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Introduction

The starting point of this thesis was a question by Dieter Happel with the
following background. Let @ be a finite acyclic quiver (another word for
directed graph) and K an algebraically closed field. The set of tilting modules
over the path algebra K() carries the structure of an abstract simplicial
complex (@) and is partially ordered; the quiver of tilting modules is the
associated Hasse diagram and an orientation of the dual graph Krq of ¥(Q).
Happel and Unger examined the possibility of reconstructing @ from its
partially ordered set of tilting modules in their paper [HU09] and gave a
positive answer “up to multiplicity of arrows” as follows. It is possible to
determine the number of vertices of () as well as the information whether there
are no arrows, precisely one arrow, or several arrows between two vertices,
but in the last case not the precise number of arrows. An example for this
phenomenon is the generalised Kronecker quiver with two vertices and m
arrows; for all m > 2 the associated partially ordered sets of tilting modules
are isomorphic.

If we call quivers that are isomorphic “up to multiplicity of arrows” basi-
cally equal, then Happel’s question can be phrased as follows.

Question (Happel). Is it true that the quivers (partially ordered sets, simpli-
cial complezes) of tilting modules of finite basically equal acyclic quivers are
isomorphic?

In this thesis we give partial positive answers to this question for the
following classes of quivers. We call a quiver almost abundant if any two
vertices are connected and no vertex is incident to more than one simple arrow.
We show in particular the following results (Corollaries [10.7] and [13.26]):

Theorem. Let Q) and Q)" be basically equal acyclic n-point-quivers. If n =3
or one of the quivers (and then also the other) is almost abundant, then
Krkg = Kkg and 3(Q) = X(Q'). Notably there is a canonical bijection
between the sets of isomorphism classes of exceptional modules over KQ and
KQ'.



6 INTRODUCTION

Our approach exploits a deep relation between the combinatorics of tilting
modules and the combinatorics of cluster algebras introduced by Fomin and
Zelevinsky in [FZ02]. Their quiver mutation rule allows to define the so-called
exchange graph I'(Q) in a purely combinatorial way, and it turns out that
Kk can be seen as a full subgraph of I'(Q)). The latter is by construction
n-regular (where n is the number of vertices of @)). Moreover, for each vertex
of T'(Q) there is an associated quiver, and any neighbouring quiver is obtained
via one of the n possible quiver mutations. Therefore elementary estimates,
based on the mutation rule only, yield surprisingly strong structural results.

Specifically, we define a class of quivers called forks (see Definition
with the following property: Every fork has a distinguished vertex such
that mutation in any other vertex yields a fork with more arrows (compare
Lemma . This generalises results of Assem, Blais, Briistle and Samson
([ABBS08]) for the case n = 3. Hence, if we have a fork in I'(Q) and delete the
edge corresponding to the distinguished mutation, the connected component
containing the fork will be a complete infinite (n — 1)-ary tree consisting of
forks only (see Lemma [2.8)), which is the reason for the name. This implies
in particular that a fork is mutation-infinite, i.e. iterated mutations yield
infinitely many isomorphism classes of quivers. On the other hand we can
show that the converse also holds, i.e. any connected mutation-infinite quiver
@ can be mutated to a fork (Theorem . Moreover, we get the following
result on the global structure of I'(Q) (Theorem [5.1)):

Theorem. Let I' be the exchange graph of a connected mutation-infinite
n-point-quiver. Then there is a bound D(n) depending only on n such that
any vertex of I' has at most distance D(n) to a fork.

Another consequence concerns the conjecture of Unger that Kk has
infinitely many connected components when @) is wild with at least three ver-
tices. Combined with results of Felikson, Shapiro and Tumarkin from [FST12]
we obtain the following “almost complete” confirmation (see Theorem [11.3)):

Theorem. Unger’s conjecture holds in all but finitely many cases, specifically
for all acyclic quivers with at least 11 vertices or with arrows of multiplicity
greater than two.

The structural role of forks in the exchange graph in combination with basic
results from Auslander-Reiten theory and cluster theory allows a classification
of the exchange graphs for certain classes of quivers which finally yields the
partial positive answers to Happel’s question given above. Notably we show
for quivers that have only multiple arrows (and are hence called abundant)
in Theorem the following result:



Theorem. The exchange graph of an abundant acyclic n-point-quiver is an
n-reqular tree.

Furthermore, we get a complete classification of exchange graphs for
quivers with three vertices (see Theorems [10.1{and [10.3)).

To transfer the classification results from the exchange graph to the cluster
complex — this is the associated extension of the simplicial complex of tilting
modules — we use a fundamental result by Hubery ([Hub10]) that guarantees
that the cluster complex is a simplicial abstract polytope and a method
following Fomin and Zelevinsky ([FZ03a]) that requires a certain property of
the fundamental group of I'(Q)), namely that it is generated by certain cycles
obtained by alternating mutations in two vertices, and those cycles have a
certain length.

In this context the knowledge about forks is again quite useful as the
tree parts of I'(Q)) do not contribute to the fundamental group, and the
necessary property is therefore easy to check for abundant quivers (because
the fundamental group of a tree is trivial) and those with three vertices by
the given classification. Moreover, the length of the said cycles is determined
by the arrow number between the two mutation vertices such that two quivers
will satisfy the necessary condition for identifying their cluster complexes
if they are basically equal. So it seems justified to conjecture that one of
the reasons for the partial positive answers to Happel’s question, namely the
property that basically equal acyclic quivers remain basically equal under
mutation, holds in general (Conjecture .

In the case n = 3 a possible explanation of this phenomenon can be
observed. It turns out (again using the properties of forks) that one can
perform mutations without specifying the precise multiplicity of multiple
arrows; so one actually calculates with parameters instead of numbers. This
inspires the idea of “polynomial quivers” with arrow numbers replaced by
“arrow polynomials”. It is an interesting question when iterated mutations
of such a polynomial quiver are well-defined; we suggest in Conjecture [12.28
that this holds for a certain class of “basic” acyclic polynomial quivers (see
Definition and show it for the class of almost abundant basic acyclic
polynomial quivers (Theorem . Moreover, this would indeed provide an
explanation for the observation that basically equal acyclic quivers remain
basically equal under mutation; namely two such quivers can be seen as
“evaluations” of the same basic acyclic polynomial quiver; and if the latter
can be mutated without restrictions, the two corresponding evaluations of
the parameters for an arbitrary mutation yield again basically equal quivers
as shown in Theorem [12.29

The organisation is as follows. In Chapter 1| we collect the basic definitions
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for the purely combinatorial part. In Chapter [2| we introduce forks and show
their characteristic properties. Chapter |3| relates forks and mutation-infinite
quivers. Chapter [] contains the definition of exchange graphs as well as
further structural results. The bounded distance to forks in exchange graphs
is explained in Chapter [5 In Chapter [] we treat a slightly larger class
of quivers than forks with similar behaviour. We introduce the cluster
complex and discuss its relation to the exchange graph in Chapter [7] After
explaining the connection to tilting theory and presenting Happel’s question
in Chapter [§ we give first partial answers and a classification for 3 vertices
in Chapters [9] and [I0} Unger’s conjecture is the topic of Chapter In
Chapter [12| we introduce the concept of polynomial quivers and give several
examples. Finally Chapter [13]is devoted to a class of polynomial quivers that
considerably generalises the notion of forks and leads to our most general
partial answer for Happel’s question.
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Chapter 1

Quivers and quiver mutation

We start by fixing notation and giving the basic definitions.

Definition 1.1. A quiver @ = (Qo, @1, s,t) is given by a set of vertices
or points )y and a set of arrows ()7 together with the maps s,t: Q1 — Qo
associating with every arrow a € @ its source s(a) and its target t(a):
s(a)—"=t(a). The quiver @Q is called finite if the sets Qy and @Q; are both
finite. A subquiver Q' = (Qj, @, s, ') is given by subsets @ C Qp, Q) C Q1
and the restrictions s’ = s|qg; and ¢’ = t|g, such that s(a),t(a) € Q for all
a € Q). The subquiver is called full, if s(a),t(a) € Q; implies a € Q. Note
that a full subquiver is already determined by a subset @) of the vertices
of Q. If @' is a subquiver of Q) (or a subset of @), we denote by Q — @
the quiver obtained by deleting all vertices of @’ together with the incident
arrows. We often write ¢ € () instead of i € (Qy. The notation {i # j} C Qo
means {i, 7} C Qp with i # j.

A quiver morphism f: @ — @ between two quivers Q) = (Qo, Q1, s, 1)
and Q' = (Qyp, @y, s, t') is given by maps fy : Qo — @y and f; : Q1 — Q)
such that s'(fi(a)) = fo(s(a)) and t'(f1(a)) = fo(t(a)) for all arrows a € Q;.
As usual f is an isomorphism (and then ) isomorphic to Q') if there is
a morphism ¢ : Q' — (@ such that both compositions give the respective
identity. Often we only talk of the map fo, which can (or cannot) be extended
to a quiver morphism in an obvious way. The opposite quiver Q% is
obtained from @) by reversing all arrows. This operation is often useful for
additional assumptions concerning the orientation of a given arrow because
it is compatible with all our notions in the sense that everything has a dual
version and the argument for the opposite quiver would be the same up to
using the dual notions. We refer to this idea with the phrase “up to duality”
or similarly.

A path of length m € N in @) is a sequence of arrows aq, as, . .., a,, with

9



10 CHAPTER 1. QUIVERS AND QUIVER MUTATION

s(ajp1) = t(a;) for all i = 1,2,...,m — 1, it is denoted by a,, ...asa;. The
maps s and ¢ are canonically extended to paths via s(a,,...asa1) = s(aq)
and t(ay, ...aga1) = t(ay). A path p of length m € N with s(p) = t(p) is
called closed or an (oriented) m-cycle. 1-cycles are also called loops. If
() contains no oriented cycles, it is called acyclic. Additionally we want to
have a path of length 0 or trivial path e; for every vertex i € ()g. We define
s(e;) =i = t(e;). Paths of arbitrary length m € Ny can be concatenated in
the obvious way.

Given a vertex k € @, the set of vertices that are reachable from k (or
successors of k) consists of all vertices of the form ¢(p) for some path p in @
with s(p) = k. Further we define Q™ (k) to be the full subquiver of @) induced
by all direct successors of k, i.e. vertices ¢ with an arrow k——=i. A vertex
k is a sink if QT (k) is empty. (Direct) predecessors, @~ (k) and sources are
defined dually. We say that @)y is admissibly numbered (usually by the
numbers 1,...,n) if there are no arrows i——7; whenever i < j. Clearly
every (finite) acyclic quiver has a sink and hence, by induction, an admissible
numbering.

Let us also fix some notation for graphs. Similar to a quiver, a graph I' is
given by a set of vertices and a set of edges with endpoints in the vertices.
A graph can be realised as a topological space in a standard way, so we
can use the results of [Mas77], which is also the source for our notation
and the topological details. Any edge can be oriented in two ways with an
induced notion of source and target. Then the definition of paths is the
same as for quivers, but note that each edge may occur several times with
changing orientation; we call a path reduced if this does not happen in direct
succession. As above we have the notion of closed paths, but as common in
graph theory we reserve the term cycle for a (w.r.t. inclusion) minimal set
of edges allowing a non-trivial closed reduced path. A graph is connected if
any two vertices can be joined by a path. An edge is a bridge if its deletion
increases the number of connected components. A tree is a connected graph
in which any closed reduced path starting in a specific (equivalently, any)
vertex is trivial. This is equivalent to ask that any vertex can be joined to a
specific (or again any) vertex by a unique reduced path. We call a quiver @
connected if the underlying unoriented graph is connected.

For a quiver () with vertices 7, 7 we set

¢ij := #{arrows from i to j} — #{arrows from j to i}.
Unless stated otherwise, we assume without mentioning that a quiver has no

loops or 2-cycles, so quivers are determined (up to isomorphism) by these
numbers, which form a skew-symmetric )y x Qo matrix. Instead of drawing
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¢ij > 2 arrows from ¢ to j we usually draw just one arrow together with

its multiplicity (ZL j) and speak of a multiple arrow. We call a vertex
k € Qo abundant if |g;;| > 2 for all j # k; a quiver is abundant if all its

vertices are abundant. By slight abuse of notation a 3-cycle means not only a

quiver of the form i<—=k——=7j, but the full subquiver jeet>k—tsj.

qji

Definition 1.2 ([FZ02]). Given a quiver @, for any vertex k € ()g we define
a new quiver Q) = (@) with the same vertices, the mutation of @ in k,
via:
- —qij ifi=korj=k
qij =
’ Gij + (g |ans| + |ai| ary)  else.

Concretely, 1 (Q) is constructed as follows. For all i € Q~(k), j € Q1 (k),
we add grqx; arrows from ¢ to j. If this creates any 2-cycles, we remove them
by deleting min{¢;,qx;, g;i} arrows in both directions. Finally, we change the
orientation of all arrows incident to k. It is easy to see that quiver mutations
are involutive in the sense that ux(ur(Q)) = Q. We will only apply mutation
to finite quivers, so this is an implicit assumption from now on.

Definition 1.3. Two quivers are called mutation-equivalent if one can
be transformed into (a quiver isomorphic to) the other by a sequence of
mutations. Since mutations are involutive, this indeed defines an equivalence
relation on the set of all finite quivers. A quiver is called mutation-acyclic
if it is mutation-equivalent to an acyclic quiver, else it is called mutation-
cyclic. Given a quiver (), its mutation class consists of the isomorphism
classes of all quivers mutation-equivalent to (). It builds the vertex set of the
mutation graph of (); two vertices are joined by an edge if corresponding
representatives are related by a mutation. Note that loops can also occur.

We note that quiver mutation is a local operation, which has the following
consequence.

Lemma 1.4. Let Q) be a quiver and R C QQy. Then mutations in vertices of
@ — R commute with deleting the vertices in R, i.e. we obtain the same quiver
when we first perform a sequence of mutations of QQ, but only in vertices of
Q — R, and then delete R as when we first delete R and perform the sequence
of mutations afterwards.

Proof. 1t is clearly enough to prove this for a single mutation in a vertex
ke @ —R. Soleti,je @ — R. By Definition [I.2] the way the arrow number
between 7 and j changes depends only on the full subquiver induced by

{i7j>k}CQO_R- ]
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CHAPTER 1.

QUIVERS AND QUIVER MUTATION



Chapter 2

Forks in the mutation graph

In this chapter we introduce the crucial notion of a fork. This will allow us to
describe certain parts of mutation graphs as trees. Note that for an abundant
quiver () and a vertex k we get a decomposition Qo = Q~ (k) U {k} U QT (k)o.

Definition 2.1. We call an abundant quiver () a fork if it is not acyclic and
there is a vertex r called the point of return such that

(F1) For alli € Q@ (r) and j € QT (r) we have ¢;; > ¢ir, ¢

(F2) @ (r) and Q" (r) are acyclic.

Remark 2.2. It is worth mentioning that any mutation-acyclic quiver @)
with an arbitrary vertex r satisfies [[F2)] The reason is the following: By
[BMROS§|, Corollary 5.3] full subquivers of mutation-acyclic quivers are again
mutation-acyclic, so in particular the full subquiver induced by r and a
shortest oriented cycle in @~ (r) would be mutation-acyclic. Now any such
m-cycle with m > 4 could be “shortened”: mutation at one of its vertices
would yield a quiver @’ with Q' (r) containing an (m — 1)-cycle. Hence it is
enough to show the claim for |Qy| = 4. On the other hand there is a result
by Seven [Seva, Corollary 1.5] (based on work of Speyer and Thomas), which
implies that each mutation-acyclic quiver contains a so-called “admissible
cut”; this is a subset C' of its (multiple) arrows such that each oriented cycle
shares precisely one (multiple) arrow with C' and each non-oriented cycle

13



14 CHAPTER 2. FORKS IN THE MUTATION GRAPH

shares an even number of (multiple) arrows with C. It is easy to see that this
excludes the possibility that Q@ (r) (or dually Q*(r)) is a 3-cycle. Seven’s
result could also be applied without shortening the cycle, but [Seva] uses the
same technique.

We collect some simple observations about forks in the following
Lemma 2.3. Let QQ be a fork with point of return r.
a. Q —{r} is acyclic.

b. @ —Q (r) and Q — Q™ (r) are acyclic.

. Fach 3-cycle in Q) is of the form Z*_\”"?] with @i > Qir, Grj-
qji

o

d. For all vertices i € Qy we have Q~ (i), QT (i) # @.
e. The point of return of a fork is uniquely determined. O

Proof. By a cycle in @ — {r} would have to contain vertices from both
Q~ (r) and QT (r) and thus also arrows from Q~(r) to Q*(r), in contradic-
tion to . This shows a. Hence each cycle in ) contains r and thus a
subquiver {—sr——sj with i € Q(r) and j € QT (r ) This already implies

b. Moreover, by |(F1)| @ contains the 3-cycle zw; with ¢j; > gir, Grj-
4dji

In particular any 3-cycle in @) is of this form, which is c. As we have at least
one cycle in @ by definition, d follows for i = r. For i # r assume (up to
duality) r € Q7 (i) and choose some j € QT (r); then j € Q~ (i) by (F1)| e
follows from ¢ since r is the vertex opposite the unique arrow with maximal
multiplicity in an arbitrary 3-cycle. O]

We also note that forks are in a sense “hereditary”:

Lemma 2.4. A full subquiver Q of a fork Q with point of return r is either
abundant acyclic or again a fork with point of return r.

Proof. Q is clearly abundant. If it is not acyclic, it must contain r by
Lemma [2.3.a] but then [(F1)] and [(F2)] are obvious. O

It is even useful to think of an abundant acyclic quiver as a “degenerate
fork” in the sense that one of @~ (r) and QT (r) is empty and the point of return
r corresponds to the source resp. the sink. This explains the assumptions of
the following
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Lemma 2.5. Let Q be either a fork and k € Qo not the point of return, or
abundant acyclic and k neither source nor sink. Then Q = j(Q) is a fork
with point of return k and |Q1] > |@Q1].

Proof. Assume (up to duality) & € Q= (r) where r is the point of return of
@ in the first case and the sink in the second case. We will first show that
for any two vertices ¢, j the number of arrows |g;;| cannot decrease through
the mutation. Indeed, the only case in which this could happen is that 7, k
and j form a 3-cycle, say i%]’ in (). But then Lemma [2.3.c[ and
qji
k€ Q (r) yield j = r and thus ¢ > qk;, g;i by . Since qi; > 2, we get
Gij = Qinty — i > 2 — di > @ > 0. S0 in Q we get i=r—k<"_j with
qij

Gij > Qi > qj; as claimed. Note that also ¢;; > ik, gx; as required for
Now let j € Q (k) = Q*(k) and i € Q+(k) = @ (k), so in Q we have
a subquiver i&kﬂﬁ. If gj; > 0, we are in the case just discussed;

otherwise we get Gi; = qikQrj + i > ik, Qrj arrows from 4 to j in Q and
follows. Since QT (k), @~ (k) # @ by Lemma [2.3.d| resp. the assumption, the
number of arrows strictly increases for at least one pair of vertices 7, j and
we get a 3-cycle in Q. Finally note that Q (k) = Qt(k) € Q@ — Q*(r) and
Q+(k) = Q (k) C Q — {r} — see the following sketch — are both acyclic by

Lemma |2.3.b and |2.3.a1 resp. the assumption, so @ satisfies O

Next we want to show that we get non-isomorphic forks for different
choices of k in the last lemma. For this we first need

Lemma 2.6. Let ) be a fork or abundant acyclic. Then any quiver auto-
morphism ¢ € Aut(Q) is the identity on Q.

Proof. 1f ) is abundant acyclic, there is a unique admissible numbering of the
vertices, which notably implies that ¢ must fix the vertices since it respects
such a numbering. If ) is a fork, let r be the point of return. By Lemma [2.3.¢
we certainly know ¢(r) = 7. But Q — {r} is abundant acyclic by Lemmal2.3.a]
so the same argument as before shows that ¢|o_{} must fix the vertices. [

Lemma 2.7. Let Q, k be as in Lemmal[2.5 and k' # k. Then px(Q) % pw (Q).
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Proof. Suppose we have an isomorphism ¢ : px(Q) — pp(Q). By Lemma
i (@) and hence also s (@) are forks with more arrows than @. In particular,
k' is the point of return of ux (Q) (again by Lemma because pux — applied
to pu(Q) — reduces the numbers of arrows. Hence 1 (k) = K’ by Lemma [2.3.¢
1 induces an isomorphism ¢ between the quivers obtained by mutation at the

respective points of return, which of course yields just @) in both cases, so we
get an automorphism of @ with (k) = k’. Hence &' = k by Lemma[2.6, O

Lemma 2.8 (Tree Lemma). Let I' be the mutation graph of a quiver with n
vertices and assume that one vertex of I' is a fork Q) with point of return r.
When we delete the edge e between @ and p,.(Q), the connected component I’
of I' — e containing Q is an infinite complete (n — 1)-ary tree rooted in Q.

