lplvfo

are always true, all terms in (1.8) must be equal to zero. Therefore (7) — (ii7) follows.
In order to get the second part of the theorem one has to make the same calculations,
but in the opposite direction. O

Y

pr5;, i = 1,n (Young inequality),

Theorem 1.6 (Optimality conditions for (P?*) and (D))

a) Assume that the constraint qualification C/@ is fulfilled. Let @ € R™ be an

(a) q

optimal solution to (PP%). Then there exists an element (p,q), D = (P1, .., Pn) €

n

Rll Xoees XRI”) (j = ((717 "‘7qn7 (er»l) S Rll X XRln XRmu qn+1 RZm 07 ZlAzTQZ =0
+ =

such that the following optimality conditions are satisfied:

(i) Fi(v;) + Fy(pi) = plos, i=1,m,

(ii) (Pi + @)"0i + @pir Gi(0i) = Jinf {(pi + @) vi + @y 1 Gi(vi)}, i =T1,n,

(i) s (X Gulo) =0,

K2
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(iv) v; = A, 1 =1,n.
(b) Let u € W and (I_)a (1)7 ﬁ = (Z_)lv 71_)n) € Rll XX Rln7 q = (617"'767“6”-1—1) S
R x ... x Rl" x R™ be feasible to (D7), satisfying (i) — (iv). Then 4 and (p,q)
are optimal solutions to (PP®) and (DJ}), respectively, and strong duality holds.

n
Proof: Let @ be an optimal solution to (P®). Then v(P?%) = > F;(7;) € R,
i=1
where v; = A;u, i = 1,n. Therefore by Proposition 1.1, there exists (p,q), p =
(P1y oy Pn) ERIE X oo X R G = (1, ey Gy Gry1) € RU X --- x Rln x R™ | an opti-
n
mal solution to (Pgy’) such that g,+1 > 0, > AT'g =0, and it holds
R i=1

D Fiw) == F(p)+ ) wf {(Bi+6) v+ 41 Gui)}-
i=1 i=1 i=1 "

The last equality is rewritable as

0 = > AR®)+F @) —pl oy + Y A0+ @) "0+ @1 Gi(w:)
i=1 i=1

— inf [(pi+a@)T vl—i—anG (vz)}—&-qnﬂ( ZG UZ) T(—iAiTQi)-

v, eW;

Because @ and (p, q) are feasible to (PP®) and (D§7), respectively, and since the
inequalities

Fi(T;) + Ff(pi) > §Lo;, i =1,n (Young inequality),
(Pi + @) 0+ Gun Gilm:) = inf (i ) vi + G Gi()), i =T,m,

are true, we obtain (i) — (iv).
The second part of the theorem follows by making the same calculations, but in the
opposite direction. O

1.2.3 Special cases

The convex partially separable optimization problem with affine con-
straints. Consider the problem

PPs)  inf Fi(A;
(P) inf, 3 Fi(Aww),

where

W= {u eR™| S Didju=b, AW, i= 1,n}
i=1
and D; € R™*li =T n, b€ R™ are given. N
It is obvious that (P'P*) is a special case of (P), whose feasible set containing
only affine constraints. The dual problems to (P*) look like

n
1
(DF") sup VAU Z(Fi);m (D qni1+ ) ¢
a eRli, i=1,n i=1
E AT q;=0
QW+1€Rm

lps - * . = T
(DE") sup {— ;F (p) + inf ;p (Aiu)}

pi€RY | i=1,n
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and
n
(Dlps ) T b _ F*( )
FL sup An+1 i \Pi
qi,pi€RY, i=T,n i=1
n
> AT qi=0
i=1
qn4+1ER™

n
+ 2; viiggvi(pz' +q; + Dz'TQn+1)TUi}-
i=

As we have seen in Subsection 1.2.2, optimality conditions for all these three dual
problems can be derived. Let us give the case concerning the Fenchel-Lagrange dual
problem.

Proposition 1.2 (Optimality conditions for (P'**) and (DlIfZ))
(a) Assume that the constraint qualification (CQ) is fulfilled. Let u € R™"1 be an
optimal solution to (P'**). Then there exists an element (p,q), p = (P1,---sPn) €

, Y ATg, = 0 such
i=1

R x oo xRl G = (G1y ey Gy Grg1) € R X -0 x Rln x R™

that the following optimality conditions are satisfied:

(ii) (bi + @ + DI Gni1)"0i = inf (pi + G + Df Gusr) v, i =1,

Vi i

(iii) v = A, i =T1,m.

(b) Let u e W and (ﬁv 6)7 ﬁ = (pla apn) € ]Rll X X ]Rlna q = (617 ~-~7Qna(jn+1) €
R x ..o x Rl» x R™ be feasible to (D;{’Z), satisfying (i) — (4it1). Then u and (P, q)
are optimal solutions to (P'P*) and (Dﬁ.?z), respectively, and strong duality holds.

The tridiagonally separable optimization problem. Let us now treat the

problem

(P*) ulggv Fi(ui—1,u;),
=1

where

W = {u:(uo,...,un) eR x--- xR®
| ——
n+1

Z(Biuiﬂ + Ciug) = b, (ui—1,u;) € W; CR*, i = 17}
i—1

and B;, C; e R™*% i =1,n, b € R™ are given.
For (P**) we can use the dual schemes for (P'?*). Indeed, one can notice that

T .
A = ( Ef« ) and A;u = ( i1 ) .Here EI' = (0,...,1,...,0) € R&*s("+1) jg 5
Ei Ui

matrix, where @ and I denote the quadratic matrixes with a;; =0, i,j = 1, s, and
a;; =1, aj; =0 for i # j, i,j = 1, s, respectively. If we take D; as (B;,C;), then

one has

o — (B O [ %=1 ) g, . T _( Blann
Dzvz = (Bz, Cz) = Bluzfl + Cfbul and ‘D’L n+1 = CTq .
i Un+1

%
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On the other hand, as Y. AT¢; = 0, we obtain that

i=1
qi1 = 07
— S _ qi1 2s
g2 + Gi+1,=0,1=1,..,n—1, where qi—(q )ER .
12
2 = 0,

Replacing ¢; := ¢i+1,1, ¢ =1,...,n — 1, it follows that

Bf + Gi- . o
Diqn+1 + q; = ( é¥n+1 7q1_.1 ) L 1= 1’n, and qo = qn, = 0.
i dn+1 — 4

Consequently, the duals to (P!P*) become in this situation

(DY) sup {qurlb - Z(Fi);vi (¢i-1 + Bl i1, —i + CiTQnH)} )

¢ €R®i=0,n i=1
q0=qn=0
Qni1 cR™

(DE)  sup {—Zmpm)+uigiVZLp£ui1+pgui]},
=1

(pi1,pi2) ER?®

=1
i=1n
and
n n
ts T * .
(D¥L) sup Gui1b— > Fl(pir,piz) + inf
2s + (wi_1,u;)EW;
(Pi1,piz) ER™S i—1 7 (wi-1us) €W
¢ ER® i=0,n
q0=3gn=0
qn+1€R™

[(pir — qi—1 — BEgny1)Twic1 + (pio + @i — Cian+1)Tui]},

respectively. The next proposition provides optimality conditions for (P**) and
(DFL)-

Proposition 1.3 (Optimality conditions for (P**) and (D%;))
(a) Assume that the constraint qualification (CQ) is fulfilled. Let i € R™"L be an
optimal solution to (P'®). Then there ewists an element (p,q), p = (P1,---»Pn) €

R?* x -+ X R*, G = (G0, q1s-rGn>Gns1) € R® X --- x RE xR™, Gy = G = 0 such
N——— N————

n n+1
that the following optimality conditions are satisfied:

(i) Fy(ti—1,%) + F7 (Pin, Pi2) = Phili—1 + Pally, @ = 1,n,

(ii) (Pix — Gio1 — Bi* Gns1) i1 +T(I3z'2 + G — Ci T Gni) T .
— inf w (P — Gi—1 — Bi" Gnt1) i1 + (Piz + @ — Ci” Gnr1) T g,

(wi—1,u;)EW;

1,n.

1
(b> Let u € W and (ﬁ’ Q>7 D= (ﬁla 71371) € RQS X X R2sa
—— ————

n
7= (q0sq1y s qn,qnt+1) € R® X -+ x R®* XR™ be feasible to (D%, ), satisfying (i) —
—_———
n+1
(it). Then w and (p,q) are optimal solutions to (P') and (D%,), respectively, and
strong duality holds.
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Convex interpolation with cubic C! splines. At the end of this section we
show how it is possible to reformulate the convex interpolation problem with C*
splines as a tridiagonally separable optimization problem. For more details about
other examples associated to the spline approximation including the mentioned one,
we refer to [19], [25], [76] and [77]. The role of the duality by solving this problem
will also be discussed.

Let (x;,9;,)T € R?, i =0,n, be given data points defined on the grid

Ay 29 < 21 < oo < Ty
A cubic spline S on A,, can be given for [z;_1,x;] by the formula

S(x) = yi1+mi—1(x—x-1)
(.73 — 331‘_1)2
h;

(x —xi1)°

+ (37’1' —2m;_1 — mz) 52
i

+ (mi_l +m; — 27’1')

with hy = 2 — 21, 7 = #5851, i = T,n. It holds S € Cllzg,z,] and S(x;) =

vi, S'(x;) =my, i =0,n.
The points (2o, yo), -+ (Tn, Yn) associated to A,, are said to be in convex position if
T ST < STy (1.9)

By (1.9) the necessary and sufficient condition which guarantees the convexity of S
on [0,1] leads to the following problem

(mi_l,mi)T e W; (1.10)

where

W, = {(mi_l,mi)T € R2| 2mi_1 +m; <31 <my_1 + Qmi}, 1 =1,n. (111)

If the inequality a; < b;, i = 1,n where ay = —oo0, by = +oo and a; =
max{7;, 3(37; — bi—1)}, b; = 37, — 2a;_1, i = 1,n, is fulfilled, then the problem
(1.10) is solvable (see [76]), but not uniquely in general. In order to select an
unique convex interpolant one has to minimize the mean curvature of S. It is easy
to verify that (see [76])

Ty n 4

/S”(x)2dx = Z ﬁ{m? +mgm_1 +m2 | — 31 (my +mi_1) + 377}
i=1 i

o

= Zﬂ(mi—lami)a
i—1

and therefore we get the following optimization problem

n
(Psca) ( ij;TEW Fi(mi—l;mi),
mi_1,m; ;-
B

where W;, ¢ = 1,n, is given by (1.11). Obviously, (P°%) is a particular case of
(P**). As we have seen, the Lagrange dual problem to (P¢%) is

n
(D7) sup - {Z(Fi)*wi(qz‘—h _qi)}7
q€R™ i=1
a=(q0,q1,--,qn)"
q0=@qn=0



1.2 Convex partially separable optimization problems

where (see [25], [76]),

(F)w, (&;n) =

Ti(€+n) + (2 —tn+n?),
n@+m+§a§—m2

(€ +n) + HBE— D)3

Ti(§ + 77))

21

if £<0,n7>0,
if 0<¢<2n,
if 26 <n<0,
it £>2n,26>n.

The problem (P¢%) was solved in the literature by using of the so-called return-

formula (see [76])

(wi—1,w)" = grad((Fy)iy, (Gi-1, — )],

where (qo, 1, -, Gn)? € R"*! is an optimal solution to (D$%).

Later in Subsection 2.1.4 we discuss for a more general problem than (P*°*), the
relations between the optimality conditions related to the Fenchel-Lagrange duality
(cf. Theorem 1.6) and so-called generalized variational inequalities. The generalized
variational inequality is closely related to the inclusion problem of finding a zero of
set-valued mappings. Whence, well-known proximal point and splitting algorithms
for solving the inclusion problems can be used to compute the solutions of the
problems arising from such optimality conditions.
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Chapter 2

Variational inequalities and
equilibrium problems

This chapter deals with some applications of conjugate duality for convex optimiza-
tion problems in finite and infinite-dimensional spaces to the construction of gap
functions for variational inequalities and equilibrium problems. The basic idea of
the approach is to reformulate variational inequalities and equilibrium problems
into optimization problems depending on a fixed variable, which allows us to apply
duality results from optimization problems.

2.1 Variational inequalities

In this section we consider new gap functions for variational inequalities based on
conjugate duality for convex optimization problems. By using dual problems inves-
tigated in [90] (see Chapter 1), we propose some new gap functions for variational
inequalities. Under certain assumptions, we discuss a further class of gap functions
for the variational inequality problem, the so-called dual gap functions.

2.1.1 Problem formulation and some remarks on gap func-
tions

Let K € R™ and F : R® — R"™ be a vector-valued function. The variational
inequality problem consists in finding a point € K such that

(VI) F(z)"(y—2) >0, Vy € K.

Although it is supposed mostly in the literature that K is a closed, convex set and F'
is a continuous vector-valued function, we will make such assumptions only if they
are required. As mentioned before, one of the approaches for solving the problem
(V) is to reformulate it into an equivalent optimization problem.

By using the conjugate duality theory presented in the previous chapter, we
discuss the construction of gap functions for variational inequalities. Before doing
this, we recall the definition of a gap function and some well-known gap functions
for the problem (V).

Definition 2.1 A function v : R™ — R is said to be a gap function for the problem
(VI) if it satisfies the following properties

(i) 7(y) = 0, Vy € K;
(i) v(x) = 0 if and only if x solves the problem (VI).

23
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Definition 2.2 (Auslender’s gap function, [8])
VI — Ty —
VK@) = max F@) (&~ )

Let us now assume that the ground set K is defined by
K ={zeR" gi(zx) <0, i=1,2,..,m}, (2.1)

where g; : R* — R are convex functions and g(z) = (g1(2), ..., gm(z))?. Giannessi
proposed the following gap function which explicitly incorporates the constraints
that define the ground set K.

Definition 2.3 (Giannessi’s gap function, [39])

VI . T _ T
18 @)= il sup {F@) (=) = \o(0)}
R

Notice that the formulation of Giannessi’s gap function is inspired by the Lagrange
duality for the optimization problem

(P52) il F@)T(y—a),

where K is given by (2.1) and z € R™ is fixed. It is easy to see that
16" (@) =1 (2) = —v(DL @),

where v(DY!; x) denotes the optimal objective value of the Lagrange dual problem
to (PV1;x). Now let us state the Fenchel dual problem to (PV!;x) and define a
function in the similar way, i.e.

vr'(z) == —v(Dp'; ).

Since the conjugate of the objective function for (PY7;z) is

T v v [ Fl@)Tz, ifp=F(z),
ysélﬂgb[p y=F)(y—o) _{ ~+00, otherwise, (2:2)

the Fenchel dual problem to (PV!;z) turns out to be (cf. (Dr) in Subsection 1.1.1)

(OFho)  swp {~F@Te+ il pTy} = inf F@)(y - a)

Whence we define

7! (2) = —v(Di'se) = = Inf F(a)" (y — @) = sup F(a)" (z ~ ).

vy is nothing else than Auslender’s gap function. Let us notice that, by using

the Fenchel duality, we can define a gap function for an arbitrary ground set K.
Assuming again that the ground set K is given by (2.1), in view of (2.2), the
Fenchel-Lagrange dual problem to (P"7;z) becomes

(Dii;z) sup { = F(@)"e+ inf p"y+q ()]}

p=F(x) yeRe

q2>0
R

= swp inf [F(@)7(y— )+ g(w)] }-
q > 0VER™
R
Therefore, the function v} (z) := —v(D}1; x) also reduces to Giannessi’s gap func-

tion. The result can be summarized as follows.
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Proposition 2.1
(i) For the problem (VI), it holds yu!(y) = v4 (y), Vy € R™.
(ii) If the ground set is given by (2.1), then it holds

L) =v¢"(y), Yy € R™.

2.1.2 Gap functions for the mixed variational inequality

The problem (V1) can be generalized to the following mixed variational inequality
problem which consists in finding a point z € K such that

(MVI) F(z)"(y —2) + f(y) — f(2) 20, ¥y € K,

where f : R" — R is a proper, convex function. Some results related to (M V) can
be found in [27] and [55]. As said before, to the problem (MVI) one can associate
the following primal problem

PMiVI, . f
( ;T) yngw(y),

where the function ¢ : R” — R is defined by

ply) = F(@)"(y —2) + f(y) - (=) (2.3)

and x € R" is fixed. One can derive the conjugate of ¢ by

e (p) = sup Py — e(y)] = sup 'y — Fx)"(y — ) — f(y) + f(x))]
= fp-F(x)+F@)z+ f(x). (2.4)

Therefore the Fenchel dual problem to (PMV1;z) is

(D?;/[VI;:E) sup { — f*(p—F(x)) — F(x)"z — f(x) +y12f<pTy}'

pER™

In analogy to the problem (VI), we can introduce the following function

V@) = —o(DFVsw) = inf { (0= F(@) + P@) 2+ f(2) + 63 (-p) }.
Theorem 2.1 Let ri(K)Nri(dom f) # @ and K be a convex set. Then MV is a
gap function for the problem (MVI).
Proof:

(i) Let = € K be fixed. By weak duality it holds

v(D¥VT z) < o(PMVEg) <.
Whence yMVI(z) = —o(D¥VI:z) > 0.

(ii) IfyMVI(x) =0, then 0 = v(D¥VI;z) < o(PMVI;z) < 0andsov(PMVI z) =
0. This means that x solves the problem (MVI). On the other hand, if x € K
is a solution to the problem (M V), then v(PMV!; ) = 0. Taking into account
Theorem 1.1(iii), we conclude that

VMVI(2) = —v(D¥V 2) = —o(PMVI ) = 0.
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Remark 2.1 If one takes K = R™ in the formulation of the problem (MVT),
then this reduces to the extended variational inequality problem. By using vMV{
we obtain the same gap function for the extended variational inequality as in [21].

Indeed, because of

* o T _ 07 lfp = 07
O (=p) = ;Euﬂg[ el = { +o00, otherwise,
we have
@) = inf {0 F@) + F@) e+ f(@) + 5 (1)}

= [fY(=F@)+F@)"z+ f(z).

Ezample 2.1 Let K C R™ be a convex set and a € R” be a given point. Consider
the following so-called best approximation problem of finding x € K such that

(PPP) ly —all = [lz - all, vy € K,

where || - || denotes the Euclidean norm in R™ defined by ||z| = vVzTz.
The point x is nothing else than the projection of a onto K. It is easy to verify that
the problem (P%P) is equivalent to the problem of finding « € K such that

—2a" (y — 2) + ly[|* — [l > 0, ¥y € K.

This problem is a particular case of (MVT), taking F : R® — R"™, F(z) = —2a and
f:R* =R, f(2) = ||z|*>. Let z € R" be fixed. Since

fflp—F(x) = f*(p+2a)=seulgqy[(erQa)Ty—f(y)}

1

= suwpl(p+20)"y —y"y] = 7(p+20)" (p+20), Vp € R",
yeR™

the gap function for this mixed variational inequality problem for any = € R™ turns

out to be

perp

1
_ 2 T . - T * 0
() = el = 2072 4 inf {20 +20)" (0 -+ 20) + 35 () .

Let us notice that in order to calculate the gap function vl{fapp, one must first solve

the optimization problem with a linear objective function &% (—p) = sup(—p)Ty
€K

and afterwards minimize the sum of a quadratic function and d7 over the whole
space R™. This can be a much easier task than minimizing the norm function over
the convex set K.

Let the ground set K be given by (2.1). By using the formulations of the duals
(D) and (Dpr), we can introduce for z € R™ the following functions

@) = —o(DEVa)
= — qsgpo inHan {F(;U)T(y —x)+ fly) — flz)+ ng(y)}

= inf sup {F(x)T(:v —y)— fly) + f(z) - ng(y)}

>0 )
9.5 " yeRn
T

= inf {F(m)Tx + f(@) + sup [~ F(2)Ty — f(y) - ng(y)}}

QR% 0 yERn
— qirzlfo {F(x)Tm + flz)+ (f + ng)*(—F(x))}

+
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and, in view of (2.4)

W) = (D)

= —swp { /"0~ F(@)) = F(@)"2— /() = (a"9)" (-0 |
K,

m
Ry

= inf {70~ F@) + Fla) 2+ /(@) + ") (-0) |
qg>0

respectively.

Theorem 2.2 Assume that the constraint qualification (CQ) (cf. Subsection 1.1.2)
is fulfilled. Then MV and vMY! are gap functions for the problem (MVI).

Proof:

(i) Tt is easily verified by weak duality (see the proof of Theorem 2.1(i)).

(ii) As YMVI(z) = vMVI(z) = 0, z is a solution to (MVI). Conversely, let
the problem (MVI) be solved by = and the constraint qualification (C'Q) be
fulfilled. Then by Theorem 1.3, it holds strong duality. This implies that

v @) = vpr (@) = —u(DEV ) = (DR a) = —u(PMY2) = 0.
0

Remark 2.2 Because of v(PMV1;x) < 0, where x is fixed, by the strong dual-
ity results in Chapter 1, the dual problems to (PMV!:z) have optimal solutions.
Consequently, under the assumptions of Theorem 2.1 and Theorem 2.2, one can use
" min” instead of ”inf” for the proposed gap functions.

Ezample 2.2 Let F' = 0. Assume that the ground set is given by (2.1) and the
assumptions of Theorem 2.1 and Theorem 2.2 are fulfilled. The problem (MVI)
reduces to finding an optimal solution x € K to the convex optimization problem

P° inf .
(P°) nf f(y)
The gap functions Y MV AMVI and yMVI for x € R™ become
PC _ . * * _
Wola) = f@)+ i {0+ k(P
@) = f@)+ wf (f+a"9)(0)
RIY
and 4
Wi(e) = fl@)+ it {r @)+ g (-p)},
peER
g >0
R

respectively. Let us remark that
05) s { = F(0) = i (-m)},

(05)  sw { - (f+4"9)"(0)}
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and

(D5)  sw { =1 0)— (") (-p)}

are the Fenchel, the Lagrange and the Fenchel-Lagrange dual problem to (P¢) (cf.
Subsection 1.1.1), respectively. From whence the property (i) in the definition of
a gap function is nothing else than the weak duality between the primal and each
of the dual problems. The second requirement claims that x € K is an optimal
solution to (P¢) if and only if £ (2) = vF* (x) = £} (2) = 0, which is nothing else
than

f@) = sw { = 1) = ic(-p)} = suwp_inf {f(2)+q"g(x)}

pER™ q > o TER™

RrM
+

= sup { —f(p) - (ng)*(—p)}~
peER™
q=>0
=
In other words, it expresses the strong duality assertions between the primal prob-

lem (P€) and the dual problems (D%), (D) and (D% ), respectively.

