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The reliability analysis of plates and shells with respect to plastic collapse or to inadaptation is 
formulated on the basis of limit and shakedown theorems. The loading, the material strength and 
the shell thickness are considered as random variables. Based on a direct definition of the limit 
state function, the nonlinear problems may be efficiently solved by using the First and Second 
Order Reliability Methods (FORM/SORM). The sensitivity analyses in FORM/SORM can be 
based on the sensitivities of the deterministic shakedown problem. The problem of the reliability 
of structural systems is also handled by the application of a special barrier technique which 
permits to find all the design points corresponding to all the failure modes. The direct plasticity 
approach reduces considerably the necessary knowledge of uncertain input data, computing costs 
and the numerical error.  
 
Die Zuverlässigkeitsanalyse von Platten und Schalen in Bezug auf plastischen Kollaps oder 
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allen Versagensmoden zu finden. Die Anwendung direkter Plastizitätsmethoden führt zu einer 
beträchtlichen Verringerung der notwendigen Kenntnis der unsicheren Eingangsdaten, des 
Berechnungsaufwandes und der numerischen Fehler.  
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INTRODUCTION 
 
 

The present work aims at providing an effective numerical method for the limit and 
shakedown analysis (LISA) of general shell structures with the help of the finite element 
method. Both deterministic and probabilistic limit and shakedown analyses are presented. 
For deterministic problem, three failure modes of structure such as plastic collapse, low 
cycle fatigue and ratchetting are analysed based upon an upper bound approach. 
Probabilistic limit and shakedown analysis deals with uncertainties originating from the 
loads, material strength and thickness of the shell. Based on a direct definition of the limit 
state function, the calculation of the failure probability may be efficiently solved by using 
the First and Second Order Reliability Methods (FORM/SORM). Since the deterministic 
problem is a sub-routine of the probabilistic one, thus, even a small error in the 
deterministic model can lead to a big error in the reliability analysis because of the 
sensitivity of the failure probability. To this reason, a yield criterion which is exact for 
rigid-perfectly plastic material behaviour and is expressed in terms of stress resultants, 
namely the exact Ilyushin yield surface, will be applied instead of simplified ones (linear 
or quadratic approximations). The problem of reliability of structural systems (series 
systems) will also be handled by the application of a special technique which permits to 
find all the design points corresponding to all the failure modes. Studies show, in this case, 
that it improves considerably the FORM/SORM results. 

The thesis consists of two parts: the theory part (chapters 1-5) and numerical part 
(chapters 6-7). Chapter 1 introduces some basic concepts of plasticity theory, including the 
fundamental principles and yield criteria. Based on the Love-Kirchhoff theory, several 
relations between physical and normalized values for plates and shells are presented. The 
derivation and description of the exact Ilyushin yield criterion is briefly summarized. 

In chapter 2, we present the two fundamental theorems of limit and shakedown 
analysis, the static and kinematic theorems. Based on the original ones which were 
proposed by Melan and Koiter, an extension for lower and upper bound theorems in terms 
of generalized variables are proposed and formulated. A simple approach for the direct 
calculation of the shakedown limit as the minimum of incremental plasticity limit and 
alternating plasticity limit is also presented. 

In chapter 3, a kinematic approach of limit and shakedown analysis, which is 
adopted for shell structures is developed (the deterministic LISA). Starting from a finite 
element discretization, a detailed kinematic algorithm in terms of generalized variables will 
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be formulated and introduced. A simple technique for overcoming numerical obstacles, 
such as the non-smooth and singular objective function, is also proposed. 

Chapter 4 focuses on presenting a new algorithm of probabilistic limit and 
shakedown analysis for thin plates and shells, which is based on the kinematical approach. 
The loads and material strength as well as the thickness of the shell are to be considered as 
random variables. Many different kinds of distribution of basic variables are taken into 
consideration and performed with First and Second Order Reliability Methods 
(FORM/SORM) for calculation of the failure probability of the structure. In order to get 
the design point, a non-linear optimization was implemented, which is based on the 
Sequential Quadratic Programming (SQP). Non-linear sensitivity analyses are also 
performed for computing the Jacobian and the Hessian of the limit state function. 

Chapter 5 presents a method to successively find the multiple design points of a 
component reliability problem, when they exist on the limit state surface. Each design 
point corresponds with an individual failure mode or mechanism. The FORM 
approximation is, then applied at each design point followed by a series system reliability 
analysis leading to improved estimates of the system failure probability. 

In chapter 6, we aim at presenting various typical examples of deterministic limit 
and shakedown analyses to illustrate and validate the theoretical methods. Numerical 
results are tested against analytical solutions, experiments and several limit loads which 
have been calculated in literature with different numerical methods using shell or volume 
elements.  

Numerical studies of limit and shakedown analysis for probabilistic problems are 
introduced in chapter 7. Uncertainties which originate from the loads, the strength of 
material and the thickness of the shell are all analyzed. For each test case, some existing 
analytical and numerical solutions found in literature are briefly represented and compared. 

Finally chapter 8 contains some main conclusions and future perspectives. 



 
 
 
 
 
 

1    FUNDAMENTALS 
 
 

In the following, some theoretical foundations are stated, which are necessary for 
the developments in the subsequent chapters. We start with a brief introduction of 
plasticity theory, including the fundamental principles and yield criteria. Based on the 
Love-Kirchhoff theory, several relations between physical and normalized values for plates 
and shells are presented. The derivation and description of the exact Ilyushin yield criterion 
is summarized, which is closely related to the works of Burgoyne and Brennan [1993b], 
Seitzberger [2000]. For convenience, we will use only the concept of shells, instead of 
plates and shells. 

1.1 Basic concepts of plasticity 

1.1.1 Elastic and rigid perfectly plastic materials 

Mechanical behaviour of rate intensities elastic-plastic, non-hardening solid body is 
idealized by the elastic perfectly plastic model. In this model, the material behaves 
elastically below the yield stress and will begin to yield if the stress intensity reaches the 
yield stress. Stresses are not allowed to become higher than this threshold. Furthermore, 
the elastic deformation can usually be disregarded when compared with the plastic 
deformation. This is equivalent to the rigid plastic material model. It can be proved that 
elastic characteristics do not affect the plastic collapse limit state and thus the application 
of the elastic perfectly plastic material model becomes same to that of the rigid perfectly 
plastic model for limit analysis. 

In the geometrically linear theory the total strain ijε  is assumed to be decomposed 

additively into an elastic or reversible part  and an irreversible part . If some thermal 

effects occur, a thermal strain term  should be added and thus 

e
ijε

p
ijε

θε ij

e p
ijij ij ij

θε ε ε ε+ .     (1.1) = +

The elastic part of the strain obeys Hooke’s law, its relationship with stress is linear 
1e

ij ijkl klCε σ−=       (1.2) 



where , called the elastic constants, are components of a tensor of rank 4. For an 

isotropic material, this tensor is expressed in the form below 
ijklC

( ) ( ) ( ) (1 1 2 2 1ijkl ij kl ik jl il jk
E EC )ν δ δ δ δ

ν ν ν
= +

+ − +
δ δ+                           (1.3) 

( , , , , )i j k lαβwhere  denotes the Young’s modulus and E ν  the Poisson ratio, δ α β =  the 

Kronecker delta. The inverse relationship of (1.2) can be written as 

( )
22

1 2
e e

ij ij ij kkG Gνσ ε δ ε
ν

= +
−

)

              (1.4) 

where ( ν+
=

12
EG  is the shear modulus of elasticity. 

 
The plastic strain rate obeys an associated flow law 

p
ij

ij

fε λ
σ
∂

=
∂

                            (1.5) 

where λ  is a non-negative plastic multiplier and ( )ijff σ=  represents a time-independent 

yield surface such as 
 ( ) 0ijf σ <   corresponds to elastic behaviour, (1.6a) 

 ( ) 0ijf σ =   corresponds to appearance of plastic deformation, (1.6b) 

 ( ) 0ijf σ >   corresponds to a region inaccessible for the material. (1.6c) 

The definition of yield function means that the stress point cannot move outside the 
yield surface. Plastic flow can occur only when the stress point is on the yield surface and 
for elastic-perfectly plastic material the additional loading ijσ  can only move along the 

tangential direction. 

1.1.2 Fundamental principles in plasticity 

Consider a structure subjected to volume loads if  and surface loads it . The stresses 

ijσ  are said to be in equilibrium if they satisfy the equations of internal equilibrium 

0    in j ij if V∂ σ + =         (1.7) 

and the conditions of equilibrium at the surface of the body 

      on i j ij it n t Vσσ= = ∂ .        (1.8) 

Any stress field respecting conditions (1.7) and (1.8) is called a statically admissible field. 
Furthermore, if this stress field nowhere violates the yield criterion, , it is called 

a plastically admissible or licit stress field. 

( ) 0ijf σ ≤

 4 



 The actual flow mechanism composed of the velocities  and strain rate iu ijε  in the 

body which satisfy the compatibility and kinematical boundary conditions 

( )1    in 
2ij j i i ju uε ∂ ∂= + V

         (1.9) 

  on i iu u Vu= ∂ .                   (1.10) 

Any mechanism ( ,i iju )ε  respecting conditions (1.9) and (1.10) is called kinematically 

admissible. Furthermore, if this mechanism furnishes a non negative external power 

0E i i i i
V V

W f u dV t u dA
σ∂

= + ≥∫ ∫                      (1.11) 

then it is called a licit mechanism. A kinematically admissible strain and displacement field 
can be defined in a similar manner. 

Principle of virtual power 

One of the main tools in the mechanics of continua is the principle of virtual power, 
which states that for an arbitrary set of infinitesimal virtual velocity variation δ  that are 

kinematically admissible, the necessary and sufficient condition to make the stress field 
iu

ijσ  

equilibrium is to satisfy the following equation 

 ij ij i i i i
V V V

dV f u dV t u dS
σ

σ δε δ δ
∂

= +∫ ∫ ∫

ijδσ

ij

.                                   (1.12) 

Principle of complimentary virtual power 

For an arbitrary set of infinitesimal virtual variations of the stress tensor  that 

are statically admissible, the necessary and sufficient condition to make the strain rate 
tensor ε i and velocity vector u  compatible is to satisfy the following equation 

 
u

ij ij j ij i
V V

dV n u dSε δσ δσ
∂

=∫ ∫ .        (1.13) 

Equation of virtual power 

From the two above principles, one can easily deduce that for all strain rate tensors 

ijε iu ijσ and velocity vectors  that are kinematically admissible, and for all stresses  that 

are statically admissible we have the following virtual work equation 

 
u

ijσ ε ij i i i i j ij i
V V V V

dV f u dV t u dS n u dS
σ

σ
∂ ∂

= + +∫ ∫ ∫ ∫ .         (1.14) 
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It is well known that the above variational principles are independent of the 
constitutive equation of the material.  

1.1.3 Drucker’s postulate 

"Over the cycle of application and removal of the set of forces, the new work 
performed by the external agency on the changes in the displacements it produces is non-
negative" [Martin, 1975]. 
This is expressed mathematically by the following inequality 

( ) 00 ≥−∫ ijijij dεσσ                          (1.15) 

where ∫  is the integral taken over a cycle of applying and removing the added stress set, 

( ) 0=ijfijσ  is the stress tensor on the yield surface satisfying the yield condition σ , and 

 is the plastically admissible stress tensor such that ( )0
ijσ 00 ≤ijf σ

0

. Starting from this 

postulate, we have the following important consequences [Lubliner, 2005]: 

Principle of maximum energy dissipation 

 0( ) p
ij ij ijσ σ ε− ≥ ,                                                    (1.16a) 

or   

 ,                                                               (1.16b) 0p
ij ijσ ε ≥

sometimes known simply as Drucker’s inequality. It is valid for both work-hardening and 
perfectly plastic materials.  

Normality rule 

From (1.16) one can deduce that the plastic strain rates tensor  must be normal to the 

yield surface at a smooth point or lie between adjacent normals at a corner (non-smooth 
point), see figure 1.1. In the case of having  intersected differentiable yield surfaces at a 
singular point, (1.5) should be replaced by: 

p
ijε

n

1

n
p k

ij k
k ij

fε λ
σ=

∂
= ∑ .       (1.17) 

∂

Convexity of yield surface  

It is clear form figure 1.1 that if there is any 0
ijσ  lying on the outside of the tangent, 

the inequality (1.16a) is violated. In other words, the entire elastic region must lie to one 
side of the tangent. As a result, the yield surface is convex. 
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 The convexity of the yield surface has a very important role in plasticity. It permits 
the use of convex programming tools in limit and shakedown analysis. It should be noted 
that Drucker’s postulate is quite independent of the basic laws of thermodynamics. It does 
not hold if internal structural changes occur or for temperature dependent behaviour 
[Kalisky, 1985]. Furthermore, the yield surface fails to be convex if there is an interaction 
between elastic and plastic deformations, i.e. if the elastic properties depend on the plastic 
deformation [Panagiotopoulos, 1985]. 

 

εp

elastic domain

εp

inaccessible domain
yield surface

σ

σ−σ 0

σ0

 

Figure 1.1 Normality rule 

1.1.4 Yield criteria 

The yield criterion defines the elastic limits of a material under a combined state of 
stress. The yield function f  in stress space may be written with no loss of generality in 
terms of the stress deviator and the first invariant of stress, that is 

( ) ( )1, ,f f I=σ ,ξ s ξ                   (1.18) 

where 1 kk ij ijI σ δ σ= =  is the trace of ijσ , ξ  are internal variables which are determined 

experimentally and  is the deviator defined as ijs

  1
1 1
3 3kl kl kl ik jl ij kl ijs Iσ δ δ δ δ δ σ⎛ ⎞= − = −⎜ ⎟

⎝ ⎠

1

.               (1.19) 

Since the concept of plasticity was first applied to metals, in which the influence of 
mean stress on yielding is generally negligible [Bridgman, 1923 and 1952], the oldest and 
most commonly used yield criteria are those that are independent of I . They are therefore 

formulated with  using .We present here two most well-known yield criteria 

in plasticity. 
ijs 1 0kkJ s= =

 7



Tresca criterion 

The Tresca yield criterion is historically the oldest one; it embodies the assumption 
that plastic deformation occurs when the maximum shear stress over all planes attains a 
critical value, namely, the value of the current yield stress in shear, denoted . This 
criterion may be represented by the yield function 

Tk

( ) ( ) 0k− =1 2 3 1 2 Tf Max σ σ σ σ= − −σ 2 3,  ,  σ σ−             (1.20) 

where 
2

y
Tk

σ
=  , yσ  is yield stress. It can also be expressed explicitly in terms of the 

invariants  and  of the stress deviator tensor as J2 J3

3 2 2 2 4 6
2 3 2 3 2 2( , ) 4 27 36 96 64 0T T Tf J J J J k J k J k= − − + − = .           (1.21) 

Von Mises criterion 

The von Mises criterion is known as the maximum-octahedral-shear-stress or 
maximum-distortional-energy criterion, which states, that yielding begins when the 
octahedral shearing stress reaches a critical value  such as vk

2
vk2 2( ) 0f J J= − =                                                (1.22) 

where 
3
y

vk
σ

= . We may also formulate the von Mises yield criterion in the form of 

principal stresses 

              .                             (1.23) 2 2 2
1 2 2 3 3 1( ) ( ) ( ) 6 vkσ σ σ σ σ σ− + − + − = 2

The projection of the Tresca yield surface in the ( ) ( )1 3 2 3σ σ σ σ− − -plane takes the 

form of an irregular hexagon, where the von Mises criterion is an ellipse. In the next 
section the von Mises criterion will be used to derive the so-called exact Ilyushin yield 
surface for the elastic-plastic analysis of shell-like structures. 

1.1.5 Plastic dissipation function in local variables 

The plastic dissipation function is defined by 
*max( )p p
ij ij ij ijD pσ ε σ ε= =        (1.24) 

where  is a plastically admissible stress tensor, i.e. satisfying *
ijσ ( ) 0* ≤ijf σ , ijσ  is the 

stress tensor satisfying yield condition ( ) 0ijf σ = . The first equality of (1.24) is the 

definition, while the second one is due to the Drucker stability postulate: ( )* 0p
ij ij ijσ σ ε− ≥ . 

The plastic dissipation for the Mises criterion and associated flow rule is given by 
[Lubliner, 2005] 
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( ) 2p p p p
ij v ij ijD kε ε ε= .                 (1.25) 

1.2 Normalized shell quantities 

1.2.1 Reference quantities 

The representation of the exact Ilyushin yield surface and the description of its 
applications for the limit and shakedown analysis of shell structures are given in terms of 
normalized generalized stresses and strains. The membrane forces and bending moments 
are normalized with respect to the plastic limit loads in uniaxial tension and bending, 
respectively 

 
2

0 0,      M
4y y
hN hσ σ= =          (1.26) 

where yσ  and  are yield stress and shell thickness, respectively. Physical strain values 

are referred to the reference strain 

h

0ε . A convenient measure for 0ε  is given by 

2

0
(1 )

y E
νε σ −

= .     (1.27) 

0ε  corresponds to the elastic strain of an uniaxially stretched plate at the yield stress yσ . 

For the sake of simplicity, the reference “curvature” 0κ  is defined as follows 

0
0

4
h
εκ = .      (1.28) 

so that 0 0 0 0N Mε κ= , [Burgoyne and Brennan 1993b], [Seitzberger, 2000]. This definition 

does not represent a kinematic relation. 

 A dimensionless thickness coordinate z  is used for through-thickness integrations. 
The relation between z 3s and the thickness coordinate  is as follows 

3sz
h

= .      (1.29) 

1.2.2 Stress quantities 

Physical and normalized stress vectors for a state of plane stress are given by, 
respectively 

11 11

22 22

12 12

1  and    
y

σ σ
σ σ

σ
σ σ

⎛ ⎞ ⎛ ⎞
⎜ ⎟ ⎜ ⎟= =⎜ ⎟ ⎜ ⎟
⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

σ σ .          (1.30) 
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From these, the normalized membrane force and bending moment vectors  and  can be 
obtained as follows 

n m

11 / 2 1/ 2 1/ 2

22 3
0 0 / 2 1/ 2 1/ 2

12

11 / 2 1/ 2 1/ 2
2

22 3 3 2
0 0 / 2 1/ 2 1/ 2

12

1 1 1

1 1 4 4

h

yh

h

yh

N
N ds hdz dz

N N h
N

M
M s ds h zdz zdz

M M h
M

σ

σ

− − −

− − −

⎛ ⎞
⎜ ⎟= = = =⎜ ⎟
⎜ ⎟
⎝ ⎠
⎛ ⎞
⎜ ⎟= = = =⎜ ⎟
⎜ ⎟
⎝ ⎠

∫ ∫ ∫

∫ ∫

n σ σ σ

m σ σ ∫ σ

        (1.31) 

where the terms Nαβ  and { }, ( , 1,2 )Mαβ α β ∈  are the physical membrane force and 

bending moment components of the shell, respectively. 

s

N11

N22

M12

M11 N12
12N

12M

M22

q

1

3s

2s

 

Figure 1.2 Static shell quantities 

1.2.3 Strain quantities 

 The physical strain and curvature vectors 

11 11

22 22

12 12

,     
2 2

ε κ
ε κ
ε κ

⎛ ⎞ ⎛
⎜ ⎟ ⎜= =⎜ ⎟ ⎜
⎜ ⎟ ⎜
⎝ ⎠ ⎝

ε κ
⎞
⎟
⎟
⎟
⎠

     (1.32) 

are normalized with respect to the 0ε  and 0κ , which gives 

11 11

22 22
0 0

12 12

1 1,     
2 2

ε κ
ε κ

ε κ
ε κ

⎛ ⎞ ⎛
⎜ ⎟ ⎜= =⎜ ⎟ ⎜
⎜ ⎟ ⎜
⎝ ⎠ ⎝

e k
⎞
⎟
⎟
⎟
⎠

.        (1.33) 

 The Love-Kirchhoff assumptions state that the normals (i.e. the lines perpendicular 
to the shell’s mid-plane) remain straight, unstretched and normal (i.e. they always make a 

 10 



right angle to the mid-plane) after loading. These mean that the transversal shear strains in 
the thickness coordinate  are negligible which is only valid for thin shells with small 

displacement  ( u ). Based on the Love-Kirchhoff hypothesis the physical strain 

vector can be written in the standard form as follows 

3s

3u 3 h

3( )s 3s= +ε ε κ        (1.34) 

where ε  and  are physical mid-plane strain and curvature vectors ( ). The relation 

between them and the displacements delivers 

κ 3 0s =

1 2 2
11 22 12

1 2 1

2 1 2
11 22 12

1 2 2

,   ,   2

,   ,   2

u u u
s s s

s s s

∂ ∂ ∂ ∂ε ε ε
∂ ∂ ∂ ∂

1

2

1

1

u
s

s
∂θ ∂θ ∂θκ κ κ ∂θ
∂ ∂ ∂

= = = +

= = − = −
∂

           (1.35) 

with { },  ( 1,2 ) uα αθ α ∈ being translations and rotations of the midplane, respectively. By 

the introduction of z  and 0ε , (1.34) becomes 

0 0 0

1 1 4z
ε ε κ

= +ε ε κ .        (1.36) 

 By using of (1.28), the Kirchhoff hypothesis may be written in normalized form as 

( ) 4z z= +e e k .      (1.37) 

1.2.4 Stress-Strain relation 

As will be shown in the subsequent chapters, it is convenient to group both the 
strain vectors and the curvature vectors as well as the section force and moment vectors 
into “engineering” vectors, as follows 

,     =⎛ ⎞ ⎛ ⎞
= ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

e n
ε σ

k m
.       (1.38) 

 For an elasto-plastic material behaviour, the tangential stress-strain relations for a 
Kirchhoff shell may be written as 

=     
d d

d d
d d
⎛ ⎞ ⎛ ⎞⎛ ⎞ ⎛ ⎞

= =⎜ ⎟ ⎜ ⎟⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠⎝ ⎠ ⎝ ⎠

n C B e C B
σ ε

m B D k B D
    (1.39) 

where  are submatrices of the physical tangential stiffness matrix. For purely 
elastic material behaviour we have 

B,C, D
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1 0
40,     1 0 ,     
3

10 0
2

ν
ν

ν

⎛ ⎞
⎜ ⎟
⎜ ⎟

= = =⎜ ⎟
⎜ ⎟−
⎜ ⎟
⎝ ⎠

B C D C .    (1.40) 

1.3 Exact Ilyushin yield surface 

In order to calculate the maximum collapse load of a shell, a criterion is needed to 
assess when the shell reaches a situation where the behaviour is governed by plasticity. 
Two approaches have been identified. It is possible to work either in terms of stresses 
(Moxham [1971], Little [1977]) which vary through the thickness, in which case a yield 
criterion such as the von Mises criterion is used, or in terms of stress resultants (Crisfield 
[1973], Frieze [1975]), when a more complex fully plasticity yield surface is needed. When 
dealing with stress resultants, it is of course important to identify a yield surface, which 
marks the limiting values of the stress resultants, beyond which the shell may not be 
loaded. In 1948 Ilyushin published the derivation of a stress resultant yield surface 
describing the case where a cross-section of a shell is fully plastified and thus reaches its 
load capacity. This yield surface, however, has not been used because the parametric form 
in which it was described by Ilyushin was not amenable to calculation. Some 
approximations have been used, e.g. a linear approximation proposed by Ilyushin himself, 
the Ivanov yield surface. A reparameterization of the exact Ilyushin yield surface for thin 
shells which produces a simpler (though still exact) form was presented by Burgoyne and 
Brennan [1993b]. Their work opens the way for the practical use of the exact Ilyushin yield 
surface in structural calculations. 

1.3.1 Derivation of the exact Ilyushin yield surface 

The derivation of the exact Ilyushin yield surface is based on the following 
assumptions 

• perfectly plastic isotropic material behaviour obeying the von Mises yield criterion, 
• validity of the normality rule for the plastic deformations, 
• plane stress conditions in each material point, 
• validity of the Kirchhoff hypothesis for both total and plastic strains. 

At the limit state, each material point through the thickness has a plastic material 
behaviour. Thus both, the von Mises yield condition and the normality rule, are valid 

( )
1 1/ 2 0

1 0,     1/ 2 1 0
0 0

Tf
−⎛ ⎞

⎜= − = = −⎜ ⎟
⎜ ⎟
⎝ ⎠

σ σ Pσ P
3

⎟    (1.41) 

   2p fd d dξ ξ∂
= =

∂
e σ

σ
P .       (1.42) 

 12 



From Eqs. (1.41) and (1.42) σ  and dξ  can be expressed as functions of d  pe

( ) ( )
11

2
p p

pd d
d dξ

−=σ e P e
e

     (1.43) 

( ) ( ) 11
4

Tp pd d d dξ −=e e P pe .    (1.44) 

It is assumed that the plastic strain increment resultants obey the Kirchhoff 
hypothesis. From (1.37) we have 

( ) 4  p pd z d z d= +e e pk .     (1.45) 

 Substituting (1.45) into (1.44), which gives the consistency parameter 

21 2
3

d P P z Pε εκ κξ = + + z      (1.46) 

with the incremental plastic strain resultant intensities 

( ) ( )

( ) ( )
( ) ( )

1
1

1
2

1
3

3 3       ( 0)
4 4

3 3

12 12     ( 0)

T Tp p p p

T Tp p p p

T Tp p p p

P d d d d

P d d d d

P d d d d

ε

εκ

κ

−

−

−

= =

= =

= =

e P e ε P ε

e P k ε P ε

k P k ε P ε

≥

≥

              (1.47) 

where 

1 1

1 2 3 11

/ 2
,   ,    

/ 2

− −

−−

⎛ ⎞ ⎛ ⎞ ⎛ ⎞
= = =⎜ ⎟ ⎜ ⎟ ⎜ ⎟

⎝ ⎠⎝ ⎠ ⎝ ⎠

0 0P 0 0 P
P P P

0 P0 0 P 0
.   (1.48) 

These incremental plastic strain resultant intensities are subject to the condition (by 
the Schwarz inequality) 

2P P Pε κ εκ≥            (1.49) 

 Substitution of Eqs. (1.45) and (1.46) in Eq. (1.43) gives 

(1

2

3 1 4  
2 2

pd z d
P P z P zε εκ κ

−=
+ +

σ P e k )p+ .   (1.50) 

 From Eqs. (1.31) and (1.50), the stress resultants may finally be written as 

1 1 1 1
0 1 0 1

1 1 1 1
1 2 1 2

4 43 3
2 24 16 4 16

p
p

p

dJ J J J
d

J J J Jd

− − − −

− − − −

⎛ ⎞⎛ ⎞ ⎛ ⎞⎛ ⎞
= = =⎜ ⎟⎜ ⎟ ⎜⎜ ⎟
⎝ ⎠ ⎝ ⎠ ⎝ ⎠⎝ ⎠

n eP P P P
σ ε

m P P P Pk
⎟    (1.51) 

where the integrals  (not to confuse with the invariants of the deviator) can be calculated 

as follows 
iJ
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1/ 2

2
1/ 2

1
3 2

i

i
zJ

P P z P zε εκ κ−

=
+ +∫ dz

iJ

.     (1.52) 

 Equation (1.51) can be regarded as a six-dimensional stress resultant yield surface 
for the limit that the shell is wholly plastic and thus in each point over the thickness the 
von Mises yield criterion and the normality rule are satisfied. If the direction of the plastic 
strain increment resultants is given, the stress resultants can be obtained from Eq. (1.51), 
provided the integrals  can be evaluated numerically. 

1.3.2 Description of the exact Ilyushin yield surface 

 Corresponding to the quadratic strain resultant intensities, quadratic stress resultant 
intensities can also be defined 

      ( 0)

    

   ( 0)

T
t

T
tm

T
m

Q

Q

Q

= ≥

=

= ≥

n Pn

n Pm

m Pm

.      (1.53) 

 From these, the surface (1.51) can be reduced to a surface in the three-dimensional 
Q-space as follows 

( )
2 2
0 0 1 1

2
0 1 0 2 1 1 2

2 2
1 1 2 2

/ 4 3 / 2 2
/16

t

tm

m

J J J JQ P
Q J J J J J J J
Q PJ J J J

ε

Pεκ
κ

⎛ ⎞⎛ ⎞ ⎛
⎜ ⎟⎜ ⎟ ⎜= +⎜⎜ ⎟ ⎜
⎜ ⎟⎜ ⎟ ⎜⎜ ⎟⎝ ⎠ ⎝⎝ ⎠

⎞
⎟

⎟ ⎟
⎟
⎠

.  (1.54) 

 The surface is bounded by the condition that 
2

t m tmQ Q Q≥       (1.55) 

which corresponds to 2P P Pε κ εκ≥

( ,F F Q

. Equation (1.54) describes a surface, which can be 

represented in parameter form as a function of two independent parameters. An implicit 
form of Eq. (1.54), i.e. , however, can not be obtained. Ilyushin 

[1948] represented the surface in parameterized form, by introducing the two following 
parameters 

, ) 0t tm mQ Q= =

( )

1/ 2

1/ 22

/ 4P P Pε εκ κ⎛ ⎞− + ,
/ 4

.
/ 4

P P P

P P P
P P P P

ε εκ κ

ε κ εκ

κ ε εκ κ

μ

⎜ ⎟+ +⎝ ⎠

⎛ ⎞−
= ⎜ ⎟

+ +⎝ ⎠

ζ =

    (1.56) 

 The resulting equations of the exact Ilyushin yield surface are 
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( )

( )

( ) ( )( )

2 2 2
2
1

2 2 2 2
3
1

2 2 2 2 2 2 2 2 2 2
4
1

1

2

4 4 2 2 2

t

tm

m

Q

Q

Q

μ ψ ϕ

μ ψ ϕ μ ϕψ ϕχ

μ ψ μ ϕ μ μ ϕψ μ ψχ ϕχ χ

= +
Δ

= Δ + Δ + +
Δ

= + Δ + + Δ + Δ − + Δ
Δ

+

 (1.57) 

where  

( ) ( )2 2

2 2 2

2 2 2
1

2

1

1

1 1
ln ln

1

1

1

2

ϕ ζ

μ ζ ζ μ
ψ

μ μ

χ μ ζ ζ μ

μ ζ μ

ζ

= −

+ − + −
= ±

= − ± −

Δ = − ± −

−
Δ =

Δ

    (1.58) 

subject to the conditions 

0 1,     1μ μ ζ≤ ≤ ≤ ≤  .     (1.59) 

 The boundary is given by 0μ = . Ilyushin’s original parameterization makes it 
necessary to divide the surface into four regions, known as the “in-plane dominant” and 
“bending dominant” regions, which are governed by different equations (due to the 
alternative signs). Since the lines of constant ζ  and μ  are virtually parallel in many cases 
and, a numerical algorithm based on these parameters will be ill-conditioned and 
numerically unstable [Burgoyne and Brennan, 1993b]. 
 In his original paper Ilyushin proposed a linear approximation to his exact surface, 
which is usually referred to as Ilyushin yield surface 

1
1 1
3t tm mF Q Q Q= + + = .            (1.60) 

 This crude approximation consists of two planes in the Q-space. It introduces a 
discontinuity at the line Q . Figure 1.3 shows a graphical representation of the exact 

and the linear approximation of the yield surface in the Q-space. As can be seen, the 
surface is symmetric with respect to the 

0tm =

t mQ Q−  plane. Thus, it can also be plotted in two-

dimensional form as Q  over Qtm t mQ−  without loss of clarity [Burgoyne and Brennan, 

1993b], see figure 1.3.  
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Figure 1.3 Exact and linear approximation of Ilyushin yield surfaces (from Burgoyne and 

Brennan, 1993b) 
 

 Ivanov [1967] proposed a quadratic approximation of the exact Ilyushin yield 
surface 

2
2 2

2
1/ 4 1

2 4 0.48
m t m

t m tm
t m

Q Q QF Q Q Q
Q Q

⎛ ⎞−
= + + + − =⎜ +⎝ ⎠

tmQ
⎟

1t

.          (1.61) 

 The Ivanov yield surface overcomes many of the difficulties associated with the 
approximate Ilyushin yield surface, it has no discontinuities in slope except one at Q = , 

where the exact surface also has a slope discontinuity, and always lies within 1% of the 
exact Ilyushin yield surface. 