Proof. Consider an arbitrary reduced path in I' (!) starting in @), but not
with e. Such a path is given by a sequence (kq, ko, ..., k,,) of vertices in Qg
with ky # 7, kiyq # ki for all [ > 1. We set QU = p, (QUY) with Q© := Q.
Lemma [2.5|inductively implies that every Q¥ is a fork with point of return k
and Q7] < |QWW| < ... < |Q\™), so this path cannot be closed (nor leave I")
if m > 1. Hence I" is a tree whose vertices are all forks. By Lemma any
fork has n — 1 “greater” neighbours, so it is a complete (n — 1)-ary tree. [

Remark 2.9. This lemma motivates the names fork (as “fork in a tree”) and
point of return (the only possible direction for returning).

Remark 2.10. In the case n = 3 the considerations of this chapter essentially
specialise to work of Assem, Blais, Briistle and Samson [ABBS08], see also
[BBH11] and [FST12, Section 8]. Unger used a module-theoretic version of
the idea (see |[Ung96al, Lemma 3.1]) to obtain related classification results in
the same case.



Chapter 3

Mutation-infinite quivers and
forks

It is a natural and important question to ask which quivers are mutation-finite,
i.e. have finite mutation class. After contributions of several authors had
formed a list of candidates, Felikson, Shapiro and Tumarkin could show with
considerable combinatorial effort that this list is complete, see [FST12] for
details. A by-product of their analysis is the following very useful

Theorem 3.1 ([FST12|, Lemma 7.3). Any mutation-infinite quiver with at
least 11 vertices already has a mutation-infinite full proper subquiver.

This implies that it suffices to check all subquivers with at most 10
vertices for deciding whether a quiver is mutation-infinite or not. The results
of this chapter relate this question to our notion of forks, namely we have the
following

Theorem 3.2. A connected quiver is mutation-infinite if and only if it is
mutation-equivalent to a fork.

It is clear that a fork is mutation-infinite by the Tree Lemma. The other
implication will follow from Proposition [3.4] for which we need the following

Definition 3.3. Let Q and Q" be quivers and k € Qg. Then Q) is k-mutation-
equivalent to @' if ) can be mutated to (a quiver isomorphic to) " without
mutating at k.

Proposition 3.4. Let Q) be a connected quiver with |Qo| = n > 3 and vertices
i,j with |q;;| > 2. Then for any vertex k ¢ {i,j} such that QQ — {k} is still
connected, () is k-mutation-equivalent to a fork.

17
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Note that any quiver meeting the assumptions of Proposition has a
suitable vertex k; take for example any vertex k # ¢ with maximal distance
from j (with respect to the natural metric on the underlying graph). Notably
any such quiver is mutation-equivalent to a fork. As there are only finitely
many quivers with n vertices and all arrow multiplicities at most two, any
mutation-infinite connected quiver is mutation-equivalent to one as above
and hence to a fork. So Theorem [3.2] indeed follows from Proposition [3.4]

We will prove the latter by induction on n. The idea for the inductive step
is the following: Use the induction hypothesis to first mutate the subquiver
Q — {k} to a fork Q' — {k}, then “k-mutate” another subquiver Q' — {k'} to
a fork (while @’ — {k} remains a fork). Finally “k-mutate” the whole quiver
to a fork. To show (in Lemma that this last step is possible, we need

Lemma 3.5. Let Q) be a quiver with k' # k and h € Qqy as follows:

(I) Fork € {K k}, Q—{k} is either abundant acyclic or a fork with point
of return not equal to h.

(I) h e QT (K)NQ~ (k) and qunanr + Quk > Qivn, Ghk-
Then Q = un(Q) is a fork (with point of return h).

AN

Hh ~

Proof. First note that Q — {k} is a fork with point of return A by Lemma

or still abundant acyclic. In particular Q" h) (Q— {k})+(h)) is acyclic
by . Similarly Q (h) is acyclic, so holds for Q and h.

Next we show @' For alli € Q (h) and j € Q+(h) with (i,7) # (k, k')
this is clear by [(I){ and Lemma . For (i,7) = (k, k') we get Gur = Qenqni +

Qi > Qih, Qi DY ,~ and hence as well as abundance by . This last
case also shows that () is not acyclic. O

Lemma 3.6. Let Q be a quiver and k' # k € Qo such that Q — {k'} and
Q — {k} are both forks with a common point of return r. Then Q is k-
mutation-equivalent to a fork, and n = |Qo| mutations are sufficient.
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For the proof we introduce some notions that will — as a by-product — lead
to classification results similar to the Tree Lemma for forks.

Definition 3.7. For a quiver @ and &/, k € Qg we define the set of “stopovers”
MOk = g(k;’)o NQ (ko) U(Q (K)oNQT(k)o) between k" and k. @ as in

Lemma [3.6] will be called a pre-fork with point of return r if ¥Q* = @.

The following lemma implies that Lemma holds for pre-forks; after
that we show a reduction step.

Lemma 3.8. Let () as in Lemma be a pre-fork and Q= e (Q). Then
Q1] > |Q1|, @ — {k} is a fork with point of return k', Q — {k'} is abundant
acyclic, *Q* = Qo — {k', k} and u,(Q) is a fork for any h ¢ {k',k}.

Proof. Q —{k} is a fork with point of return &’ and more arrows than Q — {k}
by assumption and Lemma [2.5 In particular

(1) Q — {K, k} is acyclic (by Lemma [2.3.a)) and

(2) Gy > 0forie Q@ (K)—{k}and j € Q (k) — {k} (by|(FL)).

Next we claim that for all vertices ¢ ¢ {k’, k} we get at least as many arrows
between i and k in the same direction after the mutation as before (which
immediately implies abundance of @ — {k'}). Otherwise we would have to
have added arrows in the opposite direction — but this is only possible if i, &’
and k form a 3-cycle in Q contradicting *Q* = @. In particular |Q:] > |Q1]
and ¥QF = Q, — {K', k} since all arrows incident to k' are reversed.

Now suppose there is an oriented cycle C'in Q — {k’}. (1) implies that
C' must contain k and hence also vertices from both Q (k) — {k’} and
Q+(k:) —{k'}. Tt follows that there must be a pair of vertices i € Q (k) —{k'}
and j € Q+(k:) —{k'} with arrows from j to 7. However, by ¥Q* = Qo —{k', k}

this is equivalent to i € Q+(k")~— {k} and j € Q (k') —{k}, so gy > 0 by (2).
Thus @ — {k'} is acyclic and @ satisfies |(I)| of Lemma (3.5 for h ¢ {k’, k}.

% -
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Since any h ¢ {k',k} is in ¥Q*, we can assume h € QJr(k’) NQ (k)b
duality. Then clearly holds if g > 0. Otherwise gy = —qrr > 0, and
as h € Q (k') implies guw > 0 (so also gn, > 0 since ¥QF = @) we obtain
dhk = Qnk'Qrrk + Qi > Quikrs Q- Hence Gungne + Qo 2 2qnk — Qe > Que >
qrk = Qi and we can apply Lemma to @ and h. O]

Lemma 3.9. Let Q) be as in Lemma and 7 & {r,k',k}. Then Q = 1:(Q)
is again as in Lemma (with 7 instead of v) and *Q* = *Q* — {r}.

Proof. Q —{k'} and Q — {k} are again both forks with point of return 7 by
assumption and Lemma [2.5] To see how ¥Q* changes under mutation in 7,
we examine which of the multiple arrows incident to k' or k are reversed. Of
course those incident to 7 are reversed, and hence 7 € ¥QF < 7 € ¥Q¥. Any
other such multiple arrow must be contained in a 3-cycle C' through 7 in Q.
By Lemma we know that @ — {k’,r} and @ — {k,r} are acyclic, hence
C' must contain, apart from 7, either  (and one of k" and k) or both k" and k.
The latter case is not important for HQF. This leaves two potential 3-cycles
C}, through 7, r and k with k € {K', k} and the corresponding multiple arrows
(k) between r and k. Notably we have i € ka Qe for i £

k1 ky 3
Q \ - o ~ -7
T T
a(szT A;Q) le %%2)
T
_Assume (up to duality) 7 € Q7 (r), then, by [(F1) m C; occurs if and only
if £ € Q@ (r), and if so, a(k) is indeed reversed (using again). So we
see that both or none of the a(k) are reversed precisely if r ¢ ¥QF, and in

that case also r ¢ FQF. In the other case, r € k:Qk implies the reversion
of exactly one of the a(k) and we obtain r ¢ ¥Q* again, so in summary

KQF = FQF — {r}. O

/ . .
Proof of Lemma[3.0. By Lemma [3.9| we can use |¥—*| as a decreasing semi-
. . . . . /
invariant for the quivers under consideration. If *QF # @, we can assume
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r € Q" (else we can mutate in some 7 € ¥QF, and that will be the new
common point of return; if we need this extra mutation, then [FQ*| < n — 3).
So mutation in some 7 ¢ {r k’,k} yields Q with |[FQ*| = |*Q*| — 1 by
Lemma ; hence we can strictly reduce |¥—*| until ¥~* = & by always
choosing 7 in the set of stopovers to prepare the next reduction step. In this
way we get a pre-fork after at most n — 2 mutations and a fork after two
further mutations by Lemma |3.8] ]

Now we are ready for the

Proof of Proposition[3. Recall that @ has two vertices i, j with |g;;| > 2
and a vertex k ¢ {i,j} such that Q) — {k} is still connected. First we treat the
base case n = 3 in three steps (similarly also used in [FST12, Lemma 8.7]):

1. Assume that Q) is a 3-cycle, say ZQD], and (up to duality)

qji
Qi > qij- Then it is easily checked that p;(1,;(Q)) is a fork.

2. Otherwise @ is acyclic. If one of ¢ and j is neither sink nor source,
mutation at that vertex yields a 3-cycle and we can proceed with step 1.

3. It remains to consider the case where ¢ and j are source and sink. We
can assume (up to duality and interchanging i and j) that k is connected to
the source 7. Then mutation at j produces a quiver as in step 2.

For the induction step let n > 4. We carry out the plan sketched above. By
the induction hypothesis we can find a sequence of mutations that transforms
the subquiver @ — {k} into a fork, so we can as well assume already initially
that it is a fork with point of return &’. We can moreover assume that k is
connected to at least one vertex besides k’. (If this is not the case, mutation
at a vertex apart from k&’ yields the desired because that vertex will be the
new point of return and k& will still be connected to the old one.) This ensures
that @ — {k'} is connected. To see that the other conditions of the induction
hypothesis are satisfied for Q@ — {k’} (with the given k), note that in the fork

Q) — {k} we have a 3-cycle, say ZQ&//j with g;; > g > 2 and thus
qji

the desired multiple arrow in Q — {k'} with k& ¢ {4, j}; finally Q — {¥', k}
is abundant and in particular connected. Hence the induction hypothesis
gives a sequence of mutations (at vertices in @@ — {k, k}) that transforms the
subquiver @ — {k'} into a fork. By Lemma[2.5/Q —{k} “remains a fork” under
these mutations, so we can apply Lemma to the resulting quiver. O

Corollary 3.10. A fork as in Proposition[3.4] can be found algorithmically
with at most $n® mutations.
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Proof. Let us denote the necessary number of mutations for an n-point-quiver
by A(n). We proceed as in the proof above. There we see that A(3) < 4, but
in fact A(3) = 3 since there is only one mutation necessary in step 1 if step
2 has been performed before. Now we analyse the induction step. Turning
the subquiver @) — {k} into a fork takes at most A(n — 1) mutations. After
at most one further mutation we can start to turn @@ — {k’} into a fork (for
simplicity we keep the name), but we do this carefully as follows. First we
choose a suitable multiple arrow and “L-mutate” its vertices and k to a fork
in at most A(3) mutations. Its point of return is then also the point of return
of @ — {k}. Now suppose that 2 < m < n — 2 vertices from @ — {k', k}
and k form a fork with point of return r equal to that of @ — {k}. Choose
an (m + 1)* vertex from @ — {k} such that the set S of the m + 1 vertices
contains direct successors and predecessors of r in @ —{k}. The full subquiver
of @ — {k} induced by S is then a fork with point of return by Lemma [2.4]
Hence we can apply Lemma to the full subquiver induced by S U {k} and
obtain a fork as before (but now with m + 1 vertices from @ — {k}) in at
most m + 2 mutations. For m = n — 2 this is just the final step. We get the
following estimate for A(n):

A(n)gA(n—1)+1+A(3)+n_ (m+2)=A(n—1)+(n+1> 9

m=2

and hence recursively for 1 <1 <n —3

-1 .
A(n) < A(n—1) + (”+21_Z>—2z.
=0

Setting [ = n — 3 and summing up the binomial coefficients yields

A(n>gA(3)+(”§2) _ (;) —9n—3) = (”;2) —on—1

(with equality for n = 3), and the latter is easily seen to be less than %ng. O

We want to finish this chapter with a stronger version of Theorem [3.2] for
almost all quivers, which we will use in Chapter [11] We need the following
variant of Proposition

Corollary 3.11. Let Q be connected and k € Qo such that Q — {k} is
mutation-infinite and connected. Then () is k-mutation-equivalent to a fork.

Proof. By assumption we can mutate within ¢Q — {k} to generate a multiple
arrow with sufficient multiplicity for applying Proposition 3.4} O]
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Proposition 3.12. All but finitely many (namely those with at most ten ver-
tices and without arrows of multiplicity greater than two ) connected mutation-
infinite quivers @ are k-mutation-equivalent to a fork for some k € Q.

Proof. Clearly |Qo| > 3. If @ has arrows of multiplicity greater than two,
the claim holds by Proposition If |Qo| > 11, there is some k such that
@ — {k} is mutation-infinite by Theorem and (w.l.0.g.) connected, so
the claim holds by Corollary This leaves only finitely many cases. [
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Chapter 4

Seed mutation and exchange
graphs

A slight modification of quiver mutation leads to an exchange process called
seed mutation which turns out to be relevant for surprisingly many structures.
No additional input is required; in fact the only difference is that variables (or
rational functions) are associated with the vertices of the quiver, and along
with mutation in a vertex the associated rational function is replaced by a
new one determined by the old ones and the quiver. This “algebraic lift” is
crucial for the link to representation theory and makes the mutation pattern
much nicer by resolving undesired symmetry effects as described below. The
precise definition is the following:

Definition 4.1. Let F = Q(xy, z9,...,z,). A seed is a quiver () with the
extra condition that @)y is a set of n algebraically independent elements of F
(called a cluster). For any z € @y the (quiver) mutation of @ in z becomes
again a seed p,(Q) by replacing z with z* given by the exchange relation

oy — H y#{arrows from y to 2} + H y#{arrows from z to y}.
YyE€Qo YEQo

So 1, (Q)o = Qo\{z} U{z*} (which is indeed a new cluster). Two seeds are
considered to be isomorphic if their clusters are equal and the identity map on
the (therefore common) vertex set can be extended to a quiver isomorphism.

It is easily checked that seed mutations are also involutive in the sense
that g« (p,(Q)) = Q. As in the case of quivers, two seeds are called mutation-
equivalent if one can be transformed into (a seed isomorphic to) the other by
a sequence of mutations. Given a quiver ), the exchange graph I'(Q) of @
has as vertices the isomorphism classes of all seeds mutation-equivalent to
the so-called initial seed obtained by specifying Qo = {z1,...,2,}. (This is

25
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canonic up to change of variables.) There is an edge between two vertices
if these are related by a mutation (in complete analogy to the mutation
graph). The elements of the clusters of all these seeds are called the cluster
variables.

Remark 4.2. In a series of papers starting with [FZ02], Fomin and Zelevinsky
introduced the (now famous) cluster algebra Ay as the subring of F
generated by the cluster variables. More precisely, this is a skew-symmetric
cluster algebra without coefficients, see |[FZ02| for a more general definition.

It follows directly from the definitions that every exchange graph is
connected and regular; indeed, the n possible mutations of any seed and
the seed itself are pairwise non-isomorphic since they differ in their clusters.
However, it is in general not possible to label the edges of the exchange graph
consistently with n “global” vertex labels that are (as in Definition not
exchanged under mutation. The reason is that such labels are usually not
fixed by a seed isomorphism, so a mutation indexed by such a label is not
well-defined on the isomorphism class. Therefore, some care is necessary
when using (iterated) quiver mutations as in Chapter [2] on the level of seeds
without notational adaption. Despite this issue we chose to formulate and
prove our results on the level of quivers (with the mutation graph as an
auxiliary construction) because this simplified the notation. All our results
about mutation graphs also hold for the corresponding exchange graphs; up
to the exchange of vertices the proofs remain the same verbatim since the
key idea is to show and use that certain quivers are not isomorphic (e.g. by
comparing arrow numbers), which then also follows for corresponding seeds.
So we will freely use all definitions and results of the previous chapters for
seeds and exchange graphs, too.

As for the relation between exchange and mutation graph, the identification
of non-isomorphic seeds that are isomorphic as quivers induces a “ramified
covering map” from the former to the latter. This is usually not a “nice’
graph covering since quivers with automorphisms not fixing the vertices have
fewer neighbours in the mutation graph, so the “quotient” does not inherit
regularity. A seed does not have such an automorphism by definition.

The regularity is useful for giving further structural characterisations
such as identifying certain edges as bridges. When we delete an edge in
the exchange graph, we have either still one connected component with two
vertices not having n, but only n — 1 neighbours, or two components with
only one such vertex each. Generalising the notion of an (n — 1)-ary tree we
call a component of the latter type (n — 1)-ary.

)
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Corollary 4.3. An edge in an exchange graph is a bridge if its deletion
produces an (n — 1)-ary component. This is in particular the case for an edge
between a fork Q) with point of return v and p,.(Q).

Proof. 1f one component is (n — 1)-ary, it cannot contain both vertices that
were incident with the deleted edge. So there have to be two components,

which means that the edge is a bridge. The second claim follows from the
Tree Lemma 2.8 ]

A further application of the Tree Lemma to exchange graphs gives a
sufficient condition for the exchange graph to be a tree.

Corollary 4.4. Let QQ be a fork with n vertices and point of return r such
that ¢irGrj — qji > Gir, @rj for alli € Q= (r) and j € QT (r). Then the exchange
graph of Q) is an n-reqular tree.

Proof. The assumption implies that Q= (@) is again a fork with point of
return r, so using the Tree Lemma [2.8] twice yields the claim. O

Note that also the mutation graph of Q is a tree if Q 2 Q as quivers, and
an infinite (n — 1)-ary tree rooted in Q with an additional loop in Q if Q = Q.
Thus Corollary does not hold for mutation graphs.

The next result confirms the intuition that we can throw away all forks
without losing information. Let @) be a quiver and I'(Q) its exchange graph.
Consider the fork-less part of I'(Q)) obtained by deleting all vertices that
are forks. Recall that a subgraph of a graph is convex if any reduced path
with endpoints in the subgraph is completely contained in the subgraph.

Corollary 4.5. The fork-less part of I'(Q) is a convex subgraph and allows
to reconstruct I'(Q). Notably T'(Q) is a tree if and only if the fork-less part is.

Proof. The reconstruction is simple because I'(Q) is regular: Just add n —d
edges with attached (n — 1)-ary trees to any vertex of degree d < n in the
fork-less part. For the convexity note that a reduced path starting in a
non-fork and encountering a fork has no chance of leaving the tree of forks
again by the Tree Lemma. [

It is therefore enough to study this subgraph, which is often quite easy
to determine. In concrete calculations we can even stop as soon as we reach
a pre-fork as defined in Definition by an analogue to the Tree Lemma
which we will prove later in Lemma and Lemma [13.22] But note that for
a reconstruction we have to keep in mind at least the types of the pre-forks
to be reinserted.
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Chapter 5

Forks in abundance

In this chapter we show that our results give a fairly good picture of the
global structure of exchange graphs. In particular we have the following

Theorem 5.1. Let I' be the exchange graph of a mutation-infinite connected
n-point-quiver. Then there is a bound D(n) depending only on n such that
any vertex of I' has at most distance D(n) to a fork.