Next let us study the relations between the gap functions for (MVI) introduced
above.

Proposition 2.2 Let the ground set K be given by (2.1). Then it holds
W (@)
<y (), Vo € R™,
v ()
Proof: Let © € R™ be fixed. According to Propositions 2.1 and 2.2 in [16] (see also
[90]), one has

v(DV i)
v(DEY i) < ;
v(DEV i)
or, equivalently,
—U(DQ/IVI; x)
< _U(DyLVIW)-
fv(DFMVI; x)
which leads to the desired conclusion. O

One of the desirable properties of gap functions is the convexity. Under certain
assumptions this property is fulfilled. First we have to introduce the following
definition.

Definition 2.4 A vector-valued function F' : R™ — R" is said to be
(i) monotone if for any points x,y € R, we have [F(x) — F(y)]* (z — y) > 0;

(ii) pseudo-monotone if for any points x,y € R™, we have F(y)T(x —y) > 0
implies
F()T(—y) 2 0.
Proposition 2.3 (Converity of yMV1)
Assume that K is a convex set and F : R™ — R"™ is an affine and monotone vector-

valued function. Then 71{‘,1/”/[ s convez.
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Proof: Let us verify first that the function

(z,p) = f*(p = F(2)) + F(2)" + f(x) + 6% (=p) (2.5)

is convex with respect to (x,p). As F is affine and monotone and f is convex,
the function (x,p) — F(z)Tx + f(x) is convex. On the other hand, the conjugate
functions f* and 3 are also convex. F being affine, then (z,p) — p—F(z) is affine.
So (z,p) — f*(p — F(z)) is convex as it is the composition of a convex function
with an affine one. In conclusion, the function given by (2.5) is convex. Therefore,
by Theorem 1 in [73], MV is convex. |

Proposition 2.4 (Converity of VI and vMV1)

Assume that F': R™ — R" is an affine and monotone vector-valued function. Then

AMVE gnd v¥V1 are conver.

Proof: Because of the functions

(f+4q"g)" (-F(x)) = ysellﬂg[—F(x)Ty — fly) —d"g(y)]

and (¢7g)%(—p) = sup[—pTy — ¢ g(y)] are convex as the pointwise supremum of

yeX
affine functions with respect to (z,q) and (p, q), respectively, the convexity of yMV!
and yMV! follows from Theorem 1 in [73]. O

2.1.3 Dual gap functions for the problem (V)

In this subsection we introduce another class of gap functions for the problem (VI),
the so-called dual gap functions. Before doing this, let us mention the following
lemma which was proved first by Minty for a monotone vector-valued function.

Lemma 2.1 (see [47] and [51]) Let K be a nonempty, closed and convex subset of
R™. Assume that F' : R — R"™ is a pseudo-monotone and continuous vector-valued
function on K. Then x € K solves the problem (VI) if and only if x € K and

(VI Fiy)T(y—z)>0, Vy € K.

Whence, under the assumptions of Lemma 2.1, the function ~%’ ":R" — R defined
by
yi" (@) = sup F(y)" (2 — y)
yeK

is a gap function for the problem (V1) and it is called the dual gap function for
(VI). Remark that v%7" is the gap function for the problem (VI') in the sense
of Auslender and has been studied, for instance, in [61] and [97]. Using its duals
(DYIx), (DYT;2) and (DYL;2) we can formulate for the optimization problem

(PVT';z) inf F(y)" (y — =),

yeK

where x € R" is fixed, the corresponding functions as follows

W (@) = —o(DE2) = inf { sup "y + F@) (z = y)] + 05 () |,
peER™ yER™

W@ = —o(DE"a) = i sup {F@)T (@ - y) - a9}
QR%’OyER"
+

W (@) = —o(D¥f2) = it { sup Ty + F) (2 - y)) + (¢79)"(-p) }-
p€>RO yER™

ymn
Ry
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In case of the functions v} ! " and 'y},f{, K is given by (2.1). Before we show that
the proposed functions are gap functions for the problem (V1), let us prove some
relations between them.

Proposition 2.5 It holds
vl (2) <vE"(x), Yo € R™
Proof: Let x € R" be fixed. For any p € R" it holds

sup 'z = F(2)T(z —2)] > pTy — F(y)" (y — z), ¥y € R",
zeR™

or, equivalently,

sup 'z —F(2)"(z—2)] —p"y > F(y)" (x —y), Vy € R".
zeR™

Taking the supremum in both sides over all y € K one gets

sup [p"2 = F(2)" (2 = 2)] + 0jc (=p) > sup F(y)" (z — y).
z€R yeK

After taking the infimum in the left hand side over all p € R™ we conclude that
YR (2) > YT (7)), Vo € R™. O

Proposition 2.6 Let the ground set be given by (2.1). Then it holds

()

@< <qpf(e), Vo ER™
vt ()

Proof: Like in Proposition 2.2, by Propositions 2.1 and 2.2 in [16] (see also [90]),
one can conclude that

v ()

<ypl(2), Vo e R™.
e (@)
On the other hand by Proposition 2.5, one has v%* (z) < v4! (), Yz € R™. Let
r € R™ and ¢ > 0 be fixed. Because of —¢7g(y) > 0,Vy € K, adding F(y)T (z — y)
Rm

in both sides, we have

Fy)'(z—y) —d"g(y) = Fy) (z —y).

Taking the supremum over all y € K, we obtain that

sup {F(y)" (z —y) —q"g(y)} = sup{F(y)" (z —y) —q" g(y)} = sup F(y)" (z —y).
yeER™ yeK yeK

After taking the infimum in the left side over all ¢ > 0, it follows that v} T (z) >
R
'yXI/ (x), Y € R™. Thus the proof is completed. (Il

At next we show that under monotonicity assumptions the functions introduced
above can be related also to Auslender’s and Giannessi’s gap functions.

Proposition 2.7 Let F: R™ — R" be a monotone vector-valued function. Then it
holds , /
Y () < Rl (x) < AY (), Vo € R™.
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Proof: By Proposition 2.5 there is v (z) < 4% (z), V& € R". Taking into
account the monotonicity of F) it holds

[F(y) — F(2)]"(y —2) 2 0, Yo,y € R",

Fy)"(y—=z) > F(z)" (y — z), Y,y € R™.

Let z € R™ and p € R™ be fixed. Adding —p”y and taking the infimum in both
sides over all y € R", we get

inf [-pTy+ F(y)"(y —2)] > inf [-p"y + F(2)" (y - 2)],
yER™ yER™
or, equivalently,

sup, 'y — F(y) (y—2)] < sup 'y — F(2)" (y — )] (2.6)

Then, after adding 3 (—p) and taking the infimum in both sides over all p € R™,
we get

inf { sup [p"y — F)" (y — 2)] + 65c(=p) } =717 ()

peER™ yER™
< it { sup Ty - F@)T(y - @) + 05 (-p) } = 7K (@),
peER™ yER
In view of Proposition 2.1(i), one has y%! (z) < 4% (z), Vz € R™. O

Ezample 2.3 Consider the optimization problem

) |
B mgle o)

where B = {(z1,22)7 € R?| 23+23 < 1}. Let F : R? — R? be defined by F(y1,y2) =
(1,1)T. Then x = (z1,22)" € B is an optimal solution to the optimization problem
(Py) if and only if (71, 22)T € B is a solution to the variational inequality

F(2)"(y —2) > 0,Vy = (y1,92)" € B.

Since F' is a constant function, one can easy see that Auslender’s gap functions
for (VI) and for (VI') are equal having the following formulation for (z1,22)T € R?

4 x —
YW (z1,22) = A% (v1,22) = sup (1,1 ( LT )
(y1,92)T€B T2 — Y2
= i +aa+  sup  (—y1— ) =1+ 22+ V2
(y1,y2)T€B

According to Proposition 2.7, fy%ll turns out to be
'yl‘p” (x1,22) =21 + 22 + V2, (wl,xQ)T € R2.

We also show by direct computation that this is true. Indeed, for (p1,p2)? € R2,

we have
T —
sup [(phpz) < L ) + Fy1,y2)" < Lo ﬂ
(y1,y2)T €R2 Y2 T2 — Y2

= sup  (p1y1 + pay2 + 1 — Y1 + T2 — Y2)
(y1,y2)T €R?

= z+x+  sup  [(p1— Dy1 + (p2 — Dy
(y1,y2)T €R?

_ Ty + a2, p1=p2=1,
400, otherwise,
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from whence

’Ygl (r1,22) = inf {$1 +xz2+ sup (—piya —pzyz)}
5;21 (y1,y2)T €B

= z14ax2+ sup  (—y1—y2) =31+ 32+ V2
(y1,y2)T€B

Let us prove now that fy}”/ fulfills the properties in the definition of a gap
function. As x1 +xo > —V/2, ¥(x1,22)T € B, relation (i) follows. Assume now that

AU (21, 29) = 0, for (z1,22)T € B. As 21 = —25 — /2, we have from 22 + 22 < 1

that 2x3 + 2229 + 1 < 0. This is equivalent to (v2xs + 1)2 < 0 and therefore
T

T] = To = —%. Since (—?, —%) is an optimal solution to (Py), it solves the

variational inequality associated to (Pp).

Proposition 2.8 Let F : R™ — R™ be a monotone vector-valued function and the
ground set K be given by (2.1). Then it holds

(@) S9rL (@) <987 (@), Yo e R

Proof: By Proposition 2.6 one has

v (@) <KL (2), Yo € R
Let z,p € R™ and ¢ > 0 be fixed. Since F' is monotone, in the same way we can

R

obtain the relation (2.6). Hence, adding (¢ g)*(—p) and taking the infimum in both
sides over all p € R™ and ¢ > 0, it follows that

]Rm

pienﬂg’n { yseuﬂg [pTy - F(y)T(y —x)] + (ng)*(_p)} = ’Yl‘t«“/g (z)
< nf, { sup "y — F(z)"(y — )] + (¢"g) (—p)} =vpi ().

Taking into account Proposition 2.1(ii) we conclude that
it (2) < 48l (x), Vo € R™
|

Theorem 2.3 Let K be a nonempty, closed, convex set and F : R" — R"™ be a
monotone and continuous vector-valued function. Then 'ygl is a gap function for
the problem (V).

Proof:
(i) Let = € K be fixed. By weak duality it holds
1! (#) = —o(DR"2) = —u(PY!2) > 0.
(ii) If y%7" (z) = 0, then
0=v(DY2) <v(PY!;2) <o.

Thus v(PV!';z) = 0 and so z is a solution to (VI'). By Lemma 2.1, z is
also a solution to (VI). Conversely, let € K be a solution to the problem
(VI). Then it holds v%!(z) = 0. By Proposition 2.7 and according to (i) we
conclude that )7 () = 0. O
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Theorem 2.4 Let F : R" — R™ be a monotone and continuous vector-valued
function. Assume that for the problem (VI) the constraint qualification (CQ) is
fulfilled. Then YT and y4i are gap functions for the problem (V).

Proof:

(i) Let x € K be fixed. By weak duality and in view of Proposition 2.6 it holds
it (2) 21" (2) = —o(D] s 2) = —u(PYs2) 2 0.

(ii) To show the second property in the definition of a gap function, we apply the
same way for v}’ "and '71‘?/5- Therefore verify this only for v}/ " As vy (z) =
0, we get that 0 = v(DY';z) < v(PV!";z) < 0. Consequently v(PV!";z) = 0.
In other words, x solves (VI'). By Lemma 2.1, z is a solution to (VI). Let
x € K be a solution to the problem (VI) and the constraint qualification
(CQ) be fulfilled. Then it holds 7% (x) = 0. By Proposition 2.8 and in view
of (), it follows that v} (x) = 0. O

Remark 2.3 Since the functions

sup {pTy + F(y)" (z — y)} and sup {F(y)T(x —y) - ng(y)}

are convex as the pointwise supremum of affine functions with respect to (p,x) and
(g, ), respectively, by Theorem 1 in [73] one can easily verify the convexity of the
functions yp!', vY 1 and v41 .

Example 2.4 Consider the optimization problem

. 2
(P») (zf?;)%@(xl — T2),

where B = {(z1,72)7 € R?| 23 + 25 < 1}. One can verify that (21, 72)7 € B fulfills
i =2 > af — 22,Y(y1,52)" €B (2.7)

if and only if it holds
2y — 2x1y1 > Yo — zQ,V(yl,yg)T € B. (2.8)

By some widely-used inequalities it follows that (2.7) implies (2.8). For the reverse
implication, let (x1,22)T € B be satisfied (2.8) and consider an arbitrary pair

(y1,y2)T € B. Applying (2.8) for (“”Tﬂ“, IZT“’Q)T € B, one gets immediately (2.7).
Let us notice that (2.8) can be equivalently written as

2y1(y1 — 21) — (y2 — 22) > 0,¥(y1,92)" € B.

Considering F : R? — R? defined by F(y1,y2) = (2y1,—1)T, it follows that
x = (x1,75)7 € B is an optimal solution to (P») if and only if 2 = (z1,22)7 € B
solves the following variational inequality

F(y)'(y —z) > 0,Yy = (y1,12)T € B.

As B is a convex and closed set and F' is a monotone and continuous mapping, by
Lemma 2.1 this is equivalent to the problem of finding x = (21, 22)7 € B such that

F(z)"(y—=z) >0,Yy = (y1,92)" €B.
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For (z1,22)T € R?, Auslender’s gap function turns out to be

'yXI(xl,ajg) = sup (2951,—1)( 1= )
(y1,y2)T B T2 — Y2
= 202 —xo+  sup (—2xiy1 +y2) =227 — a0 + 4 /4x? + 1.
(y1,y2)T€B

By Theorem 1.3, all gap functions introduced in Subsection 2.1.1 are equal with
41, For (z1,22)T € B, one has v\ !(z1,22) > 1 — 23 > 0. On the other hand, for
an (z1, ;CQ)T € B with ’YXI(C,El, x2) = 0, x5 must be equal to 1 and 21 must be equal
to 0. As (0,1)7 is the optimal solution of the problem (P,), we succeeded to prove
that v%7 is really a gap function.

Let us try to find out the dual gap functions for the variational inequality prob-
lem associated to (P). As mentioned before, by Theorem 1.3 for all (z1,22)T € R?
one has ) ) , )

al (w1, w0) = p! (w1, 2) = 47 " (21, 22) = V1 (21, 22).

Let us calculate ’y}”'. By definition, for (21, 72)7 € R?, one has

!
’Y}‘_‘/I (33171'2) =

(p pir;TeRa ( 51;1; 2(plyl + pays — 27 + 22191 + Y2 — x2) + 65 (—p1, —p2)
1,P2 y1,y2)T €R

As
rt2e0)® e
sup  (p1y1 + paye — 2y7 + 2211 +y2) = s ifpe=—1,

(y1,y2)T €R +o0, otherwise,

and
op(—p1, —p2) = \/m,
we have ,
! . + 22
v (1, 22) = —a2 + inf u +vp2+1y.
p€ER 8

Since for (z1,22)T € B, one has 7}?1/ (x1,22) > 1 —x9 > 0, property (i) in the
definition of a gap function is fulfilled. On the other hand, if for (z1,22)7 € B,
vi1 (21, 22) = 0, then x5 must be equal to 1 and

{(p —1-5361)2

inf +Vp?+ 1} =1.

pER

This can be true if z; = 0 and then the infimum is attained for p = 0. As (0,1)7 is
the optimal solution to the problem (P), this proves that v}l is a gap function.

2.1.4 Optimality conditions and generalized variational in-
equalities

This subsection aims to consider some reformulations of the optimality conditions
arising from the conjugate duality, the so-called generalized variational inequalities.
The generalized variational inequality problem is closely related to the inclusion
problem of finding a zero of set-valued mappings. Therefore, various methods as
well as proximal point and splitting algorithms for solving the inclusion problems
can be applied to problems concerning the optimality conditions.
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Let K C R”™ be a nonempty, closed and convex set, F' : K = R” be a set-valued
mapping. The generalized variational inequality is the problem of finding a point
x € K such that

(GVI) dp € F(x), pT(yfx) >0, Vy e K.

It is well known that (GVI) is closely related to the inclusion problem of finding a
zero of a set-valued mapping T : R" = R”

(IP) 0€T(z), z€R".

In the case K = R"™ and F =T, (GVI) reduces to (IP). On the other hand, z € R™
solves (GVI) if and only if

(I Pgusi) 0 € F(z) + Nk (z),
where Ny is the normal cone operator given by

Ni(z) = {zeR" T(y—2)<0, Vye K}, ifze€K;
KW=\ o otherwise.

The case concerning the Fenchel dual problem. Let G C R”" be a
nonempty set and v : R® — R U {+o0} be a given function. We consider the
optimization problem

)

One of the dual problems mentioned in Chapter 1 is the Fenchel dual problem as
being

sup { = u*(p) + inf pT .

s { w0+ ity
Proposition 2.9 Let G be a conver set and u : R" — R U {+oo} be a convex
function. Assume that Ti(G)Nri(dom u) # @. Then T € G is an optimal solution to
(Py) if and only if it is a solution to the generalized variational inequality problem,
i.e. there exists p € Ou(Z) such that

(GVIL,) pl(x—2)>0, Vo € G,
where Qu(x) is the subdifferential of the function u at x € R™ defined by
du(z) = {= € R"| u(y) — u(z) > 27(y — z), Vy € R"}.

Proof: Let Z € G be an optimal solution to (P,). By the assumptions and in view
of Theorem 2.10 (a) in [16], there exists p € R™ such that

u(@) +u'(p)=p'z and p'z=infp'e,
z€G
or, equivalently, p € du(Z) such that
e —1) >0,V €G.

This means that 7 is a solution to (GV'I,). The converse conclusion can be easily
verified by using Theorem 2.10(b) in [16]. O

Consequently, (GVI,,) reduces to the following inclusion problem of finding z € R™
such that
(IP,) 0 € Ou(z) + N¢(Z).

It is well known that under maximal monotonicity assumptions of both set-
valued mappings, the so-called splitting algorithm can be applied to (IP,). Such
algorithms can be found as survey in [28, Chapter 3] and in the related papers
[35], [36] and [72]. Let us now recall the definition of maximal monotonicity of a
set-valued mapping and some related results.
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Definition 2.5
(i) A set-valued mapping T : R™ = R"™ is said to be monotone if
(z— 2Nz —2) >0, Vo, €R", 2 € T(x), 2 € T(z');
(ii) A set-valued mapping T : R™ = R™ is said to be maximal monotone if it is
monotone and its graph
G(T)={(z,u) eR" xR"| u e T(zx)}
is mot strictly contained in the graph of any other monotone operator.

Proposition 2.10 (see [71]) Let f : R" — R U {400} be a proper, convez, lower
semicontinuous function and G C R™ be a nonempty closed, convex set. Then set-
valued maps Of : R™ = R™ and Ng : R™ = R" are maximal monotone.

Let us now consider a further example in connection with variational inequalities.
According to the mixed variational inequality (see Subsection 2.1.2), we can state
the following assertion.

Proposition 2.11 Let ri(K)Nri(dom f) # @ and K be a convex set. Then T € K
is a solution to (MVI) if and only if there exists p € F(Z) + 0f(Z) such that

(GV Lnwi) P (y—z) >0, Vy € K.
Proof: Let € K be a solution to (GVI). Since 12290(;1/) =0 < 400 (see (2.3)),
y
by Theorem 2.10 (a) in [16], 3p € R™ such that

f(p=F(z)) + f(z) =p"% - F(z)"7 and p' & = inf p'y.

In other words, T is a solution to (GV I,,,i). The converse direction follows from
Theorem 2.10 (b). O

Corollary 2.1 (¢f. Theorem 2.1) Let ri(K) N ri(dom f) # @ and K be a convex
set. Then & € K is a solution to (GV L) if and only if vMVI(z) = 0.

(GV I.:) is equivalent to the inclusion problem of finding € R™ such that
0€df(z)+ F(z) + Nk ().

Proposition 2.12 (see [72]) Let K C R™ be a nonempty closed convex set and
F:R"™ — R" be a continuous, monotone vector-valued function. Then F + Ng is
a maximal monotone operator.

The case concerning the Fenchel-Lagrange dual problem. Let in Sub-
section 1.2.1, the feasible set of the problem (P°P®) be given by

W= {u = (ug, -y un)T € R”“‘ Au e W, i = ﬁ} .
In this case, the Fenchel-Lagrange dual problem to (P*) becomes

(DFL) sup {_ZF’L*(pZ) +Zv1£va(p’ +Qi)TU1}.
i=1 i=1

a;,pi€RY i=T,n
n
> A?Qi:()
=1
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Proposition 2.13 Assume that 3u’ € R" ™! such that Au' € ri(W;), i = 1,n
(cf. (CQ)). Then a vector t € W is an optimal solution to (P°P*) if and only if
Vi€ {1,..,n}, v; = A;u € RV is a solution to the following generalized variational
inequality problem: 3p; € OF;(v;) such that

(GVIL,) (D + @)" (v; — ;) > 0, Vo, € W,

cps
where > AT'g; = 0.

i=1
Proof: Let « € W be an optimal solution to (P°?). Then, by Theorem 1.6(a),
there exists p = (p1, ..., n) € R x -+« x Rl» and

n
= (G, qn) ERU x - x Rln 3 ATG, = 0 such that
i=1

F;(v)+F(p;) = p; v, and (pi+q;) " v; = inf (pi+G) vi, for v; = Ay, i =1, n.