 Further suggestions of approximate full plasticity yield surfaces, partly including 
the effect of transverse shear as well as hardening effects, can be found e.g. in [Robinson, 
1971]. According to Robinson, the maximum error of the linear approximation is 6% on 
the safe side and 3,5% on the unsafe side. However, the error can increase up to 
approximately 10% according to [Preiss, 2000]. In structural reliability analyses such 
errors in the deterministic model are not acceptable because of the sensitivity of the failure 
probability. 

1.3.3 Reparameterization 

 In order to avoid the difficulties arising with the parameterization of Ilyushin and 
open a possibility using the exact yield surface in practical computations, Burgoyne and 
Brennan [1993b] introduced the parameters 
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2,       and   =P P
P P
ε εκ

κ κ

υ β γ= = − −υ β           (1.62) 

where β  and γ  are proposed as two independent parameters for the description of the 
yield surface. β  has the physical meaning of being the position within the thickness of the 
shell, where the consistency parameter dξ  in Eq. (1.46) is a minimum. With these 
parameters, the yield surface assumes the form 

( )
( ) ( )
( )

2 2
0 1 0

0 1 1 2 0

2 2
1 2 1

4

16 16

t

tm

m

Q K K K

Q K K K K K

Q K K K

β β γ

β γ

= −

= − − +

= − +

β γ+

14 K       (1.63) 

where the integrals  are given by iK

1/ 2

2
1/ 2

3
2

i

i i
zK P J

P P z P z
κ

ε εκ κ−

= =
+ +∫ dz       (1.64) 

 

 
Figure 1.4 One half of the exact Ilyushin yield surface ( )0tmQ ≤  constructed in terms of β  

and γ  (from Burgoyne and Brennan, 1993b) 
 
This yield surface is subject to the conditions 

20 ,
0 .

β υ
γ

≤ ≤ ≤ ∞
≤ ≤ ∞

             (1.65) 

 The integrals iK  can be evaluated analytically giving 
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( ) ( )
( ) ( )

( ) ( )

( ) ( ) ( ) ( )

2

0 2

2 2
1 0

2 2
2 1 0

0.5 0.5
ln ,

0.5 0.5

0.5 0.5 ,

2 0.5 0.5 0.5 0.5 2 .

K

K K

K K

β γ β

β γ β

β γ β γ β

β β γ β β γ β γ

⎛ ⎞− + + −⎜ ⎟=
⎜ ⎟+ + − +⎝ ⎠

= − + − + + +

= + − + + − + + + − K

( )0tmQ ≤

   (1.66) 

Figure 1.4 shows a two-dimensional representation of one half of the yield surface 
 in terms of the two parameters β  and γ . This representation is the most 

convenient for calculations, since nowhere on the yield surface do lines of constant values 
of the two parameters become parallel. 

1.3.4 Plastic dissipation function 

The derivation and description of the exact Ilyushin yield surface presented above 
was performed with incremental strain quantities. For the evaluation of the power of 
internal forces, however, a description in terms of strain rate quantities is more convenient. 
It is to be noted that the state relations are not affected, if the strain rate quantities are used 
throughout in stead of the incremental strain quantities, provided the reference values 0ε  

and  are replaced by reference strain and curvature rates 0κ 0ε 0κ

ε

 and , respectively. 

According to Eq. (1.34) a dimensionless generalized strain rate vector  is defined 

( ) 11 22 12 11 22 12
0 0 0 0 0 0

1 1 1 1 1 12 2T ε ε ε κ κ κ
ε ε ε κ κ κ

= = ⎜ ⎟
⎝ ⎠

ε e k
⎛ ⎞

 (1.67) 

replacing the generalized strain increment vector . dε
 The plastic dissipation function for a shell structure may be written in the form 

0 0

T pp
p

p

Dd
N ε

⎛ ⎞⎛ ⎞
= = =⎜ ⎟⎜ ⎟

⎝ ⎠ ⎝ ⎠

n e
σ ε

m k
T p

pd
p

           (1.68) 

where  and  are the physical and normalized plastic dissipations per unit area of the 
mid-plane of the shell. With the six-dimensional representation of the exact Ilyushin yield 
surface Eq. (1.51) (written in rate form),  may be expressed as a function of the strain 
rate resultant quantities ε  

pD pd

( ) ( )
1 1

0 1
1 1

1 2

43
2 4 16

Tp p p pJ J
d

J J

− −

− −

⎛ ⎞
= ⎜ ⎟

⎝ ⎠

P P
ε ε ε

P P
.     (1.69) 

Analytical evaluation of this relation gives 

( )
1/ 2

2

1/ 2

2 2
3

p pd P P zε εκ κ
−

= + +∫ε P z dz      (1.70) 
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which finally may be written as [Seitzberger, 2000] 

( )2 2
1 1 2 2 0

2                                                        for  0      ( )
3

    for  0      ( )
3

p

P P a
d

P K P

ε
κ

κ
κβ β γ β β γ γ

⎧
=⎪⎪= ⎨

⎪ + + + + >⎪⎩
b

         (1.71) 

where 1β  and 2β  are 

1 20.5     and    0.5β β β= − = + β .    (1.72) 

It is to be noted that the value of  will become indefinite if both conditions 0K

0.5β ≤ 0 and =  are fulfilled. However, as long as γ γ  is not exactly equal to zero, but to 

some small positive numbers, a “regularized” evaluation of  may be obtained 

[Seitzberger, 2000]. Otherwise, in general,  is convex but not everywhere differentiable 
[Capsoni and Corradi, 1997]. In order to allow a direct non-linear, non-smooth, constrained 
optimization problem, as will be discussed later, a “smooth regularization method” will be 
used for overcoming the non-differentiability of the objective function. On the other hand, 
without the loss of generality, it is supposed that 

0K

P

pd

κ  is always positive in order to have the 

expression of the plastic dissipation function as described in (1.71b). To this end it is 
necessary to add to γ  and to  a small positive number. Thus, in this case, Eq. (1.71) is 

amenable to a numerical evaluation for all values of ε . 

Pκ
p

y

1.3.5 Reformulation 

For our general purpose to deal with probabilistic problems, as will be discussed 
later, the yield limit σ  and thickness h  might be no longer constant but random variables, 

and then the reference quantities are also changed together with the different ‘realizations’ 
of random variables. Additionally, in reliability analysis, the sensitivities are required 
which contain first and second derivatives versus loading, material strength and thickness 
random variables. Thus some expressions of quantities which are necessary for analysis 
algorithm should be reformulated. Let us restrict ourselves to the case of homogeneous 
material and shells of constant thickness in which the yield limit yσ  and thickness  are 

the same at every Gaussian point of the structure. So we always can write 

h

0 0y Zh,  Y hσ σ= =                                  (1.73) 

where 0 0,hσ  are constant reference values and  are random variables. By that way the 

normalized quantities in Eqs. (1.26), (1.27) and (1.28) assume the new form as follows 

,Y Z

0
0 0 0

yh NN h
YZ YZ
σ

σ= = =                       (1.74a) 
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2 2
0

0 0 2 24 4
yh hM

Y Z YZ
σ

σ= = = 0M               (1.74b) 

( ) ( )2 2
0 0

0

1 1y

E YE
σ ν σ ν

Y
εε

− −
= = =               (1.74c) 

and 

0 0
0

0

4 4
0

Z Z
h Yh Y
ε εκ κ= = = .                          (1.74d) 

With the new normalized quantities, the new “engineering” strain and stress vectors 
are obtained 

2
ˆ ˆ,    =

Y YZ
Y YZ
Z

⎛ ⎞ ⎛ ⎞⎜ ⎟= ⎜ ⎟⎜ ⎟ ⎝ ⎠⎝ ⎠

e n
ε σ

k m
                       (1.75) 

and the incremental plastic strain resultant intensities have the form 

( ) ( ) ( )

( ) ( )

( )

2
1 1

2

2 2

2

3 3 2

3 3ˆ ˆ ˆ        ( 0)
4 4

ˆ ˆ ˆ3 3

ˆ ˆ ˆ12 12 =     ( 0)

T Tp p p p

T Tp p p p

T
Tp p p p

P Y Y Y P

Y YP Y P
Z Z

Y Y YP P
Z Z Z

ε ε

εκ εκ

κ κ

= = = ≥

⎛ ⎞= = =⎜ ⎟
⎝ ⎠

⎛ ⎞ ⎛ ⎞= = ⎜ ⎟ ⎜ ⎟
⎝ ⎠ ⎝ ⎠

ε Pε ε P ε

ε P ε ε P ε

ε P ε ε P ε ≥

    (1.76) 

Adapting the parameters , ,υ β γ  which were introduced in (1.62) with these new 
strain resultant intensities and then substitute them into (1.71), we obtain the new 
expression of the plastic dissipation function 

( )

0 0

2 2
0 0 1 1 2 2 0

ˆ ˆ2                                                        for  0      (a)
3

ˆ ˆ      for  0      (b)
3

p

PYZN P
D

PYN K P

ε
κ

κ
κ

ε

ε β β γ β β γ γ

⎧
=⎪

⎪= ⎨
⎪

+ + + + >⎪⎩

    (1.77) 

with the new 1 2,β β  and  are 0K

2
1

1 2 0 2
2 2

,    ,    ln
2 2
Z Z K 1β γ β

β β β β
β γ β

⎛ ⎞+ +
⎜= − = + =
⎜ + −⎝ ⎠

⎟
⎟

.   (1.78) 
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2    MATHEMATICAL FORMULATIONS OF LIMIT AND 
SHAKEDOWN ANALYSIS IN GENERALIZED VARIABLES 

 
 

It is the objective of structural analysis to determine the load carrying capacity. In 
the early 20th century, it has been relatively easily defined by forcing the stress intensity at 
a certain point of the structure to attain the yield stress of the material. This implies that 
structural failure occurs before yielding. However, many materials, for example the 
majority of metals, exhibit distinct, plastic properties. Such materials can deform 
considerably without breaking, even after the stress intensity attains the yield stress. This 
implies that if the stress intensity reaches the critical (yield) value, the structure does not 
necessarily fail or deform extensively. To this case, in order to permit higher loads, elastic-
plastic structural analysis becomes more general than the classical elastic one. Among the 
plasticity methods, Limit and Shakedown Analysis (LISA) seems to be the most powerful 
one. In Europe LISA has been developed as a direct plasticity method for the design and 
the safety analysis of severely loaded engineering structures, such as nuclear power plants 
and chemical plants, offshore structures etc. [Staat, 2002], [Staat and Heitzer, 2003a]. 
Annex B of the new European pressure vessel standard EN 13445-3 is based on LISA 
[European standard, 2005-06], [Taylor et al., 1999] thus indicating the industrial need for 
LISA software. All design codes are based on perfectly plastic models. The extension of 
LISA to hardening materials is no problem [Staat and Heitzer, 2002]. 

Based on the elastic-perfectly plastic or rigid-perfectly plastic models of material 
and considering the loads as monotonic and proportional, limit analysis evaluates the 
plastic collapse load or the largest load to which the structure would be subjected during its 
lifetime. Beyond this limit, the structure will fail due to global plastic flow. Limit analysis 
was pioneered approximately from the works of Kazincky in 1914 and Kist in 1917. The 
first complete formulations of both upper bound and lower bound theorems were 
established later by Drucker, Greenberg and Prager and the alternative formulation using 
rigid-plastic material was given by Hill in 1951. Since then, the applications of limit 
analysis theory in engineering have been widely reported, such as the works of Hodge 
[1959, 1961, 1963], Maier [1970], Prager [1972], Martin [1975], Lubliner [2005] and 
Capsoni and Corradi [1997]. 

However, in practice, the loads are generally time-dependent or may vary 
independently. Practical experience showed that in the case of variable repeated loads, not 
only can low-cycle fatigue cause structural failure below the plastic collapse load 



calculated with limit analysis but also an accumulation of plastic deformations may occur, 
resulting in excessive deflections of the structure [König, 1987]. It may also happen that 
the structure comes back to its elastic behaviour after a certain time period. In this way, a 
new branch of plasticity, the theory of shakedown came to existence. The first static 
shakedown theorem was formulated by Bleich [1932] for a system of beam of ideal I-
cross-sections. This static theorem was then extended by Melan [1936] to more the general 
case of a continuum. In an alternative way, Koiter [1960] developed a general kinematic 
shakedown theorem based on an analogy to limit analysis. He stated and proved the plastic 
analysis theorems, i.e. the limit analysis and the shakedown ones in the form used 
nowadays. Since then, large amount of work were reported in the literature, cf. Maier 
[1969, 1973], König [1966, 1969, 1972], Polizzotto et al. [1993a, b], Ponter et al. [1997a, 
1997b, 2000], Nguyen Dang et al. [1976, 1990], Weichert et al. [1988, 2002], Staat et al. 
[1997, 2001, 2003b]. 

The theory of limit and shakedown analysis were established long time ago. 
However their numerical applications encountered some difficulties and were limited to 
some relatively simple structures. In the case of more complex structures, e.g. shell-like 
structures, a direct application of the limit and shakedown theorems is cumbersome if 
possible at all. The mathematical difficulties arising from the need to use a three-
dimensional analysis are difficult to be overcome. In this case it is convenient to introduce 
some generalized, integrated variables, which are used to describe the static and kinematic 
quantities. Such an approach allows one to reduce complicated three-dimensional problems 
to simple plane or one-dimensional ones. 
 In this chapter, two fundamental theorems of limit and shakedown analysis are 
introduced, the static and kinematic theorems. Based on the original ones which were 
proposed by Melan and Koiter, an extension for lower and upper bound theorems in terms 
of generalized variables are proposed and formulated. A simple approach for direct 
calculation of the shakedown limit as the minimum of incremental plasticity limit and 
alternating plasticity limit, namely the unified shakedown limit method, is also presented. 

2.1. Theory of limit analysis 

2.1.1 Introduction 

Let us consider a structure of volume V  made of elastic-perfectly plastic or rigid-
perfectly plastic material and subjected to external loading . The external loading  
consists of general body force 

P P
f  in V  and surface traction t V on σ∂ . We assume that all 

loads are applied in a monotonic and proportional way 

0α=P P            (2.1) 

where ( )0 0 0,=P f t  denotes the nominal or initial load. If the value of α  is sufficiently 

small, the body behaves elastically. As α  increases and reaches a special value, the first 
point in the body reaches the plastic state. This state of stress is called elastic limit. Further 
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increase of α  will lead to the expansion of plastic region in the body. The structure 
gradually forms a collapse mechanism. At limit state, the structure fails to support the 
applied load and collapses. If  represents the applied load, the value 0P lα  corresponding to 

the plastic collapse state is called the safety factor of the structure or the limit load 
multiplier. 

The theory of limit analysis offers a way to solve directly the problem of estimating 
the plastic collapse load, bypassing the spreading process of the plastic flow. The limit 
value of the load is estimated and at the same time the limit state of stress in the whole 
structure can be evaluated. The limit load and stresses so obtained are of great interest in 
practical engineering whenever the perfectly plastic model and small deformation 
assumption constitute a good approximation of the material. 

2.1.2 General theorems of limit analysis 

Lower bound theorem 

Based on the variational principle of Hill for perfectly plastic material, also known 
as the principle of maximum plastic work, the lower bound theorem of limit analysis can be 
stated as follows 
 The exact limit load factor lα  is the largest one among all possible static solutions 

 corresponding to the set of all licit stress fields , that is −
lα σ

l lα α− ≤ .           (2.2) 

To prove this theorem the principle of virtual work and the property of convexity of 
the yield surface are used, [Hodge, 1959], [Prager, 1959], [Lubliner, 2005]. Then, the task 
of computing the limit load factor becomes a nonlinear optimization problem 

[ ]
( )

0

max

0                             (a)
   s.t.:

0                                       (b)

l l

lL

f

α α

α

−

−

=

+ =

≤

σ P

σ

⎧⎪
⎨
⎪⎩

         (2.3) 

where Eq. (a) is equilibrium condition,  denotes a linear operator (usually differential 
one) and  is the yield function. For the continuum we have . 

L
( )σf [ ] ivσ σL d=

Upper bound theorem  

The upper bound theorem can be demonstrated as 
 The actual limit load multiplier lα  is the smallest one of the set of all multipliers 

 corresponding to the set of all licit velocity fields u  +
lα

ll α+≤α       (2.4) 

where  
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∂

=

=
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= ∂

∫

∫ ∫

ε

f u t u

u 0

c)

n

         (2.5) 

with  and  the total power of the internal deformation and the power of the external 

loads of the structure. The upper bound theorem permits us to estimate the limit load factor 
by solving the following optimization problem (written in a normalized form) 

inW exW

min
s.t.: 1

l i

ex

W
W
α =

=
.                   (2.6) 

2.2. Theory of shakedown analysis 

2.2.1 Introduction 

It has been understood in limit analysis considered above that the loading is simple, 
namely, monotonic and proportional mechanical load (self-equilibrium thermal load has no 
effect on classical limit analysis). In practice, however, structures are often subjected to the 
action of varying mechanical and thermal loading. These loads may be repeated (cyclic) or 
varying arbitrarily in certain domain. In this case, loads which are less than plastic collapse 
limit may cause the failure of the structure due to an excessive deformation or to a local 
break after a finite number of loading cycles. 

Inelastic structures such as for example pressure vessels and pipelines subjected to 
variable repeated or cyclic loading may work in four different regimes, which are 
presented in the Bree-diagram (figure 2.1, [Bree, 1967]) together with the evolution of the 
structural response: elastic, shakedown (adaptation), inadaptation (non-shakedown), and 
limit (ultimate) state. Since for the elastic regime there are no plastic effects at all, whereas 
for the adaptation regime the plastic effects are restricted to the initial loading cycles and 
then they are followed by asymptotically elastic behaviour, both regimes are considered as 
safe working ones and they constitute a foundation for the structural design. We do not 
consider elastic failure such as buckling or high cycle fatigue here. The inadaptation 
phenomena such as low cycle fatigue and or ratchetting should be avoided since they lead 
to a rapid structural failure. At the limit load the structure looses instantaneously its load 
bearing capacity. Limit and shakedown analyses deal directly with the calculation of the 
load capacity or the maximum load intensities that the structure is able to support. The 
structural shakedown takes place due to development of permanent residual stresses which, 
imposed on the actual stresses shift them towards purely elastic behaviour. Residual 
stresses are a result of kinematically inadmissible plastic strains introduced to the structure 
by overloads. They clear out effects of all preceding smaller loads. They also avoid any 
plastic effects in the future provided that the loads are smaller than the initial overload. 
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Therefore, in limit and shakedown analyses the knowledge of the exact load history is not 
necessary. Only the maximum loads (limits) count and the envelopes should be taken into 
consideration. 
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Figure 2.1 Bree-diagram of a pressurized thin wall tube under thermal and  
mechanical loads 

 
Viewing the situations above, one can see that the first and second situations may 

not become dangerous but maximum exploitation of materials can only be attained in the 
adaptation or shakedown case. The maximum safe load is defined as the shakedown load 
avoiding low cycle fatigue and ratchetting. Thus, the main problem of shakedown theory is 
to investigate whether or not a structure made of certain material will shake down under 
the prescribed loads.  

2.2.2 Definition of load domain 

 We study here the shakedown problem of a structure subjected to n  time-
dependent (thermal and mechanical) loads ( )tPk

0  with time is denoted by t , each of them 

can vary independently within a given range 

( )0 0 0, , ,k k k 1,k k kP t I P P P k nμ μ− + − +⎡ ⎤∈ = =⎣ ⎦k⎡ ⎤ =⎣ ⎦ .          (2.7) 
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These loads form a convex polyhedral domain  of n  dimensions with  
vertices in the load space as shown in figure 2.2 for two variable loads. This load domain 
can be represented in the following linear form 

L nm 2=

( ) ( )∑
=

=
n

k
kk PttP

1

0μ        (2.8) 

where 

( ) ,   1,k k kt kμ μ μ− +≤ ≤ = n .                                (2.9) 

1μ+μ-
1

μ+
2

2μ-

P1

1P

P2

2PP3

4P

L

αL

 
Figure 2.2 Two dimensional load domain  and L '=αL L  

 
In the case of shell structures, it is useful to describe this load domain in the 

generalized stress space. To this end, we use here the notion of a fictitious infinitely elastic 
structure which has the same geometry and elastic properties as the actual one. Let the 
cross-sections of the shell be identified by a vector-variable . The actual ‘engineering’ 
stress field in Eq. (1.75) in the elastic-plastic shell can be expressed in the following way 

x

( )ˆ ˆ( , ) ( , )Et t= +σ x σ x ρ x       (2.10)  

with the fictitious elastic generalized stress vector ( )ˆ ,E tσ x  is defined as that would appear 

in the fictitious infinitely elastic structure if this structure was subjected to the same loads 
as the actual one. This fictitious elastic generalized stress vector may be written in a form 
similar to (2.8) 

( ) ( ) (
1

ˆ ,
n

E
k

k

t tμ
=

= ∑σ x σ x)ˆ Ek        (2.11) 
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where  denotes the generalized stress vector in the infinitely elastic (fictitious) 

structure when subjected to the unit load mode . 

( )ˆ Ekσ x

(0
kP )ρ x

0P =

 denotes a time-independent 

residual generalized stress field. This residual generalized stress field satisfies the 
homogeneous static equilibrium and boundary conditions (2.3.a) for . 

Following (2.11), let us define a load domain '=αL L

(ˆ ,E t

 such that when subjected to 

 the fictitious elastic generalized stress vector 'L )′σ x  of the structure under 

consideration is equal to σ  multiplied by a load factor ( )ˆ ,E tx α  

( )′σ x ( )
1

ˆ ˆ, ,
n

E E E

k

t tα α
=

= = ∑σ x ( )k tμ σ (ˆ x)k .      (2.12) 

In shakedown analysis, the problem is to find the largest value of α  which still 
guarantees elastic shakedown. This situation means that after some time t  or some cycles 
of loading, plastic strain ceases to develop and the structure returns to elastic behaviour. 
One criterion for an elastic, perfectly plastic material to shake down elastically is that the 
plastic generalized strains and therefore the residual generalized stresses become stationary 
for given loads  ( )P t

( )
( )

ˆlim , 0,

lim 0,      

p

t

t

t

S
→∞

→∞

=

= ∀ ∈

ε x

ρ x x
      (2.13) 

where  denotes the middle surface of the shell. It is shown in this case, the total amount 
of plastic energy dissipated over any possible load path within the domain  must be 
finite 

S
'L

0 0
0

ˆ ˆ
t

T p
inW N dtε= < ∞∫σ ε .     (2.14) 

The inequality (2.14) may be considered as an intuitive examination which verifies 
if a given structure is going to shake down. Indeed, most of the authors have formulated 
shakedown criteria in this way. However, it should be noted that such a concept leads to an 
approximate description: the total energy dissipated may be finite even if plastic strain 
increments appear at every load cycle but comprise a convergent series. Furthermore, 
boundedness of the total plastic work, without its maximum value being specified, seems 
to be sometimes too weak a requirement, for example when low cycle fatigue is 
considered. 

2.2.3 Fundamental of shakedown theorems 

Static shakedown theorem 

 The decomposition (2.10) is an extension of the classical formulae, which expresses 
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in terms of stresses. By comparing with the classical static shakedown criterion, which 
states for stress variables, one can easily see that the shakedown of a shell structure is 
equivalent to the existence of a time-independent residual generalized stress field ( )ρ x  in 

structure such that it does not anywhere violate the yield criterion 

( ) ( )( )ˆ ˆ( , ) ( , ) 0Ef t f t= + ≤σ x σ x ρ x      (2.15) 

where f  denotes the yield function in term of generalized variables. The following 
theorem shows that this is the necessary and sufficient condition for a structure to shake 
down 

Theorem II.1: 

1. Shakedown occurs if there exists a time-independent residual generalized stress 
field ( )ρ x , statically admissible, such that 

( ) ( )( )ˆ ˆ( , ) ( , ) 0Ef t f t= + <σ x σ x ρ x .                (2.16) 

2. Shakedown will not occur if no ( )ρ x  exists such that 

( ) ( )( )ˆ ˆ( , ) ( , ) 0Ef t f t= + ≤σ x σ x ρ x .                 (2.17) 

Based on the above static theorem, we can find a permanent statically admissible 
residual generalized stress field in order to obtain a maximum load domain αL

−α
 that 

guarantees (2.17). The obtained shakedown load multiplier  is generally a lower bound. 
From the above static theorem, the shakedown problem can be seen as a mathematical 
maximization problem in nonlinear programming 

[ ]
( ) ( )( )

max 

0                                             (a)
  s.t.:

ˆ , 0                (b)E

L

f t t

α α

α

− =

=⎧⎪
⎨

+ ≤ ∀⎪⎩

ρ

σ x ρ x

          (2.18) 

Kinematic shakedown theorem 

 Using  plastic strain field to formulate shakedown criterion, kinematic shakedown 
theorem is the counterpart of the static one. The theorem was given by Koiter [1960] and 
some of its applications in analysis of incremental collapse were derived by Gokhfeld 
[1980], Sawczuk [1969a, b]. The same as proposed by Koiter for plastic strain field, we 
introduce here an admissible cycle of plastic generalized strain field . The plastic 

generalized strain rate  may not necessarily be compatible at each instant during the 
time cycle T  but the plastic generalized strain accumulation over the cycle 

ˆ pΔε
ˆ pε
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0

ˆ ˆ
T

p pdtΔ = ∫ε ε       (2.19) 

is required to be kinematically compatible such that 

[ ]ˆ ( )p RΔ =ε u x       (2.20) 

and 

( )0 0
0

ˆ ˆ 0
T

TE p

S

N dtdε >∫ ∫ σ ε S            (2.21) 

where R  is a linear, differential or algebraic operator,  denotes the vector of 
displacements on the middle surface. The virtual power principle (1.14) permits us to write 
the external power in a more general form which contains the generalized variables 

( )u x

( ) ( )( )0 0
0 0

ˆ ˆ( , ) ,
T T

Tp E
i i ij ij i i

V V S

pf u t dV t u dS dt N t dSdt
σ

θ
σσ ε ε

∂

⎡ ⎤
+ + =⎢ ⎥

⎢ ⎥⎣ ⎦
∫ ∫ ∫ ∫ ∫x σ x ε         (2.22) 

( )twhere  is a self-equilibrium thermal stress due to the temperature field ( , )ij tθσ x θ . From 

Eq. (2.22), the following extension of Koiter theorem holds  

Theorem II.2: 

1. Shakedown may happen if the following inequality is satisfied 

( )( )0 0
0 0

ˆ ˆ ˆ,
T T

TE p p p

S S

N t dSdt D dSdtε ≤∫ ∫ ∫ ∫σ x ε ε( )

( )

+α

.                (2.23) 

2. Shakedown can not happen when the following inequality holds 

( )( )0 0
0 0

ˆ ˆ ˆ,
T T

TE p p p

S S

N t dSdt D dSdtε >∫ ∫ ∫ ∫σ x ε ε .                (2.24) 

Based on the kinematic theorem, an upper bound of the shakedown limit load 
multiplier  can be computed. The shakedown problem can be seen as a mathematical 
minimization problem in nonlinear programming 

( )( )

[ ]

0

0 0
0

0

ˆ( )
min

ˆ ˆ,

ˆ ˆ
s.t:

ˆ ( )

T
p p

S
T

TE p

S

T
p p

p

D dSdt

N t dSdt

dt

R

α
ε

+ =

⎧
Δ =⎪
⎨
⎪Δ =⎩

∫ ∫

∫ ∫

∫

ε

σ x ε

ε ε

ε u x

     (2.25) 
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In order to calculate the shakedown limit load multiplier, the two following methods can 
be applied: separated and unified methods. While the former analyses separately two 
different failure modes: incremental plasticity (ratchetting) and alternating plasticity, the 
latter analyses them simultaneously. Both methods deserve special attention due to their 
role in structural computation. In the following sections, from the original ones which state 
for local variables [König, 1987], an extension for generalized variables is presented. 

