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Chapter

Introduction

The approximation of multivariate functions is an important problem in numerical analysis.
The discretization of multivariate problems often leads to a dramatic growth of the degrees of
freedom for increasing refinements even for moderate dimensions, like four or five, since the
degrees of freedom may grow exponentially in the dimension when the approximation error
shall be decreased by a factor. This issue is known as the curse of dimensionality [Bel61].
In two or three dimensions, approaches using tensor products of univariate methods are fre-
quently used. However, for higher dimensions, such a straightforward approach is usually
impracticable. Methods for attenuating this problem are generally based on assuming ad-
ditional structure like smoothness or sparsity. Then, we also have a chance to deal with
high-dimensional problems. In order to be able to apply such a method in practice for larger
problem sizes, this property may not be enough. For that reason, we may need fast algorithms
for the numerical computations.

For high-dimensional periodic functions, multivariate trigonometric polynomials are very
well-suited as approximants, see e.g. [Tem85, Tem89, Tem93, DuU13, KSU14, KSU15,
DTU16]. One possibility to obtain such a multivariate trigonometric polynomial is to use
a truncated Fourier series of a function, and a comprehensive analysis of the associated ap-
proximation errors exists. Often, the error analysis is performed for functions from function
spaces characterized by the decay or summability of their Fourier coefficients with respect
to certain weights. Since the Fourier coefficients are unknown in general, common methods
for the construction of approximants are based on samples of a function. For this, one typi-
cally assumes that the function, which we want to approximate, is given as a black box and
that the evaluation of function values is possible at arbitrary nodes or at least at certain
nodes. Then, a fast Fourier transform (FFT) can be applied to function values and this
yields approximated Fourier coefficients. Now, we can use the corresponding approximated
Fourier partial sum, which is a multivariate trigonometric polynomial, as approximant of the
function.

For moderately high-dimensional problems, e.g. up to ~ 20 dimensions, sparse grids are
frequently used as spatial discretization, which are sampling sets belonging to Smolyak’s al-
gorithm [Smo63], see also [Tem85, Tem93, U108, DTU16], and approximants with frequencies
supported on hyperbolic cross index sets yield a huge reduction in the degrees of freedom from
O(N%) to O(Nlog? ' N), where d denotes the dimension and the number of nodes in one
coordinate direction is O(N). If the underlying function is sufficiently smooth, for instance
has bounded mixed derivatives, this reduction only slightly affects the approximation error.

9



10 1 INTRODUCTION

Even higher dimensions are possible using spatially adaptive versions of sparse grids for func-
tion approximation, see e.g. [Pfl10]. Moreover, there exist fast versions of the FFT adapted
to sparse grids called hyperbolic cross FFT (HCFFT), see e.g. [BD89, Hal92, Gra07, GH14],
which allow switching between sparse grids in spatial domain and hyperbolic crosses in fre-
quency domain in only O(N log? N) arithmetic operations. However, for growing refine-
ments N and dimensions d, the condition number of the Fourier matrix corresponding to the
hyperbolic cross discrete Fourier transform grows distinctly [KK11]. Moreover, the efficient
implementation of the HCFFT may be effortful due to the hierarchical scheme, e.g. see the
implementation considerations in [Hal92] and [Gra07].

An alternative approach for obtaining approximants of multivariate periodic functions is
based on using lattices as spatial discretization. Lattice rules are well known in numerical inte-
gration, see e.g. [Kor59, SK87, Tem86, SJ94| as well as the surveys [CN08, DKS13], they have
already been used by Korobov [Kor59, Kor63] and Hlawka [Hla62] at the end of the 1950ies
and the beginning of the 1960ies. In recent years, the utilization of lattice rules for multivari-
ate integration was considered again starting with [SW01] and was followed by many contri-
butions, see e.g. [SR02, SKJ02b, SKJ02a, Kuo03, Nuy07, CN08, CKN10]. Numerical integra-
tion and function approximation are closely related, since the computation of (approximated)
Fourier coefficients from samples of a function may be regarded as (approximately) computing
Fourier coefficients, defined by multivariate integrals of the function, with the help of cubature
formulas. Therefore, lattice rules have also been used for multivariate function approximation
for a long time, see e.g. [Kor63, Tem86, Tem89, Tem93| and the surveys [DKS13, DTU16], and
were considered again in recent times, see e.g. [LH03, ZLH06, KSW06, KSW08, KWWO09].