Vi i

In other words, v; is solution to (GV'I, 2105). In order to show the opposite direction,

we apply Theorem 1.6(b). O
Vi € {1,...,n}, (GVI.,,) leads to the inclusion problem of finding v; € R" such
that ‘

(IPchs) 0eaq +NW7(61)+8F1(171)7

where g; € R fulfills > ATg = 0.
i=1

2.2 Gap functions for equilibrium problems

As discussed in Section 2.1, by using the Fenchel duality we can introduce a gap
function for variational inequalities with an arbitrary ground set K. Following this
idea, the approach from the previous section can be applied to more general cases in-
cluding variational inequalities, namely equilibrium problems. Dealing with weaker
sufficient conditions for Fenchel duality regarding convex optimization problems in
the settings of locally convex spaces in [18], we extend the construction of a gap
function from finite-dimensional variational inequalities to equilibrium problems in
topological vector spaces.

2.2.1 Problem formulation and preliminaries

Let X be a real topological vector space and K C X be a nonempty closed and
convex set. Assume that f: X x X — RU{+o0} is a bifunction satisfying f(x,z) =
0, Vx € K. The equilibrium problem consists in finding « € K such that

(EP) flz,y) >0, Yy € K.

A function v : X — R is said to be a gap function for (EP) [63, Definition 2.1] if it
satisfies the properties

(i) v(y) 20, Yy € K;
(ii) v(xz) =0 and = € K if and only if z is a solution to (EP).

Some gap functions have been extended from variational inequalities to (EP). For
instance, so-called regularized gap functions were investigated by Blum and Oettli
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[15]. Such gap functions are summarized in Subsection 2.2.3. Moreover, the natural
extension of the gap function in the sense of Auslender can be written as follows
viF (x) = sup[—f(z,y)].
yeK
In this section we aim to apply the Fenchel duality in the settings of locally convex
spaces to the construction of gap functions for equilibrium problems. Before doing
this, let us recall some related definitions and results.

Let X be a real locally convex space and X™* be its topological dual, the set of all
continuous linear functionals over X endowed with the weak* topology w(X*, X).
By (z*,x) we denote the value of 2* € X* at x € X. For the nonempty set C' C X,
the indicator function é¢ : X — R U {+o0} is defined by

So(x) = 0, ifx e,
O =) 400, otherwise,
while the support function is o¢(z*) = sup(z*,x). Considering now a function
zeC

h:X — RU{+o00}, we denote by dom h = {x € X| h(z) < +oo} its effective
domain and by
epi h = {(sc,r) € X xR| h(z) < r}

its epigraph. A function h : X — R U {400} is called proper if dom h # &. The
(Fenchel-Moreau) conjugate function of h is h* : X* — RU {400} defined by

h*(p) = sup [(p, x) — h(z)].

Definition 2.6 Let the functions h; : X — RU {400}, i =1,...,m, be given.

(i) The function hiO---0Ohyy : X — RU{xoo} defined by

hiO- - Ohpy(z) = inf { i hi(x;)| Zm:m = x}
i=1 i=1

1s called the infimal convolution function of hi, ..., hm.

(i) The infimal convolution h10---Oh,, is called to be exact at x € X if there

m
exist some x; € X, i =1,...,m, such that > x; = = and
i=1

Furthermore, we say that hiO---Oh,, is exact if it is exact at every x € X.

Let o : X — RU{+o0} and ¢ : X — R U {400} be proper, convex and lower
semicontinuous functions such that dom ¢ Ndom v # @. We consider the following
optimization problem

(P it {p@) + (@)}

The Fenchel dual problem to (P) is

D) swp { - -p) -0 )}

pEX*
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In [18] a new weaker regularity condition has been introduced in a more general
case in order to guarantee the existence of strong duality between a convex opti-
mization problem and its Fenchel dual, namely that the optimal objective values
of the primal and the dual are equal and the dual has an optimal solution. This
regularity condition for (P) can be written as

(FRC)  ¢*[p* is lower semicontinuous and

epi (¢"0p") 0 ({0} x R) = (epi(") + epi(*)) N ({0} x R),
or, equivalently,
(FRC)  *[* is a lower semicontinuous function and exact at 0.

Let us denote by v(P) the optimal objective value of the optimization problem
(P). The following theorem states the existence of strong duality between (P) and
(D).

Proposition 2.14 (see[18]) Let (FRC) be fulfilled. Then v(P) = v(D) and (D)
has an optimal solution.

Remark that considering the perturbation function ® : X x X — R U {400}
defined by ®(z, z) = p(z) + 1 (x + z), one can obtain the Fenchel dual (D). Indeed,
the function @ fulfills ®(z,0) = ¢(x) + ¥(x), Vo € X and choosing (D) as being
(cf. [27])

(D) S { - ‘P*(O,p)},

this problem becomes actually the well-known Fenchel dual problem.

2.2.2 Gap functions based on Fenchel duality

In this subsection we construct gap functions for equilibrium problems by using a
similar approach like the one considered for finite-dimensional variational inequal-
ities in Section 2.1. Here, the Fenchel duality will play an important role. We
assume that X is a real locally convex space and K C X is a nonempty closed and
convex set. Further, let f : X x X — R U {+o0} be a given function such that
K x K Cdom f and f(x,z) =0, Vo € K. Let x € X be given. Then (EP) can be
reduced to the optimization problem

(PFF;2) Inf f(z,y).

We mention that * € K is a solution to (EP) if and only if it is an optimal solution
to (PEP;2*). Now let us reformulate (P¥¥;2) using the indicator function dx (y)
as

(PP 2) jnf {f(% y) + 5K(y)}~

Then we can write the Fenchel dual to (PEF;z) as being

(D"P; ) sup { —sup[(p,y) — f(z,y)] — 5%(—10)}
peX* yeX

= sup {—f;(x,p) —5?((—17)}7

pEX™
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where f;(z,p) := sup[(p,y) — f(z,y)] is the conjugate of y — f(z,y) for a given
yeX
x € X. Let us introduce for any z € X the following function

VEP(2) = —u(DPPi2) = - sup { — fy(z,p) — 5%(*29)}
= nf {f@p) +ox(-p)}.

For (PPP;z), the regularity condition (FRC) can be written as follows
(FRCFT; z) [y (x,-)Ook is a lower semicontinuous function and exact at 0.

Theorem 2.5 Assume that Vo € K the regularity condition (FRCFT;x) is ful-
filled. Let for each x € K, y — f(z,y) be convex and lower semicontinuous. Then
vEP is a gap function for (EP).

Proof:

(i) By weak duality it holds
v(DEP; ) < vw(PEF;2) <0, Vo € K.
Therefore one has vEF (v) = —v(DFP;z) > 0, Vr € K.

(ii) If z € K is a solution to (EP), then v(P¥¥;z) = 0. On the other hand, by
Proposition 2.14 the strong duality between (P*;z) and (DF?; z) holds. In
other words

v(DEF; ) = v(PEF;z) = 0.

This means that vEF (z) = 0. Conversely, let vEF (z) = 0 for # € K. Then
0 =v(DEF; z) <v(PFP;z) <0.
Therefore Z is a solution to (EP). O

Remark 2.4 According to Theorem 2.5, under the assumption (FRCFF;z),
Vz € K the gap function introduced above coincides with v5¥. The advantage
of considering vE¥ may come when computing it. In order to do this one has to
minimize the sum of the conjugate of a given function, for whose calculation the
well-developed apparatus existent in the field of convex analysis can be helpful, with
the support function of a nonempty closed convex set. On the other hand, in nyP
for fixed x € K one has to compute the maximization problem over the set K which
can be a harder work. This aspect is underlined in Example 2.5.

Even if the assumption that (FRCEF; z) must be fulfilled for all € K seems
complicate let us notice that it is valid under the natural assumption int K # &.

For a comprehensive study on regularity conditions for Fenchel duality we refer to
[18].

Ezample 2.5 Let X = R? K = {(z1,72)T € R?*| 22+ 23 <1} and f: RZxR? —
R be defined by f(z1,%2,vy1,¥2) = y? — 23 — y2 + 2. Consider the equilibrium
problem of finding (z1,22)? € K such that

Y: —yo > a7 — xzyv(th)T € K.

Instead of using Y57 we determine vE% | as the calculations are easier. By definition,
for (z1,72)" € R?, one has
'VEP (z1,22) =
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inf sup  (p1y1 + paye — ¥i + 22 +yo — 2) + O (—p1, —p2)
(P1.p2)TER? | (y1,y5)T €R?
As
B if pp =—1
sup  (p1y1 + p2y2 — y% +y2) = 1 D2 = -1
(y1,y2)T €R? +o00, otherwise,
and
5ie(—pr, —p2) = \[03 + 13,
we have

2
YEE (21, 29) = 2% — 29 +;2£{i+ p2+1} =2f —my+ 1.

Since for (x1,72)T € K, one has vEP (x1,22) > 1 — x2 > 0, property (i) in the
definition of a gap function is fulfilled. On the other hand, if for an (2, 25)7 € K,
YEP (21, 29) = 0, then x5 must be equal to 1 and 1 must be equal to 0. As (0,1)T
is the only solution to the equilibrium problem considered within this example, yE¥
is a gap function.

An alternative proof of the fact that vE? is a gap function comes from veri-
fying the fulfillment of the hypotheses of Theorem 2.5, which are surely fulfilled.
Asint K # @, the regularity condition (FRCF¥; x) is obviously valid for all z € K.

Ezample 2.6 Let X = R?, K = {0} x Ry and f : R? x R? —» R U {40},
f= 5R2+X]R2+. One can see that K x K C domf, f(x,z) = 0,Vax € K and that for
all x € K the mapping y — f(z,y) is convex and lower semicontinuous. We show
that although int K # & fails, the regularity condition (FRCFF;z) is fulfilled for
all z € K.

Let z € K be fixed. For all p € R? we have

fy(x.p) = sup p'y =96 _g2 (p)
yERY

and
ox(p) = sup  p'y=dpx(r,(P)
ye{0} xRy
As fy (7, )00k = Orx(—R,), it is obvious that this function is lower semicontinuous
and exact at 0. The regularity condition (FRCFF;z) is fulfilled for all z € K and
one can apply Theorem 2.5.

Remark 2.5 In the following we stress the connections between the gap function
we have just introduced and convex optimization. Therefore let K C X be a convex
and closed set and u : X — RU{+0c0} be a convex and lower semicontinuous function
with K C dom u. We consider the following optimization problem with geometrical
constraints

P, inf .

(Pu) nf u(z)
Take f: X x X — RU{+o0}, f(z,y) = u(y) — u(z) and assume, by convention,
that (+00) — (+00) = +00. For all x € X the gap function vEF becomes vE (z) =

inf {u*(p) +O’K(—p)} +u(x). Assuming that u*Oog is lower semicontinuous and
pe

X
exact at 0, the hypotheses of Theorem 2.5 are fulfilled and, so, vZ¥ turns out to
be a gap function for the equilibrium problem which consists in finding € K such
that

flzy) = uly) —u(x) 2 0,Vy € K < u(y) > u(z),Vy € K.
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Since

(D) sup {—u"(p) — ox(—p)}
peEX*

is the Fenchel dual problem to (P,), we observe that the property (i) in the defini-
tion of a gap function is nothing else than weak duality between these problems. The
second requirement asks x € K to be a solution to (P,) if and only if v2 (x) = 0,
which is nothing else than u(z) = sup {—u*(p) — ox(—p)}.

peEX*™

In the second part of the subsection we assume that dom f = X x X and under
this assumption we deal with the so-called dual equilibrium problem (cf. [52]) which
is closely related to (EP) and consists in finding 2 € K such that

(DEP) fly,z) <0, Vy € K,

or, equivalently,
(DEP) — fly,x) >0, Vy € K.

By K¥P and KPPP we denote the solution sets of the problems (EP) and (DEP),
respectively. In order to suggest another gap function for (EP) we need some
definitions and results.

Definition 2.7 The bifunction f: X x X — R is said to be

(i) monotone if, for each pair of points x,y € X, we have
f(@,y) + fly, =) < 0;
(i) pseudomonotone if, for each pair of points x,y € X, we have
f(z,y) > 0 implies f(y,x) <O0.

Definition 2.8 Let K C X and ¢ : X — R. The function ¢ is said to be

(i) quasiconvex on K if, for each pair of points x,y € K and for all « € [0, 1], we
have

plaz + (1 - a)y) < max{p(x), o) };

(ii) explicitly quasiconvex on K if it is quasiconvex on K and for each pair of
points x,y € K such that o(z) # p(y) and for all o € (0,1), we have

elaz + (1= a)y) < max { (@), ¢(y)}.

(iii) (explicitly) quasiconcave on K if —p is (explicitly) quasiconvex on K.

Definition 2.9 Let K C X and ¢ : X — R. The function ¢ is said to be u-
hemicontinuous on K if, for all x,y € K and a € [0,1], the function 1(a) =
plaz + (1 — a)y) is upper semicontinuous at 0.

Proposition 2.15 (cf. [52, Proposition 2.1])
(i) If f is pseudomonotone, then K¥F C KPEP,

(i) If f(-,y) is u-hemicontinuous on K for oll y € K and f(z,-) is explicitly
quasiconver on K for all x € K then KPFP C KFP,
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By using (DEP), in the same way as before, we introduce a new gap function
for (EP). Let x € K be a solution to (DEP). This is equivalent to that x is an
optimal solution to the optimization problem

(PPEPa) it [~/ ()l

Now we consider (PPEF;

problem to (PPEF: 1) is

i) =l S0 =)

z) for all z € X. The corresponding Fenchel dual

PDEP

if we rewrite ( r) again using dx similarly as done for (PE¥; z). Let us define

the function

,YIQEP( ) _ —U(DDEP;$)
= = sup { = supllpy) + Jla )] = G (=)}
=g { suplip.v) + (0,0)) + ok (-p) .

Assuming that for all © € K the function y — —f(y,x) is convex and lower-
semicontinuous one can give, in analogy to Theorem 2.5, some weak regularity
conditions such that yE¥F becomes a gap function for (DEP). Next result shows

under which conditions Y2EF becomes a gap function for the equilibrium problem
(EP).

Proposition 2.16 Assume that f is a monotone bifunction. Then it holds
YREP(2) < ~EP(2), Vx € X.
Proof: By the monotonicity of f, we have
flz,y) + fly,z) <0, Vz,y € X,

or, equivalently, f(y,z) < —f(z,y), Vx,y € X. Let p € X* be fixed. Adding (p,y)
and taking the supremum in both sides over all y € X yields

sup[< y) + f(y,2)] < supl(p,y) — f(z,y)].
yeX
After adding ok (—p) and taking the infimum in both sides over p € X*, we conclude
that yREP () < 4EP(z), Vx € X. O

Theorem 2.6 Let the assumptions of Theorem 2.5, Proposition 2.15(ii) and Propo-
sition 2.16 be fulfilled. Then vREF is a gap function for (EP).

Proof:
(i) By weak duality it holds
YREP (1) = —u(DPFP. ) > —v(PPFP.2) >0, Vo € K.

(ii) Let  be a solution to (EP.) By Theorem 2.5, Z is solution to (EP) if and

only if vEP(z) = 0. In view of (i) and Proposition 2.16, we get

0 < 4BEP(7) < vEF () = 0.
Whence yREF (z) = 0. Let now vEEP(z) = 0. By weak duality it holds
0 =v(DPEP.z) < v(PPEP.z) <.

Consequently v(PPEP; %) = 0. That means # € KPP, Hence, according to
Proposition 2.15(ii), Z is a solution to (EP). O



44 Chapter 2. Variational inequalities and equilibrium problems

2.2.3 Regularized gap functions

The current subsection purposes to summarize some gap functions for (EP) (see
[14] and [63]) in the same way as in Subsection 2.2.2. Throughout this subsection
we assume that X is a real reflexive Banach space and f is defined on K x K and
takes real values, fulfilling f(xz,z) = 0, Vo € K. This can be seen as special case
of our general framework, i.e. the situation when domf = K x K. Further, let
h: K x K — R be a bifunction such that for each z € K, y — h(z,y) is convex,
differentiable and

(a) h(z,y) 20, Yo,y € K;
(b) h(z,z) =0, Vz € K;

(¢) hy(x,x) = 0, Vo € K, where h; means the derivative of h in the sense of
Gateaux (cf. Definition 2.10) with respect to the second variable.

The gap functions we consider in this section will be defined on the set K. In
order to remain consistent with the definition of the gap function we gave in the

introduction, one may consider the gap function as taking the value +o0o outside
K.

Definition 2.10 A functional g : X — R is said to be differentiable (in the sense
of Gateauz) at the point x € X if there exists g'(x) € X* such that

is finite.
Proposition 2.17 [62, ¢f. Proposition 2.1]
Let f(x,y) be a convez, differentiable bifunction with respect to y and h(z,y) be a

function fulfilling the conditions (a) — (¢). Then T is a solution to (EP) if and only
if it is a solution to the auziliary equilibrium problem of finding T € K such that

(EP,) f(Z,y)+h(z,y) >0, Vy € K.

Proof: Since in [62] has been used the alternative formulation, namely the variables
were exchanged in (EP), let us show how the proof looks at our case. Indeed, it is
clear that if Z is a solution to (E'P), then it is also a solution to (E'Py). Let T be a
solution to (E'Py). Then % is an optimal solution to the optimization problem

[nf [£(Z,y) + h(Z,y)] (2.9)

Since K is convex, T is an optimal solution to (2.9) if and only if
I ' _
(fy(Z,Z) + hy(z,7),y —7) >0, Vy € K,

or, equivalently,

(fi(z,%),y—7) >0, Vy € K.

In view of the convexity of f(Z,-) we obtain that

f(@y) - f(@,2) > (f,(z,%),y —2) > 0, Vy € K.

This means that f(zZ,y) >0, Vy € K. O
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Corollary 2.2 Let f(x,y) be a concave, differentiable bifunction with respect to x.
Then T is a solution to (DEP) if and only if it is a solution to the dual auziliary
equilibrium problem of finding T € K such that

(DEP,) — f(y,z) + h(Z,y) >0, Vy € K.

Proof: Since —f(z,y) is convex and differentiable with respect to x, choosing
—f(y, ) instead of f(x,y), we can apply Proposition 2.17. O

In [14], Blum and Oettli proposed the following gap function for (EP)

(@) = sup [~ f(z,y) — h(z,y)],
yeK

while instead of (c¢) was taken the condition
(@) h(z,(1— XNz 4+ Ay) =0(N), A€ [0,1].

Gap functions of such type have been investigated also for finite-dimensional vari-
ational inequalities, see for instance in [7], [21] and [99], whose important property
under certain assumptions is the differentiability. Recently, in a finite-dimensional
space, the differentiability of such type of a gap function for (EP) has been consid-
ered in [63].

Theorem 2.7 Let the assumptions of Proposition 2.17 be fulfilled. Then ’yfp 5 a
gap function for (EP).

Proof:

(1) 7" (x) = 53}3[—]‘(%1/) —h(z,y)] = —f(,2) = h(z,2) =0, Vo € K.

(ii) If Z is a solution to (EP), then by (a) we have
f(@,y) +h(z,y) >0, Vy € K.
Whence v (z) = sup[—f(Z,y) — h(Z,y)] < 0. Therefore, by (i), we obtain
PP (z) = 0. Let noxifeffp(gﬁ) = 0. Consequently
f(@,y) +h(z,y) 20, Vy € K.
By Proposition 2.17, this is true if and only if f(Z,y) >0, Vy € K. O

On the other hand, vZF is closely related to the function vP#F : K — RU{+oc}
defined by (see [14])

v B (@) = sup [f(y. @) — h(z,y)].
yeK

Proposition 2.18 Let f: K x K — R be a monotone bifunction. Then it holds
VPEP () < ~FF(z), Vz € K. (2.10)
Proof: By the monotonicity of f, we have
flz,y)+ fly,2) <0, Vo,y € K,

or, equivalently,
f(y,x) < _f(xay)v vx,y € K.

After adding —h(z,y) and taking the infimum in both sides over y € K, we conclude
that vPEP (x) < yFP(x), Vo € K. O
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Theorem 2.8 Let f: KxK — R, (x,y) — f(z,y) be concave with respect to x and
convex with respect to y. Assume that f is a monotone differentiable bifunction and

the assumptions of Proposition 2.15(ii) are fulfilled. Then 'y,?EP is a gap function
for (EP).
Proof:

() 7" (z) = sup[f(y,2) — h(z,y)] > f(z,z) = h(z,2) =0, Vz € K.
yeK
(ii) By Theorem 2.7, 7 is a solution to (EP) if and only if vZF(z) = 0. According
to (2.10) it holds
0 <9 PP (@) <97 (@)

=0.
In other words vP ¥ (z) = 0. Let now 42FF(z) = 0. Then

—f(y,z)+ h(z,y) >0, Vy € K.

Taking into account Corollary 2.2 and Proposition 2.15(ii) we conclude that
f(Z,y) >0, ¥y € K. O

2.2.4 Applications to variational inequalities

In this subsection we apply the approach proposed in Subsection 2.2.2 to variational
inequalities in a real Banach space. We assume that X is a real Banach space. The
variational inequality problem consists in finding x € K such that

where F' : K — X* is a given mapping and K C X is a closed and convex set.
Considering f: X x X — RU {+o0},

[ (F@Ly—a), i @) € K x X,
f(fL', y) - { +OO7 otherWiSe,

the problem (VI) can be seen as a particular case of the equilibrium problem (EP).
For z € K, (VI) can be rewritten as the optimization problem

(Pha)  inf {(F@),y - )+ 0k(v)},
yeX

in the sense that Z is a solution to (V1) if and only if it is an optimal solution to

(PVL,z). In view of 2P we introduce the function based on Fenchel duality for

(V1) by

W@ = it {supllp.s) — (F @)y - )] + ox(-p)}
= inf, {52§<” ~ F(2),9) + 0xc(~p) } + (F(2),2), Vo € K.
From

sup(p — F(z),y) =

{ 0, if p= F(x),
yeX

400, otherwise,

follows that

V(@)= inf sup(—p.y)+ (F(2),x) = sup(F(a),z — ),V € K.
p=F(x) yeK yeK
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In accordance to the definition of 2% in Subsection 2.2.2, we have that for = ¢ K,
i (x) = —o0.