Proof. Let @ be the quiver of an arbitrary vertex of I'. By Theorem the
necessary multiple arrow for applying Corollary can be generated within
a subquiver of () with at most 10 vertices, though we may not know which (in
fact this task is usually performed by random mutations). As there are only
finitely many such quivers without multiple arrows, the number of necessary
mutations is bounded by some constant, so the maximal distance to a fork is
bounded by 3n® + const. O

This implies that “most” of the vertices in I' are forks. To make this
precise we show that the ratio of non-forks to forks in balls of increasing
radius tends to zero and that a simple random walk on I' will almost surely
reach the “fork part” and stay there forever. We start with the latter.

Recall that a simple random walk on a graph starts in a vertex and chooses
one of the incident edges with equal probability to move on to a neighbour,
where the process is iterated. I' is n-regular, so the probabilities are 1/n.

Proposition 5.2. Let I' be the exchange graph of a mutation-infinite quiver.
A simple random walk on I' will almost surely leave the fork-less part and
never come back.

The idea is the following. Since any vertex has bounded distance to a
fork, the random walk will almost surely visit forks again and again, even if it
returns to the fork-less part. If we can show that the probability for returning
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is less than one, the probability of always returning will be zero. But each
fork is the root of an (n — 1)-ary tree, and the probability of leaving such a
tree is less than one because such trees are transient, i.e. a simple random
walk will with positive probability never return to its starting point.

Lemma 5.3. A simple random walk on the complete infinite (n — 1)-ary tree
is transient for n > 3.

Proof. We sketch the proof explained in [DS84], specifically Subsection 2.2.5
in the freely available version from 2006, using the relation between random
walks on graphs and electric networks (see also |KleO8, Chapter 19] for a
more rigorous treatment). Imagine the edges of a graph G as wires with unit
resistance. Then certain probabilities concerning a simple random walk on
G with starting point s can be expressed in terms of certain resistances in
the resulting electric network. The idea is that the probabilities of reaching a
set of vertices A; Z s with finite complement before returning to s satisfy the
same equations as the voltages in the electric network obtained by shorting
all vertices of A; and establishing a voltage of 1 there while grounding s; both
yield a “harmonic” function (with the boundary values 1 on A; and 0 in s),
which turns out to be unique; so the values coincide. If G is infinite and we
take a sequence of sets (A;);en With [,y A = @, a random walk that reaches
each set A; before it returns to s will of course never return, so if the limit of
the probabilities of reaching A; before returning to s is positive, the random
walk is transient. (In the other direction, a transient random walk will almost
surely reach each set A;.) In the interpretation as an electric network, we can
express this limit using the “effective resistance to infinity” R, from s to oo
defined as the limit of the effective resistances R; from s to A; for [ — oc;
specifically transience is equivalent to R, < oc.

In our case Ry is easily computed: We can assume that s is the root
of the (n — 1)-ary tree and take as Ay the set of all vertices with distance
at least I’ to s. By symmetry, vertices with the same distance [ have the
same voltage and can be shorted without changing anything. We get (n — 1)!
parallel wires between level [ — 1 and level [ and can replace them by one
wire with resistance (n — 1)~!. The effective resistance from s to level [ is
then the sum of all the resistances in the series connection, so R, is given by
the infinite geometric series Y ,-,(n — 1)~!, which converges since n > 3. [

In particular, the probability p of never reaching a non-fork from a fork is
positive. To see this, pick an edge e between a fork f and a non-fork g. f is
the root of an (n — 1)-ary tree I contained in I' and consisting only of forks
by the Tree Lemma. If the random walk reaches f and does not move on to
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g in the next step (which happens with probability (n — 1)/n), the transience
of the tree shows that it will with positive probability never reach g.

Proof of Proposition[5.9. If the considered random walk does not show the
claimed behaviour, there are only two possibilities. Either it will eventually
stay in the fork-less part forever, or it will enter and leave the fork part again
and again. We will show that the probability is zero for both events, which
shows our claim. First note that the probability for being in a fork after D(n)
steps is at least 6 := (1/n)P™ > 0, independent of the starting point. In
particular the probability that the random walk stays in the fork-less part
for mD(n) steps is at most (1 — )™ for any m > 0. This tends to zero for
increasing m, so the probability of staying in the fork-less part forever must
be zero.

On the other hand, the probability that the random walk enters and
leaves the fork part m times is at most (1 — p)™. This tends to zero again for
increasing m, so the random walk will almost surely stay in the fork part. [J

Now we estimate the limit of the ratio of non-forks to forks in balls of
increasing radius around an arbitrary fixed vertex of the exchange graph I'.
Let F and N be the sets of forks and non-forks, B, the (open) ball of radius
d around a fixed vertex, i.e. the set of vertices with distance less than d to
the fixed vertex for d > 0. We want to show

Proposition 5.4. Let I" be the exchange graph of a mutation-infinite n-point-
quiver. Then the ratio of non-forks to forks in balls of increasing radius
around an arbitrary fived vertex of I' tends to zero, i.e. with the above notation

lim —‘Nde| =
d—o0 ‘FﬂBd‘ N

Proof. We set 0By := Bgy1 \ By, fa:=|F NJBy| and ng := |N N 0By,|, then
clearly |[N N By| = Z;i:_ol n; and similarly for F. A fork contained in 0B, will
have at least n—1 neighbours in 9By, since it would lie on a cycle otherwise in
contradiction to the Tree Lemma. Moreover, these neighbours will all be forks
for sufficiently large d since the fork-less part is convex by Corollary [£.5] This
implies fq41 > (n — 1) fz and inductively fyiopm) > (n — 1)2PM) £, for d > 0
where D(n) is the bound for the maximal distance to a fork from Theorem
If we abbreviate x := 2D(n) and ¢ :=n — 1, this reads fg;, > ¢ fz. On the
other hand, for non-forks we get the trivial estimate ng1 < (n — 1)ng for
d > 1 and hence inductively ngi, < ¢*ng. Now suppose that we had equality.
This would imply that all non-forks in 0B, have (n — 1) non-fork neighbours
in 0By, each, which must be pairwise distinct; the same holds for those etc.
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up to the 2D(n)'™® generation. But then a non-fork of the D(n)"™ generation
would not have a fork within distance D(n); this contradicts Theorem [5.1]
As this argument holds for all non-forks in 0By, we get ngy, < ng(c® —1).
So we can estimate ngi./fore < (1 — ¢ *)ng/ f4, which inductively shows
Natme/ farme < (1 — ¢ F)™ng/ fq for d > 0 and hence limg_,o ng/fqa = 0.

Now the idea is obviously that the non-forks are eventually in an arbitrarily
small minority compared to the forks among the new vertices that are added
when we increase the radius. Since we clearly add more and more vertices (even
more and more forks), this will eventually bring the overall ratio arbitrarily
close to zero. Spelled out this idea gives the following estimate. Let £ > 0.
Then ny < efy for all d > m with some sufficiently large m. Hence we also
have Z;l:m-l—l n <e sz:mﬂ fi and thus

d—1
hm |Nde| 1 1= O ny Zl 0 + 1 Zl m+1 nl

d—o0 ‘F N Bd| d—o0 E - dﬁ\oo Z d—oo E <€

because the first summand is zero. Since £ was arbitrary, we are done. [



Chapter 6

Pre-forks

In this chapter we use the results and notions from Chapter [3 there provided
for the proof of Proposition [3.4], to treat the slightly larger set of pre-forks.
In particular we show an analogue to the Tree Lemma, which yields a “more
interesting” part of the associated exchange graph.

Recall from Definition that a pre-fork with point of return r is a quiver
Q) with two vertices k' # k such that @ — {k'} and Q — {k} are both forks
with point of return r and ¥QF = @. Pre-forks allow classification results
similar to those for forks because they are quite close to being forks; in fact,
most pre-forks are forks as the following lemma shows.

Lemma 6.1. Let Q) be a pre-fork as above. If |qui| > 2, then Q is a fork
with point of return r.

Proof. The assumptions imply immediately that ) is abundant and not
acyclic. also follows easily as r ¢ HQF = @ and all other cases are
covered by the assumptions. Similarly, any oriented cycle in @ — {r} must
contain k" and k by Lemma [2.3.a] follows when we show that no such
cycle exists. Assume (up to duality) grr > 0 and suppose there is a shortest
path a,, ...asa; from k to k' in Q — {r}. Clearly m > 2 and i := t(ay) # k.
Since ¥Q* = @, there is an arrow ay from k' to i. But then a,,...a2d] is a
cycle in @ — {r, k}, which is a contradiction. ]

So there remain essentially two “types” of pre-forks (|gwi| = 0 or |gpx| = 1)
that are not forks and actually give rise to more interesting mutation patterns.

Before we discuss the simpler one, we note the direct partial analogue to
Lemma [2.5], which follows immediately from Lemma [3.9]

Corollary 6.2. Let Q be a pre-fork as above and 7 ¢ {r, k', k}. Then Q=
wi(Q) is a pre-fork with point of return 7, |Q1| > |Q1| and qur = qur- O
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Definition 6.3. Let (Q be a quiver and k' # k € Qg with g, = 0. We call Q
a. a ¢-root with point of return r if @) is a pre-fork with point of return r.

b. a ¢-wing with point of return &’ if ¥QF = Qo — {k',k}, Q — {k} is a
fork with point of return £’ and @ — {k'} is abundant acyclic.

c. a O-tip if ¥QF = @, Q — {k} is a fork with point of return &’ and vice
versa.

Any such quiver is called a {-quiver. (Lemma will explain the names, see

also Figure [6.1] )

Lemma 6.4. Let () be a $-quiver as above.

(xr) If Q is a O-root with point of return v and 7 & {r, k', k}, then Q = 1:(Q)
is a Q-root with point of return 7 and |Q1| > |Q1]-
(rw) If Q is a O-root with point of return r and 7 € {k',k}, then Q := u:(Q)

is a O-wing with point of return 7 and |Qq| > |Q1].

(wt) If Q is a O-wing with point of return k', then Q = 1(Q) is a O-tip
and Q1 > |Q1].

(tr) If Q is a O-tip and 7 ¢ {k', k}, then Q = 1+(Q) is a O-root with point
of return 7 and |Q1| > |Q1].

Proof. (rr) is part of Corollary (rw) of Lemma 3.8 For (wt) first recall
that gpx = 0, so the arrows incident to &’ are not changed. Since @ — {k'}
is acyclic, only the arrows incident to k are reversed — so ¥QF = @ — and
the multiplicities of all other arrows are not reduced, thus Q — {k} is still a
fork with point of return k&’ because also remains valid. To see that k is
neither source nor sink in Q—{k’'}, note that Q*(k) = QT (k') and QT (k') # @
by Lemma [2.3.dl Hence the claim follows by Lemma In (tr) the only
condition not following obviously from the assumptions with Lemma is
that ¥QF remains empty. This is similar to the proof of Lemma : Again, a
multiple arrow between k' and, say, i # 7 is reversed if and only if &/, ¢ and 7
form a 3-cycle in Q — {k}. But by ¥Q* = @ this is the case if and only if k,
and 7 form a 3-cycle in @ — {k'}, and then the multiple arrow between k and
1 is reversed, too. O

Next we need a special case of a result from cluster theory.

Lemma 6.5. Let (Q be a seed and K # k € Qo with qury = 0. Then
e (P (Q)) = e (prr (Q)), i-e. mutations in non-connected vertices commute.
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Proof. This follows by a simple calculation. ]

This implies that there is a quadrilateral (which we shall call a diamond)
in the exchange graph wherever we have a seed with non-connected vertices;
for the other three seeds this is of course the very same quadrilateral coming
from the corresponding exchanged vertices, which are still not connected.
Note that this is the smallest possible cycle: After having exchanged two
cluster variables we need at least two further mutations to retrieve them. (In
fact it is not hard to see that every quadrilateral in an exchange graph is of
this form, but we will not use this fact.) As a consequence, any ¢-root lies
on a cycle, so we need a substitute for the tree structure. This inspires

Definition 6.6. We call a reduced path in an exchange graph ¢-reduced if
no three consecutive edges belong to the same diamond.

Note that any shortest path in an exchange graph is necessarily {-reduced;
if it were not, it could be shortened with the obvious short-cut. In particular,
we can reach any vertex in an exchange graph by sequences of mutations
corresponding to {-reduced paths. Now the promised statement is the
following;:

Lemma 6.7. Let I' be the exchange graph of a quiver with n vertices, and
assume that one vertex of I is a {-root Q) with point of return r. Then the
edge e between @ and . (Q) is a bridge, and the connected component I of
[ — e containing Q) satisfies the following conditions: The distance d(—) to Q
(in T, but also in T") is strictly increasing along every {-reduced path in T
starting in QQ, notably each such closed path is trivial. Moreover, I consists
entirely of O-quivers and forks and allows a recursive description as follows:
Q is the root of a diamond with two neighbouring wings and an opposite
tip; the other n — 3 neighbours of Q in I" are again {-roots (and thus yield
copies of I''). The ¢-wings have only two neighbours in the fork-less part of
I (namely the $-root and the O-tip). Finally the n — 2 remaining neighbours
of the O-tip are again {-roots (see Figure for an illustration).

Proof. Consider an arbitrary ¢-reduced path in I starting in ). For simplicity
we will stick to the notation of quivers, so this path is encoded by a sequence of
mutation indices (kq, ko, ..., ky) with ky £ 7 kg #kforalll=1,... m—1
and further kj o # k; if k1 and k; are not connected in QY for all
I =1,...,m— 2, where we recursively set Q) := 1, (Q~Y) with Q© := Q.
We can restrict further to paths not visiting forks, because the distance to @) is
clearly increasing in a tree part. This means the following: If QU is a {-wing
with point of return k; for some [ € {1,...,m — 1}, then k;;; is the unique
vertex not connected to k; in Q. as all other mutations (except in the point
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Figure 6.1: A part of IV in Lemma Oriented edges indicate increasing
arrow numbers; ', R, W and T stand for forks, ¢-roots, -wings, and -tips.

of return) yield forks by Lemma . But now Lemma inductively implies
that every QU is a {-quiver (with point of return k; if it is not a {-tip) and
|Q§O)| < |Q§1)| <...< |Q§m)|, so this path cannot be closed if m > 1. It also
follows that the fork-less part of I consists entirely of (-quivers. Next we
show inductively that d(Q®) = [ which is obvious for [ = 0. Suppose that
d(QU+Y) = I' < 1. So there is a {-reduced path in I from Q to Q+Y of
length I’ and we can consider its continuation to Q®, which is clearly still
reduced because otherwise d(Q") = I’ — 1 < [ contradicting the induction
hypothesis. If it is even {-reduced, we get the contradiction |le+1)| < |Q§l)|.
But if it is not, then it can be shortened by (at least) two edges and we get
d(QW) <1'+1—2 < [ again. Hence d(QU™V) =1+ 1.

We conclude that Lemma induces the given description of I'". Notably,
it is (n — 1)-ary, so e is a bridge by Corollary 4.3/ and d(—) the distance in T',
too. O

The given recursive description determines IV up to isomorphism; accord-
ingly we will call a graph isomorphic to I'” an (n — 1)-ary {-tree. Note that
we do not necessarily get a O-tree in the mutation graph — there we would
have to take care of non-trivial pre-fork automorphisms because there is no
analogue to Lemma : If (in the usual notation) qx; = qx; for all ¢ in a
pre-fork, then interchanging &’ and k& induces an automorphism.
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As in the Tree Lemma, the key point of the last proof was avoiding (or
at least controlling) cycles. More generally, it is desirable to have a certain
control over the fundamental group of the exchange graph, so we recall some
relevant facts from |[Mas77, Chapter VI]. If we have a tree T" as a subgraph
of a graph I', T is maximal (w.r.t. inclusion) among all such trees if and
only if it contains all vertices of I', and such a tree always exists (assuming
Zorn’s Lemma). For each edge e not contained in a maximal tree T, there is
a unique cycle C, in T'U {e}. If we fix a vertex vy as base point and e has the
endpoints v; and v, there are unique reduced paths p; from vy to v; (i = 1,2)
in T. The path obtained by concatenating p;, e and p, ' defines an element
of the fundamental group 7(I",vp); it can also be obtained by walking along
p1 until one reaches C, going around the cycle once and then returning along
the same path. If, given a set of cycles, paths of the latter form define a
generating set of the fundamental group, we say that the fundamental group
is generated by these cycles. The following theorem describes a method for
obtaining such a generating set.

Theorem 6.8 ([Mas77], Theorem VI.5.2). Let I" be a graph with a mazimal
tree T. Then the fundamental group of ' is (freely) generated by {C. | e ¢ T'}.

Corollary 6.9. In the setting of Lemma[6.7, the fundamental group of T” is
freely generated by its diamonds.

Proof. For each diamond choose one of the {-wings and delete the edge
leading to the Q-tip. It is clear that this does not increase the distances to @,
because the (-tips can still be reached via the other {-wings with paths of the
same length. But now every vertex in [V has a unique neighbour with smaller
distance and hence a unique reduced path leading to () as all other neighbours
have greater distance. This implies that the remaining edges build a tree,
which is obviously maximal. The result is now precisely Theorem [6.8] [

These results show that the fundamental group of an exchange graph can
be understood by restricting to the part without the (n — 1)-ary (0-)trees.

Remark 6.10. There are analogous results for pre-forks with |gx,| = 1 which
are slightly more complicated to prove. The gist is that pentagons appear
instead of diamonds, so there are two vertices taking the role of one {-tip.
This will be covered by a more general result in Chapter [13]

Example 6.11. An application of Lemma yields a complete description
of the exchange graph (partially depicted in [BS10, Fig. 1] as “a web of
Calabi-Yau algebras” for the case a = b = 2) of the quiver () below, where
a,b > 2. Any mutation of Q yields a O-tip with quiver @ whose only
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neighbour except the two -roots guaranteed by Lemma [6.4]is (as a quiver)
again isomorphic to ). It also follows that all these quivers have canonically
isomorphic exchange graphs and that they are all mutation-cyclic.

— aQ —> e O — qQ— @
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Chapter 7

The cluster complex

The exchange graph does not capture all combinatorial aspects of the seed
mutation process because it ignores the cluster variables. Their distribution in
the clusters is described by an abstract simplicial complex (i.e. a set of subsets
called simplices of a certain ground set such that each subset of a simplex is
again a simplex) which Fomin and Zelevinsky introduced in [FZ03a]:

Definition 7.1. Let @ be a quiver. The cluster complex A(Q) is the
abstract simplicial complex on the ground set of all cluster variables associated
with @ (see Definition whose maximal simplices are the clusters.

So the cluster complex is by definition pure of dimension n — 1, and we
can consider its dual graph I', which has the clusters as vertices and an edge
between two clusters C' and C” whenever |C'N C’| = n — 1. Mapping each
seed to its cluster induces a morphism ¢ from the exchange graph I'(Q) to
[. It is in general not known whether ¢ is an isomorphism (i.e. each seed is
determined by its cluster, and two seeds sharing exactly n — 1 variables are
joined in the exchange graph), but this is true for cluster algebras of geometric
type (|JGSV08, Theorems 4 and 5]), which includes our coefficient-free setting:

Theorem 7.2. Let Q) be a quiver. Then I'(Q) is the dual graph of A(Q).

For an acyclic initial seed this has been proven using the link to representa-
tion theory which we will explain in Chapter 8] see [BMRTO07|. In this case we
also get another important result, namely that the seeds containing a specific
cluster variable form a connected subgraph of the exchange graph. These
properties play a crucial role in a method for identifying cluster complexes
which is taken from [FZ03a) Section 2] and will lead to classification results
depending on the exchange graph.

The idea is to take an abstract simplicial complex A that allows a “muta-
tion” of its maximal simplices and to formulate conditions for the compatibility
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of this mutation with the seed mutation for a specific initial seed. The former
is guaranteed if A is a pseudo-manifold (without boundary), i.e. a pure —
say (n—1)-dimensional — simplicial complex with connected dual graph I" such
that each (n — 2)-simplex is contained in precisely two (n — 1)-simplices. We
then define the mutation of an (n—1)-simplex C' = {v, ..., v,} at v; to be the
unique other (n —1)-simplex containing C'—{vy}. So each (n— 1)-simplex has
n possible mutations, and I' is n-regular. Note that if we specify a bijection
1 between an (n — 1)-simplex and the vertices of a seed (this is called a seed
attachment in [FZ03a]), then there is a unique canonical way of “transporting”
this seed attachment to its neighbours via mutation. The goal is to extend
in this manner to a well-defined map from the complete ground set of A to
the cluster variables (which will then be surjective). The first condition is due
to the fact that we cannot expect to encounter the same (group of) cluster
variable(s) at different “unrelated” places in the exchange pattern — it is in
fact a conjecture that this will never happen. Recall that the link of a simplex
D € A is the simplicial complex Ap :={D'" € A| D'UD € A,D'ND = &}.
The condition is that Ap is again a pseudo-manifold for each non-maximal
simplex D. Since Ap is obviously pure and allows mutation, this is equivalent
to the condition that the dual graph I'p (which can be identified with the full
subgraph of I whose vertices contain D) is connected. A pseudo-manifold
with this property is a simplicial abstract polytope as defined in [MS02].