2.2.4 Separated shakedown limit 

 As was mentioned above, incremental collapse and alternating plasticity may 
happen to combine. These inadaptation modes can be defined precisely in the following 
way 

Theorem II.3: 

1. A perfect incremental collapse process (over a certain time interval ) is a 

process of plastic deformation 

( )T,0

( ), tε x  in which a kinematically admissible plastic 

generalized strain increment ( ) ( ) ( ), , ,0t TΔ = −ε x ε x ε x  is attained in a 

proportional and monotonic way, namely 

[ ]
( ) ( )

( )
( )
( )

,

, 0

,0 0

, 1

t

t

T

= Λ ⋅Δ

Λ ≥

Λ =

Λ =

ε

ε x ε x

x

x

x

( )RΔ = u x

            (2.26) 

( ), tε x2. An alternating plasticity process is any process of plastic deformation  

within a certain time interval ( )T,0

( )ε x

 such that the total increment of the plastic 

generalized strain Δ  over this period is zero, 

( )
T

( )
0

, t dt 0Δ = =∫ε x xε .             (2.27) 

The criteria of safety with respect to alternating plasticity or incremental collapse 
may be obtained by substituting the plastic strain history (2.26) or (2.27) into the 
shakedown condition (2.23). 
 From the above definitions (2.26) and (2.27), it is easy to see that any plastic 
generalized strain history ( )ˆ ,p tε x , which leads to a kinematically admissible plastic 

generalized strain increment within a periodic interval ( )T,0 , can be decomposed into two 
components of perfectly incremental collapse and alternating plasticity 

( ) ( ) ( ),+ xˆ pε , ,t t t=x ε x ε .               (2.28) 
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2.2.4.1 Incremental collapse criterion 

 If the safety condition against any form of perfectly incremental collapse is 
considered, the plastic strain field is assumed by (2.26). Substituting (2.26) into (2.23), one 
obtains 

0 0
0 0

ˆ ( , ) ( , ) ( ) ( )
T T

E p
ex in

S S

W N t t dSdt W D dSdtε= Λ Δ ≤ = ΛΔ∫ ∫ ∫ ∫σ x x ε x ε .         (2.29) 

By taking into account the properties of the dissipation function and the plastic 
strain history (2.26), we can write 

0 0

( ) ( ) ( )
T T

p p
in

S S S

W D dSdt D dSdt D dS= ΛΔ = Λ Δ = Δ∫ ∫ ∫ ∫ ∫ε ε p ε

ex

in ),( txΛ

0),( ≠Λ tx

.                (2.30) 

From the shakedown condition (2.29), the smallest upper bound of incremental 
limit could be attained when the external power W  assumes its maximum and the internal 

dissipation W  takes its minimum. To this end, the function  is selected in such a 

way that  only when the product ˆ ( , ) ( )E t Δx ε x

L ex

σ  takes its maximum possible 

value for a given load domain . In this case, the external power W  can be written as 

0 0 0 0
0

ˆE Eˆ ( , ) ( , ) ( ) ( ) ( )ex
S S

W N t t dSdt N dSε ε= Λ Δ = Δ∫ ∫ ∫σ x x ε x σ x ε x
T

         (2.31) 

in which 

( )ˆ ˆ( ) ( ) max ( , ) ( )E E tΔ = Δσ x ε x σ x ε x .                        (2.32) 

By this way, the safety condition against any form of perfectly incremental collapse 
thus has the form 

( )0 0
ˆ ( ) ( )E p

S S

N dS Dα ε Δ ≤ Δ∫ ∫σ x ε x ε dS

n

.              (2.33) 

If the load variation domain is prescribed by (2.8), (2.9) and (2.11), namely  
independently varying loads, the formulation (2.33) becomes 

( )0 0
1

ˆ ( ) ( )
n

Ek p
k

kS S

N dS Dα ε μ
=

Δ ≤ Δ∑∫ σ x ε x ε dS∫                  (2.34) 

in which 

ˆif ( ) ( ) 0
ˆif ( ) ( ) 0

Ek
k

k Ek
k

μ
μ

μ

+

−

⎧ Δ ≥
= ⎨

Δ <⎩

σ x ε x
σ x ε x

                         (2.35) 

From condition (2.34), the shakedown load multiplier against incremental collapse 
 can be formulated as a non-linear minimization problem +α
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⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
=+

ex

in

W
W

minα      (2.36) 

or in normalized form 

1:.

min

=

=+

ex

in

Wts

Wα
.      (2.37) 

2.2.4.2. Alternating plasticity criterion 

If the safety condition against alternating plasticity is considered, the plastic strain 
field must be satisfied (2.27). The shakedown condition (2.24) in this case has the form   

          (2.38) ( ) ( )0 0
0 0

ˆ , , ( )
T T

E

S S

N t t dSdt D dSdtα ε ≤∫ ∫ ∫ ∫σ x ε x εp

∈x

x
( )

with 

( )
0

1,    , 0  for all  S
T

t dtα > =∫ ε x .                        (2.39) 

 Starting from the kinematic theorem and the last constraint in (2.39), the 
optimization problem leading to the most stringent limit condition can be established at 
each point  separately. The global safety factor against alternating plasticity limit will be 
the minimum of local x  defined as α

( ) ( )0 0
0

0

0

1 ˆmax , ,
( )

( ) 1
. :

( , ) 0

ij

T
E

T
p

T

N t t

D dt
s t

t dt

ε
ε

α
=

⎧
=⎪

⎪
⎨
⎪ =⎪⎩

∫

∫

∫

σ x ε x
x

ε

ε x

dt

     (2.40) 

By solving this problem, the static shakedown condition against any form of 
alternating plasticity can be obtained 
 A given structure is safe against alternating plasticity if there exists a time-
independent generalized stress field ρ  which, if superimposed on the envelope of elastic 
generalized stresses, does not violate the yield condition 

ˆ( (E , ) ) 0f t + ≤x ρσ .                (2.41) 

It should be noted that the stress field ρ  in (2.41) is an arbitrary time-independent 
generalized stress field and not necessarily self-equilibrated as that in Melan’s theorem 
(2.16) and (2.17). If we define a general stress response 
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*

1

ˆ ˆ( ) ( ) ( )
n

Ek
k k

k

μ μ
=

= +∑σ x σ x            (2.42) 

where  is the elastic generalized stress field in the reference structure when 
subjected to the k-th load and  

ˆ ( )Ekσ x

,    
2 2

k k k
k k

kμ μ μμ μ μ+ − ++ −
= =

−

)

.                      (2.43) 

 In view of (2.40), the plastic shakedown load multiplier (lower bound) may be 
calculated as 

 ( *

1min
ˆ ( ) ( )F

α =
+x σ x ρ x

         (2.44) 

where 

1f F= − .                  (2.45) 

The sign of kμ  must be chosen so that the value of function  is maximal. By 

considering the alternating characteristic of the stress corresponding to an alternating strain 
rate, the optimal time-independent generalized stress field ρ  can be defined by 

F

1

ˆ
n

Ek
k

k

μ
=

= −∑ρ σ .                   (2.46) 

Then the plastic shakedown limit load multiplier can be finally represented as 

1

1min
ˆ ( )

n
Ek

k
k

F
α

μ
=

=
⎛ ⎞
⎜ ⎟
⎝ ⎠
∑

x
σ x

        (2.47) 

where all the combinations of the signs ±  must be accounted for. 

 From equation (2.47) it can be shown that the constant loads have no influence on 
the plastic fatigue limit if these constant loads do not change the geometry and material 
properties. Kinematical strain hardening has also no influence on the alternating plasticity 
limit because it does not change the allowed stress variation. On the other hand, the 
alternating plasticity limit is proportional to the current material strength for an isotropic 
strain hardening material [Yan et al., 2003]. 
 As counterparts of the static condition (2.40), a kinematic condition as well as an 
upper bound of the plastic shakedown load multiplier can be found, see Polizzotto [1993a, 
b] for further details. 

2.2.5 Unified shakedown limit 

 In practical computation, in most cases it is impossible to apply lower and upper 
theorems to find directly the shakedown limit defined by the minimum of incremental 
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plasticity limit and alternating plasticity limit. The difficulty here is the presence of the 
time-dependent generalized stress field ( )ˆ ,E tx

L

L
L

σ  in (2.16)÷(2.17) or the time integration in 

formulation (2.25). These obstacles can be overcome with the help of the following two 
convex-cycle theorems, introduced by König and Kleiber [1978]. 

Theorem II.4: 

“Shakedown will happen over a given load domain  if and only if it happens over the 
convex envelope of ”. 

L

Theorem II.5: 

“Shakedown will happen over any load path within a given load domain  if it happens 
over a cyclic load path containing all vertices of ”. 
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Figure 2.3 Critical cycles of load for shakedown analysis 

 
These theorems, which hold for convex load domains and convex yield surfaces, 

permit us to consider one cyclic load path instead of all loading history. They allow us to 
examine only the stress and strain rate fields at every vertex of the given load domain 
instead of computing an integration over the time cycle. Based on these theorems, König 
and Kleiber suggested a load scheme as shown in figure 2.3.a for two independently 
varying loads. This scheme was applied in a simple step-by-step shakedown analysis by 
Borkowski and Kleiber [1980]. Another scheme (figure 2.3.b) was adopted later by 
Morelle [1984]. Extensions and implementations of these theorems can also be found in 
the works of Morelle [1989], Nguyen and Morelle [1990], Polizzotto [1991], Jospin 
[1992], Yan [1997]. 
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Let us restrict ourselves to the case of a convex polyhedral load domain . The 
question is how to apply the above theorems to eliminate time-dependent elastic 
generalized stress field σ  and time integrations in the lower and upper shakedown 

theorems. In order to do so, let us consider a special load cycle (  passing through all 
vertices of the load domain  such as 

L

( )ˆ ,E tx

0, )T
L

)( kt

1

ˆ( , ) ( ) ( )
m

k k
k

t t tμ
=

= −∑P x P x                    (2.48) 

where  is the total number of vertices of ,  is the total number of varying loads, nm 2= L n
δ  is the Dirac distribution with the property that 

         ( ) ( ) ( )k kf t f x t tδ
∞

−∞

= −∫ dx

f

.                                                

Intuitively it is understood by 

and ( ) 1 if
( )

0 i

k
k

k

x dx t t
t t

t t

δ
δ

∞

−∞

⎧
∞ = =⎪− = ⎨
⎪ ≠⎩

∫          (2.49) 

We define for eq. (2.48) 

                             .                                                [( ) ( )kt t x t t dxμ δ
∞

−∞

− = − −∫ ]k

ˆ

Over this load path, the generalized strain at any instant  is represented by t

ˆ( ) ( )k k
k

t t tμ= −∑ε ε

ˆ

.     (2.50) 

At each instant (or at each load vertex), the kinematical condition may not be 
satisfied, however the accumulated generalized strain over a load cycle 

1

ˆ
m

k
k=

Δ = ∑ε ε       (2.51) 

must be kinematically compatible. 
 

Obviously, the Melan condition required in the whole load domain will be satisfied 
if and only if it is satisfied at all vertices (or the above special loading cycle) of the domain 
due to the convex property of load domain and yield function. This remark permits us to 
replace the time-dependent generalized stress field ( )ˆ ,E txσ  by its values calculated only at 

load vertices. We have the following static shakedown theorem 
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Theorem II.6: 

The necessary and sufficient condition for shakedown to occur is that there exists a 
permanent residual generalized stress field ( )ρ x , statically admissible, such that 

( )( )ˆˆ ( , ) 0 1,E
kf P + ≤ ∀ =σ x ρ x k m

ˆ k

( )p dS∫

.         (2.52) 

The application of loading cycle (2.48) also leads to the elimination of time 
integration in kinematic shakedown condition as stated in the theorem hereafter 

 

Theorem II.7: 

The necessary and sufficient condition for shakedown to occur is that there exists a plastic 
accumulation mechanism ε  such that 

( )( )

[ ]

0 0
1 1

1

ˆˆ ˆ ˆ,

ˆ ˆ

ˆ ( )

m mT
E

k k k
k kS S

m

k
k

N P dS D

R

ε
= =

=

⎧
≤⎪

⎪⎪
⎨Δ =⎪
⎪
Δ =⎪⎩

∑ ∑∫

∑

σ x ε ε

ε ε

ε u x

      (2.53) 

The bounds of shakedown limit load multiplier (2.18) and (2.25) now can be 
reformulated in simpler forms corresponding to the static theorem (2.52) and the kinematic 
theorem (2.53) 

 
1. The lower bound 

[ ]
( ) ( )( )

max                                                     (a)

0                                                       (b)
  s.t.: ˆˆ , 0      1,         (c)E

k

L

f P k m

α α

α

− =

=⎧⎪
⎨
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ρ

σ x ρ x

    (2.54) 

 

2. The upper bound (in normalized form) 

[ ]
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1

0 0
1
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ˆ ˆ          (b)

ˆ  s.t.:     ( )                                  (c)
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=
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=
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⎪
⎪ =
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∑∫

∑

∑∫

ε

ε ε

ε u x

σ x ε

   (2.55) 
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Let us note that if there is only one load and this load does not vary then according 
to load domain definition (2.9) one has 

+− = 11 μμ .       (2.56) 

In this case it is easy to see that the above upper bound and lower bound reduce to 
the formulations of upper and lower bounds of limit load factor (2.3) and (2.6). This fact 
means that limit analysis can be considered as a special case of shakedown analysis.  
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3    DETERMINISTIC LIMIT AND SHAKEDOWN PROGRAMMING 

 
 
 Based on two theorems, the lower bound and upper bound theorems, different 
numerical methods for LISA which deal with both linear and non-linear programming 
were built to analyse complicated structures which analytical tools fail to deal with. In fact 
it is very cumbersome to use “step-by-step” procedures in solving the problem of limit and 
shakedown analysis. Direct procedures are thus necessary. With the help of the finite 
element method, the problem of finding the limit and shakedown load factors can be 
discretized and transformed into a problem of mathematical programming. In lower bound 
shakedown analysis, we calculate the interior approximation of the load domain, i.e. we 
determine the maximum load factor for shakedown. Alternatively, the exterior 
approximation of the load domain will be sought in upper bound analysis, i.e. we 
determine the minimum load factor for non-shakedown. Displacement finite elements 
work best with the upper bound approach in which kinematic conditions are satisfied. 
Users of the upper bound method sometimes state that the lower bound approach should be 
used with stress-based finite elements because otherwise the bounding character is lost. 
Actually, the minimum and maximum problems resulting from the lower bound and upper 
bound theorems are dual. Studies showed that they converge to the same load factor [Vu et 
al., 2004, 2007]. 

Being considered as a non-linear programming technique, the elastic compensation 
method modifies the Young's modulus of each element during an iterative linear-elastic 
finite element calculation in order to obtain an optimized statically admissible stress field. 
An upper bound and a pseudo-lower bound can be obtained after each iteration. In [Taylor 
et al., 1999], elastic compensation and the deviatoric map have been used for LISA of 
perfectly plastic shell structures by the finite element method. Recently many large-scale 
optimization methods have been developed for LISA with continuum finite elements in an 
European research project [Staat et al., 2003a]. The research showed that today LISA can 
achieve exact values of the carrying capacity under monotone and under cyclic loading for 
bounded linearly kinematic hardening material with the potential inclusion of continuum 
damage and moderately large deformations. 

The elasto-plastic analysis of failure loads and failure modes for shell structures has 
been a problem of great interest to many designers. This can be achieved by performing a 
multi-layer analysis which requires the knowledge of the stress distribution through the 
thickness and thus requires extensive computing resources both of time and storage. The 



more effective method is to deal with a single layer analysis which relates to stress 
resultants. However, in this case well-formulated finite element methods for the direct 
evaluation of shakedown limits are currently still rare due to the complexity of geometrical 
shape and the mathematical difficulties in the stress resultant yield criterion. Franco and 
Ponter [1997a, b] developed an approximate technique which is based on the reformulation 
of the kinematic shakedown theorem for an axisymmetric shell with piecewise linear yield 
conditions. Yan and Nguyen Dang [2000] proposed an approximate stress distribution 
through the thickness of the shell and simplified the von Mises criterion for generalized 
variables to get a yield condition in stress resultants. Bisbos and Papaioannou [2006], 
Bisbos and Pardalos [2007] formulated a lower bound shakedown analysis of steel shells 
as a specific mathematical optimization problem known as second-order cone 
programming by using the linear approximation of the exact Ilyushin yield surface (usually 
referred to as Ilyushin’s generalized yield model) 

In this chapter, we present a kinematic approach of limit and shakedown analysis, 
which is adopted for shell structures [Tran et al., 2007a, c, e]. The approach was initially 
proposed by Zhang [1995b] and further developed by Liu et al. [1997], Carvelli et al. 
[1999]. Vu [2001] applied this in conjunction with Newton’s method to establish a 
numerical algorithm for dual shakedown limits. Starting from a finite element 
discretization, a detailed kinematic algorithm in terms of generalized variables will be 
formulated and introduced. A simple technique for overcoming numerical obstacles, such 
as non-smooth and singular objective functions, is also proposed. 

3.1 Finite element discretization 

 By subdividing the whole middle surface  into elements , the integration 

(2.33.a) becomes 

S eS

1 1

ˆ( )
e

m ne
p

k
k e S

D d
= =
∑∑∫ ε S

0

     (3.1) 

where  is the number of vertices of the load domain  and  is the total number of 
elements. The two major numerical obstacles that appear here in dissipation function are 

m L ne

• the value of  in the expression of the dissipation function  may become 

infinite in the case of 
0K ˆ( )p

kD ε

γ =  (as mentioned in the first chapter). 

• if the rigid or elastic perfectly plastic material model is adopted with the Ilyushin 
yield criterion, the objective function (3.1) is only differentiable in the plastisfied 
region of structures while powerful optimization methods require its gradient to 
be available everywhere. 

 
 Being considered as a special case of shakedown analysis, limit analysis based on 
kinematic formulation suffers from the same difficulty. Dealing with singular dissipation 
function in limit analysis, Andersen et al. [1995, 1998a, 1998b, 2000] introduced a 
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“smooth regularization method” by replacing the original dissipation function  by 

its disturbed one 

( )p
kD ε

( )2
0,p

kD ηε 0. In this function η  is a very small number and by that way 

all elements are seen as plastified or on the plastified verge. The technique is actually the 
whole-region regularization method mentioned in [Yan, 1997] and will be adopted here in 
our analysis. 

In order to overcome the two obstacles above, we replace γ  and the bending strain 

resultant intensity  in the expression of the dissipation function by the new ones P̂κ
2 2
0 0

ˆ and Pκγ η η+ +

P̂

. By that way, the dissipation function is finite and differentiable 

everywhere, even in the non-plastisfied region. Furthermore, since the bending strain 
resultant intensity κ  is non-null, thus, the dissipation function now is  

( ) ( )2 2 2
0 0 0 1 1 2 2

ˆ
ˆ ,

3 0k
PD YN Kκη ε β β γ β β γ γ= + + + +εp      (3.2) 

with 1 2 0,  ,  ,  Kβ β γ  calculated by Eqs. (1.78) and (1.62). It is to be noted that, the quadratic 

strain resultant intensities now become 

( )
( )
( )

1

2

2
3 0

3ˆ ˆ ˆ              ( 0)
4

ˆ ˆ ˆ3

ˆ ˆ ˆ12 +       (>0)
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ε
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κ η

= ≥

=

=

ε Pε

ε P ε

ε P ε

      (3.3) 

where  is the generalized strain rate vector corresponding to load vertex , ˆ kε kP̂

11 22 12 11 22 12
0 0 0 0 0 0

1 1 1 1 1 1ˆ 2 2
T

k k k k k k
k ε ε ε κ κ κ

ε ε ε κ κ κ
⎡ ⎤

= ⎢ ⎥
⎣ ⎦

ε .        (3.4) 

It should be noted that the incompressibility condition, although it is true for plastic 
deformation of metal, introduces some numerical difficulties. Fortunately, by using plane 
stress or shell-type finite elements, this condition can be naturally achieved by adopting the 
Kirchhoff’s hypothesis. This can reduce the computational cost in the optimization 
process. 

The integrations  in objective function (3.1) are calculated by Gauss-

Legendre integration technique. From equations (3.1) and (3.2) one has 

ˆ( )
e

p
k

S

D d∫ ε S

( )

( )

2 2
0 0 1 1 2 2 0

1 1 1 1

2 2
0 0 1 1 2 2 0
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ˆ
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e e
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k e k eS S
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k i

PD dS YN K d

PwYN K
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κ

ε β β γ β β γ γ

ε β β γ β β γ γ

= = = =

= =

= + + +

= + +
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∑∑

ε S+

+ +

 (3.5) 

 40 



where  is the weighting factor of the Gauss point . The same integration technique is 

applied to evaluate external power (2.33.d) 
iw i

( )( ) ( )( )0 0 0 0
1 1 1

0 0
1 1

ˆ ˆˆ ˆ ˆ ˆ, ,

ˆ ˆ           

e

m m neT T
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T E

i ik ik
k i

N P dS N P dS

w N

ε ε

ε

= = =

= =

=

=

∑ ∑∑∫ ∫

∑∑

σ x ε σ x ε

ε σ

  (3.6) 

where  denotes the plastic generalized strain rate vector corresponding to vertex k  of 

the load domain and calculated at the Gauss point i  in the structure. The compatible 
condition (2.33.c) is verified at each Gauss point  

ˆ ikε

i

1

ˆ
m

ik i
k=

=∑ B uε            (3.7) 

with  denotes the deformation matrix iB ( )xB  at Gauss point i . 

From (3.5÷3.7) the shakedown limit load multiplier may be formulated as 

( )2 2
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1 1

1
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s.t:     
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⎨
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∑∑
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B uε

ε σ

γ γ+ +

ngneNG ×=

 (3.8) 

In the above formulation, for simplicity, the sums over all elements and over all 
Gauss points of one element (in the expressions of internal and external powers) are 
unified in the sum over all Gauss points of discretized structure. The total number of Gauss 
points in structure is , where ng  is the number of Gauss point on an element. 

3.2 Kinematic algorithm 

 By restricting ourselves to polyhedral form of load domain, in this section we 
introduce a kinematic algorithm for limit and shakedown analysis of shell structures. To 
begin with, for the sake of simplicity, let us rewrite the upper bound limit (3.8) in a simpler 
form by introducing some new notations  
 

• The new strain rate vector ike  

                       ˆik i ikw=e ε .                 (3.9) 

• The new fictitious elastic generalized stress field ikt  

0 0 ˆ E
ik ikN ε=t σ .     (3.10) 

 41



• The new deformation matrix  iB̂

ˆ
i iw=B Bi .           (3.11) 

Following these definitions, the objective function in (3.8) becomes 

( )2 2
0 0 1 1 2 2 0

1 1

ˆ
min

3

m NG

k i

PYN Kκα ε β β γ β β γ+

= =

= + +∑∑ γ+ +

ˆ ik ik

1 2 0,  ,  ,  K

      (3.12) 

where  are calculated by Eqs. (1.72), (1.62), (1.66) and (3.3) in which the 

generalized strain vector ε  is replaced by the rate e . It is to be noted that this replacing 

does not affect the value of 

1 2 0
ˆ,  ,  ,  ,  K Pκβ β γ

β γ P̂, but κ . β

 By substituting (3.9)÷(3.12) into (3.8) one obtains a simplified version for upper 
bound of shakedown limit load  
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e B u

e t

γ+ +

  (3.13) 

Dealing with the non-linear constrained optimization problem (3.13), the penalty 
method is used for satisfying the compatibility condition. To this purpose, let us write the 
penalty function as 

( )2 2
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1 1 1 1

ˆ ˆ ˆ
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TNG m m m

P ik i ik i
i k k k
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∑ ∑ ∑ ∑e B u e B u−

 (3.14) 

where  is penalty parameter such that . This parameter c  may be dependent on 
integration points or load vertices and c  should be adjusted to fit different compatibility 
criteria. However, at this stage, for the sake of simplicity, c  is let to be constant 
everywhere. Theoretically, when c  goes to infinity we will recover related conditions. 

c 1>>c

Following (3.14) the modified kinematic formulation (3.13) becomes 

1 1

               min                    (a)
s.t:

               1                (b)

P

NG m
T
ik ik

i k

Fα+

= =

=

=∑∑e t

    (3.15) 

The corresponding Lagrange function of (3.15) is 
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∑∑e t .       (3.16) 

 Obviously, the normalization can be also treated by a penalty method, which may 
help to remove the Langrangian multiplier λ  from our problem. However, the application 
of a penalty method to (3.15.b) leads to a system of equations which requires more effort 
and computer memory to solve. For this reason that λ  is retained as variable and will be 
handled later on. The stationarity condition for the Lagrange function  states that PLF
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The first equation of (3.17) can be rewritten in the following form 
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(3.18) 

This form of stationary condition will help us reduce numerical difficulty in 

singular situation when ˆ 0Pκ →

0

. This means that (3.18) may be satisfied even when there 

is no plastic deformation and η  is set equal to zero while in the same conditions the 

equation (3.17.a) is indefinite. For convenience, let us rewrite Eqs. (3.18), (3.17.b) and 
(3.17.c) as follows 
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By applying Newton-Raphson’s method to solve the modified system (3.19) one 
gets 
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e e B

B

P e e C

A P P

B P P P

C P P P

  (3.23) 

In the system (3.21)  denote the incremental vectors of generalized strain 

rate and displacement respectively while 

,  ikd de u

dλ  denotes the incremental value of λ . By 
moving the last two terms in (3.21.a) to left-hand side and then, multiplying both sides 
with  we get 1

ik
−M

1 1

1

ˆ ˆ ˆ 1
ik ik ik ik ik i ik ik

k

d d d Pκ κλ− − −

=

⎛ ⎞= − − +⎜ ⎟
⎝ ⎠

e M e B u M t
m

P ∑Md c−f  .   (3.24) 

Writing (3.24) for mk ,1=  and summing them up, after some manipulations one 
has 

1 1 1 1 1ˆ ˆ ˆ
m m m m

ik i ik ik i ik i i ik ik
k k k k

d c P d dκ κλ− − − − −= − + +∑ ∑ ∑ ∑e E M f E M B u E M t1P −  (3.25) 

where 

1ˆ
m

i i ik
k

c Pκ
−= + ∑E I M      (3.26) 

and  is the identity matrix. iI

 
The substitution of (3.25) in (3.21.b) leads to 
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1 1 1 1

1 1 1 1

ˆ ˆ ˆ
NG NG NG m NG m

T T T
i i i i i ik ik i i ik i

i i i k i k

d d κλ− − − −

= = = =

= − +∑ ∑ ∑ ∑ ∑ ∑B KB u h B E M f B E M tˆ
kP  (3.27) 

where 

1 ˆ
m

i
k

c Pκ
1

ik
− −= − ∑K I E M .    (3.28) 

Starting from the definition of , Eq. (3.26), we can further simplify (3.28) as iE

( )1 1 1ˆ
m

i ik i i
k

c Pκ
− − −= − = − − =∑K I E M I E E I E 1

i
− .   (3.29) 

By introducing (3.29) in (3.27) and take into account Eqs. (3.21.a), (3.21.b), one 
has the following system 

( )1 2d dλ λ= − + + +S u Su f f                               (3.30) 

where 

( )

1

1

1 1
1

1 1

1 1
2

1

ˆ ˆ                           (a)

ˆ   (b)

ˆ ˆ   (c)

NG
T
i i i

i
NG m

T
i i ik ik ik ik

i k
NG m

T
i i ik ik

i k

Pκ

−

=

− −

= =

− −

=

⎧
=⎪

⎪
⎪

= −⎨
⎪
⎪

=⎪
⎩

∑

∑ ∑

∑ ∑

S B E B

f B E M M H e

f B E M t

    (3.31) 

The system (3.30) with the last two terms on the right-hand side may be interpreted 
as the linear system arising in purely elastic computations with the global stiffness matrix 

 and applied force vector ( )1 2 dS λ λ+ +⎡ ⎤⎣ ⎦f f 1
i. The matrix −E

i

 plays the role of the elastic 

matrix at the Gauss point  while the vector 

( )d1 2 λ= +f f f      (3.32) λ+

can be considered as the vector of nodal forces applied on the structure. A difficulty arises 
here in the system (3.30) due to a non-symmetry of the matrix S . In order to reduce the 
computational costs, one can make the matrix 1

i
−E  symmetric by 

( ( ) )1 1 11
2

T

i i i
− − −E E E= + .     (3.33) 

From (3.30), (3.25), and (3.24) and after some manipulations we get the 
incremental vectors of displacement and strain rate as 

( )
( ) ( ) ( )

1 2

1 2

 (a)

           (b)ik ik ik

d d d d

d d d d

λ λ

λ λ

= + +⎧⎪
⎨

= + +⎪⎩

u u u

e e e
              (3.34) 

where  
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( )

1
1 1

1
2 2

1 1 1 1
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m m

ik ik i ik ik ik i ik i ik ik ik
k k

m

ik ik i i ik ik ik ik
k

d

d

d c P d

d c P d P P

κ

κ κ κ

−

−

− − − −

=

− − − −

⎧ = − +
⎪

=⎪
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∑ ∑

∑

u u S f

u S f

e M E M H e B u e B u M H e

e M E B u M t M t

−  (3.35) 

The vectors  are actually Newton’s directions which assure that a suitable 

step along them will lead to a decrease of the objective function. 

, ikd du e

In order to compute ( )dλ λ+  we substitute (3.34.b) into (3.21.c) and have 

( )
( )( )

( )

1
1 1

2
1 1

1
NG m

T
ik ik ik

i k
NG m

T
ik ik

i k

d
d

d
λ λ = =

= =

⎡ ⎤− +⎢ ⎥
+ = ⎢ ⎥

⎢ ⎥
⎢ ⎥⎣ ⎦

∑∑

∑∑

t e e

t e
.    (3.36) 

Based on (3.34) we can update the displacement vector  and the global 
generalized strain rate vector e  

u

11 ,... ...
T

ik NG m= ⎡ ⎤⎣ ⎦e e e e .       (3.37) 

The new vectors of  and e  tend to satisfy (3.17.b) and (3.18) simultaneously. By 
forcing them to fulfil (3.17.c) we get Lagrange multiplier 

u
λ  updated as ( )dλ λ+

u e

 in (3.36). 

Iterating these steps may drive us to a stable set of , , λ  satisfying all conditions 
(3.17.b), and (3.17.c) and (3.18). Details of the iterative algorithm are presented hereafter. 

 
• Step 1: Initialize displacement and strain rate vectors:  and  such that the 
normalized condition (3.17.c) is satisfied 

0 0eu

0

1 1

1
NG m

T
ik ik

i k= =

=∑∑ t e .         (3.38) 

Normally the fictitious solution must be computed first in order to define the load 
domain  in terms of the fictitious elastic generalized stress σ . Hence  and  may 

assume fictitious values (after being normalized) for their initialization. Set up initial 
values for the penalty parameter  and for 

L ˆ E
ik

0u 0e

c 0η . Set up convergence criteria, maximum 

number of iterations. 
 
• Step 2: Calculate ,  and  from (3.31) at current values of  and  S 1f 2f u e

 
• Step 3: Calculate ( )dλ λ+ ,  from Eqs. (3.34) and (3.36) , ikd du e
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• Step 4: Perform a line search to find sΛ  such that 

( ),P s sF d d+ Λ + Λ →u u e e min .     (3.39) 

 Update displacement, strain rate and λ  as 

( )
( )
( )

s

ik ik s ik

d a
d

d cλ λ λ
b

= + Λ
= + Λ
= +

u u u
e e e        (3.40) 

As was shown above, it is costly to get the analytical form of the derivatives of the 
objective function. Thus, a line search without using the derivatives is recommended here, 
e.g. the Golden section method. 

 
• Step 5: Check convergence criteria: if they are all satisfied go to step 6 otherwise repeat 
steps 2, 3 and 4. 
 