Let us notice that for all x € K, y — f(x,y) is an affine function, thus continu-
ous. On the other hand, the set epi(f, (7, -))+epi(ox) = {F(z)} x[(F(z),z), +00)+
epi(o) is closed for all x € K. This means that for all z € K, f;(z,-)Uox is lower
semicontinuous and exact everywhere in X* (cf. [18]). Thus the hypotheses of
Theorem 2.5 are verified and v}/ turns out to be a gap function for the problem
(VI). v%! is actually so-called Auslender’s gap function (see [2] and [8]).

The problem (VI) can be associated to the following variational inequality intro-
duced by Minty which consists in finding x € K such that

(vr) (F(y),y—z) >0, Yy € K.

As in Subsection 2.2.2, before we introduce another gap function for (V1I), let
us consider some definitions and assertions.

Definition 2.11 A mapping F : K — X* is said to be

(i) monotone if, for each pair of points x,y € K, we have

(F(y) = F(z),y —x) > 0;

(ii) pseudo-monotone if, for each pair of points x,y € K, we have

(F(z),y —x) > 0 implies (F(y),y — z) > 0;

(iii) continuous on finite-dimensional subspaces if for any finite-dimensional sub-
space M of X with K N M # @ the restricted mapping F : KN M — X* is
continuous from the norm topology of K N M to the weak* topology of X*.

Proposition 2.19 (see [95, Lemma 8.1]) Let F : K — X* be a pseudo-monotone
mapping which is continuous on finite-dimensional subspaces. Then r € K is a
solution to (VI) if and only if it is a solution to (VI').

Minty’s variational inequality (VI') is equivalent to the equilibrium problem
which consists in finding x € K such that

_f(yvx) 2 O,V’y € K.

As
N _ | (Fy)y—=), if(z,y) € X x K,
Hyx) = { —00, otherwise,
using the formula of YRFF | we get

W)= i { suplp) = )y = ) +ox(-)

We can see that )1 "is nothing else than the so-called dual gap function for (V1)
which considered in Subsection 2.1.3 in finite-dimensional spaces. In fact, let z € X*
be fixed. According to the inequality

5’22[<p7y> - <F(y)7y 7IE>] Z <p,Z> - <F(Z)7Z - l’>, Vz € Ka

it is easy to obtain that

sup[(p, y) — (F(y),y — 2)] + sup[—(p,y)] > sup (F(y), = — ).
yeK yeK yeK
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After taking the infimum in the left hand side over all p € X* and since the infimum
is attained at 0 € X*, one has (cf. ¥4 in Subsection 2.1.3)

e () = sup (F(y), = — y).
yeK

Proposition 2.20 Let F: K — X* be a monotone mapping. Then it holds
7! (@) <9 (@), Vo € K.

Theorem 2.9 Let F : K — X* be a monotone mapping which is continuous on
finite-dimensional subspaces. Then YT is a gap function for (VI).

Proof:
(i) yREP(x) > 0 implies that v} (z) > 0, Va € K, as this is a special case.

(ii) By the definition of a gap function, Z € K is a solution to (VI) if and only if
v%1(z) = 0. Taking into account (i) and Proposition 2.20, one has

0 <l (@) <H¥l(z) = 0.

In other words, 737 (Z) = 0. Let now v}/ (z) = 0. We can easily see that
T € K is a solution to (VI’). This follows using an analogous argumentation
as in the proof of Theorem 2.6. Whence, according to Proposition 2.19, Z
solves (V). O



Chapter 3

Conjugate duality for vector
optimization with
applications

3.1 Conjugate duality for vector optimization

Among the references dealing with conjugate duality for vector optimization prob-
lems, we mention the papers [81], [82] by Tanino and Sawaragi and the books [42],
[75] as playing an important role in this chapter. Tanino and Sawaragi developed
the conjugate duality for vector optimization by introducing new concepts of con-
jugate maps and set-valued subgradients based on Pareto efficiency. Furthermore,
by using the concept of supremum of a set (cf. [83]) on the basis of weak orderings,
the conjugate duality theory was extended to a partially ordered topological vector
space by Tanino [84] and to set-valued vector optimization problems by Song [78],
respectively.

This chapter begins with recalling the concepts of conjugate maps, set-valued
subgradients and duality results for vector optimization given in [75]. For conve-
nience, we use some notations and definitions from [42]. Afterwards, we propose
dual vector optimization problems having set-valued objective maps, which arise
from different perturbations in analogy to the scalar case in [90]. In addition, dif-
ferent dual problems stated by using conjugate maps with vector variables are also
discussed.

3.1.1 Preliminaries

Let C be a pointed closed and convex cone in R™. For any &, 4 € R™, we use the
following ordering relations:

E<p & pu—-EeC;
C

£ < p & p—§6eC\{0};
(o}

£ £ n e p—&6¢C0\{0}
c\{0}
The notions >, > and # are used in an alternative way.
¢ c\{o} Cc\{0}

Definition 3.1 A point y € R™ is said to be a mazimal point of a set Y C R"™ if

y €Y and there is noy €Y such thaty < .
c\{o}

49
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The set of all maximal points of Y is called the maximum of Y and is denoted
by énax} Y. The minimum of Y is defined analogously. Further we take the cone C'
0

being the nonnegative orthant
R?} = {x = (21,0, )T €R™| 2; >0, z:ﬁ}

Lemma 3.1 [75, ¢f. Proposition 3.1.3] Let Y1,Y> C R™. Then

(i) Jnax (Y1 +Y3) C nax Y1 + max Ya;
F\{0} R7A\{0} R \{0}

Y1+Y;)C Y] Y.
(i) mln ( 1+ Y3) inl{%} 1+ m\l{%} 2.

Definition 3.2 [/2, ¢f. Definition 8.2.2]

(i) Let Y CR™ be a given set. The set Rgnira}Y is said to be externally stable if
+
Y C mln Y +R7.
R\{0}

(i) Similarly, the set Rrgl\a)é}Y 1s said to be externally stable if
¥
Y C Jmax Y - R
R\{0}

Lemma 3.2 [75, Lemma 6.1.1] Let Fy : R = RP and F5 : R =2 RP be set-valued
maps and X C R™. Then

max F + F: max Fi(z) + max Fs(x)|.
Ri\{O}xeX[ 1( ) 2( )} \{0} [ 1( ) RE\{0} 2( )}

If m\ajix} Fy(z) is externally stable for every x € X, then the converse inclusion also
0
holds.

Corollary 3.1 [75, Corollary 6.1.8] Let F : R™ = RP be a set-valued map and

XCR" If m\a{x} F(x) is externally stable for every x € X, then
+

Jnax F(xz) = max max F(x).
RYA{O} +\{0}$6X]Ri\{0}

Before describing the conjugate duality for vector optimization let us recall the
concepts of conjugate maps and the set-valued subgradient.

Definition 3.3 [/2, Definition 8.2.1]
Let h : R™ = RP be a set-valued map.

(i) The set-valued map h* : RP*™ = RP defined by

h*(U) = max Uz — h(z)|, U e RP*"
(U) M\{O}Mn[ (2)]

is called the conjugate map of h.

(i) The conjugate map of h*, h** is called the biconjugate map of h, i.e.

h*(z) = nax U [Ux—h*( )}, x € R™

R0} |, 7
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(i11) U is said to be a subgradient of the set-valued map h at (Z;g) if § € h(Z) and

y— Uz € min h(z) — Ux].
7-vse pin, U o) - 2]

The set of all subgradients of h at (z;y) is denoted by Oh(z;y) and is called
the subdifferential of h at (z;y). If Oh(z;y) # &, Yy € h(x), then h is said to be
subdifferentiable at x.

When ¢ : R — RP is a vector-valued function, then the conjugate map ¢* of
@ is defined by

(T) = Tx — eR":, T € RPX™,
¥ (T) Rg’f&}é}{ z—p(x)| }

Let f : R" — RP U {400} be an extended vector-valued function. Here 400 is
the imaginary point whose every component is 4+o0o. We consider the following
unconstrained vector optimization problem

o : n
(PV9) Rgl\%}{f(z” reR }

In other words, (PV?) is the problem of finding z € R™ such that

fx) £ f(@), Vo e R™
7\ {0}

Let @ : R™ x R™ — RP U {400} be another vector-valued function such that
O(z,0) = f(x), Ve € R",

which is the so-called perturbation function. The value function is a set-valued map
P :R™ = RP U {+o0} defined by

U(y) = mi P R™}.
1) = min { @) 2 <R}

Clearly ¥(0) = min}f(R") is the minimal frontier of the problem (PV?). The
RZ\{0
problem (PV©) can be stated as the primal optimization problem

pVo in {®(z,0)| z € R"}.
(P9 min {0(0) s R}

The conjugate map of @, denoted by ®* : RPX™ x RP*™ — RPU{+o00}, is a set-valued
map defined in the usual manner:

* _ _ n m
P (U,V)—Rgl\a{%}{Ux—i—Vy O(z,y)| x €R™, yeR }

Then the conjugate dual optimization problem can be defined as being

VO *
(DVO) e V}Rgm [—cb (o,V)}.

Since —®* is a set-valued map, the problem (DVO) is not an ordinary vector opti-
mization problem. In other words, it can be reformulated as follows.

Find V* € RP*™ gsuch that

—®*(0,V*) N max —®*(0,V)| £ 2.
0.1 VU (0,v)]
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Theorem 3.1 [75, Proposition 6.1.12] (Weak duality)
®(z,0) ¢ —0*(0,V) —RE\{0}, Yz € R", ¥ V € RP*™,

Definition 3.4 The primal problem (PVO) 18 said to be stable with respect to the
perturbation function ® if the value function ¥ is subdifferentiable at y = 0.

Theorem 3.2 [75, Theorem 6.1.1] (Strong duality)

(i) The primal problem (PV©) is stable with respect to ® if and only if for each
solution x* to the primal problem (PV©) there exists a solution V* to the dual
problem (DV©) such that

B(z*,0) € —B*(0,V*). (3.1)

(i) Conversely, if * € R™ and V* € RP*™ satisfy (3.1), then x* is a solution to
(PVO) and V* is a solution to (DV ).

3.1.2 Perturbation functions and stability
Let f: R™ — RP, g:R™ — R™ be vector-valued functions and X C R”. Consider

the vector optimization problem

Vo) min {f@)zec},

where

G= {x€X| 9(z) < o}.

m
RT

In analogy to the scalar case, let us introduce now the following perturbation func-
tions (cf. [16], [90])

R

fl2), z€X, g(z) <,
Q) :R" x R™ —» RP U {+00}, Pi(x,u) =

400, otherwise;

Oy : R" X R" — RP U {+00}, Pa(z,v)

{ flx+v), z€G,

~+00, otherwise;
D3 :R” x R” x R™ — RP U {+00},

m
RY

{ flz+v), reX, g(x)<u,
Os(z,v,u) =

400, otherwise.

The corresponding value functions are defined by

U R =2 RP, O = i D4 (z, eR"”
CRTSR N0 = min (@) o e R}
= min §f(z)ze X, gz
R{;\{o}{ ) (2 ) R7 }
Uy :R" = RP, Up(v) = min {q>2 z,v)| :CER”}
RE\{0}
= min {fx—H/ xEG};

R2\ {0}
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and
Uy :R" x R™ = RP, U3(v,u) = min {Qg(x,v,uﬂ T € R”}
RE\{0}
= min {fx—i—v reX, glx §u},
R (z +v)| ( )RT

respectively. In view of Definition 3.4, the problem (VO) is said to be stable with
respect to the perturbation function ®;, i = 1,2, 3, if the value function ¥;, i =
1,2, 3, is subdifferentiable at 0.

Definition 3.5 Let Z C R"™ be a convezx set.

(i) The set-valued map G : R™ = R? is said to be convex, if for any x1,x2 €
Z, x1 # 9 and € € [0, 1], we have

EG(z1) + (1 = &G(z2) C G(xy + (1 — a) + RE.

(i) The set-valued map G : R™ = RP is said to be strictly convex, if for any
T1,T0 € Z, 1 # T and € € (0,1), we have

EG(x1) + (1 — )G (x2) € G(xr + (1 — §)z2) + int RE.

Lemma 3.3 Let X CR" be a convez set and f;, i =1,p, g;, j = 1,m, be convex
functions. If Vu € R™ (resp., Vv € R™ and V(v,u) € R™ xR™) the set ¥1(u) (resp.,
Us(v) and Vs(v,u)) is externally stable, then the value function ¥ (resp., Yo and
U3 ) is conver.

Proof: Let us verify it only for ¥;. In the same way one can prove the result for
Uy and Us. Let ug,us € R™ and A € [0,1]. Then

)\\111(’[1,1) + (1 - /\)\Ifl(UQ) g )\Hl(ul) + (1 - )\)Hl(UQ),

where Hi(u) is defined by H;(u) = {f(x)| ze X, glx) < u} By using the con-
R
vexity and the external stability we have

AH; (uy) + (1 — N Hy(u2) € {f()m: +(1=N2)| A+ (1 -z € X,

g0+ (1= N)2) < s+ (1 )\)uQ} +RP.
+

N

Consequently, one has

O

Let us show some stability criteria with respect to the above perturbation func-
tions. Similar results can be found in [82].

Proposition 3.1 (cf. [82]) Let X C R" be a convez set and g, j = 1, m, be convex
functions. Assume that the functions f;, i = 1,p, are strictly conver and Yu € R™
the set Wy(u) is externally stable. If there exists xg € X such that g(xg) < 0,

nt R
then the problem (VO) is stable with respect to ®;.
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Proof: We define the set
epi W1 = {(u,2) e R" X RP| z € ¥y (u) +RE }.

In analogy to Lemma 3.3 one can show that W, is a strictly convex set-valued map.
Whence epi V1 is a convex set. Let the set-valued map H; : R™ = RP be defined
by
Hi(w) = {/@)] v € X, gla) < u}.
+
Then it holds
Wy(u) +RY = Hy(u) +RE, weR™,

The inclusion ¥ (u) + RE C Hi(u) + RY is clear. The converse one follows from
the external stability of the set ¥y (u), u € R™. Consequently, we have

epi Uy = {(u,2) €e R™ xRP| z € Hi(u) + R }.

Hence (u,z) € epi ¥y if and only if

Jz € X suchthat f(zr) <z and g(z) < wu. (3.2)
RE R

By assumption, if 3 29 € X such that g(zg) < 0, then 3¢ € int R7 such that

int R7
g(zg) < —e. By using the notation
int R
k
la, blk:= H{xl ER| a; < x; < by, a;, by € R}, for a,b e R,
i=1

which is the extension of an open interval in R*, we define the set
M =] —e,e[mX]f(z0), f(xo) + I[,C R™ x RP,

where € € int R7" and ¢ € int RY are given.

Let (u,z) € M. This means that g(zg) < —e < wand f(zg) < z. Ac
int R int R7 int R?,

cording to (3.2), (u, z) € epi ¥;. Therefore int(epi ¥;) # &.

Let Z € W4(0) be fixed. Then 3% € G such that z = f(Z) € ¥;(0) =

Rzr)n\i{%}{f(xﬂ x € G}. Let us show that (0,%) is a boundary point of epi ¥;. In-
5
deed, it is clear that (0,%) € epi ¥;. Assume that (0,%) € int(epi ¥y). Then there
exists a neighborhood U x V of (0,%) such that U x V C epi ¥;. In other words,
dz = Z—k, k € int R such that z € V and it holds (0,2) € epi ¥y. This
means that z € H;(0) + R".. Therefore 37 € G such that f(z) <z On the other
R

+
hand z < Z which leads to a contradiction. Whence (0, %) € epi ¥\ int(epi ;).
int R?
By a well-known separation theorem, there exists (§,u) € R™ x RP, (&, u) #
(0,0) such that
Eu+ T2 > u"2, Y(u,z) €epi 0.

If z1 € Uy(u1) +RE, then for any z € z; +int RY it holds z € Wy (u1) +int RE.
Whence p € RE. Let g = 0. Then 7w > 0, V(u,z) € epi ¥y. Clearly, (m, f(z)) €
epi ¥y, Vr € G, Vm € RT. As ¢Tm > 0, we have £ € R If & # 0, then
¢Tg(x) >0, Vo € X. But by assumption, for 29 € X it holds £ g(zg) < 0. In other
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words £ = 0, which is a contradiction. This means that 0 < u. Moreover, one
RE\{0}
0
can assume that p € SP := {u = (1o pip) T €ERP| p; >0, i=T1,p, > ;= 1}.
i=1

Since W, is strictly convex, we can show that
Eu+ T2 > Tz, Y(u,2) €epi Uy, u#0. (3.3)

In fact, if this is not fulfilled, 3(u/, 2’) € epi ¥y, u’ # 0, such that ETu'+uT2" = Tz
As

1 1 1 1
52/ + 526 5\111(“/) + =U4(0) + ]Rf_ - \Ifl(

5 u’) +int RE +RE
vy (

N
N~ DN~

/ . D
u) +int RY,

3k’ € int RE such that
1, 1. 1
22 —|—2z k' e, 2u ,

and this implies that (%u’, %z’ + %3— k;’) € epi ¥, and, so,

1 1 1
€ (5u) +u" (57 +52) —HTK =477,

or, equivalently,

1 1 4 ~
g EH = pTh > pE etk <0,
But, as uTk’ > 0, we get a contradiction. Therefore (3.3) holds.
Let us notice that 0¥;(0; z) # @ means Vz € ¥1(0), JA € RP*™ such that

z € min Uy (u) — Aul.
i, U ) -

By assumption 2 € ¥;(0) and for A = [—€, ..., —&]T € RPX™ we verify that this
relation holds. Let us assume that

z¢ min ) [W1(u) + (7)),

RO},

where (£7u), = (§Tu,...,Tu)’ € RP. Then Ju € R™, 4 # 0 and 3z € ¥y (u) such
that

7+ (Ta), < =

RE\{0}

Since p € SP, it holds

plz+eTa < u’z.
On the other hand, in view of (3.3) we see that u”z + ¢Tu > uT'z. This leads to a
contradiction. In other words 0¥(0;2) # @. O

Proposition 3.2 Let X C R" be a convexr set and g;, j = 1,m, be convex func-
tions. Assume that the functions f;, i = 1,p, are strictly convex. If Vv € R™ the
set Wo(v) is externally stable, then the problem (VO) is stable with respect to ®s.
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Proof: Let Hy : R™ = R? be a set-valued map defined by Hs(v) = {f(z +v)| z €
G}. Introducing the set

epi ¥y = {(v,2) € R" x RP| z € ¥5(v) + R},
and according to the external stability of ¥s(v), v € R™ it holds
\:[12(’[)) +RE = HQ('U) + R:i, v e R".

Whence
epi ¥y = {(v,2) € R" x RP| z € Hy(v) + RL }.

Moreover, epi Us is a convex set. Let us notice that (v, z) € epi ¥5 means that

Jz € G such that f(z+v) < z. (3.4)
R,
As f is strictly convex, it is also continuous. Let zy € G be fixed. Since f is

continuous at zg € G, for any ¢ > 0, there exists 6 > 0 such that
int r?
r

fl@) < f(zo) +e, for any z € Us(zp) C G,

3 P
nt RE

where Us(xo) := {z € R"| ||x — x¢]| < 0} denotes an open neighborhood of z. We
define the set

N :=(0,9) x -+ x (0,0) x]f(x0) + ¢, f(z0) + 2¢[,C R" x RP.

n

Let (v,z) € N. Then it holds
flxo+v) < flzg)+e < =z
int R%, int R%
In view of (3.4), we have (v, z) € epi ¥y. This means that int(epi ¥s) # .
Let Z € U3(0) = min {f(x)| z € G} be fixed. Then (0, %) is a boundary point

REA\{0}
of epi Wy, ie. (0,2) € epi Vo) int(epi ¥q).

By a well-known separation theorem, there exists (£, u) € R"xRP, (&, ) # (0,0)
such that
o+ pT2>p’z, Y(v,2) € epi V.

If 2y € Wa(v1) + RE, then for any z € z; + int R’ it holds z € Wy(vy1) + int RY.
Whence p € RE. Let g = 0. Then {7v > 0, V(v,2) € epi Us. Since f is strictly
convex, one has

1 1 1 1 1
“(x— e < = - .
f(xo—I—Q(x xo)) f(2x+2xo) int s 2f(x)+2f(x0), Ve € G, x # xg
In other words (%(m — ), 3(f(2) + f(xo))> € epi Uy, Va € G, x # x9. Whence
§T(%(x —x0)) > 0, or, equivalently, %' (z — z) > 0, Vo € G, x # 0.