It is clear that we can uniquely transport a seed attachment along paths
in I' and hence get seed attachments for all (n — 1)-simplices. It remains to
ensure that the obtained seed attachment is independent of the chosen path.
This is done by the assumption in the following lemma, which is essentially
[FZ03al, Lemma 2.4], but replaces the seed attachment with a more general
“simplex attachment”, which can be transported analogously. (According to
Schulte [Sch13], this “extension method” is well-known and probably goes
back at least to Seifert-Threlfall.)

Lemma 7.3. Let A be a simplicial abstract n-polytope with dual graph T’
and A’ an (n — 1)-dimensional pseudo-manifold. Fiz a base point C in T, a
set of generators {g;}icr of m(I',C) and a bijection Yo : C — C" for some
(n — 1)-simplex C" € A'. If the transport of V¢ along each g; is again V¢,
then we have the following:

(1) For each (n—1)-simplex C' € A the transport of ¢ via mutation yields
a well-defined bijection V@ : C'— C" with some (n —1)-simplez C" € A'.

The obtained bijections are compatible with mutations.

(2) The map C s C" is a surjection onto the set of (n — 1)-simplices in A'.
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(3) Given any (n — 1)-simplex C € A and v € C, the image Ya(v) is
independent of C (and can hence be denoted by ¥(v)).

(4) The map v — (v) is a surjection from the ground set of A onto the
ground set of A,

Proof. (1) Given any (n — 1)-simplex C' € A, we can transport ¢ along a
path to C since I' is connected. Suppose we have two such paths p and q. As
the transport is clearly reversible, the transport along p gives the same result
as that along gg~'p. But the loop ¢~!'p brings back )¢ by assumption, so
the result is the same as that along ¢q. The compatibility with mutation is
obvious from the construction.

(2) The dual graph I'" of A’ is also connected, so for a given (n — 1)-simplex
C" € A’ there is a sequence of mutations giving a path from C” to C’. The
corresponding sequence of mutations in I' leads to the desired pre-image C.
(3) gy is connected because A is an abstract polytope, so there is a path
in I'y,) connecting C' with any other (n — 1)-simplex containing v. v is not
exchanged during the transport along that path, so its image is the same
under all bijections.

(4) A’ is pure, so each element of its ground set is contained in an (n — 1)-
simplex. Thus (2) implies the claim. O

Lemma 2.4 in [FZ03a] is more general in the sense that the cluster complex,
which implicitly takes the role of A’, is not a priori known to be a pseudo-
manifold in general, but as this is the case for the cluster complexes we are
mainly interested in, we chose a formulation which is not restricted to the
cluster setting. Another difference is that the assumption about the generators
of the fundamental group is split into two more special assumptions, for which
we need one further notion. If D € A satisfies |D| = n — 2, then I'p is a
2-regular connected subgraph of I', so either an infinite chain or a cycle, and
in the latter case it is called a geodesic loop. (The diamonds of Chapter @
are examples of geodesic loops.) The two conditions are that the fundamental
group of I' is generated by the geodesic loops and that the seed attachment
can be transported around each geodesic loop consistently. In fact the latter
condition is again split: The first assumption is that the necessary exchange
data (which we encoded in a quiver) are already given for every (n—1)-simplex
of A and are “compatible with mutation” — we might call this consistent
quiver attachments. In [FZ03a] this is achieved for a specific choice of A by
exploiting additional structure on the (n—1)-simplices to directly calculate the
appropriate datum. It has the advantage that any geodesic loop I'p obtains a
numerical invariant, which is in our setting the negative square of the number
of arrows between v; and v;, where D U {v;,v;} is some (n — 1)-simplex on
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the loop. (This number is indeed independent of the choice of such a simplex
since said arrows are only reversed by quiver mutations along I'p.) Now the
cases in which the corresponding seed mutations yield a cycle in the exchange
graph are classified in [FZ02] in terms of this invariant, which also determines
the length of the associated cycle. We state the result for our setting.

Lemma 7.4. Let Q be a quiver and i and j two vertices. Then alternating
mutations in ¢ and j yield a cycle in the exchange graph if and only if i and j
are either unconnected or joined by a simple arrow; the length of the generated
cycle 1s four in the former and five in the latter case.

The final condition is that any geodesic loop in I' falls under these cases
and has the right length, which guarantees the consistent seed transport. Our
reason for not separating the “quiver attachments” from the seed attachments
is that we obtain both by mutation, so the separation seemed artificial.
Nevertheless we will have to check that each geodesic loop has the right
length, but this will be obvious from the construction. Specifically we use

Corollary 7.5. Let A and A’ be simplicial abstract n-polytopes. Fix a
bijection ¢ : C'— C" between some (n — 1)-simplices C € A and C" € A, If
mutation induces an isomorphism of the dual graphs I' and I, then A = A’.
This is in particular the case when the fundamental groups of I' and T are
both generated by geodesic loops and any geodesic loop in T corresponds (under
mutation) to a geodesic loop of the same length in I and vice versa.

Proof. The assumption on the dual graphs ensures that we can use Lemma|7.3
to get a surjection between the ground sets. But by interchanging A and A’
and using 1! we see that this surjection is in fact a bijection which is by
construction an isomorphism of the simplicial complexes. O

One might wonder whether the dual graph alone contains enough infor-
mation to determine the polytope (compare [Ung07]). This is true for finite
convex simplicial polytopes by a result of Blind and Mani ([BML87]), but
we will see later (Example that it fails for infinite simplicial abstract
polytopes already in small dimensions.



Chapter 8

The link to tilting theory

In this chapter we describe the connection of the combinatorial structures
explored in the previous chapters to representation theory. For unexplained
terminology and results we refer to the literature (e.g. [ARS95,|ASS06]).

Let @ be a finite connected acyclic quiver and K an algebraically closed
field. As usual we set n = |Qo|. Then the path algebra K@ is the K-vector
space spanned by all paths of length m € Ny with the multiplication given by
concatenation where possible and zero else. It is a finite-dimensional basic
hereditary algebra, and we will consider finite-dimensional (left) K @Q-modules.
The corresponding category mod K@ satisfies the Krull-Remak-Schmidt theo-
rem (i.e. has unique indecomposable direct sum decompositions) and is equiva-
lent to the category rep ) of finite-dimensional (covariant) K-representations
of (), whose objects are given by collections of K-vector spaces (V;)icq,
and linear maps (Vo : Vi) = Viw))acq,- (There are different preferences
concerning left or right modules or even the order of the multiplication in
K. All these choices are not essential for our purpose because one can
always apply a duality if necessary by reversing all arrows.) The support
of a representation V' = (V;, V,)icqo.acq, is the full subquiver supp V' of @
generated by all vertices ¢ with V; # 0. A K@Q-module V is called sincere if
supp V = (). Note that a representation V' can always be seen as a sincere
representation of supp V.

We need a bit of Auslander-Reiten theory. Recall that K@ has (up to
isomorphism) n indecomposable projective modules P; for i € (Qy. Let 7
denote the Auslander-Reiten translation. Then the indecomposable modules
77°P; with s > 0 and j € Qo are called postprojective. Dually we have
the indecomposable preinjective modules 7°I; with s > 0 and j € Q. If
(@ is representation-infinite, this yields 2n infinite 7-orbits. We also need
the bounded derived category D?(Q) of rep Q. It contains a copy (rep Q)]s]
of rep () for each integer s and has an Auslander-Reiten translation which
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extends that of rep @) and is also denoted by 7. Other than for rep @, 7 is
an auto-equivalence of D?(Q), and we have 7F;[s] & [;[s — 1] for i € @y and
s € Z. We refer to Happel [Hap88| for details.

We are especially interested in the tilting modules over K@); for more
general notions and results we refer to [Ung07].

Definition 8.1. A K(Q-module T is called a tilting module if the following
conditions are satisfied:

(T1) Ext(T,T) =0

(T2) There is a short exact sequence 0 — 4A — Ty, — T — 0 with
Ty, Ty € add T

Modules satisfying (T1) are called rigid. An indecomposable rigid module
is called exceptional. Neither (T1) nor (T2) depend on the multiplicities of
the direct summands of T, so we can assume that 7" is basic (i.e. has pairwise
non-isomorphic indecomposable direct summands). The additivity of Ext
implies that the tilting modules induce a simplicial complex:

Definition 8.2. The simplicial complex (@) of tilting modules over
K@ (or shorter: tilting complex) is the abstract simplicial complex on the
ground set of (representatives of the isomorphism classes of) exceptional
modules whose maximal simplices are the tilting modules.

In fact the simplices of (@) are precisely the basic rigid modules (which
are therefore also called partial tilting modules) by a result of Bongartz:

Lemma 8.3 (|[Bon81|). Any rigid module T' can be completed to a tilting
module, i.e. there is a rigid module T" such that T" & T" is a tilting module.
(In this case T" is called a complement to T".)

[t turns out that ¥(@Q) is an (n—1)-dimensional pseudo-manifold (but with
boundary) due to classical results about tilting modules (see [HR82,[Bon81}
RS90,HU89|) collected in the following theorem. Let n(M) be the number of
pairwise non-isomorphic indecomposable summands of a module M, so e.g.
n(KQ) =n. A partial tilting module 7" is called almost complete if it has
an indecomposable complement. Then the following holds.

Theorem 8.4. a) Let T be a rigid KQ-module. Then n(T) < n with
equality if and only if T s a tilting module.

b) Let T" be an almost complete tilting module. If T" is sincere, then there
are exactly two non-isomorphic complements X and Y to T'; if T' is
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not sincere, there is exactly one complement. Moreover, in the former
case there is (after renaming if necessary) an essentially unique short
exact sequence 0 - X — T — Y — 0 with T € add T connecting the
two complements.

Remark 8.5. By part a) of the theorem the almost complete tilting modules
are precisely the (n — 2)-simplices of 3(Q); notably we get n(7") =n — 1 in
part b). Hence the boundary of (@) is formed by those almost complete
tilting modules which are not sincere.

Ringel’s suggestion to study (@) was taken up by Riedtmann and
Schofield in ([RS91]). As one tool they introduced the quiver of tilting
modules K¢, which is in fact nothing but an orientation of the dual graph
of ¥(Q): If two tilting modules share an almost complete tilting module 77,
the edge between them is oriented depending on the order in which the two
complements occur in the exchange sequence of part b) of Theorem It
turns out that Kg¢ is the Hasse diagram of a partial order on the set of
tilting modules as shown by Happel and Unger, who studied both structures
extensively (see e.g. [HUO5a, HUO5b, HU10]). We will approach some of their
questions via the exchange graph I'(Q)) of the cluster algebra Ag, but with
a certain restriction due to the combinatorial character of this approach:
Though the orientation of k¢ can be used to define an orientation for I'(Q)
as well (see [IT09]), this does in general not induce a well-defined orientation
for the mutation graph and is therefore not “governed by the combinatorics
of quiver mutation”, so we will neglect the orientation and only deal with
Krkq as the exchange graph of tilting modules.

Some of the first examples for an exchange of tilting modules are provided
by the so-called APR-tilting modules named after Auslander, Platzeck and
Reiten [APR79] (see |[ASS06]):

Example 8.6. Assume n > 2 and let ¢ be a sink in @ (so the projective
module P; is simple). Then T' := @#i P; ® 77 P is a tilting module, hence
there is an edge in Kg¢g between T" and the projective tilting module.

In [HU09|, Happel and Unger examined the possibility of reconstructing
Q@ from the partially ordered set of tilting modules and gave a positive answer
“up to multiplicity” in the following sense: One can recover the number of
vertices n and determine for any two vertices ¢ and j whether there is no
arrow, exactly one arrow, or a multiple arrow from ¢ to 7, but in the latter
case not the exact multiplicity. In fact this can be observed already in the
simplest case n = 2 (see [Ung96b, 2.2]):

Example 8.7. Consider the quiver Q)(m) with two vertices and m arrows.
Then Kxgm) looks as follows:
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o for m =0: o,
o form=1: 0o — o,
e form>20—0—--- i 3030,

So we get isomorphic quivers (and in fact also isomorphic partially ordered
sets and simplicial complexes) of tilting modules for all m > 2.

Happel asked whether the same phenomenon occurs in general, i.e. whether
quivers that are “isomorphic up to multiplicity” have isomorphic quivers
(partially ordered sets, simplicial complexes) of tilting modules, and this
question was the starting point of our investigations. To make it precise, let
us fix the following definitions.

Definition 8.8. For a quiver () we define the basic quiver (Jy.s as the
quiver obtained by replacing every multiple arrow in () by a double arrow
(with the same direction). We say that two quivers @) and @’ with Qy = @,
are basically equal and write ) = @’ if idg, induces an isomorphism

Qbas g Q{)as *

Question 8.9 (Happel). Is it true that the quivers (partially ordered sets,
simplicial complexes) of tilting modules of basically equal acyclic quivers are
isomorphic?

Of course an isomorphism of the partially ordered sets would induce one
for the quivers (being the corresponding Hasse diagrams) as well; similarly
an isomorphism of the simplicial complexes would induce one at least for the
unoriented quivers (being the corresponding dual graphs).

Example [8.7| shows that it might be hard to tackle this question with
classical methods, because it allows to construct a well-behaved bijection
between the sets of exceptional modules over very different algebras: The
so-called Kronecker algebra for m = 2 is tame, whereas all the algebras for
m > 2 are wild, so their module categories are dramatically different. Even
in this case we have the feeling that the given bijection is rather implicit
and relies more on combinatorial than on representation-theoretic aspects.
Especially when the partial order of the tilting modules is concerned, one
would like to have a representation-theoretic interpretation of this bijection,
but this remains an open task. In a less conceptual direction one might try
to find an inductive approach to lift the results for n = 2 to larger n, but we
have not even seen a way to tackle the case n = 3 with this idea only.

Luckily the development of cluster theory in the last decade facilitates
an elementary combinatorial approach we will exploit. Maybe the first
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connection was drawn in [MRZ03|, where the authors, inspired by certain
polytopes arising in cluster theory, showed that in the Dynkin case the tilting
complex has a natural (and more regular) completion with just n additional
elements (which may be identified with Q) in the ground set.

Related to this idea and somehow parallel to the progress in understanding
the connection, the concept of so-called support-tilting modules emerged
(see |IT09,|Hub]); these are rigid modules that are tilting modules when
restricted to their support. Note that an insincere almost complete tilting
module 7”7 has only one complement, but there is a unique vertex i ¢ supp 1"
because n — 1 = n(T") < |(suppT”)o| < n, and T" is support-tilting by part
a) of Theorem Taking this vertex 7 as a “substitute complement” we
can continue the exchange process across the boundary of (@) and (using
this idea inductively) get a pseudo-manifold without boundary. The maximal
simplices (and thus vertices of the dual graph) are now precisely the support-
tilting modules. With the benefit of hindsight this extension of (@) to
the simplicial complex of support-tilting modules does not seem very
far-fetched, but with the focus on the exchange graph it is not at all obvious
what one should do.

In fact a crucial step was the introduction of the cluster category Cg
in [BMR™06]; this is a certain orbit category of D*(Q). Ringel points out in
[Rin07] that one can get rid of the boundary of ¥(Q) by passing to D*(Q),
but — with infinitely many copies (shifts) of each tilting module — the obtained
simplicial complex is far “too large”. A way around this is factoring out
an auto-equivalence of D*(Q), i.e. taking the orbits as the objects of a new
category. It turns out that 77[1] is the right equivalence (so in the orbit
category D’(Q)/77[1] we have [1] = 7 and avoid superfluous copies), which
leaves — as desired — exactly n orbits of indecomposable objects that have
no representative in rep ) (embedded via (rep Q)[0] — D*(Q) — Cg). As
representatives of these orbits one can take the shifts P;[1] =2 7P, (i € Qo) of
the n indecomposable projectives; so, together with the indecomposables of
rep ), they form a complete list of representatives of the isomorphism classes
of indecomposable objects of Cg, and we will use them to denote the latter. In
this setting the tilting modules are generalised to (cluster) tilting objects,
which are by definition the maximal rigid objects in Cg. Naturally there is an
associated simplicial complex of cluster tilting objects on the ground
set of exceptional objects of Cg.

We summarise the connections between these structures ([IT09, CKO06,
BMRTO7)):

Theorem 8.10. There are distinguished bijections between the following sets:

a. the cluster variables of Ag,



48 CHAPTER 8. THE LINK TO TILTING THEORY

b. isomorphism classes of exceptional objects in Cq,

c. wsomorphism classes of exceptional modules in rep () together with Qq,
which induce bijections between

a. the clusters of Ag,

b. isomorphism classes of basic cluster tilting objects in Cg,

c. isomorphism classes of basic support-tilting modules over KQ,

and under which the initial cluster {xy,...,z,} corresponds to the cluster
tilting object TK Q) and to the trivial support-tilting module 0, which has empty
support. Moreover, each seed is determined by its cluster via the corresponding
cluster tilting object.

Corollary 8.11. The simplicial complexes of cluster tilting objects and
support-tilting modules are both isomorphic to the cluster complex A(Q).
Notably, the dual graphs are all isomorphic to the exchange graph I'(Q); the
exchange graph of tilting modules Kgq is isomorphic to the full subgraph of
[(Q) induced by the clusters not containing an initial cluster variable, and
the complex of tilting modules 3(Q) is isomorphic to the subcomplex of A(Q)
formed by the non-initial cluster variables. [

This result gives us “different descriptions of the same object”, which
is very useful: Some properties are more obvious in one description than
in another; e.g. we see that A(Q) and I'(Q) have a symmetry induced by
the Auslander-Reiten translation 7, which is an obvious symmetry on the
level of cluster tilting objects. And of course it enables us to approach
Happel’s question with our results about quiver mutations. To do this we
first reformulate the general identification criterion from Chapter [7}

Lemma 8.12. Let QQ and Q' be two quivers with common vertex set such
that for any sequence i of mutation indices the quivers p;(Q) and 11;(Q")
are basically equal. If both cluster complezes A(Q) and A(Q') are abstract
polytopes, and the fundamental groups of both exchange graphs T'(Q) and
['(Q') are generated by geodesic loops, then A(Q) = A(Q').

Proof. The given assumptions allow us to apply Corollary Both cluster
complexes are simplicial abstract n-polytopes; by Theorem their dual
graphs are the exchange graphs, whose fundamental groups are assumed to
be generated by geodesic loops. We fix the canonical bijection between the
initial clusters induced by the common vertex set. If one of them lies on a
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geodesic loop obtained by alternating mutations in two vertices ¢ and 7, then
i and j are either unconnected or joined by a simple arrow due to Lemma[7.4] -
and that is the case in both quivers simultaneously because they are basically
equal. Hence these mutations generate geodesic loops of the same length in
both exchange graphs. Since the basic equality is by assumption invariant
under mutation, the same argument holds for all geodesic loops. ]

In our acyclic setting we get one of the assumptions by the following result
of Hubery, which he proved more generally for hereditary Artin algebras (see
[Hub10, Theorem 19]):

Theorem 8.13. The complex of support-tilting modules over a basic heredi-
tary Artin algebra is a simplicial abstract polytope.

Corollary 8.14. Let QQ and Q' be two acyclic quivers with common vertex
set such that for any sequence i of mutation indices p;(Q) = u(Q’). If the
fundamental groups of both exchange graphs I'(Q) and I'(Q') are generated
by geodesic loops, then A(Q) = A(Q'). Moreover, restriction yields an iso-
morphism X(Q) = X(Q') and hence also an isomorphism Kxg = Kgg. O
We will later provide instances of acyclic quivers which satisfy both other
assumptions as well; we actually conjecture that all acyclic quivers do:

Conjecture 8.15. Let Q be acyclic. Then the fundamental group of I'(Q) is
generated by geodesic loops.

Conjecture 8.16. Let Q = Q' be acyclic. Then p;(Q) = 1;(Q") for any
sequence i of mutation indices.