Rank-1 lattice rules or the “method of good lattice points” are preferably used due to
their simple structure, the existence of fast and easy construction methods, explicit error
formulas as well as extensive tractability results, see e.g. the survey [DKS13| and the refer-
ences therein. A rank-1 lattice A(z, M) is completely characterized by two parameters, the
generating vector z € Z% and the size M € N. The corresponding rank-1 lattice rule is the
cubature formula with rank-1 lattice nodes x; := ﬁz mod1, j =0,...,M — 1, and equal
weights 1/M. We remark that a rank-1 lattice rule is a quasi-Monte Carlo rule, see e.g.
[Nie78, DKS13].

Despite the relatively simple structure of rank-1 lattices A(z, M), an exhaustive search
of its parameters may be too costly. Even for given rank-1 lattice size M, the generating
vector z € {0,1,..., M — 1}¢ may have O(M?) possible values. For the efficient construc-
tion of rank-1 lattices A(z, M) for integration and approximation, construction methods
were developed which work in a component-by-component (CBC) way, considering one com-
ponent of the generating vector z at a time and yielding a reduction of the search space
to O(d M). Within the search method, the component of the generating vector z is typically
chosen to minimize a certain error criterion. We remark that CBC construction methods
were first considered in [Kor59, Kor63] and we refer to the survey [DKS13] for more histor-
ical details. More recently, important results for CBC construction methods and integra-
tion error analysis were obtained in [SR02] and many contributions followed afterwards, see
e.g. [SKJ02b, SKJ02a, Kuo03] for weighted Sobolev spaces and Korobov spaces in different
settings. Moreover, fast CBC construction methods based on FFTs were developed for func-
tions in reproducing kernel Hilbert spaces, cf. [Nuy07, CNO08], which reduce the number of
required arithmetic operations for the CBC search distinctly. In recent years, the approx-
imate computation of the Fourier coefficients of a function by lattice rules was considered
in [LHO3, ZLH06] and CBC construction methods as well as tractability results were dis-
cussed in [KSWO06, KSW08, KWW09]. Again, fast construction methods based on FFTs
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may be used to accelerate the CBC approach, see e.g. [CKN10, DKS13]. Moreover, the com-
putation of the approximated Fourier coefficients can be performed by a FFT, see [LH03],
in O(M log M) arithmetic operations.

More recently, another CBC construction approach was developed which ensures that
multivariate trigonometric polynomials can be exactly reconstructed from samples taken at
the nodes x; of a rank-1 lattice A(z, M), which fulfills a special reconstruction property, by
applying a rank-1 lattice rule, see [KKP12, K&dm13, Kdml4a, K&m14b]. For a multivariate
trigonometric polynomial p; with frequencies supported on an arbitrary index set I ¢ Z¢
of finite cardinality, |I| < oo, such a rank-1 lattice A(z, M) is called reconstructing rank-1
lattice [Kémlda] for the frequency index set I and is denoted by A(z,M,I). From sam-
ples at the corresponding nodes, the exact computation of the Fourier coefficients is very
simple, using only a single one-dimensional FFT followed by a simple index transform, and
requires only O(M log M) arithmetic operations (under mild assumptions). Moreover, the
corresponding Fourier matrix has always condition number 1 and the reconstruction method
is perfectly stable.

In this work, we consider the approximation of multivariate periodic functions f: T¢ — C
by multivariate trigonometric polynomials p;y based on samples of f taken along reconstruct-
ing rank-1 lattices A(z, M, I), see also [KPV15a, KPV15b, BKUV16]. In doing so, we assume
that we know the frequency index sets I which contain the non-zero Fourier coefficients py # 0
of multivariate trigonometric polynomials p; or the approximately largest Fourier coefficients
of multivariate periodic functions f due to the function classes they belong to. We show
error estimates for rank-1 lattice sampling of multivariate periodic functions f from weighted
subspaces A% (T?) of the Wiener algebra A(T?) and for functions f from periodic Sobolev
spaces of generalized mixed smoothness H % 7Y(T9). Moreover, we develop a Taylor expansion
based method for the fast evaluation along perturbed rank-1 lattices, see also [Vol13], as well
as for the fast reconstruction, see also [KPV15a]. We obtain sampling error estimates which
yield similar results as in the unperturbed case. Numerical tests for function approximation
in up to 25 dimensions confirm the high performance and theoretical error estimates of the
proposed methods.