• Step 6: Stop 
 

The algorithm can fail due to some reasons: failure in computing the inverse matrix 
 or unsuccessful initialization step, which after some iterations results in an unexpected 

form 

1−S

                                                           0

1 1

0
NG m

T
ik ik

i k= =

=∑∑ t e            

or the maximum number of iterations is insufficient to get a convergent solution. If those 
obstacles do not exist, a solution set ( ), ,λu e  can be found as proved in [Vu, 2001]. 
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4    PROBABILISTIC LIMIT AND SHAKEDOWN PROGRAMMING 

 
 

The traditional approach to safety assessment and design is based on a deterministic 
model which invariably involves a large safety factor usually assigned from heuristic and 
somewhat arbitrary decisions. This approach has almost certainly been reinforced by the 
very large extent to which structural engineering design is codified and the lack of 
feedback about the actual performance of the structure. Use of large safety factors can lead 
to the view that “absolute” safety can be achieved. Absolute safety is, of course, 
undesirable if not unobtainable, since it could only be approached by deploying infinite 
resources. Moreover, these safety factors do not provide any information regarding the 
probability that would lead to the loss of structural integrity. 

The realistic evaluation of structural performance can be conducted only if the 
uncertainty of the actual load-carrying capacity of the structure is taken into consideration. 
Uncertainty may originate from random fluctuations of significant physical properties, 
from limited information and from model idealizations of unknown credibility. Structural 
reliability analysis deals with all these uncertainties in a rational way. Reliability 
assessment of structures requires on the one hand mechanical models and analysis 
procedures that are capable of modeling limit states accurately. On the other hand, full 
coverage of the present random variables is also necessary for a meaningful reliability 
assessment. 
 Present structural reliability analysis is typically based on the limit state of initial or 
local failure. This may be defined by first yield or by some member failure if the structure 
can be designed on an element basis. However, this gives quite pessimistic reliability 
estimates, because virtually all structures are redundant or statically undetermined. 
Progressive member failures of such systems reduce redundancy until finally the statically 
determined system fails. This system approach is not defined in an obvious way for a finite 
element representation of a structure. The more effective method of structural reliability 
analysis is probabilistic limit and shakedown analyses, which is based on the direct 
computation of the load-carrying capacity or the safety margin. 
 The aim of this chapter is to present a new algorithm of probabilistic limit and 
shakedown analysis for thin plates and shells, which is based on the kinematic approach 
[Tran et al., 2007b, d, 2008]. The loading, material as well as the thickness of the shell are 
to be considered as random variables. Many different kinds of distribution of basic 
variables are taken into consideration and performed with First and Second Order 



Reliability Methods (FORM/SORM) for calculation of the failure probability of the 
structure. In order to get the design point, a non-linear optimization was implemented, 
which is based on the Sequential Quadratic Programming (SQP). Non-linear sensitivity 
analyses are also performed for computing the Jacobian and the Hessian of the limit state 
function. 

4.1 Basic concepts of probability theory 

4.1.1 Sample space 

 A standard way of determining the yield stress of a material such as steel is to 
perform a number of simple tensile tests with specimens made from the material in 
question. By each test a value for the yield stress is determined but this value will probably 
be different from test to test. Therefore, in this connection, the yield stress must be taken as 
an uncertain quantity and it is in accordance with this point of view said to be random 
quantity. The set of all possible outcomes of such tests is called the sample space. The 
sample space for the yield stress is the set of all positive real numbers and is continuous. 
 A subset of sample space is called an event. An event is the set of sample points. If 
it contains no sample points, it is called an impossible event.  

4.1.2 Random variables 

 An event can be identified through the value of a function called a random 
variable. A random variable is a function which maps events ω  in the sample space Ω  
into the real line R . Usually a random variable is denoted by a capital letter X  

 :  X RΩ → .           (4.1) 

( )X x A random variable can be continuous or discrete. The values of ω=  are 
called realizations of X  and denoted by x . The space of event Ω  is characterized by a 
probability measure , which satisfies the properties of a normed, non-negative and P σ -
additive measure 

1)     0 (P A) 1,≤ ≤

2)     ( ) 1,   ( ) 0,P PΩ = ∅ =

3)    . ( ) ( ) ( )   if   P A B P A P B A B∪ = + ∩ = ∅

 A family { }i i
X  of random variables with  :  iX RΩ →  is called stochastically 

independent or independent for short, if for every choice of a subset  the event iA R⊂

{ }Xi i i
A∈  are independent of each other.  

 The cumulative probability distribution function (CDF) of the random X  is defined 
as follows 

    ( ) ( )F x P X x= < .        (4.2) 
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This means, that the value of  at F x  is the probability of the event, that the random 
variable X  has a realization lower than x . A random variable is characterized by its CDF. 
We summarize the most important characteristics of distribution functions 

1)     is non-decreasing and continuous ( )F x

2)    . lim ( ) 1,    lim ( ) 0,    ( ) ( ) - ( )
x x

F x F x P a X b F b F a
→∞ →−∞

= = < < =

 For the continuous random variable, it is often useful to use the derivative 
probability function. This function is called the probability density function (PDF) 
f  :  R R→

)

. We have 

    .        (4.3) ( ) ( )
x

F x f t dt
−∞

= ∫

The probability density function has the properties 

1)    , ( ) (
b

a

P a X b f t dt≤ ≤ = ∫

2)    ,  ( ) 0f x ≥

3)    ( ) 1f t dt
∞

−∞

=∫ . 

The appendix summarizes the most important distribution functions, densities and further 
details. The following distributions play a special role in structural reliability analysis. 

Normal distribution and standard normal distribution ( 1, 0)σ μ= =  with the respective 
densities 

    
2 2( ) / 2 0.5

2

1 1( )    and   ( )
22

2x xf x e f x eμ σ

ππσ
− − −= = .      (4.4) 

4.1.3 Moments 

 Let X  be a continuous random variable. Then its probabilistic characteristics are 
described by the cumulative distribution function . However, in many applications, the 
form of  is not known in all details. It is therefore useful to have an approximate 
discription of a random variable by its most important features. In the following it is 
assumed that all the random variables are continuous.  

F
F

 The expected value [ ]E X of X  with the density f  is defined as 

     .         (4.5) [ ] ( )E X xf x dx
∞

−∞

= ∫
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The expected value is also called the ensemble average, the mean or the first moment of X  
and the symbol μ  is often used for it. The following simple rules for the expectation hold 

1)    [ ] ,   E a a a R= ∈ , 

2)    [ ] [ ] [ ] [ ] [ ],    ,   E X Y E X E Y E X E X Rλ λ λ+ = + = ∈ , 

3)    [ ] [ ] [ ]( . ) .    if and only if X and Y are independentE X Y E X E Y= . 

The  central moment of thn X  is defined by ( )nE X μ⎡ ⎤−⎣ ⎦ . The second central 

moment of X  is called the variance of [ ]X  and is denoted by 2σ  or Var  X

[ ] ( )22Var X X 2 2E E Xσ μ μ⎡ ⎤⎡ ⎤= = −⎣ ⎦ = −⎣ ⎦ .      (4.6) 

The variance reflects the expected deviation of a realization x  from the expected value 
[ ]E X . The positive square root of the variance, [ ]Xσ , is called standard deviation of X . 

The concept of random variable has been used only in one-dimensional sense. This 
definition can easily be extended to a vector valued random variable  : nΩ →X

nt

R  called a 
random vector. The joint cumulative distribution function for the random vector X is 
defined as 

1

1 1
1

( ) ( ) ... ( ,..., ) ...
nxxn

i i n
i

F P X x f t t dt d
=

−∞ −∞

⎛ ⎞= ≤ =⎜ ⎟
⎝ ⎠ ∫ ∫X ∩ .      (4.7) 

 The mixed central moment of random variables is defined as 

( ) ( ),ij i j i i j j i j i jCov X X E X X E X Xμ μ μ⎡ ⎤⎡ ⎤ ⎡ ⎤Σ = = − − = −⎣ ⎦ ⎣ ⎦⎣ ⎦ μ

i

         (4.8) 

is called covariance of random variables (written with random vector components X  and 

jX ). The covariance matrix Σ  is symmetric semi-definite. The ratio ij

,i j
ij

i j

Cov X X
ρ

σ σ
⎡ ⎤⎣ ⎦=                         (4.9) 

where ,i jσ σ  are the standard deviations of the random variables iX  and jX , is called the 

correlation coefficient. It can be used as a measure of mutual linear dependence between a 
pair of random variables. It can be shown that 1 1ijρ− ≤ ≤ i. Two random variables X  and 

, 0 (or 0)i j ijX X ρ⎡ ⎤jX  are said to be uncorrelated if Cov = =⎣ ⎦  holds. Therefore, 

independent random variables are uncorrelated but not vice versa. In the appendix the 
expectations and variances of the most important distribution functions for structural 
reliability analysis are listed. 
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4.2 Reliability analysis 

The behavior of a structure is influenced by various typically uncertain parameters 
(loading type, loading magnitude, dimensions, or material data, ...). Data with random 
fluctuations in time and space is adequately described by stochastic processes and fields. 
Typical examples of engineering interest are earthquake ground motion, sea waves, wind 
turbulence, imperfections. The probabilistic characteristics of the processes are known 
from various available measurements and investigation in the past. In engineering 
mechanics, the available probabilistic characteristics of random quantities affecting the 
loading of the mechanical system often cannot be utilized directly to account for the 
randomness of the structural response due to its complexity. In structural response 
calculations a distinction is made between the involved structural model properties which 
are either considered as being deterministic or stochastic. 
 The principles of reliability analysis have been applied to a very large class of 
problems, ranging from the design of control systems for complex nuclear and chemical 
plants to the design of specific mechanical and structural components, as well as more 
generally in the field of aero-space industries. Reliability analysis should not, however, be 
thought of as an isolated discipline as it is closely related to the theory of statistics and 
probability and to such fields as operations research, systems engineering, quality control 
engineering and statistical acceptance testing. 

4.2.1 Failure function and probability 

In reliability based structural analysis all probabilistic characteristics are modelled 
as random variables. These so-called physical basic random variables are collected in a 
vector ( )1 1, ,..., nX X X=X  where n  is the number of stochastic variables. The 

deterministic safety margin M is based on the comparison of a structural resistance 
(threshold) R  and loading  (which is usually an invariant measure of local stress at a hot 
spot or in a representative cross-section). With 

S
,R S X

g X
 functions of  the structure fails for 

any realization with non-positive failure function or limit state function ( ) , i.e. 

0        for failure
( ) ( ) ( ) 0        for limit state

0        for safe structure
g R S

<⎧
⎪= − =⎨
⎪>⎩

X X X                  (4.10) 

The limit state  defines the limit state hyper-surface ( ) 0g =X F∂  which separates the 

failure region { } ( )F g= x X 0<

,

 from safe region. Figure 4.1 shows the densities of two 

random variables R S  which are generally unknown or difficult to establish. The failure 
probability fP ( )g X

X

 is the probability that  is non-positive, i.e. 

( )0 ( )
F

P P f d= ≤ = ∫X x( )f g x                     (4.11) 
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where  is the n-dimensional joint probability density function. Usually, it is not 

possible to calculate 

( )Xf x

fP  analytically. In special cases, where the basic variables are jointly 

Gaussian distributed and the failure surface is a hyperplane, it can be shown that 

( )f cP β= Φ −              (4.12) 

where cβ  is the second moment reliability index defined as the mean of M divided by the 

standard deviation of M. Φ  is the standard Gaussian distribution function. ( ).

F

The concept of a reliability index which is invariant with respect to the formulation 
of the failure function was proposed by Hasofer and Lind [1974]. It is defined as the 
shortest distance from origin to the failure surface ∂  in the standardised and uncorrelated 

-space (figure 4.2), i.e. u

( ) 0
min T

HL g
β

=
=

u
u u .            (4.13) 

For the general cases, there are several approximate methods to compute the failure 
probability fP

4

. Direct Monte Carlo Simulation (MCS) becomes increasingly expensive 

with the increase of the structural reliability but it is independent on the dimension n  of 
the space of basis variables. Acceptable failure probabilities might be in the range of 10−  
to 10 . They are even much lower in nuclear reactor technology. For a validation that the 
failure probability 

6−

fP cP

/10cP 5

 is less than an accepted limit , the sample size required for direct 

MCS must be at least  leading to a minimum sample size in the range of 10−  to 

. Such a large number exceeds particularly for complex FE-models, available 
resources by far. The numerical effort can be reduced considerably by variance reduction 
methods like Importance Sampling and by Response Surface Methods (RSM). However, 
the most effective analysis is based on First- and Second-Order Reliability Methods 
(FORM/SORM) if gradient information is available [Gollwitzer et al., 1988]. However the 
numerical effort of FORM/SORM increases with the dimension n . 

710−

 

r,s

f  (r)R

Sf  (s) Loading S

Resistance R

 

Figure 4.1 Density functions of ,R S  presenting on one axis  
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4.2.2 First- and Second-Order Reliability Method 

First- and Second-Order Reliability Methods (FORM/SORM) are efficient means 
and standard methods of numerical probability calculations for multiple random variables. 
These methods have only become popular since the advent of inexpensive computing. 
They are often confused with other so-called first order methods that may rely on 
assumptions of normality and/or small numbers of random variables to achieve closed-
form solutions. FORM/SORM, on the other hand, can deal with random variables having 
arbitrary probability distributions and can estimate reliability results for large numbers of 
random variables. 

 

u space

failure region
g(u) < 0

safe region
g(u) > 0

β
HL

g (u) = 0L

Qg (u) = 0

constant probability

g(u) = 0

 

Figure 4.2 Domain based on linear and quadratic approximations in u space 
 

FORM/SORM are analytical probability integration methods. Therefore, the 
defined problem has to fulfill the necessary analytical requirements (e.g. FORM/SORM 
apply to problems, where the set of basic variables are continuous). Because of the large 
computational effort of MCS due to small failure probabilities, any effective analysis is 
based on FORM/SORM [Hohenbichler et al., 1987], in which the numerical effort depends 
on the number of stochastic variables but not on fP

u
U ( )0, 1μ σ= =

 (contrary to MCS). Practical 

experience with FORM/SORM algorithm indicates that their estimates usually provide 
satisfactory reliability measure. Especially in the case of small failure probability (large 
reliability), FORM/SORM are extremely efficient compared with the MCS method 
regarding the requirement of computer time, such as the Central Processing Unit (CPU). 
The failure probability is computed in three steps 

• Transformation: The physical space  of uncertain parameters, , is transformed into 
a new n-dimensional space, , consisting of independent standard Gaussian variables 

 . Such a transformation is always possible for continuous random 

variables. The appendix provides a description of some independent random variables, 

x X
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equations to map them into the standard Gaussian space. By this transformation, the 
original limit state function ( ) 0g =x

( ) 0g =u u
 is mapped into the new limit state function 

 in the  space. This transformation is exact and not an approximation 
[Bjerager, 1991]. 

• Computation of design point: The design point or -pointHLβ , which is the point on the 

limit state surface having the shortest distance to the origin in the  space, is 
determined by an appropriate non-linear optimization algorithm. More details of this 
algorithm will be discussed in next section. 

u

( ) 0=u

( ) 0Lg =u

g

• Approximating the limit state surface and calculation of the failure probability: The 
limit state surface  is approximated by a tangential hypersurface at the design 

point. This corresponds to an approximating hyperplane  (linear or first-

order) or hyperparaboloid 

g

( ) 0Q =u  (quadratic or second-order), respectively. The 

failure probability ( ( ) )0LP g <u  in FORM or fP  is thus approximated by 

( )( )0<

g

HL

QP g u

( ) 0=u

 in SORM. 

4.2.2.1 First-Order Reliability Method (FORM) 

Consider a tangential linearization at the design point  on the limit state surface 

, which is given by  
0u

0( ) )T Tg (L = −u a u β= +u a u              (4.14) 

where a  is the vector of direction cosines and can be obtained from 

0

0

( )
( )

g
g

∇
=

∇
ua
u

.      (4.15) 

Here  is the Hesse normal form of the tangential hypersurface to the limit state 
function at the design point. If the failure function is not strictly non-linear, the probability 
of failure 

( )Lg =u 0

fP  can be determined with good accuracy by 

20.5
,

1( )
2

HL
z

f I HLP
β

β
π

−
−

−∞

= Φ − = ∫ e dz                         (4.16) 

where HLβ  is calculated from (4.13). The first-order reliability index can be defined as 

following 
1

,( )I HL f IPβ β −= = −Φ .                          (4.17) 

     Consider a small vector  which can be interpreted as an error appearing in the 
calculation of the design point (i.e.  is replaced by 

ε
0u 0 +u ε

( )HL

). The resulting disturbance of 
the reliability index ε  can be calculated as follows [Rackwitz, 2004] β

( ) (( ) T)1
, 0L fPH I HLβ β−Φ + +ε u ε= − ≈ε a ,                         (4.18) 
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and therefore 
( )

( ) ( )

0

,

0

,

.

i

i

HL
i

i

f I
HL i

i

a

P
a

ε

ε

β
ε

ϕ β
ε

→

→

∂
=

∂

∂
= − −

∂

ε

ε
                              (4.19) 

Obviously,  represents the sensitivities of ia HLβ  and ,f IP  versus the changes of the mean 

value of u . 0,

1−

jκ

3S

i

4.2.2.2 Second-Order Reliability Method (SORM) 

Various methods have been suggested to improve the accuracy of FORM 
calculations and to give a rough estimate of the approximation quality [Madsen et al., 
1986], [Fiessler et al., 1979]. The general idea is to approximate the limit state surface by a 
quadratic hypersurface rather than by a hyperplane. The main curvatures of the quadratic 
hypersurface at the design point are equal to those of the limit state surface. This leads to 
the so-called Second-Order Reliability Methods (SORM). Using all n  main curvatures 

, the failure probability is calculated as a three term approximation suggested by Tvedt 

[1983] as 

, 1 2f IIP S S= + +                                  (4.20a) 

( )
1 1/ 2

1
1

( ) 1
n

HL HL j
j

S β β κ
− −

=

= Φ − −∏        (4.20b) 

[ ] ( ) ( )
1 11/ 2 1/ 2

2
1 1

( ) ( ) 1 1 ( 1)
n n

HL HL HL HL j HL j
j j

S β β φ β β κ β κ
− −− −

= =

⎧ ⎫
= Φ − − − − − +⎨ ⎬

⎩ ⎭
∏ ∏  (4.20c) 

[ ] ( ) ( )
1 11/ 2 1/ 2

3
1 1

( 1) ( ) ( ) 1 Re 1 ( )
n n

HL HL HL HL HL j HL j
j j

S iβ β β φ β β κ β κ
− −− −

= =

⎧ ⎫⎡ ⎤⎪ ⎪= + Φ − − − − − +⎨ ⎬⎢ ⎥
⎪ ⎪⎣ ⎦⎩ ⎭
∏ ∏  

(4.20d) 
where 1i = − , [ ]Re .  represents the real part of the complex argument and (.)φ  is the 

standard Gaussian PDF.  is an asymptotic approximation of 1S fP

HL

 being exact for 

→ ∞ 2S,  and  are correction terms. 3Sβ

The curvatures  are obtained in the following way. First, the co-ordinate system 

of the standard normalized u  space is rotated, so that the design point becomes part of the 
last axis of the rotated normal 

jκ

y  space. In other words, the last basic vector of the y  space 
coincides with the design point position vector in the normalized u  space. This is achieved 
through the following transformation 

 57



T=Y D U      (4.21) 

and, provided that  1 T− =D D

=U DY .     (4.22) 

Defining  as the matrix of second derivatives of the limit state function in 
0yH y  space at 

the design point 0y , the curvatures are obtained as solutions of a characteristic equation 

1

0( )det 0y
n

g
y

κ
−⎛ ⎞⎛ ⎞∂⎜ ⎟− =⎜ ⎟⎜ ∂⎝ ⎠⎝ ⎠

yH
⎟

I

)

                             (4.23) 

where  is the identity matrix. The second-order reliability index can be defined as 
following 

I

1
,(II f IIPβ −= −Φ     (4.24) 

It should be noted that Iβ  has a geometric meaning but IIβ  has no such interpretation. The 

open source code of FORM/SORM is available in [Wierskowski, 2005]. 

4.3 Calculation of design point 

In order to apply FORM/SORM, the design point must be identified. This leads to a 
non-linear constrained optimization problem as follows [Heitzer, 1999] 

1minimize:   ( )
2

s.t.              ( ) 0

Tf

g

=

≤

u u

u

u
         (4.25) 

where a coefficient 1
2

 is added for technical reasons. Many algorithms have been 

suggested to deal with this problem. Staat et al. [2003] and Bjerager [1989] got good 
results in probabilistic limit analyses with Rackwitz’s simple gradient search algorithm, 
which is based on a linearization of the limit state function at each step. However, this 
algorithm is only guaranteed to converge towards a locally most likely failure point in each 
sequence of points on the failure surface if the safe region is quasi-convex or concave (see 
section 7.4). 
 A more general algorithm is the Sequential Quadratic Programming (SQP). This 
method has proved to be suitable for tasks in the area of the reliability theory [Rackwitz, 
2004]. Due to the complex shape of the limit state surface, SQP becomes an efficient tool 
for solving non-linear optimization problems and shall be introduced for this reason here in 
short statements. More details can be found in the literature, e.g Schittkowski [1983a, 
1983b, 1988, 2004], Bazaraa et al. [1993]. Example of applying SQP in reliability analysis 
can be found in [Dronia, 2005]. 
 The SQP method, also known as successive or recursive quadratic programming, 
employs Newton’s method (or quasi-Newton methods) to solve the KKT conditions for the 
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original problem directly. As a result, the accompanying subproblem turns out to be the 
minimization of a quadratic approximation to the Lagrangian function optimized over a 
linear approximation to the constraints. Consider the inequality constrained nonlinear 
optimization problem 

minimize:   ( )
s.t.              ( ) 0          i

f
g i I≤ ∈

x
x

                                 (4.26) 

where  is an n-dimensional parameter vector containing the design variables. For this 
case, given an iterate , where  is the Lagrange multiplier estimating for the 

inequality constraints. Define ∇ =

x
( ),k kx λ 0k ≥λ

2 2 2( ) ( ) ( )k k ki i k
i I

L f gλ
∈

∇ + ∇∑x x x

k

 to be the usual Hessian 

of the Lagrangian at x . Then a quadratic programming subproblem of the form 

21min ) ( )
2

s.t.              ( ) ( ) 0                    

T T
k

T
i k i k

f f L

g g i

+ ∇ + ∇imize:   ( ( )k k

I+ ∇ ≤

d d x d

x x d

x x
                      (4.27) 

∈

1kis formulated and must be solved in each iteration. Let  be the optimal solution, kd +λ

k

⎞
⎟
⎠

 the 

corresponding multiplier of this subproblem, then the new iterate is obtained by 

1

1 1

k k
k

k k k

α+

+ +

⎛ ⎞ ⎛ ⎞ ⎛
= +⎜ ⎟ ⎜ ⎟ ⎜ −⎝ ⎠ ⎝ ⎠ ⎝

x x
λ λ λ λ

kd
                                       (4.28) 

where ( ]0,1kα ∈  is a suitable step length parameter. Since  might not be positive 

definite, it can be replaced by a positive definite approximation , which is known as 

BFGS update [Powell, 1978] 

2 ( )kL∇ x

kB

1

T T
k ksk k k k

k k T T
k k k k k

+ = − +
B p p B sB B

p B p s p
                               (4.29) 

with 

( )
1

1 1 1

1
( , ) ( , )

1                                    when   0.2

0.8         otherwise

k k k

k k k k

k k k k k

T T
k k k k k

T
k k k

T T
k k k k k

L L
θ θ

θ

+

+ + +

= −

= + −

= ∇ − ∇

⎧ ≥
⎪= ⎨
⎪ −⎩

p x x
s q B p
q x λ x λ

p q p B p

p B p
p B p p q

               (4.30) 

 To ensure global convergence of the SQP method and avoid the Maratos effect, a 
certain irregularity leading to infinite cycles, we have to select a suitable steplength kξ  

subject to the augmented Lagrangian merit function ( )ξ  [Schittkowski, 1983a] ψ
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1 2

2
21( ) ( ) ( ) ( )

2 2
i

i i i i
i I i I i

f g r g
r

1 λψ ξ ξ λ ξ ξ
∈ ∈

⎛ ⎞= + + + + + +⎜ ⎟
⎝ ⎠

∑ ∑x d x d x d      (4.31) 

where { }1 : ( ) /i i iI i I g rλ= ∈ ≤x  and 2 1\I I I= ,  is the penalty parameter. In order to 

get the value of penalty parameter, two positive constants 

1ir ≥

1,  1r ε> <

k

 should be chosen. 
Then at each iteration, together with the search direction d , two additional variables 

2

1
12 1

,  when    
min ,   and  

              ,  otherwise

kT
k kk k k

k k k k k
k

λ λ
δ δ ε

ε

+
− +

⎧ ⎫ ≠⎪⎪ ⎪= = −⎨ ⎬ ⎨
⎪ ⎪ ⎪⎩ ⎭

⎩

d B d
λ λ

d

⎧ d
         (4.32) 

with 0 1δ =  and a small positive number kj , which satisfies the inequality 

( )
16ln
41 1 11 ,  i.e.   min ,

4 4 ln
k k k

k k k kj j j N j
r r

ε δ δ
ε δ δ

⎧ ⎫
⎪ ⎪−⎪ ⎪⎛ ⎞< − = ∈ >⎨ ⎬⎜ ⎟

⎝ ⎠ ⎪ ⎪
⎪ ⎪⎩ ⎭

         (4.33) 

must be identified. The penalty parameter  at iteration  can be obtained from k
ir k

{ }1max , kjk k
i ir r −= r                                                   (4.34) 

with 0r r= . The step length kξ  can be chosen by a separate algorithm, which should take 

the curvature of the merit function into account. If kξ  is too small, the resulting step sizes 

might become too small leading to a higher number of outer iteration. On the other hand, a 
large value close to one requires too many function calls during the line search. Thus we 
need some kind of compromise which is obtained by applying first a polynomial 
interpolation. Rackwitz [2004] proposed a simple line search, which is based on a 
quadratic interpolation minimization algorithm 

( )
(0) 0

2 (0) (0) (1)k
ψξ

ψ ψ ψ
γ∇

=
+ ∇ −

≥ >                                     (4.35) 

where  

( )
1

(0) ( ) ( ) ( ) ( )T T
i i i i i

i I

f g r g gψ λ
∈

∇ = ∇ + ∇ + ∇ T∑x d x d x x d                     (4.36) 

and γ  is a small positive number, which ensures that the value of kξ  is not too small. This 

algorithm is very useful in reliability analysis, because it allows to reduce the number of 
deterministic loop in an iteration to two, for 0=  and 1ξ ξ = , and thus considerably reduce 
the computational cost.  
 Applying SQP method for solving the optimization problem (4.25), the quadratic 
programming sub-problem (4.27) at iteration  becomes k
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21minimize:   ( ) ( ) ( )
2
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f f f
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+ ∇ ≤

u u d d u

u u d
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u

                        (4.37) 

with  and . The Karush-Kuhn-Tucker conditions for this problem 

are 

( )kf∇ =u u 2 ( )kf∇ u

( , ) ( ) ( ) 0

( ) ( ) 0
k k k k k k

T
k k k

L f g

g g

λ λ∇ = ∇ + + ∇⎧
⎨

+ ∇ =⎩

u u d u

u u d
.   (4.38) 

Applying Newton’s method for solving these equations leads to the system 

1

( ) ( )
( ) 0 ( )

k k k
T

k k

g f
g gλ +

∇ ∇⎡ ⎤ ⎛ ⎞ ⎛
= −⎜ ⎟ ⎜⎢ ⎥∇⎣ ⎦ ⎝ ⎠ ⎝

B u d
u u

   (4.39) 

with the solutions 
1

1 1

1 1
1

( ) ( ) ( )
( ) ( )

( ) ( )

T
k k k k

k T
k k k

k k k k k k

g f g
g g

g f
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−

+ −

− −
+

∇ ∇ −
= −

∇ ∇

= − ∇ − ∇

u B u u
u B u

d B u B u
    (4.40) 

as the Lagrange multiplier and search direction for the next iteration. If  then  

together with the Lagrange multiplier 

0k =d ku

1kλ +  yields the optimal solution for the problem 

(4.25), i.e. the design point is actually found. The calculation of the necessary derivatives 
are considered as the sensitivity analysis and will be discussed in the next section. 

4.4 Sensitivity of the limit state function 

The reliability analysis described above can be carried out now with the help of a 
probabilistic limit and shakedown analysis. From the results of the finite element analysis, 
the necessary derivatives of the limit state function based shakedown analysis can be 
determined analytically. This represents a considerable reduction of computing time 
comparing with the other methods, e.g. the difference approximation, and makes such an 
efficient and cost-saving calculation of the reliability of the structure. Contrary to the 
numerical calculation, the analytical calculation is faster and more exact. The necessary 
data for the calculation of the derivatives are available after the execution of the 
deterministic shakedown analysis since they are based on the limit load factor limα . 

The derivatives must be calculated firstly at each iteration in the physical x  space. 
Then it is transferred into the standard Gaussian u  space by using the chain rule 

( ) ( )2 2

( ) ( ) ( )

( ) ( ) ( ) ( )
u u x u

T
u u x u u x u x

g g g

g g g g

∇ = ∇ = ∇ ∇

∇ = ∇ ∇ ∇ = ∇ ∇ ∇ + ∇ ∇

u x x x

u x x x x x x x2
u

  (4.41) 

The calculation of the derivatives in the physical x  space is based on a sensitivity 
analysis. Sensitivity arises prominently in microeconomic theory, where optimality 
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condition provide the basic for analysis. It is interested primarily not in finding an optimal 
solution, but rather in how the solution is affected by changes in the problem data. By this 
way, sensitivity analysis becomes widely in engineering, especially in reliability analisis of 
the structures, where the data defining problem are random variables. 