Conjecture is common (see e.g. [FZ02, after Theorem 7.7]), but
Conjecture [8.16] seems to be new. Let us note that the former is wrong for
general quivers according to [FSTO08, Remark 9.19]; a counterexample for the
latter is given by two abundant 3-cycles of which one is mutation-acyclic and
the other not. As a justification for Conjecture [8.16| we can offer the fact that
computer experiments have not produced a counterexample and that we can

prove it for special cases (see also Corollary [10.6)):

Theorem 8.17. Let Q) = Q' be either abundant acyclic or forks with common
point of return r and k # r. Then ug(Q) = ux(Q'). Notably Conjecture

holds for abundant quivers.

Proof. The arrows incident with k are only reversed, and by assumption

Q (k) = (@) (k), so for Q = u(Q) and Q' = (@) we get Q" (k) =

Q (k) = (@) (k) = (Q")" (k) and similarly @ (k) = (Q') (k). Furthermore,
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for all i € Q (k) and j € Q+(k) we have a multiple arrow from j to i in Q,
and the same holds in @', because both are forks with point of return k by
Lemma [2.5]if the statement is not empty. So also @ — {k} = Q' — {k} and
the quivers remain basically equal. Now Conjecture follows inductively
with Lemma 2.5 O

Remark 8.18. In [Sevb, Theorem 1.3], Seven shows with quite different
methods a result in the direction of Conjecture that would also fol-
low from it. With our notation it says the following: If an acyclic quiver @)
contains no simple arrows, the same holds for all quivers mutation-equivalent
to Q. Now, if Conjecture holds, we can construct Q = Q with all
arrow numbers even. This property is clearly invariant under mutation (see
[Sev13, Theorem 1.3] for a generalisation), so no simple arrows can occur
in quivers which are mutation-equivalent to @ and hence neither in those
mutation-equivalent to () because each of the latter is basically equal to one
of the former.

Remark 8.19. If Conjecture holds, then any mutation at an abundant
vertex corresponds to a bridge in the exchange graph because the correspond-
ing edge is not part of a geodesic loop by Lemma [7.4] Our results show
in particular that at least this (weaker) consequence holds in some special
cases, namely for forks by the Tree Lemma, which covers all vertices except
the point of return, and Corollary which covers also the point of return;
moreover for the point of return (and hence also all other abundant vertices)
of {-roots by Lemma [6.7} In Corollary we will note an analogous result

for a class of quivers we call semi-forks containing all pre-forks except {-roots.



Chapter 9

Partial answers to Happel’s
question

In Chapters ] and [6| we have already seen some examples in which the exchange
graph satisfies Conjecture partially (e.g. Corollary [6.9) or even completely
(Corollary ; but that the cluster complex is an abstract polytope we know
only in the acyclic case, where we have no complete descriptions of exchange
graphs yet — indeed, until now we have not considered mutations in sinks or
sources as they lack the “key feature” of increasing the number of arrows.
Luckily their role in the exchange graph can be easily described with the help
of tilting theory. Let us nevertheless start with the quivers alone.

We can assume that Qo = {1,...,n} is admissibly numbered; in particular,
1 is a sink in (). Mutation in this sink just reverses all arrows ending in 1, so 1
becomes a source in QM) := p1(Q), whereas 2 is a sink after the mutation, in

which we can mutate to make 3 a sink in Q® := uy(QM). By iterating these
sink mutations until we have mutated once in each vertex, we obtain Q™.
During this process every arrow has been reversed precisely twice (namely
when mutating in the two vertices it connects), so Q™ = @ and we get a
closed path in the mutation graph. By the discussion in Chapter [4] there is a
subgraph of the exchange graph which covers this closed path.

What happens on the level of cluster tilting objects is essentially iterated
APR-tilting (compare Example : We start with 7K@ and exchange the
shifted simple projective 7P, so we obtain € i>1 TP; @ Pr; continuing as
above we obtain ;. 7F; & @;.,, F; after m < n and hence KQ after n
mutations. Further (ordered) sink mutations lead to the cluster tilting objects
D,... 7P © D,,, 7 °P; also for s > 0, which therefore incorporate all
indecomposable postprojectives. Dually source mutations will produce the
sequence of cluster tilting objects with preinjective summands given by the
same formula with s < 0. We call the corresponding vertices in the exchange

o1
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graph canonical transjective. (Note that they depend on the chosen ad-
missible numbering which may not be unique!)

Now there are essentially two cases. If () is representation-finite (and hence
contains no multiple arrows), the process must obviously become periodic,
so we get a closed path in the exchange graph as well. It is also quite
interesting to follow that path, which may cover the complete exchange graph,
but since basically equal quivers without multiple arrows are already equal
and Happel’s question is trivial in that case, we concentrate on the second
case. If () is representation-infinite, there are infinitely many postprojective
and preinjective modules, therefore the canonical transjective cluster tilting
objects are pairwise non-isomorphic (this also holds when @) is not connected)
and we obtain the following

Lemma 9.1. Let QQ be a representation-infinite acyclic quiver with an arbi-
trary admissible numbering of its vertices. Then the canonical transjectives
form an infinite chain in the exchange graph. [

Remark 9.2. Since the exchange graph is connected, we can conclude from the
above considerations that any two vertices in the same 7-orbit have the same
quiver. (This also follows directly from the way the cluster tilting objects
determine the quivers.)

]3 2 ~ g — Pl ~ o — P3 T_PZ
/NN, NN N
2R N2 SN
I 1 < 7 3 < "7/ P TP

Figure 9.1: Canonical transjectives for n = 3

Example 9.3. Figure [9.1] shows — in the notation of support-tilting modules
to include the initial quiver with the vertices 1, 2 and 3 — the first 3 steps of
the described process for n = 3. The vertices of the exchange graph are the
points where three regions labelled by the indecomposable summands meet.
Exchanging one summand corresponds to moving along the edge between the
remaining summands. These remaining summands are therefore part of two
seeds with associated arrow numbers, so we get two arrows between them.
As the mutations considered here are source- and sink-mutations, we get
the same arrow number twice, but in general the arrow numbers will change
according to the mutation rule. Note that 7 acts as a glide reflection.
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With Lemma [9.1] we can now prove the following

Theorem 9.4. The exchange graph of an abundant acyclic n-point-quiver is
an n-reqular tree.

Proof. Though we can interpret the result to hold also for n = 1, only
n > 2 is of interest. Then we are in the representation-infinite case and have
the described infinite chain of canonical transjectives with abundant acyclic
quivers connected by source-/sink-mutations. If we apply to any of these
quivers a mutation at one of the n — 2 vertices that are neither sources nor
sinks, we get a fork by Lemma 2.5 Hence the fork-less part is just this infinite
line and the claim follows with Corollary [4.5| ]

It follows at once that Conjecture holds (trivially) for abundant quiv-
ers, and in combination with Lemma [7.4] we get the following approximation.

Corollary 9.5. Let Q be an acyclic quiver. If T'(Q) contains cycles, then Q
is not abundant, i.e. I'(Q) already contains geodesic loops. O

We also obtain the following partial answer to Happel’s question [8.9]

Corollary 9.6. Let QQ and Q' be abundant acyclic (and w. . o. g. basically
equal) n-point-quivers. Then A(Q) = A(Q'), X(Q) = X(Q') and Kxg =
Krqr- Notably there is a canonical bijection between the sets of isomorphism
classes of exceptional modules over KQ and K@Q'.

Proof. This follows from Corollary with Theorems and [9.4] Note
that by Theorem [8.13we could also directly apply Corollary [7.5]to an arbitrary
bijection between the initial clusters (or, in fact, arbitrary clusters) because
both exchange graphs are n-regular trees and hence mutation cannot but
induce an isomorphism between the dual graphs. Of course the bijection
respecting the unique admissible order in both quivers is the canonical one. [

Remark 9.7. With the above results, the cluster complex of an abundant
acyclic quiver is easily identified as the universal abstract polytope with
Schlafli symbol {3,3, ..., 00}, see [MS02, Section 3D].
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Chapter 10

Classification for 3 vertices

In this chapter we classify the exchange graphs I'(Q) of arbitrary 3-point-
quivers (without loops or 2-cycles). Let us stress again that the arguments we
use about mutation of 3-cycles are essentially covered by the considerations
in [BBH11] and |[ABBSO08]. (However, the implications for the exchange
graphs, especially the classification in the mutation-acyclic case — which
implicitly appears also in [FST12, Section 9] — are not worked out.) It should
also be mentioned that, as pointed out in [BBH11|, these considerations
have a prominent ancestor in [Mar80|, where the famous Markov equation
22 4+ % + 2% = 3zyz is treated. Namely, there is the following relation to
the mutation rule: Multiplication with 9 and setting X := 3z etc. yields the
equation X? + Y2 + Z2 = XY Z, which we can regard as being quadratic
in, say, X and therefore having a second solution X’ = YZ — X by Vieta.
Now, if we mutate a 3-cycle with arrow numbers X,Y, Z opposite X and
get a new 3-cycle, the new arrow numbers are X', Z,Y. It follows that
X2 +Y?+ Z? — XY Z is invariant under such mutations, see [ABBS08] for a
detailed treatment. The positive integer solutions of the Markov equation are
called Markov triples, and it follows easily from |[Mar80| that their “mutation
graph” is a 3-regular tree, the idea being again that every triple apart from
(1,1,1) (which has the three neighbours (2,1,1), (1,2,1) and (1,1,2)) has
precisely one “smaller” and two “greater” neighbours. Miraculously, this
helps us even in the (single) case where our results about the mutation graphs
cannot be applied.

First we treat the case that () is mutation-cyclic. We should mention
that there are also cluster category constructions for such quivers, but then
['(Q) gives in general only one component of the exchange graph of cluster
tilting objects, see [Plal3| for an example. Furthermore we cannot extend
the classification to the cluster complex without additional information, but
we consider the following result nevertheless worth mentioning.
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Theorem 10.1. Let QQ be a mutation-cyclic 3-point-quiver. Then T'(Q) is a
3-regular tree.

Proof. As @) is mutation-cyclic, all quivers in its mutation-class are 3-cycles,
and we can assume () to be one with minimum total number of arrows. First
note that @) has to be abundant since a 3-cycle with a simple arrow is clearly
mutation-acyclic. If it is even a fork (and r its point of return), we are in
a special case of Corollary [4.4] because the minimality assumption yields
GirGrj — Qi = Qi > Girs @ Tor {i} = Q7 (7)o and {j} = Q*(r)o. It follows
that T'(Q) is a 3-regular tree. So assume @ is not a fork; this means that the
arrow with maximum multiplicity cannot be unique, thus @) is of the form

1<=>2—"23 with > y > 2. If y > 3, the mutation at an arbitrary vertex
Yy

r yields a fork with point of return r (since then x? —y > 3z — y > z resp.
xy —x > 2x > x,y). Clearly, by the Tree Lemma, I'(Q) is again a 3-regular
tree in that case. So it remains to consider y = 2. When x > 3, u2(Q) is a
fork with point of return 2 (as above), but mutations at 1 and 3 yield quivers
isomorphic to ). So in the subgraph I'(s, all quivers are isomorphic to @,
and this is the fork-less part of I'(Q)). But y = 2 implies that I'ryy is infinite
by Lemma [7.4], so the claim follows again with Corollary [4.5] We are finally
left with the case x = y = 2, in which @ is invariant under mutation, so the
mutation graph is trivial and does not help to understand the exchange graph.
As announced above, the Markov equation saves us by coming into play a
second time. The exchange relation for a cluster variable y; in an arbitrary
cluster {y1, 92, y3} is yiy1 = y3 + y2. Following [GSV10| (a reference we owe
Philipp Lampe) we observe that y; = (y3 + y3)/y1 corresponds (again) to
the second solution of the Markov equation as a quadratic equation with a
root yi, this time by the other Vieta formula. Hence specialising the initial
cluster variables to (1,1,1), the smallest Markov triple, yields a surjective
graph morphism from the exchange graph to the “mutation graph” of Markov
triples. As this is already a 3-regular tree, the same is true for I'(Q). ]

Remark 10.2. Schroer asked whether the exchange graphs of other mutation-
finite mutation-cyclic quivers (besides the 3-cycle with double arrows) are also
trees, but it turns out that this is not the case. Indeed, suppose we have such
a quiver () with at least three vertices and an exchange graph without cycles.
Then @ is abundant by Lemma[7.4] On the other hand, @ has no arrows of
multiplicity greater than two as it is mutation-finite (see Proposition .
So any two vertices are joined by a double arrow. Furthermore any full
3-point-subquiver has to be a 3-cycle because ) would be mutation-infinite
otherwise. But this is only possible if () has precisely three vertices.
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Theorem 10.3. Let ) be a mutation-acyclic 3-point-quiver. Then T'(Q) is
one of the ten following 3-reqular graphs:

e the edge graph of the cube, the pentagon prism or the 3-dimensional
associahedron (if Q) is representation-finite);

e the doubly infinite ladder or the two-layer brick wall (if Q) is representa-
tion-infinite, but mutation-finite);

e one of the graphs partially sketched in Figures (if Q s

mutation-infinite).

Proof. For a systematic study let us first determine a distinguished represen-

tative in the mutation class of an acyclic 3-point-quiver () = oé<b7o
C

(or its opposite quiver), where a, b, ¢ > 0 denote the numbers of the arrows.
In Figure [9.1] we observe that source- and sink-mutations cyclically permute
a, b and ¢, so after relabelling we can assume that () is a representative with
¢ < a,b. As the opposite quiver has an isomorphic exchange graph, we can
finally assume a > b > c.

Next we determine the exchange graph of Q. First, if b = 0 (which implies
¢ =0), then @ is not connected, so I'(Q) = T'(e<~—e) x I'(e), which yields
the cube for a = 0, the pentagon prism for a = 1 and the doubly infinite
ladder for @ > 1 by Lemma [7.4] For a = b = 1 the mutation class is finite,
and both possible cases are well known: () is representation-finite for ¢ = 0,
and we get the 3-dimensional associahedron (see [FZ03b)); for ¢ = 1 we obtain
the (infinite) two-layer brick wall (see |[FZ02|).

(@ is mutation-infinite in the remaining cases with a > 2, b > 1 and ¢ > 0,
but luckily the fork-less part is easy to determine by the following procedure
(which in principle works also in the mutation-finite case when there are no
forks in I'(Q))). We start with the infinite chain of canonical transjectives (see
Lemma and Figure indicated by a thicker line in the figures. Next
we construct geodesic loops of the right lengths according to Lemma [7.4] and
the values of a, b and c¢. Note that this is based essentially on the known
case n = 2 and hence depends only on the basic quiver (Qp.s, which yields
five cases. ¢ > 2 (see Figure is a special case of Theorem ; in the
other cases we get a periodic pattern of quadrilaterals and/or pentagons as
shown in Figures It is easy to see that the added seeds are pairwise
distinct.

The last step is to check in each case that any mutation leaving the so far
constructed part gives a fork for all arrow multiplicities under consideration.
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Figure 10.1: Exchange graph and dual polytope for a,b,c > 2

Il P3

P,

Figure 10.2: Exchange graph and dual polytope for a,b > 2 and ¢ =1
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Figure 10.3: Exchange graph and dual polytope for a > 2 and b=c=1

5L

7_13 T_Pl

Figure 10.4: Exchange graph and dual polytope for a,b > 2 and ¢ =0
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Figure 10.5: Exchange graph and dual polytope fora > 2, b=1and ¢ =0

To facilitate this we have depicted the corresponding quivers for one represen-
tative in each 7-orbit until we obtain forks, which is sufficient by Remark
Note that 7 acts again as a glide reflection.

We conclude by noting that every possible exchange graph of an arbitrary
mutation-acyclic 3-point-quiver occurs in the given list since every such graph
contains by definition an acyclic seed and hence (after switching to the
opposite quiver if necessary) a seed with quiver @) as above. O

Corollary 10.4. There is a bijection between the (3;2) integer sets {a,b,c}
with 2 > a > b > c > 0 and the isomorphism classes of exchange graphs of
mutation-acyclic 3-point-quivers.

Proof. With each set {a,b,c} we associate the isomorphism class of the
exchange graph of @) := oé<b7o. It follows from the proof of Theo-

rem [10.3| that this is a bijection: The ten given exchange graphs actually
occur, are all non-isomorphic and cover all isomorphism classes. O

Remark 10.5. The proof of Theorem [10.3] shows an interesting phenomenon
related to Conjecture [8.16, It is evident from Figures that we can
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mutate the given quivers without specifying the exact values of the arrow
numbers greater than 1. So, what we have actually done is the mutation
of quivers with arrow parameters instead of arrow numbers. This inspires
the notion of what we call “polynomial quivers” and the question when the
mutation of these is well-defined; we address this issue in Chapter [12]

As a by-product of the classification in Theorem we get
Corollary 10.6. Conjectures[8.15 and[8.16 hold for 3-point-quivers.

Proof. The former follows by direct inspection of the possible exchange graphs.
The latter is easy to see in the mutation-finite cases. In the other cases we note
that basically equal acyclic quivers are “evaluations of the same polynomial
quiver”, which is (up to duality) among the quivers in Figures . It
is easily checked that different evaluations of its mutations are still basically
equal. (Note that the forks in these cases are abundant 3-cycles.) O

Thus Corollary yields another partial answer to Question [8.9]

Corollary 10.7. Let Q = Q' be acyclic 3-point-quivers. Then A(Q) = A(Q),
2(Q) = X(Q) and Kxg = Kkg- Notably there is a canonical bijection

between the sets of isomorphism classes of exceptional modules over KQ and
KQ'. Il

Remark 10.8. As explained earlier we do not consider the orientation of
Krk¢ in this thesis. Nevertheless we believe that the isomorphism Ko =
Kk¢ in Corollary induces also an isomorphism of the oriented graphs.
The reason is that the orientation of the edges can be determined with
representation-theoretic arguments about the direction of maps between the
modules involved in the corresponding exchange sequence. But this procedure
is quite cumbersome, so we have not checked all cases.

Moreover, the classification carries over to the cluster complexes:

Theorem 10.9. There are precisely ten isomorphism classes of cluster com-
plexes of mutation-acyclic 3-point-quivers characterised by the fact that the
dual graph of a representative is isomorphic to precisely one of the graphs

listed in Theorem [10.3.

Proof. As in the proof of Theorem we can assume that a cluster complex
as considered is given as A(Q) with Q = oé<b70, a>b>c As we
see in Corollary there are precisely ten basic equality classes of such
quivers, and quivers in different classes have non-isomorphic exchange graphs

and hence also non-isomorphic cluster complexes. But the cluster complexes
of basically equal quivers are isomorphic by Corollary O
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One can get a rather concrete picture of the “abstract” cluster complexes,
which we explain in the mutation-infinite case. The characteristic clippings of
the exchange graphs in Figures [10.1 are drawn in a way that indicates
how to define a (realisation of a) simplicial abstract 2-polytope A whose dual
graph is the exchange graph. In fact, the dual polytope of A is plainly visible:
Its vertices (i.e. O-faces) and edges (i.e. 1-faces) are those of the exchange graph,
and the 2-faces are the co-gons, pentagons and/or quadrilaterals bounded by
the edges, all with the obvious incidences. (It covers an infinite open strip and
is hence homeomorphic to the open disc.) Now we can apply Corollary to
identify A with the respective cluster complex because mutation induces an
isomorphism of the dual graphs by construction.

Example 10.10. We can now give a counterexample to the theorem of Blind
and Mani for infinite abstract polytopes. Consider the exchange graph in
Figure[10.2] Tt is not hard to show that, if we “flip” one of the pentagons with
the attached binary trees across a horizontal axis, the resulting embedding
of the same graph defines a non-isomorphic 2-polytope. (Indeed, consider
the oco-gons that share an edge with exactly two pentagons and call them
double agents. In Figure [10.2 every double agent shares an edge with two
other double agents. But after the flip this will not be the case anymore.) Of
course the induced graph isomorphism is then not compatible with mutation.
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Unger’s conjecture

In her habilitation thesis [Ung93|, Unger stated the following conjecture and
proved it for n = 3 (see also [Ung96a]):

Conjecture 11.1. If Q) is wild with n > 3 vertices, then Kk has infinitely
many connected components.

Recall that ICxg can be seen as a full subgraph of I'(Q)), and the missing
vertices correspond to those support-tilting modules without full support. The
corresponding seeds can be easily characterised, namely the cluster variable
xp is contained in the cluster of a seed if and only if the associated vertex
k € @y is not in the support of the corresponding support-tilting module.
This allows us to apply our results about l%—mutation—equivalence as follows.

Lemma 11.2. Let Q) be acyclic and l%—mutation—equivalent to a fork. Then
Krq has infinitely many connected components.