- , J L
Choosing 7; € Us(xg), @ = 1,n, such that 7] = { x?, 5 ].#Z.’ and Z; €
T+ 3 J=1

Us(zo), i = T,m, such that z/ = { o jf; , it follows that ¢ = 0, which
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is a contradiction. Therefore 0 < p and it can be assumed that p € SP.
RE\{0}
+
Since Wy is strictly convex, one can show that

o+ pT2 > p’z, Y(v,2) €epi Uy, v#0. (3.5)

By assumption Z € W5(0) and for 7' = [=¢, ..., —€]7 € RP*™ let us now show that
0¥5(0;2) # & holds. Assume that

Z ¢ min Uy (v) + (ET0),],
# i, U 00+ (67

where (¢Tv), = (¢Tv,...,Tv)T € RP. Then 3o € R", ¥ # 0 and 3z € ¥5() such
that
z+ ("), < Z
RE\{0}
As p € SP, it holds uT24+-6Tv < 'z, Taking into account (3.5), one has u”z+£7v >
u''Z, which leads to a contradiction. O

Proposition 3.3 Let X C R" be a convexr set and g;, j = 1,m, be convex func-
tions. Assume that the functions f;, i = 1,p, are strictly conver and V(v,u) €
R™ x R™ the set W3(v,u) is externally stable. If there exists xo € X such that

g(xzg) < 0, then the problem (VO) is stable with respect to ®s.
nt R

Proof: Let Hs : R™ x R™ == RP be a set-valued map defined by Hs(v,u) =
{flx+v)] z € X, g(z) < u}. As usual, the set epi U3 defined by
R

epi U3 = {(v,u,2) € R" x R™ x RP| z € ¥3(v,u) + RE }
is convex. By the external stability of W3, it holds
Us(u,v) + RE = H(u,v) + RE, v € R", v € R™.
Therefore (v,u,z) € epi U3 means that

Jz € X such that f(z+v) < z and g(z) < w.
R Ry
Since f is continuous at xg € X, for any e > 0, there exists o > 0 such that
int R?
flx) < f(xog)+e, forany x € Uy(xp) C X.

int R?
On the other hand, as g(zg) < Othereexistsé > Osuchthat g(zg) < -4
int r7 int r7 int r7
Let us define the set

S = (0,0) x -+ x (0,0) X] = 0,8 x]f(z0) + &, f(x0) + 2¢[,C R" x R™ x RP.

n

Let (v,u,z) € S. This means that

flxo+v) < f(zo)+te < zandg(wg) < -6 < .
int R% int R% int R int R
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In other words (v,u, z) € epi Hj. Consequently, we have int(epi ¥3) # &.

Let z € ¥5(0,0) = m\l{n}{f(z)| x € G} be fixed. Since a point (0,0,%) is
R%\{0
a boundary point of epi W3, by a well-known separation theorem, there exists
(&1,&2, 1) € R" x R™ x RP, (&1,&2, 1) # (0,0,0) such that

v+ eTu+uT2 > uT2, Y(v,u, 2) € epi Us.

If 21 € W3(vy,ur)+RE, then for any z € 2z +int RE, it holds z € W3(vq, uy)+int RY.
Whence p € RE. Let o = 0. Then &{ v + &5 u > 0, V(v,u,2) € epi ¥s. Since f is

strictly convex, we have (%(w — zo),m, 5(f(z) + f(:ro))) €epi U3, Vo € G, 2 #

xo, ¥Ym € R, Therefore
1
ff(i(x — 1)) +€2m >0, Vo € G, x# x0, Ym € R

If m = 0, then it returns to the case of Uy (see the proof of Proposition 3.2).
Consequently, £, = 0. Whence, we have £2m > 0, Vm € R, It returns to the case
of Uy (see the proof of Proposition 3.1). As a consequence, £; = 0, which leads to
a contradiction. Therefore it can be assumed that p € SP.

Moreover, since Wg is strictly convex, one can show that

v+ ut+puTz>uz, Y(v,u, 2) € epi U3, (u,v) # (0,0). (3.6)
By assumption z € ¥3(0) and for T = (&1, ., —&])T € RPX™ and A= [—&,...,—&)T €
RP*™ we verify that 0Us5(0,0;2) # & holds. Indeed, let
s¢ min | [Wslw) + (€F0), + (€ w)y),
7\ {0}

(v,u)TE€R™ XR™

where (¢1v), = (Tv,....&Fv)T € R? and (), = (Zu,....,e8u)T € RP. Then
J(v,u)T € R* x R™, (@,v) # (0,0) and 3z € U3(v,u) such that

(0 (), < 2
RE\{0}
Since p € SP, it holds
ptz+ e+ efa<u’z
This contradicts the fact that p?z + ¢fo + ¢d'a > p’'% (see (3.6)). Consequently,
6\113(0, 0; /Z\) #+ o. O

Later for the applications we have to consider the vector optimization problem
with linear objective function (cf. Section 3.2). Since the objective function is linear
and not strictly convex, we can not apply above stability criteria to this case. But
the following result can be given. Let A € RP*™. Consider the vector optimization
problem

(Pa) min {Am| x € G}.
RE\{0}
Before giving a stability criterion for (P4) with respect to @5, let us mention the
following trivial properties.

Remark 3.1 Let h : R™ — RP be a vector-valued function and Y C R™. The
following assertions are true:

(i) {h(x)| xeY} = LGJY{h(:v)}
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(ii) For any ¢t € RP it holds {h(x) +t|x €Y} ={h(z)|z €Y} +¢.

(iii) For any set A C R” it holds |J {A n h(a:)} = A+ U {ha)}.
zeY zeY

For the problem (P4) we can state the following assertion.

Proposition 3.4 Let the set Rg{i&}{Aﬂ x € G} be externally stable. Then the
problem (Pa) is stable with respect to ®s.

Proof: Let f(z) = Az, A € RP*"™. Then, in view of Remark 3.1, we have

—-U3(T) = RII;II\I{%} vg" { m\%}{Aaz + Av| z € G} — Tv}
= min [Av —Tv+ min {Az|z € G}}
R0}, 5, RY\{0}

min A—THvlv e R"} + min {Az| xz € G}|.
i [{(4=Tyolo € B} + wmin {As] 2 € G}

Since the set m\in {Az| z € G} is externally stable, one has (cf. Corollary 3.1)
R\

RE\{0} RE\{0}
m\i{n}{Ax| x € G} it holds z € —¥3(A). This means that 0¥4(0; z) # @. O
7\{0
"

—U3(A) = mm min {Az| z € G} = Rzr)n\ig)}{Ax\ x € G}. In other words, Vz €
+

3.1.3 Dual problems arising from the different perturbations

In this subsection the perturbation functions introduced in Subsection 3.1.2 are
used to developing the duality in vector optimization. As a consequence, we obtain
different dual problems having set-valued objective maps. Like in the scalar case,
let us call them the Lagrange, the Fenchel and the Fenchel-Lagrange dual problem
o (VO), respectively.

Lagrange duality. Let us begin with the first perturbation function ®;. The
following preliminary result deals with the objective map with respect to ®;.

Proposition 3.5 Let A € RP*™. Then

(i) ®3(0,A) —ng)nax {{Au| ueRPY+ {Ag(z) — f(x)| z € X}}

(i) If the set Rm\a%x}{Au| u € R} is externally stable, then it holds
?\{0
2
®7(0,A) = max max {Au| u € R} + {A x)| x e X}y
10.4) = max { e {Aul b+ {Ag(e) - f(@)] @ € X}

Proof:

(i) Let A € RP*™, Taking into account Remark 3.1

d3(0,A) = Au — &9 (x, eR™ uweR™
1(0,A) Rgl\a{%}{ u— By (z,u)| @ weR™}
= Au — e X, <
Rgl%}{ u=f@lee X, g £ u u}
= max Au—f < .
Ri\{ouex{ f@l9(o) £ u}
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Setting @ := u — g(z), we have

o1(0,A) = o U {Ag(a:) — f(z)+Au|u e R+}

=  max {Ag(x) — f(z) +{Au| u RT}}

RO

= {{Au\ u e R} + {Ag(x) — f(z) z € X}}.

(ii) Follows from Lemma 3.2. O

According to Proposition 3.5, we can propose the following dual problem to (VO)

VO *
(DY°) R?\?%}AG%JJ_M’A)]

= Rgl\%{}é} U Rgn\i{%} {{—Au| ueRTY+{f(x) —Ag(x)| x € X}}
+ AgRpxm T+

This dual problem may be considered as a kind of Lagrange-type dual problem.
Such interpretation appears evident and natural in the context of the following
derivation of the classical Lagrange dual problem to (VO) (cf. [75]).

As applications of Theorem 3.1 and Theorem 3.2 we get weak and strong duality
for VO and (DY©).

Proposition 3.6 (weak duality)

fl@)+& £ 0, Vo e, V¢e @1(0,A),
R?\{0}

where A € RPX™,

Proposition 3.7 (Strong duality)

(i) (VO) is stable with respect to ®1 if and only if for each solution x* to (VO)
there exists a solution A* to (DY©) such that

F(z*) € —®%(0,A%). (3.7)

(i1) Conversely, if x* € G and A* € RP*™ satisfy (3.7), then z* is a solution to
(VO) and A* is a solution to (DY©).

Under the external stability criterion of the set m\z%{x}{Au| u € RT'}, for the dual
R2\{0

problem with the objective map defined by Proposition 3.5(ii) we can obtain similar
results.

Before considering the next perturbation function, let us, as announced, explain
how the problem (DY) turns out to be the classical Lagrange dual problem to
(VO) (cf. [75]) under a certain restriction on the feasible set of the dual. To do
this, we assume that

AeLi={AeRrrm Au>0, Vue R} = {A e R ART CRY |,

+
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Then we conclude immediately that

min {Au| v € R}'} = {0}, VA € L. (3.8)
£A\{0}

Because of A € L, by using (3.8), from Lemma 3.1(i) follows

B{0.-A) = max {{-Aulue RY) + {-Ag(e) — f(o)| 2 € X} }
C mz?é}{ Aul ue R} + mz?é}{ Ag(z) — f(z)| 2 € X}
= - mm {Au|u€R+}+ me?{x}{ Ag(z) — f(z)| x € X}
= Rrgl\a{ré}{ Ag(x) — f(z)| = € X}

Denoting by ®(A) := m\a{x}{ Ag(z)— f(x)] € X}, in this case we get the classical
0

Lagrange dual problem to (VO), as follows

(DY°) s U |- o))
= max min {Ag(z)+ f(z)| z € X}.

RL\{0} o) RE{(0}

Proposition 3.8 [75, Theorem 5.2.4] (Weak duality)

fle)+€ £ 0, VzeG, VEed(A),
R \{0}

where A € L.

Proposition 3.9 [42, Theorem 8.5.3] (see also [15, Theorem 5.2.5(i)])

Let z* € G, A* € L such that f(z*) € —®(A*). Then f(z*) is simultaneously a
minimal point to the primal problem (VO) and a mazimal point to the dual problem
(DY)

Fenchel duality. Before stating the next dual problem to (VO), we consider the
following assertion relative to its objective map.

Proposition 3.10 Let T € RP*™. Then

(i) ®5(0,T) = {{Tv— F@)| veERY} +{~Tz| x € G}}.

(i) If the set f*(T') = m&{x}{TU f(v)| v € R"} is externally stable, then it holds
0

®3(0, T)_ max {f*(T)+{—T:U| xEG}}.

Proof:
(i) Let T € RP*™. In view of Remark 3.1

®3(0,7) = m&}é}{TU — ®y(z,v)| z € R", v e R"}
= m&{x}{TU—f(x—!—UﬂzeG, veR"}
0

= max Tv— f(x+v)|veR"
s, Uzo— s ol very,
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Denoting v := x + v, one gets

®5(0,T) = Rgl\a{%} mLEJG{T@ — f(v) = Tz| v € R™}

= max —Tz+{Tv— f(v)| v € R"
M\{O}JEG{ {T5 - f(0) v e R"}}

= {{TU —f)| v eRY 4+ {~Ta|z € G}}.

(ii) By using Lemma 3.2, we obtain (i3). O

As a consequence we state the following dual problem to (VO) which will be called
the Fenchel dual problem

DY© max {—@* O,T}
o) g U [-es07)

= R?&{%}TGQMR?\%} {{f(v) —TvlveR"}+{Tz|x € G}}

Again as consequences of the general theory we have weak and strong duality as-
sertions.

Proposition 3.11 (weak duality)
flx)+¢& £ 0, VzeG, V§ed3(0,T)
RE\{0}
where T € RP*™,

Proposition 3.12 (Strong duality)

(i) (VO) is stable with respect to ®s if and only if for each solution x* to (VO),
there exists a solution T* to (D%°) such that

f(z*) e —=®5(0,T"). (3.9)
(ii) Conversely, if t* € G and T* € RP*"™ satisfy (3.9), then x* is a solution to
(VO) and T* is a solution to (D}.©).
As mentioned before, under the external stability of the set f*(T') = Rm\a{x}{Tu —
P\ {0
i1

f(v)] v € R™}, for the dual problem with the objective map defined by Proposition
3.10(ii) one can also show similar dual assertions.

Fenchel-Lagrange duality. In order to formulate the dual problem to (VO)
dealing with the perturbation function ®3, one has to find the corresponding dual
objective map.

Proposition 3.13 Let A € RP*™ qnd T € RP*™. Then
(i) @50,7,0) = max { U {Aup+ U {Tv—f@)}+ U {Agla) —Ta}}.

Ri\{O} uGRZL veER” zeX

(i) If the sets Rm\a%x}{Au| u € R} and f*(T) are externally stable, then it holds
?\{0
4

®3(0,7,A) = max { max U {Au} + fA(T) + U {Ag(z) — Tx}}

=0 LRI}, o5 oox
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Proof:
(i) Let T € RP*™ and A € RP*™. By applying Remark 3.1

®3(0,7,A) = max {Tv+ Au— P3(z,v,u)| x € R", v e R", u e R™
’ E2\ {0}
= max {Tv+Au— f(x+v)|xze X, veR", glx) <u
Ri\{o}{ fla+)] (@) < }
= max Tv+ Au— f(z+v)| gx) < uyp.
2 Y WA &)

Putting @ := u — g(z), one has

®;(0,T,A) = max U U {Tv+Ag(@) + Aa— f(z+0v)] aeRY}
+\{ }xGX vER™
= max Tv+ Ag(x) — f(z+v
Ri\{o}gvgn{ (z) = f(z +v)

+ {Au|ae Rﬁf}}

= max Ag(z) + {Au| v € R
Ri\w}mex{ (x) + {Au u € RY)

+ {Tv—flz+v)|ve R"}}.
Setting v := z 4+ v, we obtain that

$:(0,T,A) = max {Ag(z)+{Au|u€RT}
RO o

+ {To-To - f(v) 5 R"}}

= max Ag(x) — Tx 4+ {Au| v € R
Ri\{@}xex{ (x) {Au| u € R}

v {To— f(o)|ve R”}}

= max { Aul u e R
N {Aul iy

+ {Tv—fw)|veR"}+{Ag(z) —Tz| z € X}}

(ii) By Lemma 3.2, we can easy verify (i). O

Consequently, we can obtain the following so-called Fenchel-Lagrange dual problem
to (VO)

(D¥9)  max U — @3(0,7,A)
R0} (T,A)ERPXn xRPXm [ }

= max min flv)=Tv|veR"

RE\{0} U Ri\{O}{{ (v) | ;

(T,A)ERP X" xRPX™
+ {-Aufu€eRT}+{Tz—Ag(z)| v € X}}

Proposition 3.14 (weak duality)

fle)+& £ 0, VreX, VEe @3(0,T,A),
R7\ {0}

where T' € RP*™ and A € RP*™,
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Proposition 3.15 (Strong duality)
(i) (VO) is stable with respect to ®3 if and only if for each solution x* to (VO)
there exists a solution (T*,A*) to (D%9) such that
f(x*) € =®5(0,T*,A*). (3.10)

(i) Conversely, if x* € X and (T*,A*) € RP*™ x RP*™ satisfy (3.10), then x* is
a solution to (VO) and (T*,A*) is a solution to (D%9).

Similarly as for (DY©), under the same restriction on A, we can introduce another

dual problem. Indeed, let us suppose that A € L. Then, according to Lemma 3.1(i)
and (3.8), it holds

©5(0,T,—~A) = max { U {-Au} + | {Tv - fo)}

RO}, G
+ U i-Ag(@) - Ta}}

o
= s L U oo+ U (o) 7o}
= max { U tro=son+ U (Aato) - Ta}}.

Let us denote by W(T, A) := Rgp\z?{%}{ U {Tv—-fv)}+ U {-Ag(z) — Ta:}} If
i veRn e€X

the set f*(T) is externally stable, then (T, A) can be rewritten as
U(T,A) = max {f*(T) + J{-Agla) - T:z:}}.
+ zeX

The proposed map allows us to suggest the dual problem

DY) max  |J [-¥@Ta
R+\{O} (T,A)ERPX X [, |: ]

= max U min { U {f(v) =Tv} + U{Tx+Ag(ac)}}.

RE\{0 RE\{0
+\ }(T,A)GRPX"XL EANU) gt zeX

Proposition 3.16 (weak duality)

flx)+¢& £ 0, VzeG, VeEeU(T,A),
R”\{0}

where T' € RP*™ and A € L.
Proof: Let (T,A) € RP*" x L be fixed and ¢ € U(T, A). In other words

& £ Tv— f(v)+ (—Ag(z) — Tx), Vv € R", Vo € X.
®?\{0}

Choosing v = x := Z € G, we obtain that

f@+¢ £ —Aga)
B2\ {0}
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On the other hand, since A € L, T € G it holds —Ag(Z) > 0. Consequently, one has
7
fl@)+& £ 0. 0

% \{0}

Proposition 3.17 Letz* € G, (T*,A*) € RP*"x L such that f(z*) € —W(T™*, A*).
Then f(x*) is simultaneously a minimal point to the primal problem (VO) and a
mazimal point to the dual problem (D}%9).

Proof: Let z* € G, (T*,A*) € RP*" x L and f(z*) € —W(T*, A*). The latter
means

f(z*) € min { U (/) = T*o} + U{T*x+A*g(x)}}. (3.11)

RZJ
+\{0} vER™ xeX

If f(x*) is not a minimal point to the primal problem (VO), then there exists x € G
such that
fle) < f(@")
RE\{0}
As mentioned before, it holds A* € L, « € G implies A*g(x) < 0. Consequently, we
&
have f(z) + A*g(z) < f(z*), or, equivalently,
RE\{0}

fla) =Tz + Tz +ANg(x) < f(z").
B2\ {0}

But

fl@) =Tz + Tz +Aglx)e | J{fv) - T 0} + [ J{T"z+ Ag(2)},
veER™ rxeX

which is a contradiction to (3.11). Therefore f(z*) is a minimal point to the problem
(VO). Moreover, if f(z*) is not a solution to (D%9), then 37 € U -
(T,A)ERPX7 X L
(T, A)} such that f(z*) < 7. Let (T,A) € RP*" x L such that § € —U(T, A).
®7\{0}

From Ag(z*) < 0 follows
&

v > flx")+ /~\g(x*) = f(z*) — Tz* + Ta* + Kg(x*),

R\ {0}

which contradicts the fact that y € f\TI(T, /NX) in the same way as before. Accord-
ingly, f(x*) is a solution to (D%9). O

3.1.4 Duality via conjugate maps with vector variables

This subsection aims to investigate some special cases of dual problems based on al-
ternative definitions of the conjugate maps and the subgradient for a set-valued map
having vector variables. In Definition 3.3, if we choose U := [t,...,t]T € RP*" for
t € R", as a variable of the conjugate map, then this reduces to the definition used
in this subsection. Remark that duality results for vector optimization developed by
Tanino and Sawaragi (see [75] and [82]) are essentially not distinguishable in both
cases. Let us recall first definitions of the conjugate maps with vector variables (cf.
Definition 3.3).
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Definition 3.6 [/2, Definition 7.2.3] (the type II Fenchel transform)
Let h : R™ = RP be a set-valued map.

(i) The set-valued map h* : R™ = RP defined by

h:(\) = max Mx), —h(x)|, e R
= e, U ((\T2), — h(a)

is called the (type II) conjugate map of h;

(i) The conjugate map of hy, hy* is called the biconjugate map of h, i.e.

h**(x) = max Mz, —hE(N)|, zeR™;
F o= U ((AT2), = by (V)]

(i) X € R™ is said to be a subgradient of the set-valued map h ot (T;7) if § € h(T)
and

7— (M%), € min h(z) — (ATx),),
O7a), & min, U fita) = (37,

where (ATz), = (\Tz,...,\Tz)T € RP.

Like in Subsection 3.1.3, let f : R® — RP, g : R™ — R™ be vector-valued functions
and X C R™. Consider the vector optimization problem (VO). Based on the pertur-
bation functions introduced in Subsection 3.1.3, let us suggest some dual problems
having vector variables. For convenience, in this subsection we use the following

notations.
f(x), zeX, g(x) <u,
o1 :R" X R™ = RP U {400}, ¢1(z,u) =

400, otherwise;

n n r+v), Z’GG,
2 i R XR" = RPU{+oo}, ¢a(,v) = {{:-(oo ) otherwise;

w3 R" X R" x R™ — RP U {+c0},

RT

flz+v), zeX, g(x) <u,
p3(x,v,u) = {

+-00, otherwise.
Let us notice that throughout this subsection instead of ¢j,, i = 1,2,3 we write

o, i=1,2,3.

Lagrange duality. By using a dual objective map having vector variable with
respect to 1, the Lagrange dual problem to (VO) was introduced in [81] (see also
[75]). Let us now explain how one can obtain this dual. Such analysis is usable for
further calculations.

Lemma 3.4 Let A € R™. Then

min {(A\Tz),| z € R™} =
i (07| » € RY)

{0}, if A >0
Ry
a, otherwise,
where (\Tz), = (A\Tx,..., \Tx)T € RP.
Proof: Let z € Hl\i{Il}{()\Tx)M z € R7}. Then 3z € R such that z = (A\Tz), and
RZ\{0

it holds
\Tz), # (\2),, Vo e RY,
R%\{0}
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or, equivalently,
Mz <Az, Vo € RY.

0, if A > 0;
In other words, it holds ATZ = min ATz. Since inf Xz = R
eeRY z€RY —o00, otherwise,
we obtain the conclusion. O

Proposition 3.18 Let A € R™. Then

oo = | B {09, sz ex}, <o

a, otherwise.

Proof: Let A € R™. Then by definition

010,N) = max {(\Tw), —¢1(z,u)| z € R", u e R™
1(0,0) Ri\a{o}{( w)p — ¢1(x,u)l }
= max {(\Tu), — € X, <ul.
N {( u)p — f(x)] = g9(x) 5 u}

Setting @ := u — g(z), we have

ei00) = max {(\g(@)), + (W), ~ fx)] v € X, 7 RY
= e {{(Wg@)y — f(2)] 2 € X} +{(WTa)y| w € RY} .