4.4.1 Mathematical sensitivity 

 Consider a constraint optimization problem  is defined as follows P

minimize:     ( )
s.t.                ( ) 0       i

f
h i I= ∈

x
x

.                                   (4.42) 

Suppose that , : n
if h R R→  are twice continuously differentiable and I  is some 

index set. In many applications the objective function f  as well as the constraint functions 
 may depend on other parameters. Consider the following pertubation problem  of 

the original problem  
ih ( )P ε

R

*( )x ε (P *λ

=

( )P 0

minimize:     f ( , )
s.t.                ( , ) 0       , m

ih i I= ∈ ∈

x ε
x ε ε

.                                (4.43) 

The perturbations ε  can be interpreted in two ways: as a random error or as 
aspecific change in the parameters defining the problem functions. The optimal solution 

 of the problem  with the Lagrange multipliers  fulfills the following first 
order Karush-Kuhn-Tucker conditions 

)ε

,* * * * *

*

, ) ( , ) ( 0

( , ) 0                    

i i
i I

i

L f

h i I

λ
∈

∇ = ∇ − ∇

= ∈

( , )h∑x λ ε x ε x

x ε

ε
.                     (4.44) 

If f  has a continuous and nonsingular gradient matrix ( , )f∇ε x ε

( )ε

( )P 0
*( )L ε

 in an open set 

containing , the implicit function theorem implies the existence of a unique 

differentiable local solution (  of the problem . Let  then the 

conditions are fulfilled in a local solution  of the problem . We defined the 

optimal value function  and the optimal value Lagrangian  as follows 

*( , )x ε

)* *( ), ( )x ε λ ε P =ε 0
*( )x 0

*( )f ε

( )( ),ε ε* *( )f f≡ε x

( )* * *( ) ( ), ( ),L L≡ε x ε λ ε ε
.                    (4.45) 

Theorem [Fiacco, 1983]  

If the linear independence condition and the second order sufficient condition of the 
problem  are satisfied, and if the problem functions are twice continuously 

differentiable in (  near  then, in a neighborhood of 

( )P ε

, )x ε *( , )x 0 =ε 0 , we have 
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* *( ) ( )f L=ε ε           (4.46a) 

* * * *( ) ( ( ), ) ( ) ( ( ), )i i
i I

d f f h
d

λ
∈

∂ ∂
= −

∂ ∂∑ε x ε ε ε x ε ε
ε ε ε

     (4.46b) 
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d L df
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∂
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∑

x ε λ ε εε x ε
ε x ε ε

x ε ε ε x ε λ ε ε
ε ε ε

   (4.46c) 

and  

22 T LL ∇ ⎧ ⎫⎡ ⎤ −∇∇ −∇ ⎧ ⎫
=⎨ ⎬ ⎨ ⎬⎢ ⎥ ∇−∇ ∇⎩ ⎭⎣ ⎦ ⎩ ⎭

ε εxx x

εx ε

xh
λh 0 h

       (4.46d) 

where [ ]1 2, ,... Th h=h

(

. The sensitivity analyses (4.46) provide a quantitative measure of the 

first- and second-order change in the optimal value function of . It should be noted 
that the value of the optimal value function and its gradient can be calculated once the 
optimal solutions 

( )P ε

)* *( ), ( )ε λ ε

lim

x  have been determined. However, for the general problem, 

the value of Hessian matrix of the optimal value function requires the determination of 
both the optimal solutions and its first derivatives. 

4.4.2 Definition of the limit state function 

 As mentioned above, the limit state function contains the parameters of structural 
resistance R and loading S. If we defined the limit load factor α  as follows 

lim
lim

P
P

α =                               (4.47) 

where  are limit load and actual load of the structure. For the shake of simplicity, the 

limit state function  can be normalized with the actual load  and then becomes 
lim ,P P

g P

lim 1g α= −                                (4.48) 
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Figure 4.3 Flowchart of the probabilistic limit and shakedown analysis 

 
From previous chapter, the shakedown load factor can be calculated by the non-

linear programming (3.15) 

( )lim ,

1 1

min

. :      1 0

ik
P

NG m
T
ik ik

i k

F

s t

α

= =

=

⎛ ⎞− =⎜ ⎟
⎝ ⎠
∑∑

e u

e t
                    (4.49) 

with 
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                 (4.50) 

with 

( )2 2
0 0 1 1 2 2 0

ˆ

3ik
PN Kκη ε β β γ β β γ γ= + + + + .                         (4.51) 

It can be seen that the limit state function is the function of yield stress variable Y , 
thickness variable Z  and load variables. The shakedown range obtained from (4.49) is 
linear function of the yield stress variable Y  (see 4.4.4). In the case of heterogeneous 
material, we will obtain at different Gaussian points  eventually different yield stress 
variables . Then the limit state function is no more a linear function of these variables. 

The actual load  is defined in  components by using the concept of a constant referent 
load  as follows 

i

iY

P n
0P

0

0 0P P 0 0
1 2

0 0
1 1 2 2

...

...
n

n n

P P

P x P x P x P

= + +

= + + +

+
                            (4.52) 

where jx  is the realization of the thj  basic load variable jX  ( 1,j n= ). The corresponding 

actual stress field can also be described in the same way 
0 0

1 1 2 2ˆ ˆ ˆ ˆ... n n
0x x x= + + +σ σ σ σ .              (4.53) 

From (3.10) and (4.53), the corresponding normalized stress fields are obtained 

0 0 0
0 0 0 0 1 1 2 2 1 1 2 2ˆ ˆ ˆ ˆ... ...n n n nN N x x x x x xε ε ⎡ ⎤= = + + + = + + +⎣ ⎦t σ σ σ σ t t t             (4.54) 

or 

1

n

j j
j

x
=

= ∑t t .                                                                (4.55) 

4.4.3 First derivatives of the limit state function 

 With the nonlinear programming (4.51), the Lagrange function becomes 
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      (4.56) 

In order to get the sensitivity of the limit state function, one require is that the 
derivatives of the limit load factor * * *( , , )ikα  must be available. Let λe u

lim

 are the solutions 

of the optimization problem. At optimal point, the first derivative of the limit load factor 
thj  load variable α  versus jX  can be calculated as follows 

( ) ( ) ( )* ** * * * *
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where  is the stress vector at Gaussian point i  and load vertex  due to the ,ik jt k j  load 

case. The derivatives of the limit load factor limα  versus yield stress variable Y  and 

thickness variable Z  can be determined in the same way and have the form 
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  (4.59) 

4.4.4 Second derivatives of the limit state function 

 In SORM algorithm, as discussed above, the Hessian matrix which summarizes 
second partial derivatives of the limit state function is needed. They can be obtained from a 
directly analytical derivation of the first derivatives. Consider first the derivatives of limα  

versus load variables. Taking the derivatives of (4.57) versus lX , one gets 
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It can be seen that the derivative 2
lim / j

2Xα∂ ∂  is a special case of (4.60) when l j≡ .  

To complete the calculation in (4.60) the derivatives of λ  and  versus ike lX  are also 

needed. Since the Karush-Kuhn-Tucker conditions and the strict complementary slackness 
hold at the optimal point, it follows that 

1

1 ˆ
m⎛ ⎞= −+         i, k

ˆ
PL

ik ik ik i ik
kik

F c
Pκ

λ
=

∂
− ∀⎜ ⎟∂ ⎝ ⎠

∑H e e B u t 0
e

=                    (4.61a) 
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                                                     (4.61b) 

1 1

1 0
NG m

T
ik ik

i k= =

− =∑∑e t .                                                                             (4.61c) 

Since this relation 
1

ˆ 0
m

ik i
k =

⎛ − =⎜
⎝ ⎠
∑e B u⎟

l

 holds at optimal point, then we can delete it in 

equation (4.61a) and equation (4.61b) is automatically fulfilled. According to implicit 
function theorem, by taking derivative of (4.61a, c) versus X  and using the chain rule for 

two variables ,  ik λe  one gets 

,        i, kik
ik ik ik l

l lX X
λ λ∂ ∂

− −
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∂ ∂
t 0                                        (4.62a) 
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with 

(
2

32 3

12 1
ˆ ˆ

TPL
ik ik ik ik ik ik
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F

P P

∂
= = − + +

∂
G H e e P H

e
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with  are obtained from (3.20), (3.23) and (1.49). 3, ,ik ikH D P

 At the optimal point,  must be positive definite due to the second order 

sufficiency condition, thus it is invertible. Referring to (4.57) the equation (4.62b) can be 
written as follows 

ikG
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1 1

1NG m
T ik
ik

i k l lX X
α

λ= =

∂ ∂
=

∂ ∂∑∑ et .                                                        (4.64) 

From (4.62a) we obtain the derivative of  versus ike lX  

1
,

ik
ik ik ik ik l

l lX X
1λ λ−∂ ∂

= +
∂ ∂
e G t G t− .                                                   (4.65) 
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Substituting (4.65) into (4.64) and after some manipulations we obtain as well the 
derivative of λ  versus lX  

1lim
,

1 1

1

1 1

1 NG m
T
ik ik ik l

i kl
NG m

Tl
ik ik ik
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∂ ∂
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∂
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t G t

t G t
.                                          (4.66) 

Analogously, by taking derivatives of (4.58) versus ,jX Y  and referring to (4.57) 

one has 

( ) ( ) ( )* ** * * *
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 It is obvious from (4.68) that for the case of homogeneous material the shakedown 
load factor is actually a linear function of yield stress, i.e. the optimisation variables  

are independent of Y . Moreover, the Lagrange multiplier λ  is as well a linear function of 
. These can be proved by taking derivatives of (4.61a, c) versus , it follows that Y Y

        i, k
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ik ik ik
ik ikY Y Y Pκ
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Substituting (4.69a) into (4.69b) with referring to the relation (4.61a) and after 
some manipulations we obtain 
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The second derivatives of limα  versus thickness variable Z  are also necessary. 

Since  and ike Z , from (4.59) and (4.57) one has  λ  are functions of 
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 The first term in (4.71) can be simplified by 
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with  are given by (1.49) and (3.23). The second term in (4.71) can be rewritten 

as follows 
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In order to complete (4.71), the derivatives of λ  and  versus ike Z  are needed. By 

taking derivatives of (4.61a, c) versus Z  and using the chain rule for two variables ,  ik λe , 

one has 
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Referring to (3.20) and after some manipulations we obtain 
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From (4.76a) we obtain the derivative of  versus ike Z  
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Substituting (4.78) into (4.76b) one gets 
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4.4.5 Special case of probabilistic shakedown analysis 

Consider a special case of probabilistic shakedown analysis, where  is a 
stochastic one-parameter load, i.e. with a reference load  we have  and 

P
0P0P P x=
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ik ikx=t t 0

ikt 0P where  is the stress vector due to referent load . Otherwise we have as well 
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 In this case, the non-linear optimisation (4.49) becomes 
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If we now define a new strain vector ˆ ik ikx=e e  and new displacement vector 
ˆ x=u u , then (4.81) can be rewritten as follows 

( )lim ˆ ˆ,

0

1 1

min

ˆ. :      1 0

ik
P

NG m
T
ik ik

i k

F

s t

α

= =

=

⎛ ⎞− =⎜ ⎟
⎝ ⎠
∑∑

e u

e t
                                  (4.82) 

with 
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 Since the constraint is now no longer depended on the load variable X , it follows 
that 
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 These above derivatives can also be easily obtained by using the same procedure as 
applied for the material variable Y . By this way, it is easy to prove that 
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ˆ
,  0ik

X X X
λ λ∂ ∂

= − =
∂ ∂

e , and then we find again the above expressions finally. 

The flowchart in figure 4.3 contains the logical connections of the main analysis 
steps as they have been implemented in our finite element code based probabilistic limit 
and shakedown analysis. In each probabilistic iteration, i.e. the iteration for finding the 
design point, two deterministic loops are required, the first one provides information for 
sensitivity analysis and the second one for the simple line search algorithm, as mentioned 
in (4.35).  



 
 
 
 
 
 

5    MULTIMODE FAILURE AND THE IMPROVEMENT OF 
FORM/SORM RESULTS 

 
 

In the previous chapter, the concept of reliability has mainly been concerned with 
individual structural elements and failure mechanisms. The reliability of a real structure is 
usually much more difficult to evaluate since more than one element (member) can fail and 
because there is the possibility of more than one failure mode for the system. In this case, 
analysis of the structural system is required to evaluate the safety of the structure as a 
whole [Ditlevsen and Bjerager, 1986]. To handle problems of this kind, the real structure is 
sometimes modelled by an equivalent system in such a way that all relevant failure modes 
can be treated [Thoft-Christensen and Baker, 1982]. Structural systems can generally be 
characterized as series or parallel systems or some combination of the two [Madsen et al., 
1986]. In series system, the formation of any individual failure mode or mechanism is 
defined as system failure. For example, in statically determinate or rigid-plastic structures, 
formation of a collapse mechanism will result in failure of the total system and therefore 
they can be modelled as series system with each element of the series being a failure 
mechanism. In parallel system, failure in a single element will not result in failure of the 
system, because the remaining elements may be able to sustain the external loads by 
redistributing of the loads. A typical example of a parallel system is a statically 
indeterminate structures. Failure of such structures will always require that more than one 
element fails before the structure loses integrity and fails. 

The non-linear optimization algorithm which was developed in section 4.3 is 
globally convergent [Tran et al., 2007b, d], i.e., the sequence is guaranteed to converge to a 
minimum-distance point on the limit state surface, provided that the limit state function is 
continuous and differentiable. However, as with any non-convex optimisation problem, it 
is not guaranteed that the solution point will be the global minimum-distance point when 
the system has more than one failure mode (multimode failure or multiple design points). 
This chapter aims at presenting a method to successively find the multiple design points of 
a component reliability problem, when they exist on the limit state surface. Each design 
point corresponds with an individual failure mode or mechanism. FORM and SORM 
approximations are applied at each design point followed by a series system reliability 
analysis to lead to improved estimates of the system failure probability. 

 



5.1 Multimode failure 

5.1.1 Bounds for the system probability of failure 

 In the previous chapter, a probabilistic algorithm was developed to identify the 
failure mode and to evaluate the failure probability of an elasto-plastic shell structure. In 
structural analysis, it is rather an exception to deal with a problem where the failure of a 
structure can be satisfactorily defined by one limit state equation only. Thus, the identified 
mode is only one of many modes that can occur, and the probability of the mode occurring 
may or may not provide a good estimate of the system probability of failure. If there are  
failure mechanisms and the limit state surface is respectively described by  equations 

m
m

m1( ) ( ,..., ) 0,   1,i i ng g X X i= = =X               (5.1) 

and if we denote the failure due to the ith  mode as the random event  iE

{ }( ) 0i iE g= ≤x X                            (5.2) 

then the probability that the system fails is the probability that any failure mechanism 
occurs. It means that 
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f m i
i

P P E E E P E
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If the joint probability density function of the failure events  is known, then the 

system probability of failure can be calculated by the n-dimensional integral 

( )Ef e
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P P E f e e de de
= −∞ −∞
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⎝ ⎠ ∫ ∫∪ m

iP

.      (5.4) 

Several techniques such as simulation methods or reducing the dimension of the 
original integral (e.g. [Dunnet et al., 1955], [Rackwitz, 1978], [Hohenbichler, 1981]) exist 
for evaluation of equation (5.4). However, in general, evaluation of the system probability 
of failure through direct integration may not be feasible, even if an expression exists for the 
joint density function of failure modes and all failure modes have been identified. In this 
case, bounds relieve the necessity of evaluating the m-dimensional integral either 
analytically, numerically or through Monte Carlo simulation [Ramachandran, 1984], 
[Melchers, 1987]. Several first-order bounds exist (e.g., [Cornell, 1967]) which only 
require knowledge of the individual probabilities of failure resulting directly from the 
axioms of the probability theory. Unfortunately, these bounds may be quite wide for 
structural reliability application [Grimmelt and Schueller, 1982]. Closer or second-order 
bounds can be given in term of the individual failure probabilities and the joint failure 
probabilities between any two modes. If we denote the individual failure probabilities  as 

[ ]( ) 0 ,   1,i iP P g i m= ≤ =X                        (5.5) 
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then, the bounds of the system probability of failure for a series system are [Ditlevsen, 
1979] 

1

1
2 1 1 2

max ,  0 max
m i m m

i ij f i j ii j i i

P P P P P
−

<
= = = =

⎧ ⎫
+ − ≤ ≤ −⎨ ⎬

⎩ ⎭
∑ ∑ ∑ ∑ ijP                   (5.6) 

with the notation  has been used for the joint failure probability ijP

( ) 0,  ( ) 0ij i jP P g g⎡ ⎤= ≤ ≤⎣ ⎦X X .                                      (5.7) 

Since not all couples of the random events  are taken into account in equation 

(5.6) the ordering of the modes will have an effect on the bounds. Practical experience 
suggested that ordering the failure modes according to decreasing values  may 

correspond to the better bounds. In structural reliability, these bounds are frequently used 
and are considered sufficiently accurate for most structural systems [Grimmelt and 
Schueller, 1982]. Next section will present the calculation of these second-order bounds 
based on the first-order system reliability analysis. Another bounds can, of course, be 
derived which include the joint probabilities of failure of any three failure modes. It 
appears, however, that for practical problems this improvement is small compared to the 
improvement in using second-order bounds instead of first-order bounds [Hohenbichler 
and Rackwitz, 1983]. 

iE

iP

*,  1,2...iu i m=

5.1.2 First-order system reliability analysis 

 In a first-order system reliability analysis, the failure set is approximated by the 
polyhedral set bounded by the tangent hyper-planes at the design points. Each design point 
corresponds to a failure mode and they are the points on the limit state surface that have 
smallest distances to the origin in a standard normal space. We denote the design points in 
standard normal space as  and associated with each design point, we define 

the distance *
HLi iuβ =

iP

Li

, which is the corresponding reliability index. The individual 

probabilities of failure  are determined as 

( )i HP = βΦ − .                                  (5.8) 

 The first-order approximation to  is obtained by approximating the joint failure 

set by the set bounded by the tangent hyper-planes at the design points for the two failure 
modes. Figure 5.1 presents the projection of the limit state surface for the two failure 
modes on the plane containing the origin and the two design points  and u . The joint 

failure probability  is thus calculated as 

ijP
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β β ρ ϕ ρ
−−

−∞ −∞
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with the correlation coefficient between two failure modes ijρ  are 
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β β
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u u

                    (5.10) 

and ( , ;x y )ϕ ρ  is the probability density function for a bivariate normal vector with zero 

mean values, unit variances and correlation coefficient ρ  
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Figure 5.1 Geometrical illustration of first-order system failure set  
 

Substituting the density function in (5.9) by the corresponding cumulative 
distribution function ( ), ;x y ρΦ , which gives 
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∫

∫

z
                      (5.12) 

Numerical techniques are available for evaluating the joint failure probability in 
equation (5.12), e.g. Newton-Codes method. Simple bounds on the joint failure probability, 
which is based on geometrical illustration of multimode failure system can also be given, 
thus avoiding any numerical integration [Madsen et al., 1986]. It should be noted that the 
bounds (5.6) still estimate a solution of the generally unknown region which respect to the 
exact value of the probability of failure. If we do not know where the values of the 
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probabilities are placed with respect to the exact values, we can not confirm that the 
bounds given above estimate the probability of failure. They bound some approximation 
and we can only more-or-less reasonably expect that the approximation is close to the 
exact result and the bounds remain meaningful. 

5.2 Solution technique 

 As discussed above, a real structure may have several failure modes or failure 
mechanisms and the existence of multiple failure modes (or multiple design points) may 
cause the following problems in FORM and SORM. That is, the optimization algorithm 
which was developed in section 4.3 may converge to a local design point. In that case, the 
FORM/SORM solution will miss the region of dominant contribution to the failure 
probability integral and, thus, has large error. Even if the global design point is found, the 
neighborhoods of the local design points may also have significant contribution to the 
failure probability integral. Approximating the limit state surface only at the global design 
point will lose these contributions. 

In this section, a simple method is presented for finding the multiple design points 
of a reliability analysis problem, when they exist on the limit state surface. The method 
was developed by [Der Kiureghian and Dakessian, 1998]. Once all the design points are 
known, the failure probability of series system is calculated by using first-order system 
reliability method and second-order bounds as presented above.  

5.2.1 Basic idea of the method 

 In optimization theory, one method often suggested to find the global and local 
solutions is to repeat the analysis with different starting points and hope that all optimal 
points will be found. Unfortunately, it is possible for all trials to converge to the same point 
even when the other optimal points exist. A more effective method is to construct 
“barriers” around previously found solutions, thus forcing the algorithm to seek a new 
solution. In our problem to find the points which have the minimum distances from origin, 
the “barriers” around found solutions can be construct by moving the limit state surface in 
the neighborhood of them away from the origin. Supposing that the first design point u  is 

already found by the non-linear optimization algorithm in section 4.3. We construct a 
“barrier” for this point by adding a ‘bulge’ to the limit state surface. Thus, the limit state 
function for the deformed surface is 

*
1

( ) ( ) ( )1g g B= +u u 1 u

( )1g u *
2u

*
3u ( )2B u *

2

                 (5.13) 

where  defines the bulge fitted at . Solving the optimisation problem with the new 

limit state function  leads to a second design point . In order to seek the third 

solution point , a bulge  is now added at u  resulting in the limit state function 

( )1B u *
1u
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( ) ( ) ( ) ( ) ( ) ( )2 1 2 1 2g g B g B B= + = + +u u u u u u

-m th

. Repeating the process until all design 

points are found. The limit state function for finding the design point thus, is 

( ) ( )1g g− u u ( )B u
1

1

m

m i
i

−

=

= +∑                  (5.14) 

βHLiiu*

γβ
H

Li

u1

2u

 

Figure 5.2 Definition of a bulge at design point  *
iu

 
As is shown in the figure 5.2, it is possible for the optimisation algorithm to 

converge to the points located at the feet of the bulge, which are actually the spurious 
minimum-distance points. However, practical experience showed that this occurs only 
when there is no other genuine design point. Thus, convergence to a spurious point usually 
means that no other genuine design point exists [Der Kiureghian and Dakessian, 1998]. 
This nature can be used as the stopping criterion of the algorithm. 

5.2.2 Definition of the bulge 

 The derivation of a bulge ( )iB u  at a design point  is based on the following 

requirements 

*
iu

*
iu•  must be positive in the neighborhood of  (in order to move the limit state 

surface away from the origin) and zero elsewhere. 

( )iB u

• The bulge should have a strong outward curvature at its feet in order to make the 
search algorithm converging to an existing genuine design point rather than to its 
feet. 

•  must be continuous and differentiable since the optimization algorithm 

requires a continuous and differentiable limit state function. 

( )iB u
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Basing on the above considerations, Der Kiureghian and Dakessian proposed a 
spherical shape of the bulge as follows 

( ) ( )222 * *    if   

   0                   elsewhere

i i i i i
i

s r rB
⎧ − − −⎪= ⎨
⎪⎩

u u u uu ≤

Li

                 (5.15) 

where i Hr γβ=  is the radius of the bulge. The parameter γ  should be chosen carefully 

since a small γ  is conservative but may produce insufficient curvature at the foot of the 
bulge, whereas a large one may result in a bulge that conceals other significant design 
points. The scale factor  governs the height of the bulge and, thus, the distance by which 

the limit state surface in the neighborhood of  is moved away from the origin. It must be 

chosen large enough to assure a strong outward curvature at the food of the bulge. Suppose 
we want to move the design point u  away from the origin by the amount 

is
*
iu

*
i δ HLiβ

0

, where 

( )
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δ γ< < *
iu. Since the slope of the limit state surface at  is *

ig∇ u , it is seen that the 

necessary height of the bulge at that point is ( )*
HLi igδβ ∇ u . From equation (5.15), it 

follows that 

( )
( ) ( )

*
i

22 2

HLi
i

HLi HLi

s
δβ

γβ δβ
=

g∇

⎡ ⎤− ⎦

u
.                                          (5.16) 

⎣

( )*
ig∇ uThe definition of the bulge at each design point in term of HLiβ ,  and two 

parameters γ , δ  is complete through the two equations (5.15) and (5.16). To complete the 
method one needs to know whether a newly found design point is genuine or spurious. 
This is easily solved by calculating its distances from previously found design points. If 
any one of these distances is smaller than or equal to the radius of the corresponding bulge, 
then the newly found design point is at the foot of this bulge and, therefore, is spurious. 
Convergence to a spurious design point usually means that no more genuine design points 
exist. However, in order to make sure that this is the case, one may wish to add a new 
bulge at this spurious design point and continue the search. Of course, the spurious design 
points are not included in the reliability calculations. 
 



 
 
 
 
 
 

6    LIMIT AND SHAKEDOWN ANALYSIS OF DETERMINISTIC 
PROBLEMS 

 
 

The deterministic and probabilistic shakedown optimizations described in the above 
chapters is programmed and implemented in the finite element package Code_Aster, a free 
open source computing software [Code_Aster 7.3, 2003]. The 3-node triangular and 4-
node quadrangular isoparametric flat shell elements, which are based on the Kirchhoff’s 
hypothesis, were applied. Although the flat shell elements may fail to satisfy the basic 
convergence properties that should be expected from sound finite element procedures in 
general, they can produce reasonably accurate approximations [Chapelle and Bathe, 2003]. 
The presented shakedown method applies also to more effective shell elements that work 
with generalized variables. But currently only flat elements are available in Code_Aster. 
The finite element discretisations were realized by the personal pre- and post-processor 
GiD [GiD 7.2, 2002]. 

Nine examples are presented below for the sake of evaluation the algorithm, 
including both plate and shell structures. The structures under consideration can be 
subjected to mechanical and thermal loads and are made of elastic-perfectly plastic 
material. In each numerical test, some existing analytical, numerical and experimental 
solutions found in literature are briefly represented and compared. Perfectly plastic LISA 
methods cover two mandatory design checks of the new European pressure vessel standard 
[European standard, 2005-06], [Taylor et al., 1999]. 

• GP check: Limit analysis with the Tresca yield function and a typical safety factor of 
1.5 can be used to exclude plastic collapse under monotonic loading by gross plastic 
deformation. In practice the non-smooth Tresca function is replaced by the von Mises 

function so that an additional safety factor of 2 1.1547
3
=  is effective in pipes and 

cylindrical pressure vessels. The total safety factor is 3 1= .732 , [Vu et al., 2007]. 

• PD check: Shakedown analysis with the von Mises yield function may be used 
without a safety factor to exclude incremental collapse by ratcheting under cyclic 
loading. 



With respect to pressure vessel design it can be concluded that shakedown analysis is 

decisive if the shakedown load is less than 1 0.57735
3
= –times the limit load. If only the 

safety factor 1.5 is applied in the GP check then the PD check is decisive if the shakedown 
load is less than 0. –times the limit load. The present shakedown analysis includes also 
the AP check against failure by alternating plasticity. However, this check is not 
mandatory. 

6

6.1 Limit analysis of a cylindrical pipe under complex loading 

Consider an example of a cylindrical pipe under complex loading, which was 
examined by Yan [1997], Vu [2001] and [Larson et al., 1975]. The pipe is subjected to 
bending and torsion moments ,  b tM M  as well as internal pressure p  and axial tension F  

(figure 6.1). We denote here L  the length, r  the mean radius and h  the thickness of the 
pipe.  

 

pr
h

L

F

Mb

tM

 

Figure 6.1 Cylindrical pipe under complex loading 

 

Firstly, consider the pipe under pure bending. The analytic solution of plastic 
collapse limit may be easily obtained by Bernoulli's theory 

2
24 (

12bl y pl el y
hM W h rσ η σ= = + )                  (6.1) 

where yσ  denotes the material yield stress, Mbl is the maximum bending moment we can 

apply on the pipe while other loads are removed.  

If only torsion moment is applied on the pipe, the plastic collapse limit is then 

22
3tl yM r hπ σ= .      (6.2) 

Furthermore if bending moment, internal pressure and axial tension apply at the 
same time on a thin-walled pipe, the following analytical solution may be used 
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          (6.4) 

The formulations (6.1÷6.4) are taken from Yan [1997]. If axial tension is caused by 
only internal pressure (the pipe has closed ends), it is easy to find that n  and the 

formulation (6.3) now becomes 

2/ϕnx =

2

34 2
ϕn

m
−

= .     (6.5) 

In our numerical analysis the whole pipe is discretized by 300 quadrangular flat 4-
node shell elements as shown in figure 6.2. The following geometrical and physical 
parameters are adopted: 2700mm, 300mm, 60mm, 160MPaσ= = = =yL r h . 

If only a bending moment is applied with its limit value M  
(formula 6.1), the limit load factor is 1.010. In this case, the numerical error is 1% 
compared with the analytical solution. On the other hand, if only torsion moment is applied 
with its limit value M  (formula 6.2), the limit load factor is 1.0053, 
and the numerical error is only 0.53% compared with the analytical solution. 

kNm52.3467== blb M

kNm24.3134== tlt M

 

Figure 6.2 FE-mesh of cylindrical pipe 

 

When the two loads (bending moment and internal pressure) are applied, the limit 
load factor can be estimated by using (6.5). The interaction diagram (figure 6.3) presents 
both numerical and analytical results. It is observed that the numerical solution agrees very 
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well with the analytical one: the maximum numerical error is less than 1%.  

On the other hand, if only axial tension is applied, the limit load factor is 1.0015. In 
this case, numerical error is only 0.15% compared with the analytical solution.  

 

Figure 6.3 Cylindrical pipe under bending and internal pressure 

6.2 Limit and shakedown analysis of a thin-walled pipe subjected to internal pressure 
and axial force 

In this example, a thin-walled pipe with thickness h  and mean radius  as shown 
in figure 6.4 is considered. The pipe is subjected to internal pressure 

r
p  together with axial 

force . This problem was investigated analytically by Cocks and Leckie [1988] using the 
Tresca yield criterion and by Yan [1997] using the von Mises yield criterion. 

F

When both internal pressure and axial force increase monotonically and 
proportionally, the plastic collapse limit can be computed by using the condition: 

12

2

2

2

=−+
llll F

F
p
p

F
F

p
p       (6.6) 

where y
l

h
p

r
σ

β= , 2l yF rhπ σ=  with 1=β  for a long pipe without the end constraining 

effect. 
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Figure 6.4 Thin-walled pipe  

 
 If internal pressure remains constant while axial force varies within the range 

, the shakedown limit can be computed by using the following condition: [ FF ,− ]

12

2

2

2

=++
llll F

F
p
p

F
F

p
p .      (6.7) 

 

Figure 6.5 FE-mesh of the pipe 

Note that (6.6) and (6.7) were found by using the von Mises yield criterion [Yan 
1997]. On the other hand, if the Tresca yield criterion is used, the shakedown range is 
limited by the condition [Cocks and Leckie 1988]: 

ll F
F

p
p

−= 1 .          (6.8) 

 In our numerical analysis the whole pipe is discretized by 400 3-node triangular flat 
shell elements as shown in figure 6.5 with the following geometrical properties and 
material yield stress: , 300 mmr = 10 mmh = , 2700 mmL = , 116 MPayσ = . 

The interaction diagram for limit and shakedown analysis with normalized pressure 
/ lp p  and normalized axial force F  is plotted in figure 6.6. Analytical solutions are 

computed by using the formulations (6.6) and (6.7). In all cases, the diagram shows good 
agreements between numerical and analytical solutions. The numerical error is less than 
1%.  