Proof. By assumption there is a sequence of mutations not involving pu
and turning () into a fork. Applied to the trivial support-tilting module,
this yields a support-tilting module T with k ¢ supp 7® which is hence
not a vertex of Kxg. By further mutations that involve neither & nor the
respective point of return (such mutations are always possible as we have
enough vertices) we even get a sequence of support-tilting modules (70™),,ex
with k ¢ supp 7™ for all m € N whose quivers are all forks. Now mutation in
k yields another sequence of forks, and by the Tree Lemma the deletion of the
vertices corresponding to (7™),,cy leaves (at least) a sequence (C™),,en
of connected components of I'(Q) — {T™)|m € N} which are all infinite
(n — 1)-ary trees. It is easy to see that each of these components contains
proper tilting modules, so we get infinitely many connected components for
Kk, too. O
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As a corollary we get the following

Theorem 11.3. Conjecture holds in all but finitely many cases, specifi-
cally for all acyclic quivers with at least 11 vertices or with arrows of multi-
plicity greater than two.

Proof. It follows from [BR06| that the acyclic mutation-infinite quivers are
precisely the wild ones with n > 3, and by Proposition [3.12] at least the
specified ones satisfy the assumption of Lemma [11.2] O

Remark 11.4. Using the above method we get in fact infinitely many connected
components of k¢ isomorphic to infinite (n — 1)-ary trees (since the link of
xj, i.e. the subgraph of I'(Q)) induced by the seeds involving x;, is connected,
every tree rooted in a proper tilting module consists entirely of proper tilting
modules), but it is in general not true that all but finitely many of the
connected components are of this form (other than for n = 3, see [Ung93]).
A counterexample with infinitely many {-trees can be easily constructed
starting with the following quiver, from which us yields a {-root:

1<2—4
(N |
2 2 2
| NV
2—2—>3

Remark 11.5. There are many simple examples for mutation-infinite quivers
that do not satisfy the assumption of Lemma [11.2] e.g. each proper subquiver
of the following quiver is mutation-finite, whereas successive mutations in 2,
3 and 1 produce a triple arrow between 3 and 4:

N
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Polynomial quivers

In this chapter we will develop the idea of “polynomial quivers”. We have
already noted in Remark that we can sometimes mutate quivers with
“arrow parameters” instead of arrow numbers — in fact doing this is very
natural when working with paper and pencil; but of course this usually gets
complicated quite quickly: The occurring expressions are not easily computed
by hand (this is cumbersome enough for concrete numbers and usually avoided
by using Keller’s great applet [Kel06]), moreover it depends in general on the
parameters whether the value of the expression is positive or negative. This is
crucial as we need to distinguish direct successors and predecessors of a vertex
k as well as vertices not joined with k& when we want to perform a mutation
in k. If we want to adapt the mutation concept for “polynomial quivers’
without successive distinction of cases, the “polynomial arrows” should have
a well-defined direction, equivalently the polynomial expressions replacing
the arrow multiplicities should have a well-defined sign, i.e. one independent
of concrete values we might want to substitute. This can be guaranteed if all
coefficients have a common sign and we restrict the parameters appropriately.
These considerations lead to the following definitions.

Y

Definition 12.1. Let P be some (multivariate) polynomial ring over an
ordered ring (R, >). We introduce a partial order “=” on P via f = g if
no coefficient of f — ¢ is negative. Note that this is compatible with >
on any non-negative evaluation; in particular it restricts to > on constant
polynomials. Moreover, we can calculate as usual, e.g. f = g and h = 0 imply
fh = gh. From now on, we assume that R = Z. We call a polynomial f
positive (negative) if f =1 (f < —1) and write f = g if f — g is positive. We
define |f| as f for f = 0 and —f for f < 0. A polynomial is strictly signed
if it is positive, negative or zero. Note that > is again compatible with >.

In principle we could permit an arbitrary polynomial ring over an ordered
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ring as Z or even R, but for a start Z and one “arrow variable” ay; ;3 =:
for any two vertices ¢ # j should suffice. Hence we propose the following

Definition 12.2. Let P, be an ordered set (which will be finite for our
purposes; hence we set as usual |Py| = n). Then a polynomial quiver P on
Py is given by a tuple of strictly signed polynomials p;; € Zla,s |7 # s in By
for all 7 < 7 in Py, or equivalently by a skew-symmetric Py x Py matrix with
strictly signed polynomial entries p;;. A polynomial quiver is depicted in the

obvious way; we draw an arrow i&j whenever p;; > 0. Py is the set of
vertices of P; the p;; are the arrow polynomials. All notions of “ordinary
quivers” are canonically adopted, e.g. (full) subquivers, successors, sinks,
cycles, multiple arrows, abundance etc. (Note that p;; = a;; + 1 encodes
neither a simple nor a multiple arrow because it can evaluate to both.) Though
we have not defined P, for a polynomial quiver P, it is useful to introduce

|P1| = ZK]’ |pij|'

With these definitions, the mutation rule from Definition can be
applied to polynomial quivers literally, yet the result of a mutation py will
in general not be a polynomial quiver. Indeed, consider the crucial situation
i € P~ (k) and j € PT(k). If p;; = 0, then p;; = puxprj + pij = 1, but p;;
is not necessarily strictly signed if p;; < —1. So we see that we get a new

polynomial quiver (and then say that the mutation of P in k is admissible)

if pirpr; — pji is strictly signed for all 3-cycles Z\QJ{?% 7.

Pji
Definition 12.3. We call a polynomial quiver completely mutable if
arbitrary iterated mutations are admissible.

Note that the evaluation of a polynomial quiver at non-negative values
yields an ordinary quiver with arrows in the same directions. We will call
such an evaluation an arrow evaluation, and of course arrow evaluation
and mutation commute; notably the constant part of a polynomial quiver
(obtained by setting all arrow variables to zero) is mutated in the usual way.

Remark 12.4. For concrete examples we will allow ourselves a slight deviation
from Definition [12.2] as follows. To keep the occurring expressions short we
often use a variable, say «, instead of a strictly signed polynomial as « + 2.
This also has the advantage of the original idea that several cases may be
treated together by making further restrictions as o > 2 only if necessary.

If admissible, py is clearly again involutive, so we can speak of mutation-
equivalence as soon as we have explained what an isomorphism of polynomial
quivers should be. But this (let alone the notion of a general morphism) is
not completely obvious. We will use the following conventions.
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Definition 12.5. We say that polynomial quivers P and P are isomorphic
(P ~ P) if there are bijections o : Py — Py and ¢ : {ay; | i # jin Py} —
{aj; | i# jin PO} such that P,y = P(ps;) for all i < j in P, where @ is
the induced map on the polynomials. We write this as P P. We speak
of a canonical isomorphism and write P £ P if ¢ is induced by o, i.e.
¢(ij) = Qo(i)e(j)- Furthermore, when Py = P,, we say that P and P are
strongly isomorphic (P £ ]5) if P~ P. 1t is easy to see that these are
equivalence relations which are compatible with mutation.

Example 12.6. 1-22-2<"2_3 has a non-trivial canonical automorphism
induced by the transposition (13), but no non-trivial strong automorphism.

Remark 12.7. Note that besides mutation also arrow evaluation is compatible
with any isomorphism, yet for both we have to take into account the respective
permutations. In particular, in the case Py = P, only a strong isomorphism
induces a quiver isomorphism on a common arrow evaluation, but each
isomorphism P P induces a sequence of isomorphic polynomial quivers
(P(m))mﬁN via p%))o(j) = E(pg-n*l)) for all i < j in Py with P®) := P (so

P = P), which satisfies

(m) _ —/ (m-1) .  _m
pom(z’)gm(j) - Qp(pgm—l(i)gm—1(j)) =...=@ (pz])

© has finite order as F, is finite, so there is some m such that P >~ p(m),

Example 12.8. 1—2-2<"-3 £ 12223 with o = (13) and ¢ in-
duced by (123) yields the strong isomorphism 1--2>2<"%_3 L 2 9 212 3

Of course we have further analogous definitions:

Definition 12.9. Two polynomial quivers are called (strongly) mutation-
equivalent if one can be transformed into a polynomial quiver (strongly)
isomorphic to the other by a sequence of admissible mutations. This defines
again equivalence relations on the set of all finite polynomial quivers. We have
obvious notions of mutation-acyclic and mutation-cyclic polynomial quiv-
ers. Given a polynomial quiver P, its (strong) mutation class consists of
the (strong) isomorphism classes of all quivers (strongly) mutation-equivalent
to P. Again we get the (strong) mutation graph of P by joining two
(strong) isomorphism classes through an edge if corresponding representatives
are related by a mutation.
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Of course we get a map from the strong mutation graph to the mutation
graph by identifying different strong isomorphism classes which build one iso-
morphism class. Similar to the map from the exchange graph to the mutation
graph of a quiver this is not necessarily “nice” (compare the discussion in
Chapter |4).

Example 12.10. P := 1-22-2<"% 3 has only two neighbours in the muta-
(13)

tion graph because p;(P) =~ us(P), but three in the strong mutation graph.
At least we have the following

Lemma 12.11. Any closed path in the mutation graph can be lifted to a
closed path in the strong mutation graph.

Proof. Let P % pi(P) =: P for some sequence j; of admissible mutations.
With the notation of Remark [12.7] this implies ji,m @ (P™) = P+ 5o

we get a path from P to P+ in the strong mutation graph, and for

a suitable m with P> P(™ the combined path from P to P will be
closed. ]

Furthermore we get a map from the strong mutation graph to the mutation
graph of any arrow evaluation because a (global) arrow evaluation is well-
defined on the strong isomorphism classes and commutes with mutation.

We will need the following lemma, which basically says that a mutation is
admissible when the result coincides with a polynomial quiver on all arrow
evaluations.

Lemma 12.12. Let P and P be polynomial quivers with Py = By and k € Fo.
For an arrow evaluation we denote the resulting quivers by Q and Q. If there

is a permutation o of Py such that for all arrow evaluations pi(Q) = Q, then
the mutation of P in k is admissible and pu,(P) = P.

Proof. We have to check that the polynomials p;j obtained by mutation in
k are strictly signed. Since mutation and evaluation commute, we know by
assumption that p;j takes the same values as py(i)o(;) for all arrow evaluations:

TLl’Lk‘(P) T
LM(Q) = Q

But since we have infinitely many positive choices for each arrow variable,
both polynomials coincide (see e.g. [Lan65, V,84]). In particular pj; is strictly
signed, and the claim follows. O]
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In particular we get the following

Corollary 12.13. Suppose we have a polynomial quiver P and {i,j} C Py
such that |p;j| = 1 and the mutations leading to P := p;(p;(P)) and P’ :=

~ ~ (7)) ~
pi(p;(P)) are admissible. Then also p; is admissible for P and p;(P) = P'.

~ (13) ~
Proof. Tt is a consequence of Lemma that 1;(Q) = Q' for arbitrary arrow
evaluations. Note that the transposition is necessary because the cycle in the
exchange graph has odd length. The claim now follows with Lemma(12.12, [J

Remark 12.14. Of course there is an analogous statement for unconnected
vertices, which can be proven in the same way.

Given a polynomial quiver, we can formally proceed as with ordinary
quivers and try to construct a “polynomial cluster algebra” by replacing the
vertices with variables and adding new “polynomial cluster variables” via the
exchange relation whenever we perform an admissible mutation. Let us first
consider an example where the mutation itself is trivial.

Example 12.15. Consider the polynomial quiver 1—>=2, which is self-dual
and invariant under mutation. Hence all exchange relations have the same
form, and starting with the initial variables x; and x5 we define x,, for n > 3
recursively by x,, = (2%_; + 1)/x,—2. We obtain

s+l (25 + D) +af v (x5 + 1) +29)* + ¥ 25

L3 = ———— T4 = 2
T L) g (2 + 1)

where we have freely used the normal calculation rules that hold for any
arrow evaluation. This presentation is not completely satisfying; we cannot
observe the so-called Laurent phenomenon of Fomin and Zelevinsky, which
guarantees that each cluster variable is in fact not only a rational function,
but rather a Laurent polynomial in the initial cluster variables (see |[FZ02]).
The problem is that we cannot expand terms like (z§ 4+ 1) unless we allow
ourselves formal sums with “a summands”, for example

(07

« « a\a «Q o i a(a—1
(40 a =3 (7) g 4 e

=0

would allow us to rearrange terms, cancel x§ 4+ 1 and write z5 as

Sy () + )™ty 4 a?

i

04271 (6%
Ty Ty

(It is a nice exercise to write z¢ as a Laurent polynomial in this way.)
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Already this example shows that “polynomial cluster variables” are in
general quite unusual expressions. Calculating more complex examples by
hand becomes quickly cumbersome, so it would be nice to have a computer
algebra system that is able to calculate with (or even simplify) the occurring
expressions. It is also not trivial to construct an appropriate ambient ring for
“polynomial cluster variables”, because one gets in general powers of sums of
powers with polynomials in the exponents with higher and higher nesting
levels. So we content ourselves with the following

Definition 12.16. Given a polynomial quiver, we build the initial seed by
replacing the vertices with corresponding variables. Then we construct further
polynomial seeds by applying iterated admissible mutations and replacing
the mutation vertex with the formal expression obtained via the exchange
relation (see Definition . In this way we get polynomial clusters con-
sisting of n such expressions called polynomial cluster variables. We call
two polynomial cluster variables equivalent if they represent the same rational
function for all arrow evaluations; two polynomial clusters are equivalent if
there is a bijection from one to the other such that each polynomial cluster
variable is mapped to an equivalent one. (Note that such a bijection is unique
because arrow evaluation yields ordinary clusters which consist of algebraically
independent elements, see Definition ) Finally, two polynomial seeds are
called isomorphic if they have equivalent polynomial clusters and the cor-
responding bijection induces a strong isomorphism between the polynomial
quivers. Now we can define the polynomial exchange graph as in the
quiver setting: The vertices are the isomorphism classes of polynomial seeds
obtained by admissible mutations from the initial seed, and two vertices are
joined by an edge if representatives are related by a mutation.

Again we get a map from the polynomial exchange graph to the strong
mutation graph by just forgetting the polynomial clusters and another map
from the polynomial exchange graph to the exchange graph of any arrow
evaluation. It is probably reasonable to give a summary of the different graphs
and the maps between them:

Corollary 12.17. Let P be a polynomial quiver and @) an arbitrary arrow
evaluation of P. By construction we have maps among the associated graphs
as shown in the following diagram, where ? denotes forgetting the clusters:

polynomial ?__ strong mutation ____ mutation
exchange graph of P graph of P graph of P
exchange " _ mutation 0

graph of Q) graph of Q
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Corollary 12.18. The polynomial exchange graph of a completely mutable
polynomial quiver with n vertices is n-regqular. ]

Example 12.19. Consider the polynomial quiver 1a—+1>2, which is clearly
completely mutable. Its polynomial exchange graph covers the 2-regular tree
(for « > 1) and the pentagon (for o = 0).

Also note that the polynomial exchange graph of a constant polynomial
quiver is just the ordinary exchange graph. Our definition of the polynomial
exchange graph has the advantage that we directly get the following analogue
of Lemma [7.4}

Corollary 12.20. Let P be a polynomial quiver and {i # j} C Py such that
all alternating mutations in i and j are admissible. Then these mutations
yield a cycle in the polynomial exchange graph if and only if i and j are either
unconnected or joined by a simple arrow; the length of the generated cycle is
four in the former and five in the latter case.

Proof. 1f we first consider only the polynomial quivers, we see that we get
isomorphic polynomial quivers after 5 (for |p;;| = 1) or 4 (for |p;;| = 0)
mutations by Corollary and Remark [12.174] Now the claim follows from
Lemma by our construction of the polynomial exchange graph: In the
exchange graph of any arrow evaluation we get cycles of the given length in
the described cases, so also the polynomial clusters are equivalent after 4 or 5
mutations in these cases and never else. [

Remark 12.21. Let us just mention that it follows from the general theory
of cluster algebras with coefficients in [FZ02] that the polynomial clusters
obtained by going once around one of the described cycles in the polynomial
exchange graph are not only equivalent but even equal (for any sensible notion
of equality of polynomial cluster variables).

It should not be surprising that we get a notion of a polynomial fork
by just substituting in Definition “~7 for “>” (and adding “polynomial”
where required) and that all results of Chapter 2 hold accordingly: Again, in
the proofs we just have to replace all inequality signs with the corresponding
polynomial version. Note that, given the admissibility, the results would
already follow from the fact that the constant part of a polynomial fork is a
fork. The crucial point is rather that the mutation in any vertex not equal
to the point of return is not admissible a priori, but that this also follows
from the (polynomial version of the) proof of Lemma . Instead of going
through this in detail we will show in Chapter [L3|a generalisation which allows
also several simple arrows. Let us first list some conclusions and examples

(compare Corollary , Theorem and Theorem |10.3)).
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Corollary 12.22. Let P be a polynomaial fork with point of return r such
that p, is admissible and p,.(P) is again a polynomial fork with point of return
r. Then P is completely mutable. O

Since source- and sink-mutations are always admissible, we also get

Corollary 12.23. Each abundant acyclic polynomial quiver is completely
mutable. [

For the next corollary we need a bit of preparation because acyclic poly-
nomial quivers are in general not completely mutable.

a+1

Example 12.24. 12750 gy joflgotl g 2, g ol ) 2%l 3 and

a?+2a
a? + 2« is not strictly signed.

This counterexample occurs because the arrow evaluations for a = 0 and
a = 1 are not basically equal; we do not have the trichotomy “zero, one,
many” for the polynomial arrow multiplicities. In fact we can even show

Lemma 12.25. Let P be a connected completely mutable polynomial quiver
with |Py| > 3. Then any two arrow evaluations of P are basically equal.

Proof. Assume this does not hold. Since the arrow polynomials are strictly
signed by assumption, the corresponding arrows in the evaluations have the
same direction (or vanish if and only if the polynomial is zero). So the problem

has to be that some polynomial arrow 1—-=2 evaluates to a simple arrow
in one arrow evaluation and to a multiple arrow in another. This can only
happen if its arrow polynomial u is not constant, but then u = 1 implies
that its constant term «(0) must be 1. We will show that this leads to a
contradiction similar to Example

Since P is connected and |Fy| > 3, we find a vertex 3 that is joined

to 1 or 2. First suppose we have a 3-cycle 1<—=2—"=3. We can assume
v

v(0) > w(0) by duality. Mutation in 2 produces the polynomial v — uw which
is strictly signed by assumption and satisfies (v —uw)(0) = v(0) —w(0) > 0, so
we get v — uw = 0 and hence an acyclic subquiver containing u. By applying
source- and sink-mutations if necessary we can assume (up to duality) that it
has the form of the top left polynomial quiver in Figure[12.1 A dashed arrow
means that the corresponding polynomial is zero or positive; in particular
either v or w can be zero, but not both by the choice of vertex 3. We
consider the sequence of alternating mutations in 2 and 1 as shown. On the
right hand side we have drawn the arrow evaluations obtained by setting
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all arrow variables to zero. As all occurring arrow polynomials are strictly
signed by assumption, the dashed arrows on the left must have the same
direction (or vanish accordingly) as those on the right. In particular we get
(2 — u*)uw + (1 — v?)v 3= 0 in the bottom left polynomial quiver. But as
u was assumed to be non-constant and at least one of v and w is positive,
the coefficient in front of a term of highest degree in that polynomial is
negative. So this polynomial is not strictly signed in contradiction to the
assumption. 0

This result naturally leads to the following

Definition 12.26. Let F, be a finite ordered set. We construct a basic
acyclic polynomial quiver P as follows: For each pair i > j we set

0 or
pij =41 or
2 —+ Oél'j.

Then we have the desired trichotomy, and the proof of Theorem [10.3]
yields

Corollary 12.27. Each basic acyclic polynomial quiver with 3 vertices is
completely mutable. O]

In fact we believe that Corollaries [12.27] and [12.23| are only special cases
of a more general result, which also seems to be supported by computer
experiments:

Conjecture 12.28. Basic acyclic polynomial quivers are completely mutable.

Note that Conjecture [12.28]is indeed more general than Corollary [12.23}
Given an abundant acyclic polynomial quiver P, we can form the correspond-
ing abundant basic acyclic polynomial quiver. If the latter is completely
mutable, this means that all polynomials in the arrow variables o;; occurring
in the mutation process are strictly signed. But then the same holds for the
polynomials obtained by substituting the non-negative polynomials p;; — 2
for a;.