In view of Lemma 3.1(i) and Lemma 3.4, one has

Gi0.) C  max {(Ng(x)), — f(@)] o € X} + max {(Au)y| u € B

RT\{0}
= max {\Tg(z)), — f(z)| z € X} — min {(-=\Tu),| ue R?”
e (), — )] € X) i (X w € )
max {(\g(z)), — f(z)| z € X}, if A <0;
[ e (0T~ @l e XY A
a, otherwise.

It remains to show for A < 0 that
R
m

Rgf\%}{(/\Tg(af))p — f(@)] # € X} € ¢7(0,A).

Lety € Rrpp\z?%}{()\Tg(x))p—f(x)| x € X}. Thismeans § € {(A\Tg(x)),— f(z)| z € X}
and :

g £ (@), - f(x), Vo e X. (3.12)
R?\ {0}

Choosing u = 0, we can verify that

§=7+0T), € {{(\Tg@)), — f@) 2 € X} +{(\Tw)y| u e R},
On the other hand, since ()\Tu)pRgp 0, Yu € R, one has § >+ (ATu), and by
(3.12) it holds :

g+ ), £ (Ng(@),— f(x) + (\Tu),, Vo € X, Yu € RT.
%2\ {0}
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Consequently, we obtain that
7 £ (\Tg(2), — f(@)+ (A\u)p, Vo € X, YueRT.
RE\{0}

In other words § € ¢ (0, A). O

In this case the dual problem to (VO) can be written as

(DF%)  max |J |- ¢i0N)]

REMO} \ cgeom

= max min T rzeX
Ri\{ongo min (/) = (gl =  X)

= max min T re X}
Ri\{o}kgo i (@) + OTg(@), | € X)

Proposition 3.19 [75, Theorem 6.1.4]

(i) The problem (VO) is stable with respect to o1 if and only if for each solution

T to (VO), there exists a solution X € R™ with A\ > 0 to the dual problem
RT

DVYOY such that
L

f(z) € m\l{rg)}{f( )+ (ATg(x))p| @ € X}

and \Tg(z) = 0.

(ii) Conversely, if T € G and A € R™ with X\ > 0 satisfy the above conditions,
R

then T and X are solutions to (VO) and (ﬁ}jo), respectively.
Remark 3.2 Let p = 1 and the assumptions of Theorem 1.3 (see Section 1.1)

be fulfilled. Then Proposition 3.19 coincides with the optimality conditions (cf.
Theorem 2.9 in [16]) for the Lagrange dual problem in scalar optimization.

Example 3.1 Consider the vector optimization problem
(VOy) mln {(ajl,xg)\ 0<z; <1, z; €R, i =1,2}.

R\ {0}

Let us construct the Lagrange dual problem to (VO;). Before doing this, in view

of (DY), for A > 0, one has to calculate
i

m\l{rg)}{f( z) + (Ag(x))y| © € X}.

Let A = (A1, A2, A3, M) € R* and the function g : R? — R* be defined by g(z) =
(—x1,71 — 1,—29,29 — 1)T. In other words, we have

. 1 — MT1 +>\2(1‘1 —1)—/\3$2+)\4($2—1) ‘ T 2
R
R%l\l{l(l)} { ( To — )\1!171 —+ )\2(1?1 — 1) — AgIEQ —+ )\4(IE2 — 1) (1‘1,1'2) < ’

or, equivalently,

. (A2 — A+ Dz + (Mg — A3)xe ) T 2 } < Az + Ay )
, eR — .
Rim\lg)} { < (A2 = A1)z + (Mg — A3 + 1) ’ (@1, 22) A2+ M\
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Let

B — A=A +1 A=A
r= A=A M—A3+1 )"

Taking into account Theorem 11.20 in [50], if 3p € int R% such that (see also
Lemma 3.6 in Subsection 3.2.2)

pt'By =07, (3.13)
then Rgn\'{n}{Blﬂ r € R?} = {Byz| z € R?}. If (3.13) is not fulfilled, it follows that
0
+
min {Bz| z € R?} = @. Moreover, from (3.13) follows
RZ\{0}

{ A2 = A1+ Dpr 4+ (Aa —A)pe =0
(A —A3)p1 + (A — Az +1)pe = 0.

Consequently, we have

1
H1 + 2

M2

A=A+ .
p1 4 2

, Az =M+

Let us define the set

lez{AeRﬂaueimRi such that Ay = Ay + —F1 g = A, + 12 }
1+ 2 1+ po

In conclusion, we obtain the Lagrange dual problem (lA)‘L/Ol) as follows.

A=A+ 1Dxg + (Mg — A3)xo A2+ Ay T 2
— , eR*>.
Rlzf\%{}é} A>0 {< (A2 = A)z1 + (A — Az + 1)z2 A2 + Ag ‘ (@1, 2)
Ry
A€Ly

Let Z = (0,0)” € R? and X\ = (A1, A2, A3, \a)” € Ly be vectors such that A > 0 and
=l
ATg(Z) = 0. Then, from AT g(z) = 0 follows Ay +§\4 =0. As 5\2_, A4 > 0, this implies

that Ao = Ay = 0. Moreover, as A € L1, it holds A\; = #1?#27 A3 = M‘fw. In other

A3 =1—a, 0 < a < 1. On the other hand, it is clear that

N — oy e M1
Wor =a:=
ords, A\ = « TP

f@) = (0,07 € Rgn\ig}{f(w) +(MTg(x))2| = € R*}

{ ( MZ{M Ei;if; ) ‘ (z1,22)" € R? }

p1tpe

{ <(a;y1)y>‘yeR }7 0<a<l.

According to Proposition 3.19(ii), # = (0,0)T and A = (a,0,1 —,0)T, 0 <a < 1
are solutions to (VO;) and (D} 1), respectively.

Fenchel duality. Before considering the dual problem, we need the following
assertion.

Lemma 3.5 Lett € R" and Y C R™. If the set gp\z?x}{(th)M x €Y} # 2, then
R” \{0

s (72| 2 € V) = {(mgs 7))



70 Chapter 3. Conjugate duality for vector optimization with applications

Proof: Let t € R™. By assumption, there exists Z € Y such that

t'z), £ (t'z),, VzeY,
&2\ {0}

or, equivalently,
tTz>tTe, Yz eY.

Therefore tT7 = max T z. O
€Y

Proposition 3.20 Lett € R™. Then

fp () = (mintTz),, if R1,{3:1\&{)5}{(*tTﬂﬂ)pl xeG}#2,
a, otherwise.

903(0775) = {

Proof: Let t € R™. By definition

* O,t t} , n7 n
©3(0,t) = Rline{xo}{( v)p — pa2(z,v)] z € R™, v R }
= ¢! — flx+t €eG, veR";.

R%n\z%} {( V)p (x+t)]x v }

Substituting v := x + v, we get

P3(0.0) = e {(70)y— (T0)y ~ f() 2 € G, 0 € R}
= e {{(70), — S@)] 0 R} + (1T | € G},

According to Lemma 3.1(i), it follows that

5(0,t) € max {(tTv), — f(v)| v € R"} + max {(—tTz),| z € G}.
F3(0.) € s ((70), S0 0 €7} 4 e (47| 2 < )

It is clear that unless max {(—tTz),| = € G} # @, ¢3(0,t) = @.
R\ {0}

Since max {(—tTz),| * € G} # @, by Lemma 3.5 it holds
RE\{0}

Rgl\af{)é}{(_th)H v € G ={(— mégth)p}~

In other words

p5(0,t) < Rgl\a{%}{(tTv)p = f()|veR"} = (mint"z),

* . T
= fp(t) — (mint"z)p.
— * . T
Let now g € f(t) — (gggt x)p. Then

ve g {{t70), = £0)] v € R"} — (mint"a), }.

This means that

g % (t"v),— f(v) — (mint'z),, Yv € R",
R?\{0} zeG
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Moreover, from

(tTv), — f(v) — (mint''z), > (tTv), — f(v) — (t'z),, Vo € G, Yv € R",
zeG R:‘J’r

follows
tTv), — f(v) — (tTx), # 7, Vr G, Yo eR"
R%\{0}

Whence g € ¢35(0,1). O

The Fenchel dual problem can be stated now as follows.

DY© max [—(p* O,t}
(Dp") R0, 2(0,¢)
= max [— £(t) + (mint’z }
REA{0}, 5, » (1) (acEG o

From Theorem 3.2 and Proposition 3.20 follows the following assertion.

Proposition 3.21

(i) The problem (VO) is stable with respect to oo if and only if for each solution
T to (VO), there exists a solution t € R™ to the dual problem (DY) such that

£(2) € ~f3 () + (min "), (3.14)
and t'% = mint’ z.
zeG
(i1) Conversely, if T € G and t € R™ satisfy the above conditions, then T and t

are solutions to (VO) and (ﬁ%o), respectively.

Remark 3.3 Let p = 1 and the assumptions of Theorem 1.1(iii) be fulfilled. Then
Proposition 3.21 is nothing else that the optimality conditions (cf. Theorem 2.10
n [16]) for the Fenchel dual problem in scalar optimization.

Fenchel-Lagrange duality. The last dual problem in this section is constructed
by using the perturbation function s.

Proposition 3.22 Lett € R™ and A € R™. Assume that m\ztx}{()\Tg(x)—th)M x €
R2\{0

X} # 9, then
f2(t) + (max[M\Tg(z) — tTx]),, if A < 0;
ZICESVER S v
a, otherwise.
Proof: Let t € R™ and A € R™. By definition
©5(0,t,A) = max {(tTv)p + (M), — p3(z,v,u)| 2 € R" v € R"u € Rm}
R2\{0}
= max {(tTv)p + (M), — f(z+v)| r€ X,ve R, g(x) < u}
R2\{0} R

= max ) J {70+ OTu) — fla )] g(e) < uf.

RP
+\{0} zeX veR? +
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Taking @ := u — g(z), one has

e300 = max U U {070y + 0@y + OW70), — fla o) 7 RY )
+ zeX veER?
= m\{X}Q{U{ + (\Tg(@))p = f(z+v) + {(\Ta)| @ € Ry}

max M), + {(\Ta),| a e RT
Ri\{o}ﬂk (&) + {(\T@),| 7 € RY)

+ {(t"0), — @ +v) v e R
Setting now v := x + v, this implies that

20,6,\) = AT Ma),| aeR™
?5(0,,3) Rgl\a{g}xﬂ{( g@))p +{(\Ta)y| 4 € RT)

+ {(t"), — (tT2), — f0)| v € R"}

= o U {7 g(@))y = (T 2)y + {(\T )| @ € RY)

+ {(70), - f(0) D R"}}

= {{(ATu)p\ u e R™Y + {(tTv), — f(v)| v € R"}

+ {(\Tgl@) - t7a)y| v € X},

Consequently
20,t,A) C  max {(\Tu ue RY
©5( ) < \{0}{( )l }
+  max {(tTv f(0)] veR"™
\{0}{( )p ( >| }
+  max {(\T tTx),| =z € X}.
\{O}{( g(x )) —(t )p| }

Moreover, one can easy verify that

m&%}{(/\T 9(2))p = (t"2)p| © € X} = {(max[\"g(z) — t7a]),}.

By Lemma 3.4, we conclude that

F3(8) + (max\Tg(z) — 17a]),, i A < 0;
e300 g " z€X ? R7
g, otherwise.

Let us now show the converse inclusion. Let t € R®, A < 0 and
R
ye fyt)+ (m%x (AN g(z) — tTz]),. Then it holds
reR™

ye s {7 v)y — F(0)| v € R} + (max]\"g(x) — ¢"a]), }.

In other words

g £ (t70),— f(v) + (max[\"g(x) - "a]),, Vo € R™.
Ri\{O} zeX
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Since

(tT0)p = f(v) + (AT g(z) — t72), = (tTv)p — f(v) + (glg}g[/\Tg(m) —tTa])p, Vo € X,

we conclude that
TS tTv), — f(v) + (N g(x) —tTx),, Vo € X,v € R,
RE\{0}
or, equivalently,

g+(\Tu), £ ()= f)+(ATg(2)—tTz),+ (AN u)p, Vo € X, Vv € R™, Vu € R,
&2\ (0}

On the other hand, because of (A\Tu), < 0, Yu € R, it holds
R

g > 7+ (Nu),, YueRT,

P
R

Hence we obtain that
g £ ("), — fv)+ (\g(x) —tTa), + (\Tu),, Vo € X, Yo € R", Yu € RT.
RE\{0}

Therefore § € ¢5(0,¢, A). O
As a consequence, we can suggest the following dual problem to (VO)

OF)  max )| -@0.2)
M }(t,)\)eR"me

— ok t : tT o )\T
RN} U [ = S50+ ainle" = XTg(a)), |
A <0

gm

- max [ [— f;(t)+(£réi§[tT:c+)\Tg(x)])p]
teR™

A>0

NG
According to Theorem 3.2 and Proposition 3.22 one can state the following result.

Proposition 3.23

(i) The problem (VO) is stable with respect to w3 if and only if for each solution
T to (VO), there exists a solution t € R™, A € R™ with A > 0 to the dual

R
problem (DY%9) such that ’
(@) € = f3(®) + (min[z + N g(2)]), (3.15)
Moreover it holds
tr'z + Mg(z) = min[t"x + A\Tg(x)] and X'g(z) = 0. (3.16)

zeX

(ii) Conversely, if T € G and t € R™, X\ € R™ with X\ > 0 satisfy (3.15)-(3.16),

m
RY

then & and (t,\) are solutions to (VO) and (lA)XLO), respectively.
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Remark 3.4 In the scalar case Proposition 3.23 is nothing else than the assertion
dealing with the optimality conditions for the Fenchel-Lagrange dual problem (cf.
Theorem 2.11 in [16]).

Finally, we show some relations between dual objective maps investigated in this
subsection.

Proposition 3.24 Let t € R™ and X\ € R™ with A < 0. If max {(—tTz),| = €
RT RE\{0}
G} # @ and max {(\g(x) —tTz),| v € X} # @, then
22\ {0}
©5(0,1) € 50,4, A) — RE.

Proof: Let t € R™ and A < 0. Assume that z € ©3(0,t) = f;(t) — (miél tTx),. Since
zE

Ry
g(x) <0, for z € G one has —A\Tg(z) <0, Vz € G. After adding t"z in both sides,
R
we have

in[tTz — AT < min[tTz — \T < mint”
min[t" 9()] < minft"z g(z)] < mint" =,

or, equivalently,
—(mint'z), < —(min[t'z — Ag(2)]),.

z€G R? zeX
ThlS means ‘ha‘

—(mint"z), € —(mint"z — \Tg(2)]), — RE.

z€G z€X
Therefore

2 € f3(8) = (min[t"z — AT g(x)]), — RE.
In other words z € ¢5(0,t,\) — RE. O
Proposition 3.25 Lett € R™ and A € R™ with ARgm 0. If the set f;(t) is externally
stable and Rgl\a{}é}{()\Tg(m) —tTz),| x € X} # @, th+en

©1(0,A) C 93(0,t,A) —RL.
Proof: Let t € R™ and A < 0 be fixed. Then it is clear that
R
©H0,A) = max {\Tg(z)), — f(x)|ze X
1(0,2) Rg\{o}{( (@)p — f(2)] }

{(ATg(2))p — f(2) 2 € X}
{(tT2)p = f(@)] x € R} + {=(tTx = ATg(2)),| = € X}

NN

On the other hand, in view of the relation

"z = A\g(2))y| @ € X} € —min(p"x — Ng(2)), — R
and by the external stability of f,(t), we have

#10,0) S fi(t) =R —min(p"z — Mg(2)), —RL
f5(t) = min(p"z — ATg(x)), — RL

#3(0,8,0) — R
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3.2 Applications

The dual problems introduced in Section 3.1 allow us to define some new gap func-
tions for the vector variational inequality. In order to prove the properties in the
definition of a gap function for this kind of variational inequalities, the duality
assertions discussed in Section 3.1 are used.

3.2.1 Gap functions for the vector variational inequality

Let F' : R® — R™*P be a matrix-valued function and K C R"™. The vector variational
inequality problem consists in finding z € K such that

(VVI) Fx)'(y—z) £ 0, VyeK.
R%\{0}

Definition 3.7 (c¢f. [23] and [42]) A set-valued map v : K = RP is said to be a
gap function for (VVI) if it satisfies the following conditions:

(i) 0 € y(z) if and only if x € K solves the problem (VVI);

(i) 0 # Ay). Vye K.
%\ {0}

For (VVI) the following gap function has been investigated (see [23])

2 (x) = F(a)" (z - €Ky
W) = e {F@) (@~ )]y € K}

Recall that v4V! is a generalization of Auslender’s gap function for the scalar
variational inequality problem (cf. [8]).

On the other hand, the dual problems and duality results investigated in Subsection
3.1.3 allow us to introduce some new gap functions for (VVI). We remark that
x € K is a solution to the problem (VVI) if and only if 0 is a minimal point of the

set {F(m)T(y —x)|y € K}. This means that z is a solution to the following vector

optimization problem

(PYVha) i {F@) (- 0)y € K.
+

Let € K be fixed. Setting f.(y) := F(x)"(y — x) instead of f in (D}©), the
Fenchel dual problem to (PV"?; ) turns out to be

(DYVE ) max U min { U {(F(z)T =T)y} - F(x)Tz+ U {Ty}}

RE RE
+\{0}T6RPM L\{o} yER™ yeK

We define the following map for any = € K

@)= |J 950.T5a),

TeRpXxn

where ®3(0, T; z) is defined by

<I>2(OTx—max{U{T F(z)")y}+ F(z)Tz + U{ Ty}}

+\ {0} yER™ yeK

Theorem 3.3 Let for any x € K the problem (PVV1;x) be stable with respect to
®5(0,+;x). Then vV is a gap function for (VVI).
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Proof:

(i) Let x € K be a solution to the problem (VVI). As the problem (PVV{;z) is
stable, by Proposition 3.12(i), there exists a solution T, € RP*" to (D%"/;x)
such that _

fo(z) =0 € —®5(0,T,; ). (3.17)

In other words, 0 € 53 (0,T,; ) and this implies that

0e |J @5(0,752) =45V ().
TeRpxn

Conversely, let x € K and 0 € 5.V (x). Hence, there exists T,, € RP*" such
that

0 € ®5(0, Ty; ) or, equivalently, 0 = F(z)” (z — z) € —®3(0, Ty; ).

According to Proposition 3.12(ii), x is a solution to (PVV/;x) and also to the
problem (VVI).

(ii) Let y € K be fixed. Then in view of Proposition 3.11, for any 7" € RP*™  one
has
fy(2)+& £ 0, VzeK, Ve @3(0,T;y),
REA\{0}

or equivalently,

F)T(z—y)+€ £ 0, VzeK, V¥ee [(J 5(0,T5y) =1V (y).
B2\ {0} TR

Setting z = y, we get

€ £ 0, VEepr i(y).
RZ\{0}

O

According to Proposition 3.4, we can mention the following result relative to the
stability with respect to ®(0,;x), = € K.

Proposition 3.26 Let for any © € K the set m\l{n}{F(x)Ty| y € K} be externally
RZ\{0

stable. Then the problem (PVV1;x) is stable with respect to <AI;2(O, 5 x).

Let us remark that in connection with the Fenchel dual problem we denote 7%V as

the Fenchel gap function for the vector variational inequality (VVI). Let now the
ground set K be given by

K= {a: € R"| g(z) < o},

m
RY

where g(z) = (g1(2), ..., gm(x))T, g; : R* — R. Before introducing two other
gap functions, let us state the Lagrange and Fenchel-Lagrange dual problems for
(PVVI:z). Taking f, in ®3(0,A) and ®3(0,T, A), respectively, we have

(DYV;x) max U min { U {=Aq} — F(x)Tx

RE\ {0 RE\{0
MO} e BEMOY U 0

+ J{F@)Ty - Ag(y)}}

yER™
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and

(Dpr'se)  max U _nin { U -Ag}-Fo)e
M }(T,A)ERPX"XRPXm MO} qERT

+ UIFE@T -y + | 1Ty - 29w}
yeR? yeR”
We introduce the following maps, for any = € K, as follows
W@ = (J @10,A52),
AERPXm

where we define

210, 450) = max { U {0} + F@)"e 4 {Agly) - F) T}

qeRY yeR™
and B
vt (@) == U ©3(0,T, As ),
(T,A)ERPX 7 x RPX™
defining
850,702 = max { |J {Aqt+F@)Tz+ |J (T - F@) )y}
RE\{0} n
q€R+ yeR
+ U {Ag(y)—Ty}}-
yeR”

Like in the proof of Theorem 3.3, by applying the duality assertions in Subsection
3.1.3, for (DY©) and (D}9), respectively, the following theorem can be verified.

Theorem 3.4 Let for any v € K the problem (PVV1;x) be stable with respect to
®1(0,52) and ®3(0,-;z), respectively. Then v¥ V! and y%Y! are gap functions for

(VVI).

The origin of these new gap functions for (V'VI) justifies to call them as Lagrange

gap function 'yZVI and Fenchel-Lagrange gap function 7}/2/1 , respectively.

3.2.2 Gap functions via Fenchel duality

According to the results in Subsection 3.1.4, we can suggest further class of gap
functions for (VVI). In this subsection, we restrict the construction of a gap function
to the case of Fenchel duality. As mentioned before, for a fixed x € K we consider
the following vector optimization problem relative to (VVI).

(PYVT 1) min {F(:E)T(y—x)| Y € K}.
REA\{0}
For a fixed z € K, taking F(z)T (y — x) as the objective function, (ﬁ%o) becomes

DYV g max { min [(F(z)? (y—2)—(t"y),| y € R"]+ (mintTy }
(Dp* s x) 0 Y R{i\{o}[( (@) (y—z)=(t"y)y| J+ (mint7y),

We need the following auxiliary result.