/ lF
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Figure 6.6 Interaction diagram 

6.3 Cylindrical shell under internal pressure and temperature change 

In this continuous well-known example, consider an axially restrained cylindrical 
shell of mean radius r  and thickness . The shell is subjected to a constant internal 
pressure 

h
p  and a uniformly or linearly distributed temperature T  which may vary within a 

certain range. Numerical analysis is carried out by using 200 quadrangular flat 4-node shell 
elements as presented in figure 6.7. The following material properties and geometrical data 
are adopted: 116.2 MPayσ = , 151000 MPaE = , 0.3υ = ,  

, h  in which  is Young’s modulus, 

5 o 11.0 10  T Cα − −= ×

500 =r mm 10 m= m E Tα  is the coefficient of thermal 

expansion and yσ  is the yield limit. Two following cases are examined  

Uniformly distributed temperature 

This problem was examined by Zhang [1995b] and Vu [2001]. The inner and outer 
temperature are the same T T  and vary within the range [ , . Omitting the 

failure caused by axial instability, the shakedown load can be computed by using the 
following condition [Zhang, 1995b] 

i u T= = 0 0 ]T T T+ ∆

2 2 1

3 ,  
2 2

p T

T
p T

y y

s s

E Tprs s
h

α
σ σ

+ =

∆
= =

                  (6.9) 

 84



In the case of ∆ =  the analytical solution leads to 0T 2.684 MPasdp = . On the 

other hand, when only temperature applies 0p = , it results in ∆ = . 102.605 o
sdT C

 
T

p

u

Ti r
h  

 
Figure 6.7 FE-mesh and geometrical dimensions 

 

 
Figure 6.8 Interaction diagram (uniformly distributed temperature) 

 
Numerical results with normalized loads ( ),sd sdp T∆  are presented in the interaction 

diagram, figure 6.8. It can be shown that these results agree well with the analytical 
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approximation. The maximum error is less than 1%. It is noted that the collapse mode at 
shakedown limit is alternating plasticity in the axial direction of the pipe only when 
pressure is absent and purely incremental plasticity in the other cases. 

Linearly distributed temperature 

 This case was investigated by Heitzer [1999] when the temperature field is linearly 
distributed between inner and outer wall of the shell. The inner temperature T  may vary 

within the range [0  while the outer one is set to zero T
i

0, ]T 0u = . 

In the case of  shakedown analysis gives the shakedown load 

. Numerical results with normalized loads 

0p =
o136.248 sdT = C ( ),sd sdp T  are presented in the 

interaction diagram, figure 6.9. It can be shown that the collapse mode at shakedown limit 
is alternating plasticity when pressure is small and purely incremental plasticity when 
pressure becomes bigger. 
 

 
Figure 6.9 Interaction diagram (linearly distributed temperature) 

6.4 Pipe-junction subjected to varying internal pressure and temperature 

Thermal loading is known to have a great effect on the shakedown or inadaptation 
behaviour of structures. In this example a pipe-junction subjected to internal pressure p  
and temperature loads is examined. The supposed temperature field T  is a linearly 
distributed function through the thickness with outer value T  and inner value T . The 

essential dimensions are chosen as follows 
u 0i =

  Internal diameter of the pipe             39 mmD = . 

  Internal diameter of the junction       d 15 mm= . 
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  Thickness of the pipe and junction   3.44 mms t= = . 

In the work of Heitzer and Staat [1999], which is based on the lower bound 
approach, 125 solid 27-node hexahedron elements were used to model one fourth of the 
structure due to its symmetry. Analogously, the problem was analyzed by Vu [2001] with a 
primal-dual shakedown algorithm using 720 solid 20-node hexahedron elements. In our 
analysis, numerical computations are carried out by using 800 flat 4-noded shell elements 
as presented in figure 6.10. The following material properties are adopted: 

160 MPa, 210000 MPa, 0.3y Eσ υ= =
5 o 11.0 10  T Cα − −= ×

=  with the coefficient of thermal expansion 

. 

 

 
s

D

d t

 

 
Figure 6.10 FE-mesh and geometrical dimensions 

Pipe-junction under internal pressure 

For the sake of comparison, consider firstly the case of having only mechanical 
load. Numerical limit analysis leads to the plastic collapse pressure 

0.145 23.2 MPal yp σ= =  compared with other results (table 6.1). The convergence 

property of this solution presented in figure 6.11 shows that the limit load factor becomes 
stationary after only five iteration steps.  
 In the case of shakedown analysis, the internal pressure may vary within range 
[ ]00, p . Numerical analysis gives the shakedown load p 0.10267 16.43 MPasd yσ= =  

compared with other known solutions (table 6.2). It is noted that in this case the structure 
fails due to the alternalting plasticity. Convergence analysis of the optimization algorithm 
shows that the shakedown load factor becomes stationary also after five iteration steps. 
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Table 6.1: Limit analysis of pipe-junction 

 
Limit load 

normalized with yσ Nature of solution Source 

Staat and Heitzer 0.134 lower bound [Heitzer, 1999] 
AD-Merkblatt B9 0.136 German design rules [Heitzer, 1999] 

Vu 0.14424 lower bound [Vu, 2001] 
Vu 0.14434 upper bound [Vu, 2001] 

SAMCEF 0.161 step by step method [Vu, 2001] 
Vu 0.141 double elastic slope method [Vu, 2001] 

Present 0.145 upper bound - 

Table 6.2: Shakedown analysis of pipe-junction 

 
Shakedown load 

normalized with yσ Nature of solution Source 

Staat and Heitzer 0.0952 lower bound [Heitzer, 1999] 
Vu 0.10983 lower bound [Vu, 2001] 
Vu 0.11044 upper bound [Vu, 2001] 

Present 0.10267 upper bound - 
 

 
Figure 6.11 Convergence of limit and shakedown load factors 

Pipe-junction under temperature change 

Consider the case of only thermal load being applied, where T  may vary within the 

range [
u

]00,T . Numerical analysis gives the shakedown load T C . It is also 

noted that in this case the structure fails due to the alternating plasticity. 

o93.5086 sd =
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Pipe-junction under internal pressure and temperature 

For this case, two loading ranges are examined 
1) The pressure and temperature vary simultaneously and dependently (one-
parameter loads) 

0

0

0
0 ,     0 1u

p p
T T

µ
µ µ

≤ ≤
≤ ≤ ≤ ≤

               (6.10) 

2) The pressure and temperature vary independently (two-parameter loads) 

1 0 1

2 0 2

0 ,     0 1
0 ,     0 1u

p p
T T

µ µ
µ µ

≤ ≤ ≤ ≤
≤ ≤ ≤ ≤

               (6.11) 

 

 
Figure 6.12 Interaction diagram of pipe-junction^ 
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In order to get the general solutions, both positive and negative temperatures 
 are included. Numerical results are presented in figure 6.12.  0 00 and 0T T≥ ≤

From the interaction diagram it can be shown that a thermal load has no effect on 
the limit load of the pipe-junction. In the case of two-parameter loads, the shakedown loads 
are symmetric via pressure load axis, i.e. they are the same for both positive and negative 
ranges of the outer temperature, while the elastic limits are not. Otherwise the elastic limits 
and shakedown loads become bigger when the loads vary simultaneously and dependently 
(one-parameter loads) with the temperature varying in the positive range, but they are 
identical when the temperature is in the negative range. In all cases, the shakedown limit is 
twice the elastic limit which indicates that inadaptation will occur due to alternating 
plasticity. In this case the shakedown check is not mandatory although this leads to a 
design which is prone to LCF. Staat et al. [2005] have discussed this example 
demonstrating that twice the elastic limit is a PD check which should be used with great 
case or better avoided at all because it is an AP check and it may be not safe for 
independently varying loads. 

6.5 Grooved rectangular plate subjected to varying tension and bending 

In order to examine the limit and shakedown loads of thin plates, we consider 
firstly a grooved rectangular plate subjected to in-plane tension  and bending  

(figure 6.13). The load domain is defined by 
Np Mp

  
0 ,

0 ,

M y

N y

p

p

σ

σ

 ∈  
 ∈  

      (6.12) 

where yσ  denotes the material yield stress.  
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Figure 6.13 FE-mesh and geometrical dimensions 
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Limit analysis of the structure was studied by Prager and Hodge [1951], Casciaro 

and Cascini [1982] and Yan [1997] for pure tension load 0,0 =≠ MN pp . Heitzer [1999] 

and Vu [2001] investigated the problem for the more complicated case with 
. In the present analysis, the structure is modelled by 300 quadrangular flat 

4-node shell elements as shown in figure 6.13. The following geometrical and material 
properties are chosen: R ,

0,0 ≠≠ MN pp

mm250= 4L R= , 50 h mm= , MPaE 21000= , 3.0=ν , 
116.2 MPayσ = .  

Consider the case of constant pure tension p , 0N y Mpσ= = . The plastic collapse 

load factor is presented in table 6.3 together with known solutions for comparison. It can 
be shown that our solution is well accordant with the others, which used volume finite 
elements basing on plane stress assumption. 

Table 6.3: Limit analysis ( ), 0N y Mp pσ= =  

 Plane stress Plane strain 
Nature of 
solution 

Yield criterion 

Prager 0.500 0.630÷0.695 analytical Tresca 
Casciaro 0.568 0.699 numerical von Mises 

Yan 0.500÷0.577 0.727÷0.800 analytical von Mises 
Yan 0.558 0.769 numerical von Mises 
Vu 0.557 0.799÷0.802 numerical von Mises 

Present 0.572 - numerical von Mises 
 

For the case of having both the in-plane tension and bending, limit and shakedown 
analysis are implemented. Figure 6.14 shows the evolutions of limit and shakedown load 
factors. In the case of limit analysis, the upper bound converges rapidly to the solution 

0.30498lα = . Numerical result gives the shakedown load factor 0.23624sdα =  compared 

with upper bound factor of  obtained by Vu [2001]. 0.23494
The interaction diagram of the plate in figure 6.15 shows three limit lines: the 

plastic collapse limit, shakedown limit and elastic limit. It is observed that, in almost cases, 
inadaptation will occur due to alternating plasticity. These results agree well with the 
solutions of Vu [2001] and Heitzer [1999]. 
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Figure 6.14 Limit and shakedown analysis 0, , 0,N y Mp p yσ σ  ∈ ∈      

 

 
Figure 6.15 Interaction diagram of grooved rectangular plate 

6.6 Square plate with a central circular hole 

In this continuous well-known example, a square plate with central circular hole 
subjected to two loads 1p  and 2p  which can vary dependently or independently is 

considered. The limit load of the problem was examined analytically by Gaydon and 
McCrum [1954] by using plane stress hypothesis and von Mises yield criterion. Numerical 
limit and shakedown analyses were also investigated by some authors, e.g. Heitzer [1999], 
Vu [2001] for different ratios /R L  to evaluate the elastic-plastic behaviour of the 
structure. 
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Figure 6.16 FE-mesh and geometrical dimensions 

 
In our analysis, due to the symmetry, one fourth of the plate is discretized by 600 

quadrangular flat 4-node shell elements as shown in figure 6.16. The following material 
properties are chosen: , MPaE 21000= 3.0=ν , 116.2 MPayσ = . The two cases: one and 

two applied loads are examined. 

One applied load 

In this case one load is set to zero and the other one can vary within a range 

2 10, 0, yp p σ= ∈   . With 0 204.0/ ≤< LR , the exact plastic collapse limit is found since 

in this range the lower and the upper bound are coincident  

( )lim 1 / yp R L σ= − .            (6.13) 

As example, the exact collapse limit load in the case of 2.0/ =LR  is lim 0.8 yp σ= .  

Our numerical solution obtained in this case is 0.80149 yσ . Based on an elastic analysis, 

the alternating (plastic fatigue) limit can be estimated by using formula (2.47). The 
numerical results obtained by our unified shakedown algorithm represent the minimum 
between the alternating limit and the incremental limit. For 2.0/ =L

y

R , the collapse mode 
is alternating plasticity. Our obtained alternating limit is 0.59904σ  and the unified 

shakedown algorithm gives 0.60332 yσ . The small gap between them may be caused by 

the use of the quadratic approximation of exact Ilyushin yield surface in the calculation of 
alternating plasticity, while the exact one was used in the unified shakedown analysis. The 
convergence property of these solutions presented in figure 6.17 shows that the limit and 
shakedown load factor become stationary after seven iteration steps.  
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Figure 6.17 Limit and shakedown analysis 1 20, , 0yp pσ ∈ =   

 
 In order to examine the geometrical effect of the circular hole, various values of 
ratio /R L  were also considered. The obtained numerical results are introduced in table 
6.4, compared with the solutions of Heitzer [1999], which are obtained by lower bound 
algorithm. It can be shown that our solutions agree well with those of Heitzer. 

Table 6.4: Limit and shakedown analysis 1 20, , 0yp pσ ∈ =   

R/L 
Shakedown load 
factors (Heitzer) 

Limit load 
factors (Heitzer)

Shakedown load 
factors (present)

Limit load 
factors (present)

0.1 0.671 0.8951 0.6546 0.90172 
0.2 0.6157 0.7879 0.60332 0.80149 
0.3 0.5212 0.691 0.52012 0.70221 
0.4 0.4361 0.572 0.43367 0.59139 
0.5 0.3302 0.4409 0.31600 0.40117 
0.6 0.2104 0.2556 0.21323 0.24249 
0.7 0.1327 0.1378 0.12378 0.12541 
0.8 0.0557 0.0565 0.05225 0.05227 
0.9 0.0191 0.0193 0.01226 0.01226 

Two applied loads  

For this case, exact value of the plastic collapse limit load are known in the range 
 where analytical lower bound coincides with upper one: 1/483.0 ≤< LR

( ) ( )
3

6
lim 2

2 1 3sin ,    
6 2cos3 /

yp e
R L

παπα σ
α

 − 
  = − = 

 
    (6.14) 

 94



Details about the upper and lower bounds within the range 0 483.0/ <≤ LR  can be 
found in the work of Gaydon and McCrum [1954]. Numerical limit load factors for 
different values of R  are introduced in tables 6.5, compared with analytical results 
[Gaydon and McCrum, 1954] and numerical results of Vu [2001], which are obtained by a 
dual algorithm.  

L/

Table 6.5: Limit analysis 1 2 yp p σ= =  

R/L 
Lower bound 
(analytical) 

Upper bound 
(analytical) 

Lower bound 
(Khoi [2001]) 

Upper bound 
(Khoi [2001]) 

 Present 

0.1 0.97063 0.99215 0.97082 0.97104 0.96951 
0.2 0.89425 0.92376 0.89374 0.89472 0.89404 
0.3 0.79122 0.80829 0.79075 0.79125 0.79167 
0.4 0.67602 0.69048 0.67585 0.67592 0.67814 
0.5 0.55682 0.55682 0.55666 0.55679 0.56133 
0.6 0.43801 0.43801 0.43791 0.43819 0.44109 
0.7 0.32195 0.32195 0.32196 0.32221 0.32504 
0.8 0.20991 0.20991 0.21010 0.21016 0.21285 
0.9 0.10249 0.10249 0.10264 0.10267 0.10457 

Table 6.6: Shakedown analysis 1 20, , 0,yp p yσ σ  ∈ ∈     , two-parameter loads 

R/L 
Alternating limit 

(Khoi [2001]) 
Lower bound 
(Khoi [2001]) 

Upper bound 
(Khoi [2001]) 

 Present 

0.1 0.49082 0.49082 0.49086 0.48718 
0.2 0.43384 0.43384 0.43390 0.43136 
0.3 0.36128 0.36128 0.36131 0.35575 
0.4 0.27635 0.27635 0.27638 0.27300 
0.5 0.19442 0.19442 0.19445 0.19052 
0.6 0.12360 0.12360 0.12364 0.12102 
0.7 0.06763 0.06763 0.06765 0.06940 
0.8 0.02903 0.02903 0.02905 0.02772 
0.9 0.00709 0.00709  0.00710 0.00640 

 
In the case of shakedown analysis three loading ranges are examined including both 

positive and negative loads . 2 20 and 0p p≥ ≤

1) Two loads vary simultaneously and dependently (one-parameter loads) 

1

2 2

0 ,        0 1

0 ,  or  0   
y

y y

p

p p

µσ µ

µσ µσ

≤ ≤ ≤ ≤

≤ ≤ ≥ ≥ −
       (6.15) 

2) Two loads vary independently (two-parameter loads) 
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µ σ µ

≤ ≤ ≤ ≤

≤ ≤ ≤ ≤
                   (6.16) 

3) Two loads vary independently (two-parameter loads) 

1 1 1

2 2 2

0 ,       0 1

0 ,    0
y

y

p

p 1

µσ µ

µ σ µ

≤ ≤ ≤ ≤

≥ ≥ − ≤ ≤
                   (6.17) 

 

 

Figure 6.18 Interaction diagram of a square plate with a central hole, R/L = 0.2 
 
For the sake of comparison, consider first the two-parameter load case with positive 

load ranges. Numerical shakedown load factors for different values of  are introduced 
in tables 6.6, compared with numerical results of Vu [2001], which are obtained by a 
primal-dual algorithm.  

LR /
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Figure 6.18 presents both the numerical limit and shakedown analyses for the case 
of . From this interaction diagram it can be shown that, in the case of two-
parameter loads, the shakedown loads are symmetric via 

/ 0.R L = 2
s1 / - axiyp σ , i.e. they are the 

same for both positive and negative ranges of 2p , while the elastic limits are not. 

Otherwise the elastic limits and shakedown loads become bigger when the loads vary 
simultaneously and dependently (one-parameter loads) with one load varies in the positive 
range, but they are identical when this load is in the negative range. It is also noted that 
when one load varies within the negative range, the collapse mode is purely alternating 
plasticity. 

6.7 Elbow subjected to bending moment 

The pipe bends are a problem of great interest to many designers. They have a 
complex response to in-plane and out-of-plane bending moments. When an external 
moment is applied to one of its ends, the cross section tends to deform significantly both in 
and out of its own plane. The moment-end rotation curves show a defined limit load 
behaviour for the closing mode of in-plane bending but not for the opening mode 
[Chattopadhyay et al., 2000], [Diem, 1994]. This difference can be explained as an effect 
of large displacements. Due to their curved geometry, the stresses and strains are much 
higher than those present in a straight pipe of the same size and material, under the same 
loading conditions. For this reason, pipe bends are considered as critical components of a 
piping system. In addition, the variation of the limit moment with the change of the 
internal pressure has been of great interest and has been studied numerically, analytically 
and experimentally [Kussmaul et al., 1995], [Yan, 1996, 1997], [Shalaby et al., 1998a, b], 
[Mourad et al., 2002], [Chattopadhyay et al., 1999, 2000], [Fanous et al., 2005], [Tran et 
al., 2007a,e]. However, the examination of shakedown limit is still rare. 

Consider an 90  elbow with mean radius r , bend radius of curvature o R  and 
thickness . One of its ends is supposed clamped and the other one is subjected to an in-
plane closing moment 

h

IM  or out-of-plane bending moment IIM  as shown in figure 6.19. 

The curvature factor is defined as follow 

2r
Rh

=λ                                                           (6.18) 

Generally, 0.5λ ≤  corresponds to a highly-curved pipe, while λ → ∞  corresponds 
to a straight pipe. In order to evaluate the model different values of λ  within the range 
[ ]0.1,  1.2  are examined. Our model for elastic-plastic analysis is meshed by 700 

quadrangular flat 4-node shell elements as shown in figure 6.19. The following material 
properties are chosen: , 208000 MPaE = 3.0=ν , 250 MPayσ = . 
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Figure 6.19 FE-mesh and geometrical dimensions 

Elbow under in-plane closing bending moment  

 We define the limit load factor as follows 

/e
I I

s
IM Mα =                                                     (6.19) 

in which e
IM  is in-plane limit moment of elbow, s

IM  is the limit moment of the straight 

pipe, which has the same radius as the elbow. For a straight thin-walled pipe, s
IM  is 

determined as (see formular 6.4) 
24s

I yM hr σ= .                                                    (6.20) 

 For this kind of pipe bend, some analytical solutions are available in the literature 

1) Based on small displacement analysis and perfectly plastic material behavior 

• Calladine’s and Yan’s solutions 

 By using an elastic solution of Clark and Reissner [1951] and the criterion of 
Hodge [1954], which is a kind of sandwich approximation of Mises' criterion in the case of 
a cylindrical shell, Calladine [1974] proposed a lower bound solution for an infinite highly-
curved pipe ( 0.5λ ≤ ) 

 2 / 30.9346C
Iα λ= .                                                  (6.21a) 

This solution is considered in the literature to come close to the experimental limit 
load factor [Bolt and Greenstreet, 1972], [Goodall, 1978a, b], [Griffiths, 1979]. According 
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to Yan [1996, 1997], it is a good approximation when 0.7λ < . For a slightly-curved pipe 
( 0.7λ ≥ ), he proposed an approximate solution which is validated by numerical analysis 

cos( )
6

Y
I

πα
λ

= .                                        (6.21b) 

• Desquines’s solution 

 In the framework of his PhD thesis, Desquines et al. [1997] proposed a more 
general analytical solution as a lower bound, which can be applied for any value of λ  

2

1
0.30151

De
Iα

λ

=
+

.                                                  (6.22) 

• Spence and Findlay’s solution 

 In order to get an analytical solution for the limit load of an elbow, Spence and 
Findlay [1973] already developed two theoretical approaches. The first one utilises a linear 
elastic analysis to estimate limit loads as similar to Calladine. The second one is to 
manipulate the results of a creep analysis of bends to give an approximate solution of the 
limit load. They result with 1.45λ <   

0.60.8 ,     1.45SF
Iα λ λ= <

SF

,                                        (6.23a) 

1,     1.45Iα λ= > .                                            (6.23b) 

2) Based on large displacement analysis 

• Goodall’s solution 

 Goodall [1978a] proposed the maximum load-carrying capacity of the elbow 
subjected to closing bending moment as 

2 / 31.04
1

G
I

λα
β

=
+

                                                       (6.24) 

where 

( )2 / 324 3(1 ) 3
2

3
yr

Eh
ν σ λ

β
π

 −
= + 

  
.                                    (6.25) 

• Touboul’s solution 

 Based on the experimental study at CEA DEMT, Touboul et al. [1989] proposed 
the following equations of collapse moments of elbows 
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2 / 3Closing collapse:   0.715T
Iα λ= ,                                       (6.26a) 

1/ 3Opening collapse:   0.722T
Iα λ= .                                      (6.26b) 

• Drubay’s solution 

 Drubay et al [1995] proposed another closing mode collapse moments of elbows as 

2 / 30.769Dr
Iα λ= .                                                    (6.27) 

Our numerical results are introduced in table 6.7 and figure 6.20, compared with 
these above analytical solutions and a numerical solution of Yan [1997]. It is shown that 
our solutions compare well with the other analytical solutions, which are based on small 
displacement theory, but are bigger than those which are based on large displacement 
theory. They converge as an upper bound of Calladine’s solution and lower bound of 
Desquines’s solution. 

Elbow under out-of-plane bending moment  

 We define the limit load factor for this case as follows 

/e
II II II

tM Mα =                                                        (6.28) 

where e
IIM  is out-of-plane limit moment of the elbow, t

IIM  is the torsion limit moment of 

the axle which has the same radius as the elbow and determined by 

22
3

t
II yM hrπ σ= .                                                    (6.29) 

 By this definition, Yan [1996, 1997] proposed an analytical solution for the elbow 
subjected to out-of-plane bending moment 

0.61.1 ,        0.5Y
IIα λ λ= <

≤

,                                            (6.30) 

1/ 30.9 ,       0.5 1.4Y
IIα λ λ= ≤ .                                   (6.31) 

Numerical results are introduced in table 6.8 and figure 6.21, compared with the 
analytical solution of Yan [1997]. It is shown that our solutions compare well with the 
analytical solution outside the range 0.4 0.7λ≤ ≤ .  
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Table 6.7: Limit load factors of an elbow under in-plane closing bending moment 

λ 
Calladine 
(6.21a) 

Yan 
(6.21b) 

Desquines 
(6.22) 

Spence-  
Findlay 
(6.23) 

Goodall 
(6.24) 

Touboul 
(6.26) 

Drubay 
(6.27) 

Present

0.100 0.2013 - 0.1791 0.2001 0.1489 0.154 0.1657 0.2155
0.200 0.3196 - 0.3422 0.3046 0.2817 0.2445 0.263 0.3279
0.250 0.3709 - 0.4144 0.3482 0.3401 0.2838 0.3052 0.3900
0.300 0.4188 - 0.4794 0.3885 0.3947 0.3204 0.3446 0.4614
0.363 0.4756 - 0.5515 0.4355 0.4593 0.3638 0.3913 0.5200
0.400 0.5074 - 0.5888 0.4617 0.4955 0.3882 0.4175 0.5589
0.500 0.5887 - 0.6732 0.5278 0.5879 0.4504 0.4844 0.6260
0.600 0.6648 - 0.7377 0.5888 0.6741 0.5087 0.5471 0.6930
0.650 0.7013 - 0.7639 0.6178 0.7153 0.5365 0.577 0.7227
0.700 0.7368 0.7330 0.7868 0.6458 0.7554 0.5637 0.6063 0.7494
0.750 - 0.7660 0.8069 0.6732 0.7945 0.5902 0.6348 0.7773
0.800 - 0.7933 0.8244 0.6998 0.8327 0.6162 0.6627 0.7974
0.903 - 0.8365 0.8544 0.7525 0.909 0.668 0.7184 0.8341
1.000 - 0.8660 0.8765 0.8000 0.9782 0.715 0.769 0.8617
1.200 - 0.9063 0.9093 0.8925 1.1138 0.8074 0.8684 0.9006

 

0.2 0.4 0.6 0.8 1 1.2
0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

Curvature factor

Li
m

it 
lo

ad
 fa

ct
or

Calladine-Yan   
Desquines       
Spence & Findlay
Yan (numerical) 
Present         

 
Figure 6.20 Limit load factors of an elbow under in-plane closing bending moment 
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Table 6.8: Limit load factors of an elbow under out-of-plane bending moment 
λ Yan (6.30) Yan (6.31) Present 

0.100 0.2763 - 0.2476 
0.200 0.4188 - 0.4047 
0.250 0.4788 - 0.4709 
0.300 0.5341 - 0.5244 
0.363 0.5989 - 0.5675 
0.400 0.6348 - 0.6063 
0.450 0.6813 - 0.6337 
0.500 0.7257 0.7143 0.6575 
0.550 - 0.7374 0.6924 
0.600 - 0.7591 0.7245 
0.650 - 0.7796 0.7539 
0.700 - 0.7991 0.7808 
0.750 - 0.8177 0.8053 
0.800 - 0.8355 0.8276 
0.903 - 0.8699 0.8674 
1.000 - 0.9000 0.8984 
1.200 - 0.9564 0.9467 
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Figure 6.21 Limit load factors of an elbow under out-of-plane bending moment 
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6.8 Limit and shakedown analysis of pipe-elbow subjected to complex loads 

In this continuous example of pipe bends a system of two straight pipes connected 
to the ends of an elbow is considered. This pipe-elbow can be subjected to internal pressure 
p , axial force F , transversal forces F  and bending moments p ,  I IIM M  as shown in 

figure 6.22. One of its ends is clamped and the other one is free. In the case of transversal 
forces, the two pipe ends are free. In order to evaluate the model, some sub-problems are 
examined [Tran et al., 2007c]. 

 

2r

R

h

IM

M II

Fp

p

L

F

F

p

 

Figure 6.22 Pipe-elbow subjected to complex loads 

Pipe-elbow under transverse forces F 

This is an experimental model presented in [Diem, 1994], [Kussmaul et al., 1995]. 
The geometrical data and material properties are chosen as: h , mean 
radius , 

30.5 = mm
229.25 r m= m 900 R mm= , 5100 L mm=  (curvature factor 0.522λ = ), 

, 208000 E MPa= 0.3ν = , 387y  MPaσ = . 

 In this case, the structure can be considered as being subjected to the in-plane 
closing bending moment which is determined by 

( )1
2

M F L R R = − +  
.                                                  (6.32) 

For this reason the available analytical solution in the literature can be applied to 
calculate the limit load . In the analysis, due to the symmetry, one fourth of the structure 

is modelled by 300 quadrangular flat 4-node shell elements as shown in figure 6.23. Table 
lF
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6.9 shows the comparison of the numerical result. It is seen that the present result is 
compatible with the result of Goodall [1978] but higher than that of Diem [1994], 
Kussmaul et al. [1995] and Calladine [1974]. This is due to two reasons: the stiffening 
effect of connecting straight pipes and not taking into account the nonlinear geometrical 
effect in the present method. It was noted by Griffiths [1979] that the effect of connecting 
straight pipes can increase the limit load up to 33% with respect to Calladine’s solution. 

Table 6.9: Limit load  of the pipe-elbow under transverse force (kN) lF

Diem 
[1994] 

Goodall 
eq. (6.24) 

Touboul 
eq. (6.26) 

Drubay 
eq. (6.27)

Calladine 
eq. (6.21)

Desquines 
(6.22) 

Spence & 
Findlay (6.23) 

Present

exp. large displacements small displacements LISA 

372 403.26 297.22 319.67 387.45 441.79 347.29 404.83

 

 

Figure 6.23 FE-mesh of a pipe-elbow subjected to transversal forces 

Pipe-elbow under in-plane closing bending moment and internal pressure 

A pipe-elbow is often subjected to combined internal pressure and bending moment 
during service, which may vary independently in the range [ ]00, p  and [ ]0 0,M M− , 

respectively. It is now well known that the internal pressure has a significant effect on the 
limit load of a pipe-elbow. In all the foregoing analytical equations, the effect of internal 
pressure is not taken into account. Goodall [1978b] was the first to propose the closed-
form equation of the limit load of pipe-elbows under combined internal pressure and in-
plane bending moment by the small displacement analysis. The proposed equation was 

1/ 3

2 / 31.04 1
2

G
I

y

pr
h

α λ
σ

 
= −

 
 .                                      (6.33) 

 From (6.33), it can be seen that the internal pressure reduces the limit moment. 
Based on nonlinear finite element analyses and twice the elastic slope method, 
Chattopadhyay [1999, 2000] investigated various sizes of pipe-elbows subjected to 
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combined internal pressure and in-plane bending moment. He proposed another analytical 
solution for the pipe-elbow which takes the strain-hardening of the material into account 
by 

2 / 3 2Closing collapse:   1.122 0.175 0.508pC
I p

α
α λ α

λ
= + −                   (6.34a) 

1/ 3 2
1.2Opening collapse:   1.047 0.124 0.568pC

I p

α
α λ α

λ
= + −                 (6.34b) 

                                 Applicablity:   0.24 0.6  and  0 1.0pλ α≤ ≤ ≤ ≤

y

 

where /p pr hα σ=

 and 45 h m

 is the normalized pressure. In our numerical analysis one half of the 

pipe-elbow is meshed by using 640 quadrangular 4-node flat shell elements as shown in 
figure 6.24. The following geometrical data and material properties are adopted: 

, , 40= m 250 r m= m 750 R mm= , 1500 L mm=  (curvature factor 0.480λ =  
and 0.540λ = ), 203000 E MPa= , 0.3ν = , 270 y MPaσ = , 513 MPauσ = . The elastic 

data is only needed for the calculation of the elastic limit. Closed-end condition of the 
pipe-elbow is simulated by applying an axial force of intensity 2p rπ  at the end of 
connecting straight pipe. 
 