We note also that Conjecture is stronger than Conjecture [8.16, As
there are polynomials with negative coefficients that nevertheless take only
positive values, the condition that all occurring polynomials are strictly signed
is maybe stronger than necessary for ensuring that the arrow directions and
therefore the polynomial quiver mutations are well-defined. On the other
hand Lemma [12.25 implies the following
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3 3
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Figure 12.1: The polynomial quiver mutations for Lemma [12.25
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Theorem 12.29. Conjecture implies Conjecture|8.16

Proof. Both conjectures trivially hold for (polynomial) quivers with less than
three vertices, so we assume that we deal with connected quivers with at least
three vertices. If QQ = @)’ are acyclic, then they are both arrow evaluations of
the same basic acyclic polynomial quiver P. But now Conjecture would
imply that P — and therefore also every polynomial quiver mutation-equivalent
to P — satisfies the assumptions of Lemma and the claim follows. [

In the following example we present a completely mutable polynomial
quiver that is neither a fork nor mutation-acyclic.

1 3
\\ 3 2 //
0414 0414
Q14024 / / Q140034
+ao /4\0434\3 2/0424/’4\ +aq3
(6 DY) / \ Qi34
/ (6 DX] (6 DX] N

R,
AN S

F F

Figure 12.2: Another completely mutable polynomial quiver

Example 12.30. Consider the polynomial quiver P on the left of Figure|12.2]
First observe (ignoring the rest of the figure) that mutation in the sink 3
yields a polynomial quiver canonically isomorphic to the dual P via the
transposition (12). In the figure we see that p4 is admissible and does the
same with the isomorphism induced by (23) (a vertical “symmetry axis”
might help to see this), and we get a “cycle of length 2”7 in the mutation
graph as shown. Note that the two transpositions combine to the bijection
given on the “upper mutation edge”. It is easily checked that the remaining
mutations p; and py are admissible and turn P into a fork as indicated in
the figure if a;; > 2 for all ¢ # j. Of course this holds analogously for P,
so P is completely mutable with only two vertices in the fork-less part of
the mutation graph; notably no polynomial quiver in its mutation class is
acyclic. Using Lemma we see that we get a (proper) cycle of length
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6 in the strong mutation graph because the permutation for the canonical
isomorphism has order 3. Hence the strong mutation graph of P (and thus
also the mutation graph of any sufficiently general arrow evaluation) looks as
in Figure|12.3] This raises at once the question whether this cycle corresponds
to a cycle in the exchange graph of some arrow evaluation of P, which we
answer in the following lemma.

wwwwwwwwwwwwwwwww

Figure 12.3: The strong mutation graph of P from Example [12.30

Lemma 12.31. The exchange graph of any arrow evaluation of P from
Example [12.30 with o;; > 2 for all i # j is a 4-reqular tree. In particular the
same holds for the polynomial exchange graph of P.

Proof. 1t is enough to show that the fork-less part cannot contain a cycle.
Consider the initial seed with vertex i replaced by the variable xz; for all ¢
and perform two mutations py and ps such that the polynomial quiver is
again isomorphic to the initial one. This gives the new cluster variables z =
(a7 + x5 25®) [y and o = (272252 (x})*** + 1) /29, and the isomorphism
of the polynomial quivers is given by the following bijection of the vertices:

Ty T1 Ty T3
(a:l T3 X} xz)
We will now show that this second cluster is in an appropriate sense “greater”
than the initial cluster: If we evaluate the cluster variables such that 1 <
To < 11 < x4 < w3, we claim that also 1 < z; < x5 < 2} < z} and notably
we have a strictly greater maximum. Indeed, as azq > 2 and z5** > 1 we
get z} > x%/x4 > x3 by assumption and then z3 > (25)%/zy > z} because
agq > 2 and x7?25%* > 1. So we can repeat this argument to show that



7

further mutations within the fork-less part produce again greater clusters, in
particular the sequence of clusters cannot become periodic. (Note the weaker
assumptions ayy > 2 and «;; > 0 for this.) O
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Chapter 13

Polynomial semi-forks

We have seen examples of completely mutable polynomial quivers, and the
crucial point was to know that as soon as we reach a polynomial fork P via its
point of return we need not mutate further because mutations corresponding
to a reduced path in the mutation graph are all admissible and never lead
back to P. We want to generalise this idea, but we have to deal with the
situation that a reduced path may be closed. This inspires the following

Definition 13.1. Let P be a polynomial quiver. A sequence (ki, ks, ...) of
vertices of P is called reduced if k; # k;y; for all [ € N. As long as the
corresponding mutations are admissible, we recursively set PU) := py, (P¢=1)
with P® := P. We call a sequence (finite or infinite) admissible if all
corresponding mutations are admissible. Let R C Fj be invariant under all
automorphisms of P. We call a reduced sequence (kq, ko, ...) R-avoiding if
it satisfies the following condition: Whenever P & P for some [ > 0, then
o(kiy1) € R. We say that P is R-mutable if each R-avoiding sequence is
admissible. We call P almost completely mutable if there is a vertex
ko € P, fixed under all automorphisms of P such that P is {k?g}—mutable.

The condition that R in Definition [13.1] is invariant under all automor-
phisms of P is necessary to ensure that we get a notion for the complete
isomorphism class that can therefore be applied to the (strong) mutation
graph.

Of course polynomial forks are almost completely mutable. In general
we try to avoid sequences of mutations that yield a cycle in the mutation
graph, compare the ¢-reduced paths of Chapter [6] Since we want to allow
simple arrows, we have to consider an analogue for the pentagons induced
by the latter in the polynomial exchange graph if the respective mutations
are admissible (see Corollary [12.20). Let us first introduce a shorter notation
for sequences of mutations and write S; for the sequence (ki, ko, ..., k). So

79
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denotes the empty and S, an infinite sequence. If we want to concatenate
two sequences, we use the operator “o”, for example S; 3 = S; o (kii1).
We have chosen to work with sequences of mutations rather than with the
induced paths in one of the associated graphs because then the results will
apply to all graphs. The reason not to do the same for the {-reduced paths
lies in the concrete description of the (-trees (see Figure ; the greater
generality obtained by allowing several simple arrows (instead of just one pair
of unconnected vertices) hinders us from giving such a concrete analogous

description.

Definition 13.2. Given a polynomial quiver P9, we recursively define O-
reduced sequences as follows: All reduced sequences S; with [ < 2 are
O-reduced. A reduced sequence S;;q with [ > 2 is O-reduced if S;_ is
admissible, S; is O-reduced, and the following holds: If |p,(€l;?3€l| = 1, then
ki1 # ki—1. In (other) words, whenever we would perform two alternating
mutations in the endpoints of a simple arrow, the next mutation does not
continue this. Note that we do not assume that the two mutations are
admissible — but if they are, then |p,(€llf3ﬂ| = \pglj?ﬂ] = ]p,(jl)fl )| and we can

check the condition in PV or PO,

This definition is of course motivated by the fact that a O-reduced sequence
would not walk along three consecutive edges of a pentagon in the polynomial
exchange graph generated by a simple arrow. We will show that O-reduced
sequences will — under certain conditions — nevertheless suffice to reach any
vertex in a part of the polynomial exchange graph. The idea is obvious; we
take the other way around the pentagon and have a shorter sequence that will
be O-reduced. But again we do not assume that the corresponding mutations
are admissible; this will be a consequence of the conditions.

The other idea needed to ensure that a certain sequence of mutations
yields no cycle in the mutation graph is of course again to “increase the
number of arrows” — but this causes a problem in connection with simple
arrows because the number of arrows may decrease already with the second
mutation in the endpoint of a simple arrow; here is the prototypical example:

Example 13.3. 1<%>2<_3 M, 10 980 3 M, b 9 3

In this case we want to compare the arrow numbers of the first and the
third quiver. It is useful to do this “element-wise”, but for this we have to
interchange some arrow numbers and compare the a arrows from 1 to 2 on the
left to the a + b arrows from 2 to 3 on the right. This explains the following
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Definition 13.4. Let P and P be polynomial quivers with |FPy| = | Py|. Wi
write P, < P, or more precisely P, < Py if there is a bijection ¢ : {{i # ]} C

Py} = {{i # j} C Py} such that \pw| < [Py(ijy|. If for at least one polynomial
we additionally have [p;;| < [Py(ij)|, we write Py < Py.

Clearly P, < P, implies |P;| < |P;| and in particular P ¢ P; furthermore
this defines a partial order.

However, the suggested solution entails another problem: Now we want
to compare polynomial quivers that are not directly related by a mutation.
But how can we guarantee that the desired reference quiver occurs in our
sequence? In the example above we might have another vertex 1’ in the middle
quiver playing a similar role as 1, so there would be no obvious “predecessor”
or, in fact, no analogue to the point of return for forks. For this reason we
exclude simple arrows sharing a common endpoint:

Definition 13.5. Let P be a polynomial quiver. P is almost abundant if
Ipi;| # 1 implies |p;;| %= 2 (so we have only simple and multiple arrows) and
moreover |p;;||pjx| = 2 for all pairwise distinct vertices ¢, j and k (so no two
simple arrows share a common endpoint).

This notion supplies us with the following useful lemma.

Lemma 13.6. Suppose we have a polynomial quiver P©) and a O-reduced

sequence S; with | > 2 and the following properties: PU=2) is almost abundant
and |pkll ?Ll| 1. Then also S;_o o (k;, ki—1) is O-reduced.

pi-2) i
Py ™ (1-2) Mk _q (1-2)
e ey (e, (PY7))

Proof. Clearly k; # k;_1 by assumption, so for [ = 2 there is nothing to
show. Hence assume [ > 3. k; = k;_5 contradicts the assumption that S; is
O-reduced, so S;_5 o (k;, k;_1) is reduced. But otherwise \p,(cllj?w| > 1 since
PU=2) is almost abundant, so g, and py, are not alternating mutations in
the endpoints of a simple arrow, and thus S;_s o (k;, k;—1) is O-reduced. [

We are now ready to formulate the basic idea. In analogy to the Tree
Lemma we start with a suitable almost abundant polynomial quiver P with
a “point of return” ky (or two) and show by induction that all O-reduced
sequences S, not starting with a “point of return” are admissible and the
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obtained polynomial quivers P®) with { > 1 have the following properties
generalising those of polynomial forks:

A(l) For all i € (PD) (k) and j € (PW)" (k;) we have the following:

AL(l) Tt pl(,?l =1 and p,(cll)] >= 2, then either
A.l.a(l) pyi) = 4+ 2 or

kij
A1Db(l) i = ki_y and p); — 2= p = 2
and dually.
A2(1) T ply, pi); = 2, then pi = ply) pil.

B(l) (PD) (k) and (PV)" (k) are non-empty and acyclic.
C(l) PY is almost abundant, and we have

c.1(1) PP PV or

c2() 1>2,|p) . |=1and P" = P2
Conditions [A.1.D|!) and [C.2[(I) deal with the situation in which the last
mutation has been “the second one in a pentagon”. For the base case [ = 0
this makes no sense; we could spare us any trouble by demanding that kg is

abundant, but as we wanted to include simple arrows and it would be a bit
artificial to make an exception just for [ = 0, we allow another vertex k{, with

|p](€?))k{)| = 1. This leads to the following

Definition 13.7. We call an almost abundant polynomial quiver P a poly-
nomial semi-fork if there is a vertex r called a point of return such that

(S1) For all i € P~(r) and j € P*(r) we have p;; %= 1, and moreover, if
pirapr‘j ? 27 then pji > pirvprj-

(S2) P~(r) and P*(r) are non-empty and acyclic.
Let us first note the intended consequence,

Corollary 13.8. A polynomial quiver PY with a vertex k; satisfying (l),
@(l ) and @(l ) is a polynomial semi-fork with point of return k.

Proof. follows from (l), because P®) is almost abundant (by (l)) and
hence all cases are covered. [(S2)|is precisely [BJ{). O

We also list the properties corresponding to Lemma [2.3f
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Lemma 13.9. Let P be a polynomial semi-fork with a point of return r.
a. P—{r} is acyclic.
b. Both P — P~(r) and P — P*(r) are acyclic.
c. For all vertices i € Py we have P~ (i), P*(i) # @.

Proof. By a cycle in P — {r} would contain vertices from both P~(r)
and PT(r) and thus also arrows from P~(r) to P*(r) contradicting [(S1)]
which implies a. So each cycle in P contains r and thus also a subquiver
i—r——=7j with i € P~(r) and j € P*(r); this shows b. Concerning ¢, we
have P~(r), P*(r) # @ by |[(S2)] For i # r assume (up to duality) r € P* (i)
and choose some j € P*(r); then j € P~(i) by [(S1)| O

But note that the point of return is not necessarily unique:

Example 13.10. Consider the polynomial quiver in Figure [13.1} If we
assume that all variables are at least two, then it is a polynomial semi-fork
with two points of return, namely 1 and 4. Note that both corresponding
mutations could actually reduce the number of arrows for an appropriate
arrow evaluation. (In fact this polynomial quiver is also completely mutable.)

1
/
1
Sl e
S S\
v+ w x
9% . —23

Figure 13.1: A polynomial semi-fork with two points of return.

On the other hand we can show that there cannot be more than two points
of return.

Lemma 13.11. Let P be a polynomial semi-fork with point of return r, and
" another point of return. Then |p,.| = 1, notably 1" is uniquely determined.

Proof. Suppose |p,v| # 1. Then (up to duality) p.- = 2 as P is almost
abundant. Choose a vertex i € P~(r) # & by Then p,; = 1 by [(S1)]
and as P is almost abundant, we get either p,,; = 2 or p;. = 2. In both cases
the third arrow in the 3-cycle would also have to be a multiple arrow, again

by |(S1). Now we get a contradiction because demands a unique maximal
multiplicity opposite the point of return. O]
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Moreover any automorphism of a polynomial semi-fork fixes the vertices.

Lemma 13.12. Let P be a polynomial semi-fork. Then any polynomial
quiver automorphism ¢ € Aut(P) is the identity on Fj.

Proof. Let r be the point of return and, if r is not abundant, 7’ the unique
vertex with |p,,~| = 1. If there are vertices ¢ and j with p;., p,; = 2, then r is
uniquely determined by the fact that it lies on a 3-cycle opposite the arrow
with maximal multiplicity by property (recall that P — {r} is acyclic
by Lemma [13.9.a). This also implies ¢(r) = r. If there are no such vertices,
then r is not abundant and we can up to duality assume that P~(r) = {r'}
since P is almost abundant. Choose some j € P*(r), then we get a 3-cycle
with p,;, pj = 2, and each 3-cycle in P is of that form (again by and
Lemma [13.9.a). Since ¢ preserves (up to a change of variables) the arrow
multiplicities of such a 3-cycle and in particular the direction of the simple
arrow, we obtain ¢(r) = r in this case, too. In both cases we can argue with
the unique admissible numbering for the almost abundant acyclic polynomial
quiver P — {r}, so ¢ must fix all vertices. O

We also note the (almost literal) analogue of Lemma [2.4}

Lemma 13.13. A full subquiver P of a polynomial semi-fork P with point
of return r s either almost abundant acyclic or again a polynomial semi-fork
with point of return r.

Proof. P is clearly almost abundant. If it is not acyclic, it must contain r by
Lemma and also some ¢ € P~(r) and j € P*(r) by Lemma [13.9.b} but

then |(S1)| and are obvious. O

We will now realise the described idea and prove

Proposition 13.14. Let P be a polynomial semi-fork with point of return
ko and, if ko is not abundant, k{ the unique vertexr with |p’(€2k6| = 1. Then
each O-reduced sequence S; not starting with ko or kj, is admissible, and the
polynomial quivers P® with 1 > 1 satisfy the conditions (l), @(l} and @(l}

In particular each PY is a polynomial semi-fork with point of return k.

Proof. We proceed by induction on the length [ of the sequence S;. For [ =0
there is nothing to show, so suppose S; is admissible and the polynomial quiver
P satisfies the given conditions and is hence also a polynomial semi-fork
with point of return k; by Corollary if 1 > 1. We have to show that s, ,
is admissible and that [A[l + 1), B|({ + 1) and [C| + 1) hold. We can (up to

duality) assume pgl)le = 1 (clearly k; # kij1). First we show that iy, , is
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admissible, so consider vertices i € (PD) (ki41) and j € (PO) " (kyyq). As this
configuration corresponds precisely to the configuration j € (PU1)) ™ (kjy1)
and i € (PU)" (k1) which we have to analyse for (l + 1), we will show
both claims together and also note that in all cases but one the “number of
arrows strictly increases”. In order to make the notation a bit shorter we will
. ) . (1+1) . . .

in general use p; ky €tC instead of Pryorj and not resubstitute it for checking

[A[l+1).

! ! 1 l 1
1. If pgj) = 0, then p,gjﬂ) = p(A) —I—p() (0 pfj),pl(k)m,p,(ﬂ)ﬂj is in

ij Zkl+1pkl+1j

particular strictly signed. Also, if one of sz) and pk " ,j equals 1, say the latter,

then pg) =2 (as PY is almost abundant) and lel) = pg-) +pz('2+1 pEZH +2

which is[A. 1.l + 1) as required by [A.T|(1 + 1).

2. Otherwise we have a 3-cycle, so by Lemma k€ {i,j} and by
assumption k; = 1.

2.1, If p§2 = 1, then p/,(ﬂ)k“rl,p/,(cl)+1 ;72 as P® is almost abundant, and

I+1 ! ! oo : :
hence p( ) = p/(fz)kz+1p/(fz)+1] 1> pl(q)km,pl(w)“j >~ 1 with |[A.2(] + 1) satisfied.

2.2. Otherwise pg.,zl = 2.

I o
2.2.1. In case p,(ﬂ)k,l+1 = 2 as well, |(S1)| implies p,(cl)ﬂj - pgk)z’pl(ﬂ)km (No-

tably the case pg) . = 1 for |A.1(l + 1) cannot occur.) So we obtain
I+1 ( ) ! ! I n o
p/(fzj = kz)kl“p’(fz“ﬂ pg'k)z & 2p’(fz)+1j pgk)z - p’(fz)ﬂj - p.gk)ﬂpl(fl)khrl and A'Z(l+1)

holds again.

2.2.2. Else p(l) k., = 1, which implies [ > 1. So we have either (the dual of)
IA.1.a(1) or |A.1.b|( ). In the latter case we only need the implication k1 = k;_1,
which is a contradiction to the assumption that S is O- reduced if l > 2,

and to the assumption that k; # k{ for [ = 1 (because then pkok1 p,(gll)kQ 1).
(l+1) 0] )

In the former case we get that p; - kiori — Piky 7 »= 2 is strictly signed and
also pglkﬁz —2= p,(q)m 2 = p,i y ) as required by |A.1.b({ + 1). Note that this

is the only case in which |pij | may decrease, and it corresponds indeed to the
second mutation in the endpoint of a simple arrow.

SO ik, is admissible, and (l + 1) holds. We proceed with |B] . (l+1
We see that (PUD) (k) = (PO)Y (kiyy) € PO — {k} is acyclic by

-
Lemma [13.9.a, moreover (PO)" (k1) > (PO) (k) ? @. Similarly we

_ (51)) _
have k; € (P(l+1))+(k‘l+1) = (PY) (k) < PY — (PYY (k), which is

acyclic by Lemma

It remains to show I [+ 1). Recall that |p” | may decrease only in the
case [2.2.2] so if |pklkl+1| # 1, we get Pl(l) < Pl(lH) (see Definition [13.4)), then
id
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PU+D) is in particular almost abundant. By Lemma we even get a
P.

o . : 0, pl+l
strict increase for at least one pair of vertices, so P1( = 1(+ ) and hence

C.1(l+1). In the case pl(vll)kz =1 (so ! > 1) we have to compare P/~1 and
P First note that P~ ) = P since otherwise |pk,l |l =1by I and
thus ki1 = ki1 (as PO ig almost abundant), which gives a contradiction
0

(see [2.2.2)). Next we analyse the crucial configuration jv—>\kkl_—/>kl+1 of

O]
Pl

2.2.2; By (the dual of) [A.1.a(l) we have p/(clz)Hj = p% +2, s0 in PV the
0
p.

situation looks as jj<<klk:l_<;kl+1 with p,(cll; p = pgl)ﬂj pglk)l = pgljl) =2

(1-1)
pkz+17

and we recognise the pattern of Example [13.3] Hence we define the following
bijection ¢ : {{i # j} C Pl M {{i # 4} C P (D1 For all vertices j €

(POD)" (k) N(PED) (k) we set o({j, ki}) = {4, kiyr } and @({j, ki1 }) =
{j, ki}, for all other pairs of vertices gp acts as the identity This is clearly

L -1), - 1+1)
a bijection, and we get |p§.kl )| < \pg \ + |pkl+lj| |p,€l+u| ’pl(c;w
(14+1)
ijkm\ = ij
(-1 - pl+1) ) _
so Pi 7 < Py as desired. Since |p | = 1 implies ({7, 75}) = {i,j} or,

in other words, only multiple arrows are “switched”, PU*1) is also almost
abundant, and the proof is finished. O

| and

)|. For all other pairs of vertices we get \p” \ < |p(l | < |p(l+1 \

?