Lemma 3.6 Let M € RP*™. Then

{My| y e R"}, if3p€int R such that p"M =07,
1%/ otherwise.

min {My|y e R" :{
Ri\{o}{ | }

7
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Proof: Let M € RP*" be fixed and § € R™. According to Theorem 11.20 in [50],
Mij e m\l{n}{My\ y € R™} if and only if 3u € int RY such that
RZ\{0

pI My <y My, Yy € R™. (3.18)
As - T’
: T _ 0, pe M =07,
ylenﬂgn wo My = { —o00, otherwise,

My € gn\l{n}{My\ y € R™} if and only if 3u € int RY such that
RZ\{0

p'M =0T, (3.19)
This means that under the above assumption each § € R™ is a solution to (3.18).00
Let C :=[t,...,t] € R™*P and for a fixed z € K the set N(z) be defined by
N(z):={t € R"| 3p € int R such that (F(x)—C)u = 0}.
In view of Lemma 3.6, one has

IA)VVI;J" max —F@) e+ {(F(z)-C)T € R"} 4 (min ¢ )
DFa) gy U {F@Te (@ -0y €RY+ g vl f

Let us introduce for x € K the following map

V(@)= F@) e+ | [{C - F@) ]y €R"} — (mint"y),].
teN(x)
Theorem 3.5 Let for any x € K the set Rlljn\ig)}{F(x)Tm y € K} be externally
stable. Then 33.V1 is a gap function for (VV}).
Proof:
(i) Let € K be fixed. As the set R’?l\iﬁ)}{F(x)Tm y € K} is externally stable,

by Proposition 3.26 the problem (PYV!:z) is stable. Taking F(x)T(y — z)
instead of f(y) in f;(t), by Lemma 3.6, we have

L) = Rrpf%}{(tTy)p —F(x)"(y—z)| y e R"}
= F(2)'z - Rgl\ig)}{(F(x) - O)'yly e R}

= F(o)'z—{(F(z) - O)"yl y e R"},
where C' = [t,...,t] € R"*P and ¢ € N(z). Then (3.14) is equivalent to
0 —F(2)"z+{(Fz) - )yl y € R"} + (mint'y),. (3.20)
y
Let Z € K be a solution to (VVI). By Proposition 3.21(i) and (3.20) it follows
that 0 € y4V1(z). Let z € K and 0 € 3%V !(z). Then 3 € N(z) such that

0€ F@)'z+{(C-F@)"ylyeR"} - (nain ty)p,

where C' = [t,...,{] € R"*P. Taking into account Proposition 3.21(ii) and
(3.20), 7 is a solution to (PVV!; z). Consequently, Z solves the problem (VVI).
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(ii) Let y € K. Choosing as T := [t,...,t]1 € RP*" by Proposition 3.11 and
Proposition 3.20, it holds

Fiy)'(z—y)+& £ 0,VzeK, VEe fi(t) — (mint"y),, t € N(y),
R%\{0} yeK

or, equivalently,

Fi)T(z—y)+€ ¢ 0, VzeK, VeEeqrVi(y).
E?\ {0}

Setting z = y, one has

€ £ 0, veeFEV(y).
RZ\{0}

O

Remark 3.5 In the case p = 1, the problem (VVI) reduces to the scalar varia-
tional inequality problem of finding x € K such that

(V1) F(z)(z—y) 20, y € K,

where F' : R" — R" is a vector-valued function. Let x € K be fixed. By the
definition of the set N(z), there exists p > 0 such that (F(x) — t)u = 0. Therefore
it holds F(x) = t. Consequently, the gap function for the variational inequality
becomes

1! (z) = F(x)Txﬂglgg(—F(fc)Ty)

= F()T (2 —
max F(2)” (2 —y),

which coincides with Auslender’s gap function (see [2] and [8]).

1 0

Ezample 3.2 Let F = ( 0 1

) be a constant matrix and

K={(z1,22)T €eR?|0<2; <1, 2, €R, i =1,2}.

We consider the vector variational inequality problem of finding € K such that

(Vv (é ?)(y—x) £ 0, Wyek.
R2\{0}

Let us describe 5.V for (VVI;). Let = (z1,72)T € R? be fixed. First we consider
the set-valued map W : R? = R? given by (cf. (DLY;x))

W (z1,22) = in\l{%}{F( o) (y —x) — (t"y)2| y € R*}.

Then
10 Y1 — T1 t1y1 + tayo ‘ T 2
Wiz, = — , eR
(r1,e2) = m\l{%}{( 01 )( y2 — > ) ( i+ tag ) | 0

—ay — by —t
_mln{(yl LT 2y2)‘(y1,yz)TeR2}

Yo — T2 — t1y1 — tay2

(1 =ty — toye >‘ . 2} (x1>
N ) eR — )
m\l{o} { —t1y1 + (1 —t2)yo (y1,2) v
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1—-t; —t2

If 3p = (p1, p2)” € int R2 such that (u1, o) < . 1—ty

(1 —t1)pr — tipo =0
—topr + (1 —ta)pe =0,

wienen ={ (S ) Jomm e - (21)

> = 0, or, equiva-

lently, { then, by Lemma 3.6, it holds

As (p1, p2) € int Ri, it must to be (1 _ttl) (1_% ) ‘ = 0. As a consequence,
—t2 — 12
one has
ti +to =1 and topug = tipe.
Whence
~VVI 1 t(y2 — 1) ) T 2
r) = + , eR
Tr (z) ( o ) U |: { ( (1= t)(y1 — y2) (y1,92)
teEN;
i 1—1¢ in t
_ oduin (1= Dy + min tys
D] — 2 ,
R

where the set IV is defined by
Ny :={t € R| Ju € int RY such that (1 —#)uy = tus}.
Moreover, as N1 = (0,1), we conclude that

" @) = ( o )* U {( ¢ g ) ver}

te(0,1)



Chapter 4

Variational principles for
vector equilibrium problems

In this chapter we focus on the construction of set-valued mappings on the basis of
the so-called Fenchel duality, which allow us to propose some new variational prin-
ciples for vector equilibrium problems. First we present some notions and results
regarding conjugate duality in vector optimization based on weak orderings, which
are due to Tanino [84] and Song [78]. Under certain assumptions, in order to char-
acterize the solutions for vector equilibrium problems, set-valued mappings on the
basis of Fenchel duality depending on the data, but not on the solution sets of vector
equilibrium problems, are introduced. In conclusion, by applying these results, we
investigate gap functions for the so-called weak vector variational inequalities.

4.1 Preliminaries

Let Y be a real topological vector space partially ordered by a pointed closed convex
cone C' with a nonempty interior intC' in Y. For any &, € Y, we use the following
ordering relations:

E<p & p—E€int C;
ELp & p—&¢int C.

The relations > and # are defined similarly. Let us now introduce the weak
maximum and weak supremum of a set Z in the space Y induced by adding to Y
two imaginary points 400 and —oo. We suppose that —oco < y < 400 for y € Y.
Moreover, we use the following conventions

(£oo)+y=y+ (foo) =toco forally €Y, (£o0)+ (Foo) = to0,
A(F00) = %00 for A > 0 and A(Fo0) = Foo for A < 0.

The sum +o00 + (—o0) is not considered, since we can avoid it.
For a given set Z CY, we define the set A(Z) of all points above Z and the set
B(Z) of all points below Z by

A(Z) = {y €Y|y >y for somey € Z}

and .
B(Z) = {y €Y|y <y for somey € Z},

respectively. Clearly A(Z) CY U {400} and B(Z) CY U {—o0}.

81
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Definition 4.1 A point § € Y is said to be a weak mazimal point of Z C Y if
ye€Z andy ¢ B(Z), that is, if Yy € Z and there is no y € Z such that § < y.

The set of all weak maximal points of Z is called the weak maximum of Z and
is denoted by WMax Z.

Definition 4.2 A point §j € Y is said to be a weak supremal point of Z C Y if
y ¢ B(Z) and B({y}) C B(Z), that is, if there is no y € Z such that § <y and if
the relation y' <y implies the existence of some y € Z such that y' < y.

The set of all weak supremal points of Z is called the weak supremum of Z and
is denoted by WSup Z. Remark that WMax Z = Z N WSup Z. Moreover it holds
— WMax(—Z2) = WMinZ and — WSup(—2) = WInfZ, where a weak minimum
and a weak infimum can be defined analogously to the maximum and supremum,
respectively. For more properties of these sets we refer to [83] and [84].

Now, we give some definitions of the conjugate mapping and the subgradient of
a set-valued mapping based on the weak supremum and the weak maximum of a
set. Let X be another real topological vector space and let £(X,Y) be the space
of all linear continuous operators from X to Y. For z € X and | € L(X,Y), (I, z)
denotes the value of | at x.

Definition 4.3 (see [84]) Let G : X =Y be a set-valued mapping.
(i) A set-valued mapping G* : L(X,Y) =Y defined by
G*(T) = WSup | J [<T,x> - G(x)}, for T € L(X,Y)
recX
is called the conjugate mapping of G.
(ii) A set-valued mapping G** : X =Y defined by
G**(x) = WSup U [(T, x)y — G*(T)}7 forze X
TeL(X,Y)
is called the biconjugate mapping of G.
(i) T € L(X,Y) is said to be a subgradient of the set-valued mapping G at (zo;yo)
if yo € G(zo) and

(T, z0) — yo € WMaz U [(T, x)y — G(x)}

zeX

The set of all subgradients of G at (xg;yo) is called the subdifferential of G at
(z0;yo) and is denoted by G (xo;yo). If 0G(xo;y0) # @ for every yo € G(z0), then
G is said to be subdifferentiable at xg.

We present now the conjugate duality theory for vector optimization developed
by Tanino [84]. Let X and Y be real topological vector spaces. Assume that Y is
the extended space of Y and h is a function from X to Y U{+oo}. We consider the
vector optimization problem

(P) Winf{h(z)|z € X}.

Let U be another real topological vector space, the so-called perturbation space.
Let ®: X x U — Y U {400} be a perturbation function such that

®(z,0) = h(z), Yz € X.
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Then the perturbed problem considered here is
(P,) Wlnf{q>(:c,u)| ze X},

where u € U is a perturbation variable.
Definition 4.4 The set-valued mapping W : U = Y defined by

W (u) = WInf(P,) = WInf{@(x,uﬂ = X}
is called the value mapping of (P).

It is clear that WInf(P) = W(0). The conjugate mapping of ® is
O*(T,A) = WSup{(T,x> +{Au) —P(z,u)|z e X, ue U}

for T € £L(X,Y) and A € £(U,Y). Then

—®*(0,A) = —WSup{(A,u)—@(m,u)|x€X7uéU}

WInf{(b(a:,u) (A reEX, ue U}.
A dual problem to (P) can be defined as follows

(D) wsw [47@*(0%A)]
AEL(UY)

Since A — —®*(0,A) is a set-valued mapping, the dual problem is not an usual
vector optimization problem.

Proposition 4.1 [84, Proposition 5.1] (Weak duality)
For anyx € X and A € L(U,Y) it holds

®(z,0) ¢B(—q>*(o,A)).

Definition 4.5 /84, Definition 5.2]
The primal problem (P) is said to be stable if the value mapping W is subdifferen-
tiable at 0.

Theorem 4.1 [84, Theorem 5.1], [18, Theorem 3.1]
If the problem (P) is stable, then

Winf(P) = WSup(D) = WMax(D).

Let us notice that the conjugate duality for set-valued vector optimization prob-
lems has been investigated by Song [78]. Some stability criteria in connection with
this duality can be found in [78], [79] and [84]. As mentioned in Section 3.1, the sta-
bility assertion for (P) in [84] deals with the convexity of the perturbation function
® and a regularity condition.
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4.2 Fenchel duality in vector optimization

This section is devoted to the presentation of a special perturbation function which
allows us to state the so-called Fenchel duality. Let the spaces X and Y be the same
as in Section 4.1. Assume that h is a function from X to Y U {+occ0} and G C X.
We consider the constrained vector optimization problem

(P.) Wlnf{h(x)| z € G}.

Let us choose the perturbation space U = X and introduce the perturbation func-
tion @ from X x X to Y U {400} defined by

| h(z+uw), ifzed;
(o, u) = { +00, otherwise.

Then the perturbed problem turns out to be

(P,) WInf{@(z,uﬂ xe X}.

To verify the next assertion we use the following trivial properties.

Remark 4.1 Let g: X — Y be a function and Z C X. The following assertions
are true:

(i) For any y € Y it holds
{9(z) +ylzc 2} ={g(2)| = € Z} +y;
(ii) For any set A C Y it holds

U +g@)]=A+ [J{g@)}.

z€Z zeZ
Proposition 4.2 Let T € L(X,Y). Then
o*(0,T) = WSup{h*(T) Y {(T,2)| z € G}}.
Proof: Let T € L(X,Y) be fixed. By definition

(0, 7) = WSup{(T,u) — ®(z,u)| x € X,ue X}
= WSup{(T,u) — h(z+u)| z € G,u € X}.

Setting @ := = + u, by applying Remark 4.1 and Proposition 2.6 in [84], we obtain
that

*(0,T) = WSup {{<T, @) — h@)| @€ X} + {—(T,z)| = € G}}

WSup { WSup{(T, @) — h(a)| @ € X} + {~(T,2)| z € G}}

= WSup {h*(T) +{(T,2)| z € G}}.

Consequently, we can state the dual problem as follows

(D.) WSup U WInf{ —h () +{{T,z)| z € G}}
TeL(X,Y)
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Proposition 4.3 (Weak duality)
For anyx € G and T € L(X,Y) it holds

h(z) ¢ B( - (I)*(O7T)).
Proposition 4.4 If the primal problem is stable, then
Winf(P.) = WSup(D.) = WMaxz(D,).

Remark 4.2 According to Proposition 2.6 in [84], we can use for ®*(0,7T) the
following equivalent formulations

(0, T) = WSup{{(T,u)—h(uﬂuEX}Jr{f(T,x)\xEG}}

WSup {h*(T) Y {(T,2)|z € G}}
= WSup {h*(T) + WSup{—(T,z)| z € G}}
The following result deals with the stability of the problem (P.), if the objective
function has the form h(z) = (C,z), C € L(X,Y).
Proposition 4.5 Let C € L(X,Y) and the objective function h : X =Y be defined
by h(z) = (C,x). Then the problem (P.) is stable.
Proof: Let W : X =2 Y be the value mapping defined by
W(y) = Whi{®(z,y)| z € X}
= WInf{(C,z +y)| z € G} = (C,y) + WInf{(C, z)| =z € G}.
Let z € W(0) be fixed. Then OW(0;z) # 0 means that 3T € £L(X,Y) such that
(see Definition 4.3(iii))
—z € WMax ] [(T,y) = W(y)]. (4.1)
yeX
One can notice that
WMax _J (T,y) — W(y)] € WSup | [(T,y) = W(y)] = W*(T).

yeX yeX

Let us show that (4.1) holds. By applying Remark 4.1, we have
WH(T) = WSup | J[(T,y) - W(y)]
yex
= Wsup U [(T’ y> - <C7 y> - WIHf{<C,J)>| U GH
yeX

= WSup{ —WInf{(C,z)| z € G} + {{T - C,y)| y € X}}

Taking T' = C, in view of Corollary 2.3 in [84], one has
W*(C) = WSup WSup{—(C,z)| z € G}
WSup{—(C,z)| x € G} = = WInt{(C, z)| x € G} = —W(0).

This means that Vz € W(0), it holds —z € W*(C). On the other hand, as (C,0)—z €

U KC,y) — W(y)], it follows that
yeX

—z € WMax | [(C,y) — W(y)].
yeX
In other words, W is subdifferentiable at 0. O
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4.3 Variational principles for (VEP)

Let X and Y be real topological vector spaces. Assume that K is a nonempty
convex set in X and f: K x K — Y is a bifunction such that f(z,z) =0, Vz € K.
We consider the vector equilibrium problem which consists in finding « € K such
that

(VEP) fz,y) £0, Vy € K.

By K? we denote the solution set of (V EP). We say that a variational principle
(see [5]) holds for (V EP) if there exists a set-valued map G : K = Y, depending on
the data of (V EP) but not on its solution set such that the solution set of (VEP)
coincides with the solution set of the following vector optimization problem

(Pg) WMin ] G(x).
rzeK

(Pg) is nothing else than the problem of finding xz¢ € K such that

G(z0) N WMin | J G(z) # 2.

reK

Remark that variational principles for (V EP) have been investigated in [5] and
[6]. This section aims to show how a similar approach can be extended from the
scalar case (see Section 2.2) to vector equilibrium problems. As in the scalar case,
we use the Fenchel duality for vector optimization discussed in Section 4.2.

Tt is clear that T € K is a solution to (VEP) if and only if 0 is a weak minimal
point of the set {f(Z,y)| v € K}. Let us consider for a fixed x € K the following
vector optimization problem

Redefining
5o [ fly), if (z,y) € K x K;
flz,y) = { +00, otherwise;

and setting it in (D,), the corresponding Fenchel dual turns out to be

(DVEP: 2)WSup U WInf{{f(%y)—(Tw)\ ye X} +{(T,y)] ?JGK}}
TeL(X,Y)

= wswp  |J Wt{{f(e,y) ~ (Tuy)ly € K} + {(Ty)] y € K} .
TEL(X,Y)

In view of Proposition 2.6 in [84] it also can be written as

(DVEia) wswp | Wint{ - fi(Ti) + (D) v e K3 ).
TeL(X,Y)

where [} (T;x) is defined by f5(T;2) = WSup{(T,y) — f(z,y)| vy € K}. For any
x € K, we introduce the following mapping

w@) = [ — ®,(0,T; x)},

TeL(X,Y)
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where ®7(0, T; ) = WSup {fl*( (Ti2)+{—(T,y)| y € K}} Consequently, we obtain
that

) = U [~ W {fTe) + Tyl y € K}]
TeL(X,Y)
= U wmt{-fi@o) + (Tl ye K}
TeL(X,Y)
= U wWotH{f(ey) - ()l ye K} + {(Ty)l y € K} .
TeL(X,Y)

We consider the following optimization problem

(Py) WSup U ().
rzeK

Lemma 4.1 For any x € K, if z € y,(x), then z % 0.

Proof: Let 2 € K be fixed and

cep@ = J WhE{{f@.y) - (Ty)lye K} +{({T,y) y € K}}.
TeL(X,Y)

Whence, 3T € £(X,Y) such that

ze Wt {{f(z,y) — Tl y € K} + {(Top) y € K} }.

We assume that z > 0. This relation can be rewritten as
2> f(z,2) = (T,2) + (T, ),

and this leads to a contradiction. |
Theorem 4.2 Let the problem (PVET: x) be stable for each x € KP. Then

(1) T € K is a solution to (VEP) if and only if 0 € v,(Z);

(ii) KP C KP, where K denotes the solution set of (Py).
Proof:

(i) If z € K is a solution to (VEP), then by Proposition 4.4 it holds

0 € WInf(PVE?, z) = WMax(DVEP, 7).
Whence

0€ WMax | WInf{ — R (T,5) + (T, )] y € K}}.
TeL(X,Y)

Consequently, 0 € v,(Z). Let us now assume that

0en@ = J Wi{-/ji(Ta)+(Ty)lyeK}}
TeL(X,Y)

U Wit {{s@y) - () y € K)

TeL(X,Y)

{T.y)ly € K} ).

+
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Therefore, 3T € L£(X,Y) such that

0 € Winf {{f(z,5) — (T,9) y € K} + {(T.y)| y € K}}.

Assume that 0 ¢ WInf{ f(Z,y)| y € K}. Then it is clear that
0 ¢ WMin{f(z,y)| y € K}. Hence 3y’ € K such that f(Z,y") < 0 or, equiva-

lently f(z,y') — (T,y') + (T,y') <0, which leads to a contradiction.

(ii) Let z € KP. In view of (%), we have 0 € 7,(Z). On the other hand, by Lemma
4.1, for any = € K, if z € ~y,(z), then z ¥ 0. Therefore, from z € |J 7,(x)
rEK

follows z % 0. This means that

0 € WMax U ~p(z) € WSup U ~p(T).
reK rzeEK

Whence T € K,’Y’. O

Remark 4.3 Taking instead of f the bifunction f : X x X — Y U {+o0}, the
mapping 7, can be rewritten as

@) = U Wt{fz.y) — Tyl y e X+ Tyl y € K} .
TeL(X,Y)

One can easy verify that Lemma 4.1 and Theorem 4.2 remain true in this case. This
results will be used later for applications.

Remark 4.4 Let X = R™ and ¥ = RP. Then a linear continuous operator
T € L(R™,RP) can be identified with a p x n matrix. Moreover, let us assume that
p = 1. Then for a given set Z C R, we have (cf. [83])

7€ WSup Z if and only if § >y, Vy € Z and if 3/ < 7, then Jy € Z such that
Yy <uy.
In other words, WSup Z is reduced to the usual concept of the supremum of a set
Z in R. Assume that ¢ : X x X — RU {400} is a bifunction satisfying ¢(x,x) =
0, Yz € K. We can consider the equilibrium problem which consists in finding
x € K such that
(BP)  wla,y) >0,y € K,

which is special case of (VEP). Taking ¢ instead of f in (DVFP; ), the dual
becomes

(DPF; ) sup inf {{p(z,y) - Tyl y € X} +{Tyl y € K} }
Te Xn
- inf {o(z,y) — Ty} + inf T }
Tg}ggﬂ{ylgx{w(w Y) y}+y1gK Y
- — o (@, T) + inf T }
Lo { o@D+ it Ty

where @3 (z,T) := sup{Ty — ¢(x,y)} is the conjugate function of f with respect to
’ yeX

the variable y for a fixed x. In this case, we can define the gap function for (EP)
as follows:

EP o EP, _ : * _
vi' (z) = —v(D"" 5 x) Telﬂrglfxn{gay(x,T)—FySlelg[ Ty]}7
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where v(DFP; z) is the optimal objective value of (DF¥;x). This is nothing else
that the gap function introduced in Section 2.2.