 

Figure 6.24 FE-mesh of pipe-elbow under internal pressure and in-plane bending 
 
 Figure 6.25 shows the effect of internal pressure on the limit moment of the pipe-
elbow. It can be seen that the limit moment decreases when the pressure increases, as 
presented by Fanous et al. [2005]. Our solutions agree well with those of Goodall [1978b] 
but not with those of [Chattopadhyay, 2000]. This is due to the omission of geometrical 
non-linearity and strain-hardening of the material by the present method and in Goodall’s 
analysis. Hence, the analysis of the pipe-elbow without the large displacement effect gives 
a conservative and acceptable result [Fanous et al., 2005]. 
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Figure 6.25 Effect of internal pressure on in-plane limit moments 

 

Contrary to the case of limit analysis, internal pressure has a very little effect on the 
shakedown limit moment. For small pressure the shakedown limit is between 57.7%  and 

 of the plastic collapse load. This small shakedown loads limits the benefit of the 
strengthening effect of the geometrical non-linear analysis in [Chattopadhyay et al, 2000]. 
At low pressure also the difference between the elastic limit and the shakedown load is 
small so that fatigue and ratchetting could be of concern. The allowance of cyclic loading 
up to the shakedown limit without any safety factor may only be acceptable in connection 
with a planned monitoring and maintenance program. 

66.7%

Pipe-elbow under out-of-plane bending moment and internal pressure 

This pipe-elbow analyzed by Mourad and Younan [2002], Fanous et al. [2005] is 
considered. The curvature factor of the pipe bend is 0.1615, the mean radius 

, the bend radius R203.2 mmr = 609.6 mm= , and the thickness h . The 
length of two straight pipes is four times the diameter L

10.94 mm=
m1625.6 m=  in order to reduce 

the effect of the pipe ends on the response of the elbow [Fanous et al., 2005]. Both internal 
pressure and bending moment can vary independently in the range [ ]00, p  and [ ]0 0,M M− , 

respectively. 
In our analysis, the model is discretised by 1500 quadrangular flat 4-node shell 

elements as shown in figure 6.26. An axial force is applied at the end of connecting straight 
pipe to account for the closed-end condition. The material model used is perfectly plastic 
stainless steel 304 which has an Young’s modulus E 193743 MPa= , a yield stress 

272 MPayσ =  and Poisson’s ratio 0.47ν = . 

The applied internal pressure effects the plastic collapse limit moment. Our 
numerical results are presented in figure 6.27, compared with three plastic collapse limit 
solutions of Fanous et al. [2005], which are obtained by R-Node (redistribution of nodes), 
Iterative R-Node and plastic analysis methods. It is shown that these results compare well 
with those of Fanous et al. [2005]. The plastic collapse limit moment decreases when 
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pressure increases noticeably above 4 MPa . The thesis [Rahman, 2006] demonstrates that 
the existing cyclic plasticity models (Chaboche, Ohno-Wang, and Abdel Karim-Ohno) are 
not capable of simulating straight and elbow pipe ratchetting responses satisfactorily when 
the model parameters are determined from material level responses. The direct shakedown 
analysis gives robust predictions of shakedown limits on the basis of restricted information 
about the material, [Staat and Heitzer, 2002]. Figure 6.27 shows that large pressure (greater 
than ) reduces the shakedown limit moment considerably. But smaller pressure has 
no effect in contrast to the elastic limit. With respect to the design code the same 
comments apply as for figure 6.25.  

9 MPa

 
 

 

Figure 6.26 FE-mesh of pipe-elbow under internal pressure and out-of-plane bending 
 

For both pipe-elbows no PD check has been published which could be used to 
verify the calculated shakedown limits. The shakedown analysis of pipe bends in [Abdalla 
et al., 2006] is a non-mandatory AP check. In order to show the convergence property of 
the algorithm, convergence analysis and the influences of optimisation parameters such as 
the penalty parameter c  and 2η  were included for the reference loads M  
and . Figure 6.28 demonstrates that the direct plasticity methods are 
extremely effective. Shakedown analysis converges in only three iterations which each 
needs approximately the computing time of a linear elastic analysis. This is an important 
saving compared to the analysis of a large number of plastic cycles and makes limit and 
shakedown analysis a first candidate for structural optimization or reliability analysis [Tran 
et al., 2007d]. It is shown in figures 6.29-6.30 that the parameters 

225.97 kNm=

6.895 MPap =

2η  and c  have very little 
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influence on the both solutions in the ranges of 2 1210 ,10η − −28 ∈    and c . The 

numerical results remain virtually constant over these intervals. 

8 1710 ,10 ∈  

 

 

Figure 6.27 Effect of internal pressure on out-of-plane limit moments 
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Figure 6.28 Limit load convergence of the pipe bend 
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Figure 6.29 Influence of 2η  
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Figure 6.30 Influence of penalty parameter  c

6.9 Nozzle in the knuckle region of a torispherical head 

Torispherical drumheads under internal pressure loading are known to have high 
stresses in the ‘knuckle region’ due to the change of the curvature of the shell. In designing 
such vessels it is usually necessary to have piping nozzle connections welded in the head. 
To assess the plastic collapse limit and shakedown limit of such structures is of great 
interest to many designers and has been included in some design code rules, e.g. the UK 
pressure vessel design code BS 5500, the German pressure vessel design code AD-
Merkblatt B3 and the European standard for unfired pressure vessels CEN. But they are 
still limited to some specific head shapes and loadings and not applicable for nozzles 
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particularly for nozzle encroaching in the knuckle region [Hsieh et al., 2000]. Recently, a 
parametric study of the knuckle-encroaching nozzles was conducted by Bauer and Saal 
[1997] by using finite element analysis. Using the von Mises yield criterion and 15-times 
the elastic slope method, that is by drawing a line at a slope 15 times that of the elastic 
portion of the relevant load versus deformation curve, Hsieh et al. [2000] investigated a 
series of knuckle-encroaching nozzles for both internal pressure and nozzle loads. A study 
of both individually and combined limit loads has also been undertaken. However, in the 
above studies, the cyclic loads were not considered. 
 In the present example, a single nozzle on a Klöpperboden head has been selected 
for investigation. Both internal pressure p  and nozzle loads including axial force F , in-

plane bending moment IM , out-of-plane bending moment oM , and twisting moment tM  

were considered. The loads may be constant or vary independently from zero to the 
maximum value. The nozzle axis is parallel to the vessel axis as presented in the figure 
6.31a. The dimensions are selected from the study in [Hsieh et al., 2000],[Bauer and Saal, 
1997], [Tran et al., 2007c]. 
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Figure 6.31 Geometrical dimensions of nozzle and FE-mesh 
 

  Vessel outer diameter and thickness 2000 mm, 17 mma eD t= =  

  Head crown and knuckle radii 2000 mm, 200 mmR r= =  
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  Nozzle inner diameter and thickness 400 mm, 13.6 mmi sd t= =  

Nozzle offset c  910 mma =

The elastic-perfectly plastic material model was assumed with yield stress 
340 y MPaσ =

id

. In order to ensure that the boundary condition effects do not influence the 

nozzle junction behaviour, the vessel cylinder length and nozzle length were chosen as  

and 3 , respectively. For all load cases the end of the main vessel is fully clamped. In our 

numerical analysis the full model was meshed by using 3032 quadrangular 4-noded flat 
shell elements as shown in figure 6.31b. 

aD

Numerical results for individual loads are introduced in table 6.10. Together with 
the first yield loads and limit loads, shakedown limits are also presented. It is seen that in 
all cases the results obtained with the present shell model compare very well with those 
gained by Hsieh et al. [2000] with 20-noded volume elements. The maximum difference of 
the limit analyses is 2.7%  appearing in the case of internal pressure. It is noted by Hsieh et 
al. [2000] in this case that the limit load of using linear finite elements, i.e. the 8-noded 
brick finite elements, is 29% higher than that of using 20-noded elements.  

Table 6.10: Elastic limit, limit and shakedown loads of the nozzle 
Source, 
type of 
element 

Limit criterion 
Pressure 
[MPa] 

Axial 
force 
[MN] 

In-plane 
moment 
[kNm] 

Out-of-plane 
moment 
[kNm] 

Torsion 
[kNm] 

Elastic limit 1.37 0.45 64.7 66.5 193.8 Hsieh et al. 
[2000], 
volume 

elements 
Plastic 

collapse limit 3.54 1.63 282.6 265.8 625 

Elastic limit 1.439 0.391 64.4 68.2 193.3 

Plastic 
collapse limit 3.636 1.669 284 270.8 635 

Present, 
shell 

elements Shakedown 
limit 2.878 0.783 128.8 136.4 386.6 

 
The elastic analysis of the load case of axial force shows the exceptionally large 

difference of 13 . Therefore two mesh convergence analyses have been performed. First 
local mesh refinements with nearly square finite elements have been made around the 
intersection of the nozzle with the vessel head (figure 6.32a). Next the local refinement has 
been achieved by changing the shell elements from squares to bad shaped rectangular 
elements with aspect ratio 12 (figure 6.32b). The size of the elements in the refinement 
region has been changed by a factor 12 from the locally coarse mesh to the fine one. Figure 
6.32 shows that even bad shaped shell elements do not cause convergence problems. Only 
very coarse meshes cause convergence problems for linearly elastic analyses. In the case of 

.1%
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alternating plasticity these problems carry over to shakedown analyses. The plastic 
collapse limit is virtually independent on the mesh. Obviously limit analysis is very robust. 
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Figure 6.32 Mesh convergence analyses for the case of axial force 
 

The interaction diagrams for load combinations between internal pressure and 
nozzle loads are presented in figures 6.33-6.36. In all cases the loads are normalized with 
the respective plastic collapse limit. These figures illustrate clearly the need to consider 
shakedown as a design criterion for knuckle-encroaching nozzles since the shakedown 
limits are considerably smaller than 57.7%  of the plastic collapse limits in a wide range of 
parameters. On the other hand, in almost all cases it is twice the elastic limit which 
indicates that inadaptation will occur due to alternating plasticity. In this case the 
shakedown check is not mandatory although this leads to a design which is prone to LCF. 
 In the case of internal pressure and axial force (figure 6.33), the behaviour is of 
course sign-dependent. For compressive nozzle loading, a strengthening effect on plastic 
collapse limit appears as presented in Hsieh et al. [2000]. Contrarily, as would not be 
expected, there is a weakening effect on the shakedown limit in this case. 
 Figure 6.34 presents the interaction between internal pressure and in-plane bending 
moment. There is also a strengthening effect on plastic collapse limit in the case of positive 
bending moment (nozzle rotated inwards) as mentioned by Hsieh et al. It is observed that 
for this case while in-plane moment plays an important role, internal pressure has a small 
influence on the shakedown limit. 
 Figures 6.35 and 6.36 show the interactions of pressure versus out-of-plane bending 
and torsion moments. For both cases the behaviours of plastic collapse limits can be 
considered to be bilinear. A topologically different mesh has been used in Tran et al. 
[2007c] which exhibited sensitivity. 
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Figure 6.33 Pressure versus axial force interaction 

 
 

 

Figure 6.34 Pressure versus in-plane bending moment interaction 
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Figure 6.35 Pressure versus out-of-plane bending moment interaction 

 

 

Figure 6.36 Pressure versus torsion moment interaction 
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7    PROBABILISTIC LIMIT AND SHAKEDOWN ANALYSIS OF 
STRUCTURES  

 
 

In this chapter numerical applications of the probabilistic limit and shakedown 
programming are introduced. Four examples are presented below for the sake of evaluation of 
the algorithm, including both plate and shell structures. The first two examples illustrate the 
FORM/SORM calculations for structures in which the loads and yield stress are considered as 
random variables. In the third example the effect of the thickness imperfection on the limit 
load of a shell is studied by considering the thickness as another stochastic variable. The 
fourth example presents the estimation of the system failure probability of a frame formed of 
three plates subjected to vertical and horizontal loads. In each numerical test, some existing 
analytical and numerical solutions found in literature are briefly represented and compared. 

7.1 Square plate with a central circular hole 

In this example a square plate with central circular hole which was investigated in 
section 6.6 and in [Tran et al., 2007b] is considered. It has the ratio  and is 
subjected to a uniaxial tension 

/ 0.2R L =

1p  which can be constant or can vary within the range 

[ ]max0, p y. Both yield limit σ  and load 1p  are supposed to be random variables. This 

structure was also studied analytically and numerically by Staat and Heitzer [2003b] using 
FORM and volume element. The following two cases are examined. 

Limit load analysis 

( )lim 1 / yp R LFor this case the exact plastic collapse limit is given by σ= −

/ 0.2R L ≤
,r s

 in the 

range , since the lower and upper bound are coincident. If both material and load 
random variables are supposed to be normally distributed with means μ μ

,r s

 and standard 

deviations σ σ  respectively, then the reliability index may be given [Staat and Heitzer, 

2003] 

( )
( )2 22 2

1 / 0.8
0.641 /

r s r
2HL

r sr s

R L

R L

μ μ μ sμβ
σ σσ σ

− − −
= =

+− +
.           (7.1) 



If both random variables are log-normally distributed, Staat and Heitzer also 
introduced the analytical expression 

( )( ) ( )
2 2

log 1 / logr s
HL

r s

R L m m
β

δ δ

− −
=

+
                           ( 7.2) 

where  and ,rm ms ,r sδ δ  are calculated as follows 

2
,

2
/ 2 ,

, , , 22
,,

2
,

,  log 1

1

r s r s r s
r s r s r s

r sr s

r s

m e δ μ σ
μ δ

μσ
μ

− ⎛ ⎞
= = = ⎜ ⎟⎜ ⎟⎛ ⎞ ⎝ ⎠

+⎜ ⎟
⎝ ⎠

, + .      (7.3) 

 In our numerical analysis, both kinds of random variables above were tested. 
Numerical results of failure probability fP

/

 for both normal and log-normal distributions are 

introduced in tables 7.1-7.7, compared with the exact solutions and numerical solutions of  
Staat and Heitzer. The numerical error involves both deterministic shakedown analysis and 
reliability analysis is very small and acceptable. It is shown that SORM solutions are almost 
the same of FORM due to weak non-linearity of the limit state function. The weak non-
linearity may be lost in the case of multi-parameter loads or by an extreme value distribution 
of the random variables. Figure 7.1 presents the failure probabilities versus sμ rμ  for the 

case of log-normal distributions, which are obtained by SORM. 
 

Table 7.1: Numerical results and comparison for normal distributions 
Limit analysis , ,0.1r s r sσ μ=  

/s rμ μ  fP  (anal.) fP  (FORM) fP  (SORM) fP  (num.)  

[Staat et al., 2003b] 
0.2 1.718E-13 1.880E-13 1.878E-13 2.643E-13 
0.3 2.426E-09 2.720E-09 2.716E-09 3.843E-09 
0.4 3.872E-06 3.872E-06 3.872E-06 6.112E-06 
0.5 7.364E-04 7.424E-04 7.421E-04 1.093E-03 
0.6 2.275E-02 2.050E-02 2.140E-02 3.049E-02 
0.7 1.734E-01 1.606E-01 1.606E-01 2.067E-01 
0.8 5.000E-01 4.835E-01 4.835E-01 5.550E-01 
0.9 7.969E-01 7.981E-01 7.986E-01 8.305E-01 
1.0 9.408E-01 9.419E-01 9.419E-01 9.544E-01 
1.1 9.863E-01 9.848E-01 9.848E-01 9.900E-01 
1.2 9.972E-01 9.973E-01 9.973E-01 9.981E-01 
1.3 9.995E-01 9.996E-01 9.996E-01 9.996E-01 
1.4 9.999E-01 9.999E-01 9.999E-01 9.999E-01 
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Table 7.2: Numerical results and comparison for normal distributions 
Limit analysis 0.2 ,  0.1r r s sσ μ σ μ= =  

/s rμ μ  fP  (anal.) fP  (FORM) fP  (SORM) fP  (num.)  

[Staat et al., 2003b] 
0.1 6.313E-06 5.901E-06 5.902E-06 6.455E-06 
0.2 9.919E-04 9.436E-04 9.437E-04 1.085E-04 
0.3 1.065E-03 1.045E-03 1.046E-03 1.205E-03 
0.4 7.646E-03 7.494E-03 7.496E-03 8.763E-03 
0.5 3.675E-02 4.053E-02 4.052E-02 4.163E-02 
0.6 1.209E-01 1.318E-01 1.318E-01 1.361E-01 
0.7 2.835E-01 3.028E-01 3.028E-01 3.103E-01 
0.8 5.000E-01 5.314E-01 5.314E-01 5.319E-01 
0.9 7.070E-01 7.042E-01 7.042E-01 7.397E-01 
1.0 8.554E-01 8.621E-01 8.621E-01 8.765E-01 
1.1 9.388E-01 9.451E-01 9.451E-01 9.499E-01 
1.2 9.772E-01 9.850E-01 9.850E-01 9.821E-01 
1.3 9.925E-01 9.955E-01 9.955E-01 9.943E-01 
1.4 9.976E-01 9.987E-01 9.987E-01 9.983E-01 
1.5 9.993E-01 9.995E-01 9.995E-01 9.995E-01 
1.6 9.998E-01 9.999E-01 9.999E-01 9.999E-01 

Table 7.3: Numerical results and comparison for normal distributions 
Limit analysis 0.2 ,  0.2r r s sσ μ σ μ= =  

/s rμ μ  fP  (anal.) fP  (FORM) fP  (SORM) fP  (num.)  

[Staat et al., 2003b] 
0.1 7.085E-06 6.866E-06 6.866E-06 7.271E-06 
0.2 1.374E-04 1.312E-04 1.312E-04 1.514E-04 
0.3 1.717E-03 1.887E-03 1.887E-03 1.948E-03 
0.4 1.267E-02 1.247E-02 1.248E-02 1.437E-02 
0.5 5.590E-02 6.252E-02 6.250E-02 6.271E-02 
0.6 1.587E-01 1.723E-01 1.723E-01 1.742E-01 
0.7 3.190E-01 3.366E-01 3.366E-01 3.427E-01 
0.8 5.000E-01 5.240E-01 5.239E-01 5.256E-01 
0.9 6.610E-01 6.851E-01 6.850E-01 6.843E-01 
1.0 7.826E-01 8.019E-01 8.018E-01 8.021E-01 
1.1 8.649E-01 8.795E-01 8.794E-01 8.775E-01 
1.2 9.172E-01 9.277E-01 9.276E-01 9.258E-01 
1.3 9.493E-01 9.563E-01 9.562E-01 9.550E-01 
1.4 9.686E-01 9.730E-01 9.730E-01 9.729E-01 
1.5 9.802E-01 9.831E-01 9.831E-01 9.823E-01 
1.6 9.873E-01 9.892E-01 9.892E-01 9.882E-01 
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Table 7.4: Numerical results and comparison for log-normal distributions 
Limit analysis 0.1 ,  0.1r r s sσ μ σ μ= =  

/s rμ μ  fP  (anal.)  fP  (FORM) fP  (SORM) fP  (num.)  

[Staat et al., 2003b] 
0.3 1.790E-12 1.704E-12 1.704E-12 9.593E-12 
0.4 4.473E-07 5.097E-07 5.097E-07 1.409E-06 
0.5 4.315E-04 5.205E-04 5.205E-04 1.009E-03 
0.6 2.071E-02 1.814E-02 1.814E-02 3.485E-02 
0.7 1.719E-01 1.604E-01 1.604E-01 2.409E-01 
0.8 5.000E-01 4.794E-01 4.794E-01 5.396E-01 
0.9 7.981E-01 7.839E-01 7.839E-01 8.575E-01 
1.0 9.431E-01 9.373E-01 9.373E-01 9.648E-01 
1.1 9.880E-01 9.867E-01 9.867E-01 9.935E-01 
1.2 9.979E-01 9.976E-01 9.976E-01 9.990E-01 
1.3 9.997E-01 9.997E-01 9.997E-01 9.998E-01 
1.4 9.999E-01 9.999E-01 9.999E-01 9.999E-01 

 

Table 7.5: Numerical results and comparison for log-normal distributions 
Limit analysis 0.1 ,  0.2r r s sσ μ σ μ= =  

/s rμ μ  fP  (anal.) fP  (FORM) fP  (SORM) fP  (num.)  

[Staat et al., 2003b] 
0.2 3.090E-10 2.146E-10 2.152E-10 3.566E-10 
0.3 6.586E-06 4.490E-06 4.497E-06 6.861E-06 
0.4 1.107E-03 8.235E-04 8.235E-04 1.168E-03 
0.5 2.000E-02 1.645E-02 1.645E-02 2.114E-02 
0.6 1.090E-01 1.011E-01 1.011E-01 1.115E-01 
0.7 2.959E-01 2.738E-01 2.738E-01 2.981E-01 
0.8 5.263E-01 5.024E-01 5.024E-01 5.338E-01 
0.9 7.248E-01 7.061E-01 7.061E-01 7.337E-01 
1.0 8.582E-01 8.472E-01 8.472E-01 8.635E-01 
1.1 9.334E-01 9.269E-01 9.269E-01 9.353E-01 
1.2 9.709E-01 9.676E-01 9.676E-01 9.715E-01 
1.3 9.879E-01 9.866E-01 9.866E-01 9.884E-01 
1.4 9.951E-01 9.947E-01 9.947E-01 9.954E-01 
1.5 9.981E-01 9.979E-01 9.979E-01 9.982E-01 
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Table 7.6: Numerical results and comparison for log-normal distributions 
Limit analysis 0.2 ,  0.1r r s sσ μ σ μ= =  

/s rμ μ  fP  (anal.) fP  (FORM) fP  (SORM) fP  (num.)  

[Staat et al., 2003b] 
0.2 1.327E-10 1.678E-10 1.678E-10 8.296E-10 
0.3 3.574E-06 7.072E-06 7.050E-06 1.303E-05 
0.4 7.067E-04 1.062E-03 1.060E-03 1.807E-03 
0.5 1.442E-02 1.782E-02 1.781E-02 2.848E-02 
0.6 8.638E-02 1.078E-01 1.077E-01 1.407E-01 
0.7 2.520E-01 2.873E-01 2.872E-01 3.518E-01 
0.8 4.736E-01 5.121E-01 5.121E-01 5.860E-01 
0.9 6.790E-01 7.124E-01 7.124E-01 7.744E-01 
1.0 8.264E-01 8.510E-01 8.509E-01 8.884E-01 
1.1 9.146E-01 9.297E-01 9.296E-01 9.509E-01 
1.2 9.610E-01 9.689E-01 9.689E-01 9.796E-01 
1.3 9.831E-01 9.870E-01 9.870E-01 9.918E-01 
1.4 9.930E-01 9.947E-01 9.947E-01 9.969E-01 
1.5 9.971E-01 9.979E-01 9.979E-01 9.988E-01 

 

Table 7.7: Numerical results and comparison for log-normal distributions 
Limit analysis 0.2 ,  0.2r r s sσ μ σ μ= =  

/s rμ μ  fP  (anal.) fP  (FORM) fP  (SORM) fP  (num.)  

[Staat et al., 2003b] 
0.1 5.655E-14 3.885E-14 3.887E-14 1.337E-13 
0.2 3.715E-07 4.828E-07 4.820E-07 6.786E-07 
0.3 2.308E-04 2.458E-04 2.451E-04 4.601E-03 
0.4 6.664E-03 6.485E-03 6.500E-03 9.443E-03 
0.5 4.665E-02 4.363E-02 4.363E-02 5.864E-02 
0.6 1.521E-01 1.497E-01 1.497E-01 1.816E-01 
0.7 3.167E-01 3.120E-01 3.121E-01 3.601E-01 
0.8 5.000E-01 4.899E-01 4.908E-01 5.458E-01 
0.9 6.629E-01 6.541E-01 6.541E-01 7.046E-01 
1.0 7.871E-01 7.786E-01 7.786E-01 8.213E-01 
1.1 8.722E-01 8.665E-01 8.665E-01 8.959E-01 
1.2 9.261E-01 9.225E-01 9.225E-01 9.414E-01 
1.3 9.584E-01 9.562E-01 9.562E-01 9.674E-01 
1.4 9.771E-01 9.762E-01 9.763E-01 9.828E-01 
1.5 9.875E-01 9.868E-01 9.868E-01 9.907E-01 
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Figure 7.1 Probability of failure versus /s rμ μ  for log-normally distributed variables 

 

 

Figure 7.2 Comparison of the results for probability of failure for normally distributed 
variables 

Shakedown load analysis 

For this case, the tension p  varies within the range [ ]max0, p  and only the amplitudes 

but not the uncertain complete load history influences the solution. Consider the case where 
the maximal magnitude maxp  is a random variable and the minimal magnitude is held zero. 
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From the deterministic analysis we got the shakedown load 0.60332sh yp σ= . The numerical 

probability of failure for normally distributed variables are presented in table 7.8, compared 
with the analytical solutions, which are calculated by (7.1). In figure 7.2 the failure 
probabilities (SORM approximations) are shown versus /sμ rμ

, ,0.1r s r s

 for both two cases limit and 

shakedown analysis and for the case of normal distributions with σ μ= . It is worth to 

note that the shakedown probabilities of failure are considerably smaller than those of limit 
analysis. Thus, the loading conditions should be considered carefully when assessing the load 
carrying capacity of the structure. 
 

Table 7.8: Numerical results and comparison for normal distributions 

, ,r s0.1Shakedown analysis r sσ μ=  

/s rμ μ  fP  (anal.) fP  (FORM) fP  (SORM) 

0.2 1.109E-10 9.333E-11 9.333E-11 
0.3 3.371E-06 2.833E-06 2.833E-06 
0.4 2.486E-03 2.168E-03 2.168E-03 
0.5 9.366E-02 8.644E-02 8.648E-02 
0.6 4.844E-01 4.732E-01 4.732E-01 

0.60332 5.000E-01 4.891E-01 4.891E-01 
0.65 7.007E-01 6.906E-01 6.906E-01 
0.7 8.523E-01 8.464E-01 8.464E-01 
0.8 9.752E-01 9.735E-01 9.735E-01 
0.9 9.969E-01 9.967E-01 9.967E-01 
1.0 9.996E-01 9.996E-01 9.996E-01 
1.1 9.999E-01 9.999E-01 9.999E-01 

 

7.2 Pipe-junction subjected to internal pressure 

In this example, the pipe-junction which was investigated in section 6.3 and in [Tran et 
al., 2007d] is considered. It is subjected to internal pressure p  which can be constant or vary 
within the range [ ]max0, p y. Both yield limit σ  and load p  are considered as random 

variables. Numerical deterministic analyses lead to a collapse pressure lim 0.145 yp σ=

0.10267

 and 

shakedown limit sh yp σ=

,r s

. If both material and load random variables are supposed to 

be normally distributed with means μ ,r s and standard deviations μ σ σ  respectively, then 

the reliability index may be given [Staat and Heitzer, 2003b] 
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Table 7.9: Numerical results and comparison for normal distributions, , ,0.1r s r sμ=  σ

Limit analysis Shakedown analysis 

/s rμ μ  fP  (anal.) fP  

(FORM) 
fP  

(SORM) 
/s rμ μ  fP  (anal.) fP  

(FORM) 
fP  

(SORM) 
0.04 1.469E-12 1.239E-12 1.345E-12 0.03 5.456E-12 4.349E-12 4.352E-12
0.06 3.036E-08 2.764E-08 2.976E-08 0.04 6.441E-09 9.304E-09 9.302E-09
0.08 4.336E-05 4.225E-05 4.474E-05 0.05 1.992E-06 1.758E-06 1.804E-06
0.10 5.312E-03 5.108E-03 5.312E-03 0.06 1.665E-04 1.423E-04 1.433E-04
0.12 9.204E-02 8.946E-02 9.157E-02 0.07 4.280E-03 3.391E-03 3.401E-03
0.14 4.020E-01 3.953E-01 4.000E-01 0.08 4.078E-02 3.761E-02 3.783E-02
0.145 5.000E-01 4.934E-01 4.983E-01 0.09 1.767E-01 1.648E-01 1.663E-01
0.15 5.947E-01 5.890E-01 5.890E-01 0.10 4.261E-01 4.180E-01 4.182E-01
0.16 7.564E-01 7.537E-01 7.537E-01 0.10267 5.000E-01 4.869E-01 4.873E-01
0.18 9.350E-01 9.346E-01 9.346E-01 0.11 6.869E-01 6.698E-01 6.698E-01
0.20 9.870E-01 9.869E-01 9.869E-01 0.12 8.637E-01 8.683E-01 8.677E-01
0.22 9.978E-01 9.978E-01 9.978E-01 0.14 9.842E-01 9.866E-01 9.865E-01
0.24 9.997E-01 9.997E-01 9.997E-01 0.16 9.987E-01 9.986E-01 9.986E-01
0.26 9.999E-01 9.999E-01 9.999E-01 0.18 9.999E-01 9.999E-01 9.999E-01

 
 

Table 7.10: Numerical results for Weibull distributions, , ,0.1r s r sσ μ=  

Limit analysis Shakedown analysis 

/s rμ μ  fP  (FORM) fP  (SORM) /s rμ μ  fP  (FORM) fP  (SORM) 

0.04 7.238E-08 6.504E-08 0.03 6.945E-07 6.242E-07 
0.06 9.514E-06 8.580E-06 0.04 2.448E-05 2.212E-05 
0.08 3.280E-04 2.982E-04 0.05 3.818E-04 3.473E-04 
0.10 4.807E-03 4.437E-03 0.06 3.152E-03 2.897E-03 
0.12 3.955E-02 3.734E-02 0.07 1.975E-02 1.846E-02 
0.14 2.051E-01 2.005E-01 0.08 8.956E-02 8.581E-02 
0.145 2.812E-01 2.775E-01 0.09 2.836E-01 2.798E-01 
0.15 3.689E-01 3.663E-01 0.10 5.798E-01 5.782E-01 
0.16 5.567E-01 5.556E-01 0.10267 6.538E-01 6.508E-01 
0.18 8.367E-01 8.326E-01 0.11 8.120E-01 8.074E-01 
0.20 9.476E-01 9.449E-01 0.12 9.236E-01 9.200E-01 
0.22 9.827E-01 9.819E-01 0.14 9.873E-01 9.870E-01 
0.24 9.937E-01 9.945E-01 0.16 9.974E-01 9.990E-01 
0.26 9.977E-01 9.993E-01 0.18 9.994E-01 9.999E-01 
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2 2

0.10267      for shakedown analysis
0.01054
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Numerical probabilities of failure for limit and shakedown analyses for normal 
distribution are presented in table 7.9, compared with corresponding analytical solutions. Both 
random variables have standard deviations , ,0.1r s r sσ μ= . The numerical error now comes 

only from reliability analysis. It is shown that numerical results of FORM and SORM are very 
close to the exact ones, especially for the case of limit analysis. Otherwise SORM gives 
slightly better results compared with FORM.  