The following lemma shows that considering only O-reduced sequences is
no real restriction and also not essential for admissibility.

Lemma 13.15. Under the assumptions of Proposition consider a
O-reduced sequence S; (I > 0) not starting with ko or ki and a reduced
continuation S;yq that is not O-reduced. Then Sii1 is admissible, and pU+1)
can be reached via the shorter sequence S;_s o (ki ki_1), which is O-reduced
and does not start with ko or ki), i.e. pg,_, (ur, (PU=2)) = p+D),

Hoky
[y, pt-1) ——— p@) ke

Proof. Since Sj;; is reduced, but not O-reduced, we have [ > 2, ki1 = k4
and |pkl m\ = 1. As S; does not start with kg or kj, it is in particular
admissible by Proposition [13.14, Now we can apply Lemma [13.6] and see that



87

Si_9 0 (kj, kj—1) is O-reduced. Note that this sequence does not start with
ko or k{; this is obvious for [ > 3, and if | = 2, then ky € {ko, kj} would
imply ki € {ko,ky} by |p,(£),€2| = 1, a contradiction. Hence S;_5 o (ki, ki—1)
is also admissible by Proposition [I3.14 Now Corollary shows that
[k, is admissible for P and the obtained polynomial quiver PU*1) satisfies
pra (i (PU72)) 22 PO, O

Next we want to show in analogy to Lemma that O-reduced sequences
bring us further and further away from P®. In fact this is true in any of
the graphs associated with P with respect to the appropriate notion of
mutation distance: Whenever two polynomial quivers or polynomial seeds
are (strongly) mutation-equivalent, we define their mutation distance to be
the minimal number of mutations needed to mutate one to a polynomial
quiver or polynomial seed (strongly) isomorphic to the other. (So if we say
that we reach or obtain a polynomial quiver or polynomial seed via a sequence
of mutations we actually mean its (strong) isomorphism class.) We will be
interested in the mutation distance d(—) to the fixed polynomial quiver pO),
Of course we have the triangle inequality, which we use for example in the
form d(ug(P)) < d(P)+ 1 or equivalently d(ux(P)) > d(P) — 1.

Lemma 13.16. Under the assumptions of Proposition the mutation
distance d(—) strictly increases along each O-reduced sequence Sy not starting
with ko or kj; moreover PY = PO for the corresponding polynomial quivers
with [ > 1.

Proof. Again we use induction on the length [ of the O-reduced sequence.
The polynomial quivers P satisfy (l), (l) and (l) by Proposition .
First note that (l) inductively implies P = P© for all [ > 1; in particular
a O-reduced sequence can never return to P(¥), which notably shows the claim
for [ = 1. So suppose that all O-reduced sequences of length [ > 1 satisfy the
claim, and consider a O-reduced sequence S;y1. We get d(P™) = m for all
m < [ and therefore d(PU*V) > d(PW) —1=1—1.

I First we show d(PU*V) > [. Suppose this is not the case, so d(PU*V) =
| — 1. This means that there are vertices ki, ..., ky such that PGY ~ P©)
and d(P(l+m)) =1 —m for 1 < m <. The resulting sequence S, is therefore
not O-reduced (in particular [ > 2), but clearly reduced. Suppose S, is not
O-reduced. Then we get juy, (p,,, (PCV)) = PUF2) by Lemma .

w

. pu-n pl+1) b

Phiy  pig,, (POD)

pi-2)
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But this implies d(u,,, (P'™Y)) < d(P") 4+ 1 =1 — 1, which contradicts
the induction hypothesis as S;_; o (k;y1) is O-reduced by Lemma [13.15|

So Sj.9 is O-reduced, and the problem has to occur later. At the first
point where the sequence is not O-reduced we can shorten it by Lemma [13.15
(as illustrated for S;,3), and therefore d(P®")) < [— 1, which is again nonsense.

O]
Hkl P N lukl+1
Mkl+2 \\\ 'ukl+2
fik o (PY) pi+2) 1

T pU+3)

II Now suppose that d(P*1) = 1. Then we find vertices ko, ..., ko1
such that PP+ ~ PO and d(P™) =14+ 1—-mfor 1 < m <[+ 1.
Again, S5, cannot be O-reduced, but is reduced. If S; 5 is not O-reduced,
Lemma implies that g, (s, (PU™D)) = PU+2) and we can apply [I| to
Si_1 0 (ki41, ki) to get the contradiction d(PU+2)) > 1.

pW) _ M pl+1)

oy pu=1 o fhig oy (PUTD) oo pl+2)

pi-2)
If Sj45 is not O-reduced, Lemma [13.15 shows ju,,, (pur, , (PY)) = PUF3)
and Sy o (kij2, ki41) is O-reduced. This yields the estimate d(puy,,,(P")) <
d(P"3)) +1 =1 — 1, which contradicts [I| again.

p) & P+

Mk _ e
/ . . \H—Q

pi-D pra(PO) T pe

T P(l+3)

As in [I| we see that the problem cannot occur later because then d(PU+1)
would be smaller than assumed. So d(P"+Y) =1+ 1. O

We can now also describe the role of the “forbidden” mutations.

Corollary 13.17. Under the assumptions of Proposition let S; with
[ > 1 be a O-reduced sequence not starting with ko or kj. Then an arbitrary
continuation Sy is admissible, and PUY can be reached via a O-reduced
sequence. Moreover, precisely one of the possible continuations yields a
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polynomial quiver with shorter distance to P than PY, at most one yields
a polynomial quiver with the same distance to P, and at least |P(§0)| -2
yield polynomial quivers with greater distance to P©).

Proof. At least |P0(O)] — 2 of the possible continuations are O-reduced; they
are admissible by Proposition and hence yield polynomial quivers with
greater distance to P(®) by Lemma . Of the at most two remaining
continuations, one is of course not reduced (hence trivially admissible) and
yields the polynomial quiver PU~1 reachable via the O-reduced sequence
S, with shorter distance to P© again by Lemma If there remains
another continuation S;;; that is not O-reduced, Lemma implies that
it is admissible and, moreover, S; 5 o (k;, k;_1) of length [ is O-reduced,
does not start with kg or kj, and leads to PU*V. So Lemma gives
d(PUD) = [ = d(PWV). O

This immediately implies that for each such polynomial quiver P% ob-
tained from P by a 0-reduced sequence S; we get a unique shortest mutation
sequence leading back to P9, However, a priori this does not imply that
the O-reduced sequence S; is also unique; already distinct mutations of P
might lead to the same (strong) isomorphism class in the (strong) mutation
graph. Of course this cannot happen in the polynomial exchange graph, but
we can use Lemma to show this stronger statement for all settings.

Lemma 13.18. Under the assumptions of Proposition let P and P be
two polynomial quivers obtained by mutations along O-reduced sequences not
starting with ko or kj. Then P ~ P implies that both sequences are equal.

Proof. First note that P ~ P implies d(P) = d(P). Indeed, assume without
loss of generality d(P) < d(P); if we had d(P) < d(P) we could apply
the mutation sequence of length d(P) via the isomorphism to P and get
a polynomial quiver isomorphic to P in less than d(P) steps, which is
nonsense. If d(P) = 0, the empty sequence is the only possible sequence as
the distance strictly increases along the sequences under consideration by
Lemma [13.16

Now suppose we have a O-reduced sequence S; (I > 0) not starting with kg
or kjj and two continuations S;o (k1) and S;o (/51+1) with the same properties.
We set as usual P+ = gy (PW) and PU+Y = ti,,, (PY). We claim that

P & U+ implies kg = kiyq. Clearly ki is the unique vertex of PU+Y)
that allows a distance-decreasing mutation (see Corollary [13.17), but o (k1)
has the same property, hence o(k; 1) = /~€z+1- Therefore we get an induced
automorphism PO = g, (PUHD) £ ,LL,;HI(P(ZH)) = PW, which fixes the

vertices by Lemma [13.12] So k; 1 = /%Hl as claimed.
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Finally assume d(P) > 0 and let k € P, be the unique vertex such that
d(p,(P)) < d(P). Let k be the image of k under the isomorphism from P
to P. Then of course ux(P) ~ pz(P), and by induction on the (common)
distance we get a unique O-reduced sequence S; (I > 0) not starting with kg
or kpy such that PO ~ i.(P) ~ pz(P). The considerations above show that

then also the O-reduced sequences leading to P and P are the same. O]
We summarise the results about polynomial semi-forks in the following

Theorem 13.19. Let P be a polynomial semi-fork with point of return

ko and, if ko is not abundant, k{ the unique vertex with |pg2))k(,)| =1. We

set R := {ko,k,}. Then P is R-mutable, i.e. each R-avoiding sequence is
admassible. For any polynomial quiver obtained by mutations along such a
sequence there is a unique R-avoiding O-reduced sequence leading to it.

Proof. We use induction on the length [ of the R-avoiding sequences. For
[ = 0 there is nothing to show. So suppose the claim holds for all R-avoiding
sequences of length [ and consider one of length [+1, say S;,;. By the induction
hypothesis 5; is admissible, and there is a unique R-avoiding O-reduced
sequence leading to P®. If PY ~ PO then S;,; is admissible because it
is R-avoiding, and P+ can be reached by a single mutation (and hence a
O-reduced sequence) which is unique by Lemma Otherwise d(P®) > 0,
and Corollary implies that ;41 is admissible and PU*1) can be reached
by a O-reduced sequence which is again unique by Lemma [13.18 [

We state several consequences.

Corollary 13.20. Let P be a polynomial semi-fork with point of return r
and, if r is not abundant, r' the unique vertex with |p,.| = 1. Let I" be the
polynomial exchange graph of P. If . or p,. are admissible, delete the corre-
sponding edges, and denote by I'" the connected component containing P in the
resulting graph. Then I has the following properties: All polynomial quivers
in I are polynomial semi-forks, each of them except P has |Py| neighbours,
and the edges corresponding to mutations in O-reduced sequences not starting
with v or v’ form a maximal tree in I". In particular the fundamental group
of I'" is freely generated by the pentagons induced by simple arrows.

Proof. Any vertex in IV can by definition be reached via an R-avoiding
sequence (with R := {r,7’}) and hence also via an additionally O-reduced
sequence by Theorem [13.19] Therefore it is a polynomial semi-fork by
Proposition , and every such vertex except P has |P,| neighbours by
Corollary [13.17] The O-reduced sequences induce a tree because there is a
unique sequence leading to a given vertex in I, and this tree is maximal
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because all vertices can be reached. Clearly each missing edge belongs to a
pentagon, so the last claim follows with Theorem [6.8] O

Corollary 13.21. A polynomial semi-fork P with abundant point of return
r 15 almost completely mutable. Furthermore, if u, is admissible, the edge
between P and u,(P) in the polynomial exchange graph is a bridge.

Proof. The first claim follows at once from Theorem [13.19; the second from
Corollaries 4.3[and [13.20| because P has |Py| — 1 neighbours except p,.(P). O

A particular application finishes the treatment of pre-forks as promised in
Remark [6.10] Recall from Definition [3.7] that a pre-fork with point of return
r is a quiver () with two vertices k" # k such that @ — {k’} and Q — {k}
are both forks with common point of return r and, moreover, the set ¥QF of
stopovers is empty. We have seen in Lemma that such a pre-fork with
lgii| > 2 is actually a fork with point of return . The case |gr| = 0 yields
a Q-root and is treated in Lemma |6.7] The remaining case is now a special
case of a semi-fork, i.e. a constant polynomial semi-fork.

Lemma 13.22. A pre-fork QQ as above with |qi| > 1 and point of return r
is a semi-fork with abundant point of return r.

Proof. Actually the proof is almost literally identical with that of Lemma 6.1}
Just note that r is abundant by assumption, and so condition is equivalent
to|(F1)l Moreover, @ is clearly almost abundant. O

Another consequence further supports Conjecture . In contrast
to Lemma we have not allowed an acyclic polynomial quiver P in
Proposition although the first step with k; being neither source nor
sink would have been also covered by case [1] of the proof. However, if k; is
not abundant, we would be left with a mutation whose admissibility is not
covered by Proposition [[3.14] Luckily we can avoid analysing this situation
by applying a simple trick and obtain

Theorem 13.23. Fach almost abundant acyclic polynomial quiver P is com-
pletely mutable; notably Conjectures|12.28 and|8.16 hold in this case.

Proof. We embed P in a polynomial semi-fork P by adding two vertices r
and 7" and setting p;. := 2, P := 2 and p,; := 3 for all ¢ € Fy. It is easily
checked that P is indeed a polynomial semi-fork with point of return r, hence
it is {r}-mutable. In particular all mutation sequences with only vertices from
P are admissible. As those mutations commute with deleting r and r’ by (the
polynomial version of) Lemma , P is completely mutable as required by
Conjecture [12.28] Hence the last claim follows by Theorem [12.29 ]
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Corollary 13.24. Let P be almost abundant acyclic and S; an arbitrary O-
reduced sequence. Then PW is either almost abundant acyclic or a polynomial
semi-fork with point of return k;.

Proof. For | = 0 there is nothing to show, so suppose [ > 1. As in the proof of
Theorem we embed P© in a polynomial semi-fork P© by adding two
vertices r,1’. Then S; becomes a O-reduced sequence not starting with r or 1/,
so PO is a polynomial semi-fork with point of return k; by Proposition
Again we use (the polynomial version of) Lemma to see that PY is a full
polynomial subquiver of P, hence the claim follows by Lemma O]

Theorem 13.25. Let P be an almost abundant acyclic quiver (!). Then the
fundamental group of its exchange graph I'(P) is generated by pentagons.

Proof. 1f | Py| < 2, then P is either abundant and its exchange graph a tree by
Theorem [0.4] or just a simple arrow; then the exchange graph is a pentagon
by Lemma [7.4] So suppose |Py| > 3, which implies that P is representation-
infinite. Hence source- and sink-mutations yield an infinite chain of canonical
transjectives by Lemma [9.1] Note that this is even unique as P has a unique
admissible numbering. As in the proof of Theorem [10.3 we start to construct
I'(P) from this “spine” of almost abundant acyclic seeds.

We need to analyse what happens when we mutate in a vertex r of (say)
P that is neither source nor sink. This generates 3-cycles, so p,.(P) is not
acyclic and thus a semi-fork with point of return r by Corollary [13.24] Now
there are basically two cases.

If r is abundant, then the edge between P and p,.(P) is a bridge by
Corollary [13.21} furthermore we know from Corollary that the part
of I'(P) “beyond” that bridge consists of polynomial semi-forks and has a
maximal tree induced by the O-reduced sequences starting in p,.(P) but not
with r. It follows that each vertex in this part has a unique shortest path to
an acyclic seed (namely P); of course the same holds analogously for all other
canonical transjectives.

If r is not abundant, there is a unique vertex r’ with |p,..,| = 1, and we set
R := {r,r'}. In this case the edge between P and p,(P) is part of a unique
pentagon, induced by the simple arrow between r and 7/, which we add to the
spine of acyclic seeds. For simplicity we will again keep the notation of quivers
rather than that of seeds; so the mutations corresponding to the edges of the
pentagon are those in r and 7’ for any of the seeds on the pentagon though the
corresponding cluster variables of P are exchanged. (This will cause at least
less confusion than starting to introduce the exchanged variables.) There
are different possibilities for the number of canonical transjectives on such a
pentagon (one, two or three), but we can treat them all with one argument.
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Namely, any seed on the pentagon that is not canonical transjective can be
reached by at most two mutations in r and r’ from a seed lying on the spine.
We claim that it is therefore a polynomial semi-fork with point of return in R.

We can again assume without loss of generality that we start from P
and the first mutation is in r. Then it is easy to see that neither u,(P) nor
(i (P)) can be acyclic. Indeed, as |Py| > 3 and r is neither source nor sink,

P has (up to duality) a full subquiver of the form Tr—a>\@<§r’ with a,b > 0.

: . 3 b T —+b oyt
Then the considered mutations yield re2=k<——r" X r<2—k<""Zy -5

b a+b . .
r<—=k——=r", so the corresponding seeds are not acyclic. Hence they are

semi-forks with point of return in R by Corollary as claimed.

In the next step we analyse what happens if we leave the considered pen-
tagon from such a semi-fork. By construction the mutations in R correspond
to mutations along the pentagon, so we can only leave the pentagon from one
of the semi-forks with an R-avoiding sequence. In this situation we can once
more invoke Corollary which tells us that any seed we reach by such a
sequence is again a semi-fork that can be reached by a unique (R-avoiding)
O-reduced sequence of mutations. In particular, with such a sequence we
can never return to the spine of transjectives, which in turn implies that
a semi-fork on this pentagon cannot lie on another pentagon that shares a
vertex with the spine. Hence, if we add all these pentagons, all the added
semi-forks are pairwise distinct and thus belong to a unique added pentagon
each.

Finally, from each added pentagon we choose precisely one edge that is
not contained in the spine. If we delete these edges, each semi-fork in one of
the added pentagons is now reachable by a unique shortest path from one
of the canonical transjectives. As we have just seen, all other vertices of the
exchange graph are also semi-forks with a unique shortest path — given by a
O-reduced sequence — to one of the semi-forks on the pentagons. Altogether,
taking the edges on the spine, the remaining edges on the added pentagons,
the edges corresponding to mutations along a O-reduced sequence leaving one
of the added pentagons from a semi-fork, and, not to be forgotten, the bridges
of the first case together with the edges corresponding to the O-reduced
sequences continuing beyond the bridge, we get a maximal tree in I'(P), since
an arbitrary vertex can now be reached by a unique reduced path from a
fixed canonical transjective. By construction all edges not contained in this
maximal tree belong to a pentagon, so the claim of the theorem follows with
Theorem [6.8] O

So we finally get a considerable extension of Corollary and the partial
answer to Happel’s question for almost abundant acyclic quivers.
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Corollary 13.26. Let Q = Q' be almost abundant acyclic n-point-quivers.
Then A(Q) = A(Q'), X(Q) = X(Q') and Kkg = Kkg . Notably there is
a canonical bijection between the sets of isomorphism classes of exceptional
modules over KQ and KQ'.

Proof. This follows from Corollary with Theorems [13.23| and [13.25, [

We summarise the classes of completely mutable polynomial quiver in the
following

Theorem 13.27. A polynomial quiver P is completely mutable if it is almost
abundant acyclic, basic acyclic with 3 vertices, or a polynomial fork with point
of return r such that p.(P) is again a polynomial fork with point of return r.

Proof. This is Theorem [13.23] Corollary [12.27] and Corollary [12.22 O
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Theses

This thesis deals with the question of Dieter Happel whether finite acyclic
quivers that differ at most in the multiplicities of their multiple arrows have
isomorphic associated structures on the level of representation theory. We
call such quivers basically equal. We take a combinatorial approach to this
question via the link between representation theory and cluster combinatorics;
specifically we study the behaviour of certain quivers under quiver muta-
tion and derive consequences for the associated structures, in particular the
exchange graph and the cluster complex.

1. We define a certain class of quivers called forks and show that their
behaviour under quiver mutation allows us to describe large parts of
the exchange graph as trees that consist of forks only.

2. We show that forks occur in all exchange graphs of mutation-infinite
quivers, furthermore an arbitrary vertex in such an exchange graph
has at most distance D(n) from a fork for some bound D(n) that only
depends on the number n of vertices of the quiver. This implies that
most of the vertices in the exchange graph are forks and one has a good
picture of its global structure.

3. Transferred to the representation-theoretic side, the given construction
for obtaining forks yields a confirmation of a conjecture by Unger in all
but finitely many cases.

4. We state some (together) sufficient conditions for a partial positive
answer to Happel’s question. One of them is that basically equal acyclic
quivers remain basically equal under mutation.

5. We give examples of quivers for which the results about forks lead to a
complete description of the exchange graph and show that this yields a
classification that supports a positive answer to Happel’s question.
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6. We extend the described classification of the exchange graphs to the
cluster complexes by showing the sufficient conditions and derive partial
positive answers to Happel’s question.

7. We observe a possible reason for the behaviour of basically equal acyclic
quivers under mutation and suggest to express it in terms of “polynomial
quivers” in which we have arrow polynomials instead of arrow numbers.
We give precise definitions and examples of polynomial quivers.

8. We introduce a class of polynomial quivers that generalises the class of
forks. By refining our previous arguments we obtain similar classification
results and can give our partial positive answer to Happel’s question
for this larger class.
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