Ezample 4.1 Let u : X — Y U {400} be a given function. Let us define the
bifunction f : dom u x X — Y U {400} as f(x,y) = u(y) — u(x), where dom u =
{z € X| u(z) € Y}. We assume that K x K C dom f. Then (VEP) is reduced to

the following vector optimization problem of finding = € K such that

(P.) flw,y) = uly) —u(z) £0, Vy € K.
For any z € K, 7, turns out to be
@) = —u@) + () W {{uly) — ()l y € X} +{({Ty)| y € K} }.
TeL(X,Y)

Assuming the stability of (P,), by Proposition 4.4 it holds
Winf(P,) = WSup(D,) = WMax(D,,), (4.2)

where (D,) is the Fenchel dual problem to (P,).

Let Z € K be a solution to (P,). From (4.2) follows
u@e | Wmt{{uly) - (@)l ye X} +{({Ty)y € K} }.
TeL(X,Y)

In other words 0 € 7, (Z). The inverse implication follows analogously (see the proof
of Theorem 4.2). On the other hand, by Proposition 4.4 and Proposition 2.6 in

[84], one has WSup |J 7,(z) = {0}. If Z € K solves (P,), then as shown before
reK
0 € 9,(7). This means that K? C K?. In other words, the assertions of Theorem
4.2 are fulfilled.
Ezample 4.2 (see [79]) Let X =R, Y =R? and C = R?.. Let the vector-valued
function ¢1 : R — R? U {400} be given by

| (z,0), ifzel0,1],
r(r) = { +00, otherwise.

Introducing the bifunction f; : R? — R2 U {+oc0} as

— 2 (y) Z ((E), if (:Cay)T € [Oa 1] X [07 1}7
hil@y) = { -|-1oo, 1 otherwise,

we consider the vector equilibrium problem of finding € K = [0, 1] such that

(VEP) filz,y) =e1(y) —e1(x) £0, Yy € K.

According to 7,, we have

@) = | Wnt{{pi(y) - pi1(2) — (Ty) | y € K} +{(T'y) | y € K} .
TeL(R,R2)

This can be written as (see Remark 4.2)

@) = —pi(e) = |J Wsup {{(T.9) — ¢1()] y € K} + {~(T,0)| y € K} }
TeL(R,R2)
= —pi(2) - |J WSuwp { WSup{(T,y) — ¢1(y)| y € K}
TeL(R,R?)
+ WSup{—(T,y)| y € K}}.
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Notice that the linear continuous operator T' € £L(R,R?) has the form T = (a, 3) €
R?. Using the notations

P1(T): = WSup{(T,y) —1(y)| y € K} = WSup{(a — 1, 8)y| y € [0,1]},
PYo(T): = WSup{—(T,y)| y € K} = WSup{(—a, —B)y| y € [0,1]},

let us calculate for any T = (v, 8) € L(R,R?) the sets 11 (T), ¥2(T) and WSup{¢ (T)+
V(1) }-

(i) fa>1and >0, then

P (T)={(z,y)" €R? (x=a—-1, y<B)V(y=4 s<a-1)}

and
$o(T) = {(z,9)" €eR?[ (z =0, y <)V (y=0, z<0)}.

Whence WSup{1(T) + ¢2(T)} = 1(T).
(ii) f @« > 1 and 8 < 0, then
() = {(@,y" eR? (z=a-1,y<B)V(y=0, z<0)
Vo (y= ?
a(T) = {(x,9)" €eR?| (x=0,y<0)V(y=—p, = < —a)

v (yzgsc, —a<z<0)}

1:10, 0<z<a-1)},

Consequently, we have

WSup{t1(T) + 92(T)} ={(z,y)" €R*[ (z=0a—1, y<p)

Vv (y=—6,x§—a)\/(y=§x, —a<z<0)
v (y=a€1x,0§wﬁa—1)}-

If «a =1 and 8 < 0, then we can easy see that

WSup{¢1(T) + 92(T)} = {(z,y)" €R?[ (x=0, y <0)

\ (yz—ﬁ,xg—a)\/(yzgx, —a<z<0)}.
(iii) f 0 < a <1 and 8 > 0, then
(1) = {(zy)" €R? (z=0,y<0)V(y=p, z<a-1)
Vo (y= elm,a—lngO)},

As a consequence, one has WSup{y1(T") + ¢2(T)} = ¢1(T'). In additional, if
a =0 and 8 > 0, then it holds

WSup{y(T) + 92(T)} = {(z,y)" €R?*[ (x =0, y <0)

Vo (y =5, CCSOé—l)\/(y:aﬁl:c, a—1<z<0)}.
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(iv) 0 < a<1and 8 <0, then

w(T) = {(zy)"
Ua(T) = {(z,y)"

Vo (y=

ER? (z=0,y<0)V(y=0, z<0)},
ER (z=0,y<0)V(y=—-3, < —a)

Thus WSup{¢1(T) + 2(T)} = ¥2(T). Moreover, if « = 0 and 8 < 0, then it
holds

WSup{¢1(T) + 1o(T)} = {(z,9)" €R?| (=0, y <B)V (y=—0, 2 <0)}.
(v) If a < 0 and 8 > 0, then

i (T) = {(&,y)" €eR’| (z=0,y<0)V(y=p6 z<a—1)
3

Vo(y=——
vo(T) = {(z,9)T €eR?| (z=—-a, y<-B)V(y=0, 2 <0)

130, a—1<z<0)},

v (y:gx, 0<z<-—a)}l
@
Consequently, we get

WSup{(T) + ¢a(T)} = {(z,y)" € R?| (z = —a, y < —f)
vV (y=20, xSa—l)V(yz%x, a—1<z<0)

v (yzgw, 0<z<—a)}

(vi) If @« < 0 and 8 < 0, then
() = {(&,9)" €eR?* (z=0,y<0)V(y=0, z<0),
a(T) = {(z,9)" €R?| (r=—a, y<-H)V(y=-5 =< -a)}.
In conclusion, we have WSup{1(T) + ¢2(T)} = 2(T).

Summarizing all above cases, we obtain the complete description of ~,, .

4.4 Variational principles for (DVEP)

It is well known that (VEP) is closely related to the so-called dual vector equilib-
rium problem of finding x € K such that

(DVEP) fly,z) #0, Vy € K.

In the same way as before, we can obtain similar results for (DV EP). Indeed, let
us denote by K¢ the solution set of (DV EP). We mention that Z € K is a solution
to (DVEP) if and only if 0 is a weak maximal point of the set {f(y,Z)| y € K}.
For any x € K we consider the vector optimization problem

(PPVEE: ) WSup{f(y,z)| y € K}
= —Wnf{—f(y,z)| y € K}

In other words, we can reduce (PPV#P;x) to the following vector optimization

problem ~
(PPVEP. 1) Winf{—f(y,2)| y € K}.
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By using the extended function

7 _ —fly,z), if (z,y) € K x K
fay) = { +00, otherwise,

the Fenchel dual to (PPVEP: z) turns out to be

(DPVEP:2) Wsup | J WIHf{{f(x,y) —(Aylye X +{{A\y)lye K}}
AEL(X,)Y)

= WSuwp |J Winf{{~f(s,2) - (A}l y € K} +{{A,p)| y € K} }.
AEL(X,Y)

Whence for € K we can define the following mapping

~Ya(x) := U D%5(0,A; x),
AEL(X,Y)

where @3(0, A;z) = WSup { {f(y,2) + (A,9)| y € K} + {~(A,p)| y € K} }.

To the problem (DV EP) can be associated the following set-valued vector op-
timization problem

(D) Winf ) va(=).
zeK

Lemma 4.2 For any x € K, if z € y4(x), then z £ 0.
Proof: Let x € K be fixed and

ceque)= ) WSw {{f(n.2)+ (A y)ly e K} +{~(Ay)l y € K} }.
AEL(X,Y)

Consequently, IA € £(X,Y) such that

s e Wsup {{f(y.2) + (R.y)| y € K} + {~(R.y)| y € K} }.
Let z < 0. In other words
2 < flz,x) + (A, z) — (A, z).

This contradicts the fact that z is a weak supremal point of the set {{f(y,x) +
Ry)lye K} +{—Ru)lye K}, O

Theorem 4.3 Let the problem (PPVEP; 1) be stable for each x € K. Then
(i) T € K is a solution to (DVEP) if and only if 0 € v4(Z);
(ii) K¢ C K, where K denotes the solution set of (D).

Proof:

(i) Let € K be a solution to (DV EP). Then by Proposition 4.4, it follows that

0 € WSup(PPVEP %) = — WInf(PPVFP %) = — WMax(DPVEP: 7).
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Thus

oewWMin  |J  WSuwp{{f(y.3)+ Ayl ye K} +{~(Ay)y e K}}.
AEL(X,Y)

In other words, we have 0 € ~4(Z). Let now 0 € v4(#). Then, 3A € L(X,Y)
such that

0 € WSup {{£(y.3) + (R.y)| y € K} + {~(R.y)| y € K} }.

If 0 ¢ WSup(PPVEP; %), then 0 ¢ WMax(PPVEP: 7). Whence 3y € K such
that f(y,2) > 0, i.e. f(y,7)+ (A, y) — (A,y) > 0, which leads to a contradic-
tion.

(ii) Let 7 € K?. Taking into account (i), one has 0 € 74(Z). By Lemma 4.2 we
obtain that

0 € WMin U ~va(xz) € WInf U Ya(x).
rzeK zeK

This means 7 € K,‘f. O

Remark 4.5 As mentioned in Remark 4.3, choosing instead of ~4 the bifunction

~

f: X xX =Y U{+oo}, one can define the following mapping

Fa(@) = WSup { {F(, ) + (A9 y € X} +{~(A,9)| y € K} }.

Under (generalized) convexity and monotonicity assumptions, the relationships be-
tween the solution sets of (VEP) and (DV EP) have been investigated in [6] and
[59]. Whence, under the assumptions considered in these papers, the mapping v4
can be related to the problem (V EP). Before doing this, let us recall some defini-
tions and results.

Definition 4.6 [6, Definition 2.1]
A function f: K x K — Y is called

(i) monotone if, for all x,y € K, we have
flzy) + fly,z) <0

(ii) pseudomonotone if, for all x,y € K, we have

f(x,y) £0 amplies f(y,x) # 0,

or, equivalently,
f(z,y) >0 implies f(y,x) <O0.

Definition 4.7 [6, ¢f. Definition 2.2]
A function h: K —'Y is called:

(i) quasiconvex if, for all o € Y, the set L(a) = {z € K| h(z) < a} is convex;

(ii) explicitly quasiconvex if h is quasiconver and, for all x,y € K such that
h(z) < h(y), we have

hz) < h(y), forallzz=tx+ (1—1t)y andt € (0,1);
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(#ii) hemicontinuous if, for any x,y € K and t € [0,1], the mapping t — h(tx +
(1 —t)y) is continuous at 0F.

Proposition 4.6 [6, Proposition 2.1]
Let K be a nonempty convex subset of a Hausdorff topological vector space X and
let f: K x K —Y be a bifunction such that f(x,x) =0, Vo € K.

(i) If f is pseudomonotone, then KP? C K

(is) If f(x,-) is explicitly quasiconvex and f(-,y) is hemicontinuous for all x,y €
K, then K¢ C KP.

By Theorem 4.3 and Proposition 4.6 we can easy verify the following assertion.

Proposition 4.7 Let all the assumptions of Proposition 4.6 and Theorem 4.3 be
fulfilled. Then

(i) T € K is a solution to (VEP) if and only if 0 € v4(T);

(i) KP C K{.

4.5 Gap functions for weak vector variational
inequalities

This section deals with the construction of gap functions for the so-called weak
vector variational inequalities. Therefore we apply the results for vector equilibrium
problems in the previous section. As before, let X and Y be real topological spaces.
Assume that K is a closed and convex subset of X and F': X — L(X,Y) is a given
mapping. The weak vector variational inequality consists in finding x € K such
that

(WVVI) (F(z),y—x) £0, Vy € K.

Definition 4.8 [23, Definition 5(ii)]
A set-valued mapping ¥ : X = Y is said to be a gap function for the problem
(WVVI) if it satisfies the following conditions

(i) 0 € () if and only if x € K solves (WVVI);
(i) 0% Y(y), Yy € K.

It is clear that € K is a solution to (WVVI) if and only if 0 is a weak minimal
point of the set {(F(Z),y — Z)| y € K}. Let us consider the vector optimization
problem:

(PWVVEL gy WInf{(F(x),y — z)| y € K}.
Taking for any x € K, f(x, y) = (F(z),y — z) in 7,, we suggest the following map
for (WVVI)

Upl)i= |J WSwp {{(T1y) = (Fla),y — )| y € X} +{~(T3)| y € K} }
TeL(X,Y)

= J wsup {{(T — F@@).y)| y € X} +{~(T.)| y € K} | + (F(2), ).
TeL(X,Y)

Theorem 4.4 v, is a gap function for the problem (WVVI).
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Proof:

(i) Since (F(x),y — ) is a linear mapping with respect to y, one can apply
Proposition 4.5. Consequently, for any z € K the problem (PWVV!:z) is

stable. For f(z,y) = (F(z),y — z), the first condition in the definition of a
gap function follows from Theorem 4.2(i).

(ii) By Lemma 4.1, for any y € K and z € —¢,(y) implies z # 0. Consequently,
we have 0 ¥ ¥, (y), Vy € K. O

The relations between (WVVI) and the so-called Minty vector variational in-
equality have been investigated by several authors (see [40], [59], [94] and [96]).
Here we consider the Minty weak vector variational inequality consists in finding
x € K such that

(MWVVI) (F(y),z—y) #0, Yy € K.

Likewise in Section 4, (MW VVI) can be related to the following vector optimization
problem:
(PMWVVI ) WInf{(F(y),y — x)| y € K}

in the sense that z € K is a solution to (MWVVI) if and only if 0 is a weak

~

minimal point of the set {(F(y),y — Z)| y € K}. Taking f(z,y) := (F(z),y — z) in
~d, we can introduce the following mapping

dale) = |J WSup {{{F(y). — )+ (Ay)| y € X} +{-(A.p)| y € K} }.
AeL(X,Y)

From Theorem 4.3(i) and Lemma 4.2 follows the following assertion.

Theorem 4.5 Let the problem (PMWVVI q3) be stable for any solution x € K to
(MWVVI). Then q is a gap function for the problem (MWVVTI).

Under certain assumptions the mapping 14 is also a gap function for (WVVI).
Let us recall first the following definitions.

Definition 4.9 [96] Let F: K — L(X,Y) be a given function.

(i) F is weakly C-pseudomonotone on K if for each x,y € K, we have
(F(x),y —x) £ 0 implies (F(y),x—y) # 0;

(ii) F is v-hemicontinuous if for each z,y € K and t € [0,1], the mapping t —
(Fx +t(y — x)),y — x) is continuous at 0.

Proposition 4.8 [96, Lemma 2.1]

Let X, Y be Banach spaces and let K be a monempty convex subset of X. As-
sume that a function F: K — L(X,Y) is weakly C-pseudomonotone on K and
v-hemicontinuous. Then x € K is a solution to (WVVI) if and only if it is also a
solution to (MWVVI).

As a consequence, we can easy verify the following assertion.

Proposition 4.9 Let the assumptions of Theorem 4.5 and Proposition 4.8 be ful-
filled. Then vq is a gap function for (WVVI).
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Index of notation

=l

R
RPXn
R
int C
ri(C)

dom h
epi h

hi10Ohs
h*

*

C

the set of real numbers

the extended set of real numbers

n-dimensional Euclidean space

the set of p X n matrices with real entries

the non-negative orthant of R™

the interior of the set C

the relative interior of the set C'

the effective domain of the function h

the epigraph of the function h

the infimal convolution of the functions hy and hs
the conjugate function of the function h

the conjugate function of the function h relative to the set C
the conjugate mapping of the set-valued map G

the conjugate of the vector-valued function h
with p-dimensional vector variable

the indicator function of the set C'

the support function of the set C'

the normal cone operator to the set C' at x € C
the subdifferential of the function h at x

the subdifferential of the set-valued map h at (x;y)
the partial ordering induced by R’

the weak partial ordering induced by int R}

the partial ordering induced by cone C

the partial ordering induced by C\{0}

the weak partial ordering induced by int C
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£ £ u
o\{o}
EF 1

Index of notation

the partial ordering which means that £ — p ¢ C\{0}

the weak partial ordering which means that £ — p ¢ int C

the topological dual of a topological vector space X

the inner product of the vectors x and y

the linear pairing between a topological vector space and its topological dual
the space of all linear continuous operators from X to Y

the weak*-topology of X*

the set of all maximal points of the set Z

the set of all minimal points of the set Z

the set of all weak supremal points of the set Z

the set of all weak maximal points of the set Z

the set of all weak infimal points of the set Z

the set of all weak minimal points of the set Z

the optimal objective value of the primal optimization problem (P)

the optimal objective value of the dual optimization problem (D)
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Theses
of the dissertation

A duality approach to gap functions for variational inequalities and
equilibrium problems by Lkhamsuren Altangerel

1. This thesis deals with some applications of the conjugate duality theory for
optimization problems to the construction of gap functions for variational in-
equalities and equilibrium problems. It concerns both scalar and vector cases.
The proposed approach is considered first for variational inequalities, after-
wards this is applied to more general cases including variational inequalities,
the equilibrium problems. We observe that the proposed gap functions for
equilibrium problems provide a convenient way of explaining as special cases
the conjugate duality results for convex optimization problems and some gap
functions for variational inequalities.

2. We consider the optimization problem

P inf = R <

()l @), G=lr R o) £ 0}

where X C R” is a nonempty set and f : R — R = RU {£o0}, g =

(915, gm)T : R™ — R™ are given functions. For z,y € R™, z < y means y —
R

x € R". In associated to some perturbations, the so-called Fenchel-type and
Fenchel-Lagrange-type dual problems to (P) are discussed. Closely related to
this study, we reformulate the strong duality theorem in [16].

3. By using the conjugate duality for scalar optimization we extend the investi-
gations of the duality for the convex partially separable optimization problem

PP%) inf Fi(A;
(P7) inf 3" Fi(Aw),

i=1

where

n
W = {u = (uo, ...,un)T € Rn+1‘ ZGZ(AZU) <0, Alu eW;, i= 1,77,} .

i=1 RY

Here F; : R — R, G; : R — R™, ¢ = 1,n, are convex functions and
W; C R%, i =T,n, are convex sets. Moreover, A; € REi*(+1) [ N are
given matrices. Optimality conditions for (P°®) and some of its particular
cases are derived (see also L. Altangerel, R. I. Bot and G. Wanka [1]).

4. The second chapter of the work is devoted to the construction of some new gap
functions for variational inequalities and equilibrium problems on the basis of
the conjugate duality for scalar optimization. The approach is based on the
reformulation of the variational inequality problem which consists in finding
x € K such that

(V1) F(x)"(y—2) >0, ¥y € K,

where K C R™ and F : R® — R" is a vector-valued function, into the opti-
mization problem

(P52)  inf F@)T(y—a)



For a fixed x € R™ we define the gap functions as the negative optimal ob-
jective values of the corresponding dual problems. In order to prove that the
introduced functions satisfy the properties in the definition of a gap func-
tion for (VI) we use weak and strong duality results for convex optimization.
Moreover, gap functions for the mixed variational inequality problem and the
so-called dual gap functions for (V1) are also studied (see also L. Altangerel,
R. I. Bot and G. Wanka [2]).

. Since the construction of a gap function based on the Fenchel duality does not
depend on the ground set K, the approach is extended to the more general
case including variational inequalities, namely to the equilibrium problem of
finding z € K such that

(EP) f(z,y) >0, Vy € K,

where f: X x X — RU{+4o0} is a bifunction such that f(z,x) =0, Vz € K,
and K is a closed, convex subset of a real topological vector space X satisfying
K x K C dom f. To verify the properties of a gap function for (EP), the
duality results in the settings of locally convex spaces by Bot and Wanka [18]
are used. Gap functions for (EP) based on the Fenchel duality are applied
to convex optimization problems and variational inequalities in a real Banach

space (see also L. Altangerel, R. I. Bot, and G. Wanka [3]).

. The remainder of this thesis deals with the extension of this approach to
vector variational inequalities and vector equilibrium problems. As tools here
we use duality results for vector optimization by Tanino and Sawaragi [82]
and Tanino [84]. Introducing vector-valued perturbation functions in analogy
to the scalar case (see [16] and [90]), at the beginning of the third chapter we
obtain for the following vector optimization problem

(VO) Rén\i{r%)} {f(:c)| xEG}, G:{xeX\ g(ac)RSMO}

different dual problems having set-valued objective maps, where f : R" —
RP, g:R™ — R™ are vector-valued functions and X C R™.

. Additionally, considering the conjugate maps with vector variables we investi-
gate further dual problems to (VO). Remark that these can be seen as special
cases of the dual problems investigated before. As shown in this work, there
are some advantages of investigating such dual problems.

. Related to the different dual problems and duality results discussed in the
third chapter, we define some new gap functions for the vector variational
inequality of finding x € K such that

(VVI) F)'(y—z) £ 0, WyekK,
RE\{0}

where F : R® — R™*P is a matrix-valued function and K C R™.

. Finally, we consider the vector equilibrium problem which consists in finding
z € K such that
(VEP) flz,y) £0, Vy € K,

where f: K x K — Y is a bifunction such that f(z,z) =0, Vz € K, and K
is a subset of a real topological vector space X. In analogy to the scalar case,
we introduce the set-valued mapping on the basis of the Fenchel duality. The



proposed set-valued mapping and the duality results developed by Tanino
[84] give us the possibility to investigate variational principles for (VEP).
Similar discussions are applied to the so-called variational principles for the
dual vector equilibrium problem and to constructing gap functions for weak
vector variational inequalities.
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