Besides normal and log-normal distributions, the Weibull distribution is frequently 
used for modelling loads and resistance. Table 7.10 shows the numerical results of 
FORM/SORM for the case that both random variables have Weibull distribution. The Weibull 
distribution leads to much larger failure probabilities in shakedown analysis but to much 
smaller ones in limit analysis (figure 7.3). No analytical results are known. The limit state 
function is non-linear after the transformation into the u  space. In this case SORM would 
give improved results. 
 

 

Figure 7.3 Probabilities of failure for normally and Weibull distributed variables 

7.3 Limit analysis of cylindrical pipe under complex loading 

Beside the loading and material strength, it is well known that the load carrying 
capacity of shell structures is generally influenced by their initial imperfections which occurs 
during the manufacturing and construction stages such as variability of thickness. In this 
example, the effect of thickness imperfection on the limit loads of a shell structure is 
examined. The cylindrical pipe subjected to complex loading which was investigated in 
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section 6.1 is considered here. The following geometrical and physical parameters are 
adopted: 2700mm, 300mm, 120MPayL r σ= = =

h

lim /y

. For this purpose, only the loading and the 

thickness  of the pipe are modelled as random variables. The following loading cases are 
examined 

Internal pressure 

p h rFor this case, the exact plastic collapse limit pressure is given by σ= . Thus, 

the resistance R  depends linearly on the realization  of the thickness basic variable h Z . The 
magnitude of the internal pressure is the second basic variable X . The limit state function is 
defined by 

( , ) yg X Z Z
σ

X .                                            (7.5) =
r

−

,  t s

If both thickness and load random variables are supposed to be normally distributed with 
means μ ,  t s and standard deviations μ σ σ ( )g U

y

 respectively, then the limit state function  

in the standard Gaussian space is a linear function. Note that σ  is the yield stress and not a 

standard deviation here. The mean and standard deviation of the limit state function can be 
calculated as follows 

2
2,   y y 2

g t s g tr r
σ σ

sμ μ μ σ σ σ
⎛ ⎞

= − = +⎜ ⎟
⎝ ⎠

                    (7.6) 

from which, the reliability index becomes 

( )
( )2 2 2

/

/

y t sg
HL

g
y t

r

r s

σ μ μμ
β

σ σ σ σ

−
= =

+
.                           (7.7a) 

The limit state function becomes non-linear if both basic variables are log-normally 
distributed. Analogously with (7.2), we obtain the exact reliability index for FORM 

( )( ) ( )
2 2

log / logy t
HL

t s

r m mσ
β

δ δ

−
=

+

s

s s

                           (7.7b) 

where  and ,  tm m ,  tδ δ  are calculated as in (7.3).  

Bending moment 

The exact plastic collapse limit moment is linearised by lim 24b yM r hσ=  (see (6.1)). 

The limit state function is a linear function of basic variables X Z  and defined by ,

2( , ) 4 yg X Z r Z Xσ= − .                                          (7.8) 
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The reliability indexes for both cases of normally and log-normally distributed random 
variables are obtained, respectively 

( )

2

22 2

4

4

y t s
HL

y t s

r

r

σ μ μ
β

2σ σ σ

−
=

+
                                        (7.9a) 

( ) ( )2

2 2

log 4 logy t s
HL

t s

r m mσ
β

δ δ

−
=

+
.                            (7.9b) 

Torsion moment 

In this case the exact plastic collapse limit moment is given by lim 22 / 3t yM r hπ σ=

,

. 

The limit state function is a linear function of basic variables X Z  and defined by 

22( , )
3 yg X Z r Z Xπ σ= − .                                          (7.10) 

The reliability indexes for both cases of normally and log-normally distributed random 
variables are obtained, respectively 

2

2
2 2

2
3

2
3

y t s

HL

y t

r

r

π σ μ μ
β

2
sπ σ σ σ

−
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                             (7.11a) 
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Axial load 

The exact plastic collapse limit load is given by lim 2 yF r hπ σ= . The limit state 

function is a linear function of the basic variables X Z  and defined by ,

( , ) 2 yg X Z r Z Xπ σ= − .                                          (7.12) 

The reliability indexes for both cases of normally and log-normally distributed random 
variables are obtained, respectively 

( )2 2 2
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Table 7.11: Numerical results and comparison for pressure case 
Normal distributions: , ,0.1t s t sσ μ=  Log-normal distributions: , ,0.1t s t sσ μ=  

/s tμ μ  
3

610 m
kN

−×  
fP  (anal.) fP  

(FORM) 
fP  

(SORM) 

/s tμ μ  
3

6 m−10
kN

×
fP  (anal.) fP  

(FORM) 
fP  

(SORM) 

0.10 1.718E-13 1.720E-13 1.724E-13 0.14 4.964E-14 3.160E-14 3.179E-14
0.15 2.428E-09 1.935E-09 1.935E-09 0.15 1.791E-12 1.175E-12 1.175E-12
0.20 3.872E-06 3.651E-06 3.700E-06 0.20 4.473E-07 3.277E-07 3.274E-07
0.25 7.364E-04 6.117E-04 6.117E-04 0.25 4.316E-04 3.522E-04 3.524E-04
0.30 2.275E-02 1.976E-02 2.017E-02 0.30 2.071E-02 1.844E-02 1.849E-02
0.35 1.734E-01 1.580E-01 1.582E-01 0.35 1.719E-01 1.596E-01 1.596E-01
0.40 5.000E-01 4.740E-01 4.741E-01 0.40 5.000E-01 4.752E-01 4.753E-01
0.45 7.969E-01 7.787E-01 7.792E-01 0.45 7.981E-01 7.798E-01 7.799E-01
0.50 9.408E-01 9.332E-01 9.333E-01 0.50 9.432E-01 9.356E-01 9.356E-01
0.55 9.863E-01 9.840E-01 9.840E-01 0.55 9.880E-01 9.859E-01 9.860E-01
0.60 9.972E-01 9.967E-01 9.967E-01 0.60 9.980E-01 9.975E-01 9.975E-01
0.65 9.995E-01 9.994E-01 9.994E-01 0.65 9.997E-01 9.996E-01 9.996E-01
0.70 9.999E-01 9.999E-01 9.999E-01 0.70 9.999E-01 9.999E-01 9.999E-01

 
 

Table 7.12: Numerical results and comparison for bending moment case 
Normal distributions: , ,0.1t s t sσ μ=  Log-normal distributions: , ,0.1t s t sσ μ=  

/s tμ μ  

5 110
kN

−×  
fP  (anal.) fP  

(FORM) 
fP  

(SORM) 

/s tμ μ  

5 110
kN

−×
fP  (anal.) fP  

(FORM) 
fP  

(SORM) 

0.15 3.488E-10 3.360E-10 3.378E-10 0.15 3.231E-14 3.030E-14 3.075E-14
0.20 5.484E-07 5.284E-07 5.324E-07 0.20 2.393E-08 2.257E-08 2.279E-08
0.25 1.330E-04 1.284E-04 1.292E-04 0.25 5.282E-05 5.039E-05 5.076E-05
0.30 6.041E-03 5.859E-03 5.886E-03 0.30 4.871E-03 4.704E-03 4.729E-03
0.35 7.013E-02 6.849E-02 6.869E-02 0.35 6.783E-02 6.629E-02 6.649E-02
0.40 2.934E-01 2.888E-01 2.893E-01 0.40 2.927E-01 2.891E-01 2.895E-01
0.432 5.000E-01 4.945E-01 4.949E-01 0.432 5.000E-01 4.946E-01 4.950E-01
0.45 6.135E-01 6.083E-01 6.079E-01 0.45 6.139E-01 6.085E-01 6.081E-01
0.50 8.483E-01 8.449E-01 8.447E-01 0.50 8.500E-01 8.466E-01 8.463E-01
0.55 9.542E-01 9.528E-01 9.528E-01 0.55 9.565E-01 9.552E-01 9.551E-01
0.60 9.885E-01 9.880E-01 9.880E-01 0.60 9.901E-01 9.897E-01 9.896E-01
0.65 9.974E-01 9.973E-01 9.973E-01 0.65 9.981E-01 9.980E-01 9.980E-01
0.70 9.994E-01 9.994E-01 9.994E-01 0.70 9.997E-01 9.997E-01 9.997E-01
0.75 9.999E-01 9.999E-01 9.999E-01 0.75 9.999E-01 9.999E-01 9.999E-01
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Table 7.13: Numerical results and comparison for torsion moment case 
Normal distributions: , ,0.1t s t sσ μ=  Log-normal distributions: , ,0.1t s t sσ μ=  

/s tμ μ  

5 110
kN

−×  
fP  (anal.) fP  

(FORM) 
fP  

(SORM) 

/s tμ μ  

5 110−×
kN

fP  (anal.) fP  

(FORM) 
fP  

(SORM) 

0.10 2.673E-13 2.811E-13 2.803E-13 0.14 1.497E-13 1.127E-13 1.127E-13 
0.15 4.123E-09 3.585E-09 3.585E-09 0.15 5.031E-12 3.832E-12 3.832E-12 
0.20 6.507E-06 5.670E-06 5.670E-06 0.20 9.381E-07 7.756E-07 7.756E-07 
0.25 1.142E-03 1.017E-03 1.017E-03 0.25 7.250E-04 6.584E-04 6.584E-04 
0.30 3.145E-02 2.889E-02 2.889E-02 0.30 2.924E-02 2.821E-02 2.821E-02 
0.35 2.132E-01 2.021E-01 2.021E-01 0.35 2.120E-01 2.009E-01 2.009E-01 

0.39178 5.000E-01 4.845E-01 4.845E-01 0.39178 5.000E-01 4.846E-01 4.846E-01 
0.40 5.584E-01 5.429E-01 5.429E-01 0.40 5.585E-01 5.431E-01 5.431E-01 
0.45 8.354E-01 8.257E-01 8.257E-01 0.45 8.370E-01 8.272E-01 8.272E-01 
0.50 9.558E-01 9.521E-01 9.522E-01 0.50 9.581E-01 9.545E-01 9.545E-01 
0.55 9.904E-01 9.895E-01 9.895E-01 0.55 9.919E-01 9.910E-01 9.910E-01 
0.60 9.982E-01 9.980E-01 9.980E-01 0.60 9.987E-01 9.986E-01 9.986E-01 
0.65 9.997E-01 9.996E-01 9.996E-01 0.65 9.998E-01 9.998E-01 9.998E-01 
0.70 9.999E-01 9.999E-01 9.999E-01 0.70 9.999E-01 9.999E-01 9.999E-01 

 
 

Table 7.14: Numerical results and comparison for tension case 
Normal distributions: , ,0.1t s t sσ μ=  Log-normal distributions: , ,0.1t s t sσ μ=  

/s tμ μ  

610 m
kN

−×  
fP  (anal.) fP  

(FORM) 
fP  

(SORM) 

/s tμ μ  

610 m−×
kN

fP  (anal.) fP  

(FORM) 
fP  

(SORM) 

0.05 1.414E-14 1.385E-14 1.383E-14 0.10 3.601E-09 4.715E-09 4.790E-09
0.06 6.153E-13 5.718E-13 5.752E-13 0.125 1.309E-05 1.427E-05 1.427E-05
0.07 2.102E-11 1.909E-11 1.913E-11 0.15 1.796E-03 1.729E-03 1.730E-03
0.08 5.525E-10 4.999E-10 5.000E-10 0.175 3.444E-02 3.421E-02 3.427E-02
0.09 1.105E-08 9.983E-09 9.991E-09 0.20 1.914E-01 1.866E-01 1.884E-01
0.10 1.674E-07 1.516E-07 1.530E-07 0.2262 5.000E-01 4.890E-01 4.869E-01
0.15 2.496E-03 2.312E-03 2.313E-03 0.25 7.609E-01 7.522E-01 7.522E-01
0.20 1.928E-01 1.854E-01 1.850E-01 0.275 9.169E-01 9.126E-01 9.126E-01

0.2262 5.000E-01 4.890E-01 4.882E-01 0.30 9.773E-01 9.758E-01 9.758E-01
0.25 7.599E-01 7.512E-01 7.512E-01 0.325 9.949E-01 9.945E-01 9.945E-01
0.30 9.753E-01 9.737E-01 9.737E-01 0.35 9.990E-01 9.989E-01 9.989E-01
0.35 9.985E-01 9.984E-01 9.984E-01 0.375 9.998E-01 9.998E-01 9.998E-01
0.40 9.999E-01 9.999E-01 9.999E-01 0.40 9.999E-01 9.999E-01 9.999E-01
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The probabilities of failure fP  are presented in tables 7.11-7.14 for both distributions 

and in figures 7.4-7.5 for log-normal distributed variables. Numerical solutions of the limit 
analyses are compared with the analytical ones resulting from exact solutions. For each 
loading case, both random variables are normally or log-normally distributed with standard 
deviations , ,0.1t s t sσ μ= . It is shown that our results compare well with the analytical ones for 

all cases.  
 

 

Figure 7.4 Comparison of the results for log-normally distributed variables 
 

 

Figure 7.5 Comparison of the results for log-normally distributed variables 
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7.4 Folding shell subjected to horizontal and vertical loads 

In this example, a well-known problem of having several failure modes is investigated. 
Consider the frame formed of three plates of figure 7.6a which is generated by prolonging a 
plane frame in the third direction. It is made of elastic-perfectly plastic material and subjected 
to two uniform horizontal and vertical loads . The loading and geometrical data were 
selected to match those of the plane frame included in the book of Madsen et al. [1986]. 
Loads and limit plastic bending moment (material strength) are random variables which are 
assumed mutually independent and log-normally distributed. There are three basic variables 
and their mean values and standard deviations are given by 

,  H V

  Horizontal load          H 50 kNm, =15 kNmH Hμ σ=  

  Vertical load V               40 kNm, =12 kNmV Vμ σ=  

  Material strength yσ         2 23372.5 kN/m , =337.25 kN/m
y yσ σμ σ=

p

The thickness of the shell is supposed to be constant . The plastic moment capacity =0.4 mh
M  at each section is then a random variable with mean value and standard deviation as 

follows 

    

2

2

134.9 kNm
4

13.49 kNm
4

p y

p y

M

M

bh

bh

σ

σ

μ μ

σ σ

= =

= =
 

Hinge lines are thought to form at the end of elements (beam and columns) or at lines 
of load application. As in the original plane frame, three failure modes caused by plastic hinge 
mechanisms are expected to occur, those are sway mode, frame mode and beam mode (figure 
7.7). 
 

V
H

b=1 m

l=5 ml=5 m

l=
5 

m

Figure 7.6 Geometrical dimensions and FE-mesh of the frame 
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Frame mode Sway mode

Beam mode

 

Figure 7.7 Three failure modes of the frame 
 

Numerical computation is carried out by using 300 quadrangular flat 4-node shell 
elements as shown in figure 7.6b. The ‘barriers’ technique developed by Der Kiureghian and 
Dakessian is performed with 0.4= 0.3, γ δ =  in order to find all the three design points as 
expected. Our numerical results of design points are presented in table 7.15. The global design 

point [ ]*
1 3.083 0.944   0.024   -0.329 T=u 1 3.083HL with β =  was found firstly. This design 

point corresponds to the Sway mode since the effect of the horizontal load  is dominant. 
After adding a bulge  at , the algorithm converges to the second design point 

H

1( )B u *
1u

[ ]*
2 3.24 0.776   0.47   -0.422 T=u 2 3.240HL with β = . This design point corresponds clearly to 

the Frame mode because both of loads have big contributions to the failure of the structure. 
We continuously added a bulge  at  and found the third design point 2 ( )B u *

2u

[ ]*
3 3.461 0.457   0.783   -0.421 T=u 3 3.461HL with β =  which corresponds to the Beam mode. 

Now we suppose to proceed further and place a bulge  at . Our search algorithm now 

converges to 

3( )B u *
3u

[ ]*
4 3.307 0.925   -0.325   -0.194 T= 4 3.307HLu  with = . The distance β

* *
4 1 1.218− =u u

1 0.4 3.083 1.233r = × = *
4

4 ( )B u *
4u

[

 between the two design points is less than but close to the radius 

 of the bulge, thus confirming that u  is a spurious design point. If we 

further place a bulge  at  and continue the algorithm, the point 

]*
5 4.07 0.667   0.59   -0.454 T=u 5 4.070HL with β =  is found.  Obviously it is also a spurious 

design point since the distances * *
5 3 1.24− =u u *

3u *
5u between the two design points ,  and 

* *
5 2 1.028− =u u *

2u *
5u

3 0.4 3.461 1.384r = × = 2 0.4 3.24 1.296r = × =

 between the two design points ,  are less than the radius 

 and  of the bulges. Thus, at this stage, we stop 
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to search and assume that there are only three design points for this problem. It should be 
noted here that, the SQP algorithm worked well in this case to seek all the optimal points. 
Conversely, the simple gradient search algorithm failed after adding the first bulge. It 
oscillates around a foot of the bulge unstoppably. 

Table 7.15: Multiple design points and search steps 
Step 1a  2a  3a  HLβ  Nature Mode 

1 0.944 0.024 -0.329 3.083 global design point Sway mode 
2 0.776 0.470 -0.422 3.240 local design point Frame mode 
3 0.457 0.783 -0.421 3.461 local design point Beam mode 
4 0.925 -0.325 -0.194 3.307 spurious design point - 
5 0.667 0.590 -0.454 4.070 spurious design point - 

 
The linear approximation of the failure set is now constructed by the tangent hyper-

planes at the three design points. The corresponding approximations of failure mode 
correlations and joint failure mode probabilities are listed in table 7.16. The single and system 
failure probability and reliability indices are presented in table 7.17 and in table 7.18, 
respectively, compared with those of the original plane frame obtained by Madsen et al. It is 
shown that our two first failure probabilities of sway and frame modes are smaller than those 
of plane frame while the last one compares well with the solution of Madsen et al. leading to a 
smaller failure probability of the system. It is understandable since the stress state is now 
three-dimensional, not only the bending moment but also the compression force has an 
influence on the load-carrying capacity of the structure. By comparing the differences 
between present results and those of Madsen et al. in the tables 7.17 and 7.18, one can easily 
observe the sensitivity of the failure probability fP  as discussed previously. It is shown that 

about 10% difference in the reliability indices HLβ  leads to about 330% difference in the 

failure probabilities fP . This sensitivity even increases very fast in the case of small 

probabilities of failure. 

Table 7.16: Failure mode correlations and joint failure mode probabilities (first order) 

 Failure mode correlations ijρ  
Joint failure probabilities 

 210ijP ×

 1 2 3 1 2 3 

1 1.0 0.883 0.589 0.1023 0.0301 0.0037 

2 0.883 1.0 0.899 0.0301 0.0598 0.0155 

3 0.589 0.899 1.0 0.0037 0.0155 0.0269 
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Table 7.17: Failure probability of the frame ( ) 210fP ×
*
1u  alone (sway) *

2u  alone (frame) *
3u  alone (beam) *

1u ,  and *
2u *

3u
Method 

FORM SORM FORM SORM FORM SORM FORM 

Present 0.1023 0.1026 0.0598 0.110 0.0269 0.0166 0.14-0.155 

Madsen et al. 0.336 0.322 0.199 0.267 0.0291 0.0283 0.467 

Table 7.18: Reliability indices of the frame HLβ  
*
1u  alone (sway) *

2u  alone (frame) *
3u  alone (beam) *

1u ,  and *
2u *

3u
Method 

FORM SORM FORM SORM FORM SORM FORM 

Present 3.083 3.082 3.240 3.062 3.461 3.589 2.958-2.989 

Madsen et al. 2.710 2.725 2.880 2.786 3.440 3.447 2.600 
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8    SUMMARY 
 
 

Integrity assessment of pressure vessels and piping by means of direct plasticity 
methods has been a problem of great interest to many designers, especially in the design of 
industrial and nuclear power plants. The new European pressure vessel standard EN 
13445-3 is based on perfectly plastic limit and shakedown analysis (LISA) [European 
standard, 2005-06] thus indicating the industrial need for LISA software for safe and 
reliable design of such structures. Additionally, practical design codes often prescribe what 
kind of values to choose for the safety factor of the resistance and of the loads for a given 
problem since all resistance and loading variables are generally random. To this purpose, 
the present thesis provides an effectively plastic analysis method for the integrity 
assessment of general shells. Besides a deterministic LISA algorithm, structural reliability 
analysis based on probabilistic LISA is also performed to establish a rational basis for the 
choice of safety factors. 

In the deterministic LISA procedure three failure modes of structures such as 
plastic collapse, low cycle fatigue and ratchetting are analyzed based upon an upper bound 
approach. The direct method involves the use of the exact Ilyushin yield surface and the 
solution of the non-linear constraint optimization problems is solved by Newton’s method 
in conjunction with a penalty method and the Lagrange dual method. Line search is 
performed to improve the current kinematic solution. A special “smooth regularization 
method” was also used for overcoming the non-differentiability of the objective function. 
The actual Newton directions are updated at each iteration by solving a purely-elastic-like 
system of linear equations which ensures automatically the kinematical condition of the 
displacements. 
 The proposed method appears to be capable of identifying reasonable estimates of 
the limit and shakedown load factors for a wide range of thin shell problems. It has been 
tested against experiments and several load limits which have been calculated in literature 
with different numerical methods using shell or volume elements. The load limits are 
obtained here together with tests of mesh convergence and robustness. Some of them could 
be checked against twice the elastic limit because they appear to represent the alternating 
plasticity limit under the considered loading conditions. A numerically very effective 
method is achieved from the lesser computational cost by using shell elements compared 
with volume elements and by direct plasticity methods which achieve plastic solutions in 
the computing time of only several linear elastic steps. Parametric studies carried out in 



some examples show that different choices of optimization parameters have quite different 
effects on the behaviour of the algorithm. 

In the probabilistic LISA, the loading and strength of the material as well as the 
thickness of the shell are considered as random variables. The procedure involves a 
deterministic limit and shakedown analysis for each probabilistic iteration. Different kinds 
of distribution of basic variables are taken into consideration and performed with 
FORM/SORM for the calculation of the failure probability of the structure. A non-linear 
optimization was implemented, which is based on the Sequential Quadratic Programming 
for finding the design point. Non-linear sensitivity analyses are also performed for 
computing the Jacobian and the Hessian of the limit state function. 

The advantage of the method in structural reliability analysis is that the failure 
under cyclic loading is treated as a time-invariant problem and it is applicable with 
incomplete data. On the other hand, sensitivity analyses are obtained directly from a 
mathematical optimization with no extra computational cost. Numerical examples were 
tested against literature with analytical methods and with a numerical method using 
volume elements. It is shown that the proposed method is capable of identifying good 
estimates of the failure probability, even in the case of very small probabilities. The results 
are achieved just after several deterministic steps even if the starting points are chosen far 
from the actual design point. If the limit state function is linear with the limit and 
shakedown analysis, then the use of FORM is sufficient and SORM is only necessary if the 
linearity is lost after the transformation into the u  space.  

Practical experience showed that the existence of multimode failure (multiple 
design points) in component reliability analysis could give rise to large errors in 
FORM/SORM approximations of the failure probability. In this thesis, a technique which 
was developed by [Der Kiureghian and Dakessian, 1998] has been performed to 
successively find the multiple design points of a reliability problem, when they exist on the 
limit state surface. This technique is based upon a ‘barrier’ method by constructing a bulge 
around previous found design points, thus forcing the algorithm to seek a new design point. 
Second-order bounds of the reliability of series system are then calculated based on the 
first-order system reliability analysis. Numerical example of a frame made of plates 
showed that it improves considerably the estimates of the system failure probability. 

To the author’s knowledge the above mentioned results contain the following new 
contributions which have never been published elsewhere: 

• The development of a kinematic algorithm of deterministic limit and shakedown 
analysis for general plate and shell structures using the exact Ilyushin yield surface. 
The exact Ilyushin yield surface has not been used so far in LISA. 

• The development of a kinematic algorithm of probabilistic limit and shakedown 
analysis for general plate and shell structures using the First and Second Order 
Reliability Methods. The present thesis is the first one dealing with reliability-based 
LISA for shells and using SORM. 
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• The introduction and formulation of the probabilistic LISA in which the thickness 
is considered as a random variable. Analytical solutions for a simple problem were 
derived in order to compare with the numerical solutions. 

• The sensitivity analysis of the limit state function versus load, material strength and 
shell thickness variables. 

• The introduction and formulation of the reliability problem for the structural 
systems (series systems). The implementation of a special technique to successively 
find all the multiple design points on the limit state surface allows to calculate the 
second-order bounds of the reliability for series systems. 

It should be noted that in the present work we accepted some simplified hypotheses, 
such as perfectly plastic material, small deformation and displacement models. The 
perfectly plastic material is sufficient with respect to the design codes. However, the 
present results may be safe to be applied in some practical engineering since some practical 
materials often exhibit strain hardening. In this meaning limit and shakedown analysis 
based on the kinematic hardening may improve the present design procedures. On the other 
hand, the geometrically non-linear effects may become important to very thin-walled 
structures. On this basis, we would propose here some possibilities for future work: 

• Extend the present work for both deterministic and probabilistic LISA to the real 
materials in which we take into account the bounded kinematic hardening of the 
material. 

• Extend the present work for both deterministic and probabilistic LISA to the real 
behaviour of thin shell structures in which we consider the large deformation and 
large displacement hypotheses. 

• Perform the deterministic and probabilistic LISA by the application of the primal-
dual theory, in which both lower and upper bounds are obtained at each iteration.  

• Extend the present work for probabilistic LISA to the real shell structures in which 
the thickness of the shell is considered a random field, i.e. the random thickness is a 
function in space. In a similar way temperature fields and temperature dependent 
material strength can be considered. 
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Appendix 
 

PROBABILITY DISTRIBUTIONS AND TRANSFORMATION TO 
THE STANDARD GAUSSIAN SPACE 

 
 

Let X  be a random variable with mean μ , standard deviation σ , variance 2σ , 
coefficient of variation /v σ μ=  and shift parameter a . This parameter gives the smallest 
possible value of X . The Probability Density Function (PDF) and Cumulative Distribution 
Function (CDF) of f  and , respectively. FX  are denoted by 

The mean and variance of X  can be calculated from the PDF f  or measurements 
of X . Suppose first, that f  is known. Then, 

( )
b

a

x

x

xf x dxμ = ∫                 (A.1) 

and 

( )22 ( )
b

a

x

x

x f x dxσ μ= −∫           (A.2) 

where the limits of integration ax  and bx  extend over the range of possible values of X . 
For example, this range is (  when ),+∞ X  follows a Gaussian probability. When −∞ f  is 

not available, 2μ  and σ  can be estimated from a set of m  measurements 
( ) ( ) ( ){ }1 2, ,..., m 2x x x  of random parameter X . The estimates of μ  and σ  are, respectively, 

( )

1

1ˆ
m

k
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x
m

μ
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= ∑               (A.3) 

and 

( )22 ( )

1

1ˆ ˆ
1

m
k

k

x
m

σ μ
=

= −
− ∑ 2            (A.4) 

and approach the actual values of the mean and variance of X  as  increases indefinitely. m
 Probabilities and distributions that are available in our code are given in this 
appendix when available in closed form. Closed form results are also presented for the 
transformation from the standard Gaussian U  with mean zero and unit variance to variable 
X . 



1. Normal distribution, ( )2,N μ σ  

PDF: 

21( ) exp 0.5 ,  
2

xf x xμ
σπσ

⎧ ⎫−⎪ ⎪⎡ ⎤= − −∞ ≤⎨ ⎬⎢ ⎥⎣ ⎦⎪ ⎪⎩ ⎭
≤ +∞ .   (A.5) 

Parameters:            2( ) ,  ( )E X Var Xμ σ= =  
CDF: 
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x xF x f t dt μ

σ−∞

−⎡ ⎤= = Φ ⎢ ⎥⎣ ⎦∫             (A.6) 

where 

( ) ( )
x

x f u du
−∞

Φ = ∫ .     (A.7) 

Transformation: 

X Uμ σ= + .              (A.8) 

2. Log-Normal distribution 
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Parameters:     2( ) ,  ( )E X Var Xμ σ= = , shift a  and coefficient of variation /( )v aσ μ= −  

2 2v
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ln( ) 0.5

σ

μ μ σ
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= −

.                         (A.10) 

Transformation: 

( )expX a Uμ σ= + + .                (A.11) 

3. Exponential distribution, ( ),E aλ  

PDF: 

( ){ }( ) exp ,  f x x aλ λ= − − x a≥ .                        (A.12) 

Parameters:                        2( ) 1/ ,  ( ) 1/E X a Var Xλ λ= + = . 
CDF: 
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( ){ }( ) 1 exp ,  F x x a x aλ= − − − ≥ .               (A.13) 

Transformation: 

(1 )X a
λ

U= − Φ − .      (A.14) 

4. Uniform distribution, [ ],U a b  
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b= ≤ ≤
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Transformation: 

( ) ( )X a b a U= + − Φ .      (A.17) 

5. Gamma distribution,  ( ),G k vx
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where the gamma function 
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Parameters:                        2( ) / ,  ( ) /E X a k v Var X k v= + =
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Transformation: not available in closed form. Therefore a Newton-Raphson iteration 
scheme can be employed in order to obtain the inverse. 

6. Weibull Distribution 

PDF: 

1

( ) exp ,  
k kk x a x af x x

v a v a v a

− ⎧ ⎫− −⎪ ⎪⎛ ⎞ ⎛ ⎞= −⎨ ⎬⎜ ⎟ ⎜ ⎟− − −⎝ ⎠ ⎝ ⎠⎪ ⎪⎩ ⎭
a≥ .          (A.22) 

Parameters:              ( ) ( )0,  ( ) 1 1/k E X a v a k> = + − Γ + . 
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Transformation: 
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X a v a U= + − − Φ −⎡ ⎤⎣ ⎦ .             (A.24) 

7. Extreme Type I Distribution 

PDF: 
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