A main contribution of this work is that we transfer the approach from the periodic case
to the non-periodic case, where we develop a fast evaluation and reconstruction framework
as well as an approximation method. Here, we use multivariate algebraic polynomials in
Chebyshev form aj, which are linear combinations of tensor product Chebyshev polynomials
of the first kind Ty, with frequencies k supported on an arbitrary known index set I C Ng
of finite cardinality, |I| < co. As spatial discretization, we employ rank-1 Chebyshev lat-
tices CL(z, M) [CP11]. For the special case of ¢1-ball frequency index sets I = I;’;;O", the
reconstruction has already been considered in [CP11, BDMV16, BDMV15]. In this work,
we discuss methods for the fast evaluation of arbitrary multivariate algebraic polynomials
in Chebyshev form a; at the nodes x; := cos(iMﬂz), j=0,...,M, of an arbitrary rank-1
Chebyshev lattice CL(z, M). We develop methods for the fast and exact reconstruction of ar-
bitrary multivariate algebraic polynomials in Chebyshev form a; with frequencies supported
on arbitrary known index sets I C N¢, |I| < oo, from samples, see also [PV15]. For this,
we establish reconstruction properties for this non-periodic setting and define reconstruct-
ing rank-1 Chebyshev lattices CL(z, M, I) analogously to the periodic case. Interestingly,
we can use the generating vector z of certain reconstructing rank-1 lattices A(z, M, I ) from
the periodic case for the non-periodic case, which has already been considered for so-called
tent transformed rank-1 lattices in [SNC16] for a different non-periodic setting than ours.
We describe CBC construction algorithms for generating reconstructing rank-1 Chebyshev
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lattices CL(z, M, I) for arbitrary frequency index sets I € N¢, |[I| < co. As in the periodic
case, we show sampling error estimates for the approximation of multivariate non-periodic
functions f: [~1,1]? — R from subspaces A%?([~1,1]%) of the analogon of the Wiener al-
gebra A([—1,1]%) and for functions f from corresponding Sobolev-type spaces of generalized
mixed smoothness H%?([~1,1]4). Numerical tests in up to 25 dimensions confirm the ef-
fectiveness of the proposed reconstruction methods for multivariate algebraic polynomials in
Chebyshev form ay and for multivariate non-periodic functions f.

Until now, we assumed that we know frequency index sets I, which contain the locations of
the non-zero Fourier or Chebyshev coefficients of a multivariate trigonometric polynomial py
or multivariate algebraic polynomial aj, respectively. However, these frequency locations are
unknown in many cases. In general, it is a very challenging task to obtain such frequency
index sets I, especially in higher dimensions.

A further main contribution of this work is the development of sparse FFT methods,
which determine these unknown frequency locations in a dimension-incremental way based
on a CBC approach, see also [PV16] for the periodic case. Especially notable are the simple
structure, the general and easy applicability as well as the numerically observed high robust-
ness of the proposed methods. We discuss a framework based on dimension-incremental pro-
jections parallel to the coordinate axes. Starting with the first component, we determine the
unknown frequency locations I belonging to the approximately largest Fourier or Chebyshev
coeflicients one component at a time and then proceed with the next component. As sampling
sets, we employ the nodes of reconstructing rank-1 lattices A(z, M, I ) or reconstructing rank-1
Chebyshev lattices CL(z, M, I ), and we make use of fast reconstruction algorithms. We de-
velop methods for the reconstruction of high-dimensional trigonometric polynomials p; as well
as for the approximation of multivariate periodic functions f with infinitely many non-zero
Fourier coefficients, using rank-1 lattice sampling. For high-dimensional algebraic polynomi-
als in Chebyshev form a; as well as for multivariate non-periodic functions f with infinitely
many non-zero Chebyshev coefficients, we discuss modifications using rank-1 Chebyshev lat-
tice sampling. We only require that a very large superset I' of possible frequency locations,
the search domain, is known and that we are able to obtain sampling values from the function
under consideration. The proposed methods are successfully applied in numerical tests for
the reconstruction of high-dimensional trigonometric polynomials p; in up to 30 dimensions
and high-dimensional algebraic polynomials in Chebyshev form a; in up to 15 dimensions as
well as for the approximation of a 10-dimensional periodic test function and a 9-dimensional
non-periodic test function.

Parts of this work have already been published in [Vol13, KPV15a, KPV15b, KKM™14,
PV16, PV15, PTV16, BKUV16].

Outline of the Thesis

In the following, we give a short overview of the remaining chapters of this thesis. For a
detailed overview, we refer to the introduction of each chapter.

Chapter 2: Multivariate Trigonometric Polynomials

We introduce necessary notations for multivariate trigonometric polynomials p;. Our main
focus is on the fast evaluation and fast reconstruction of multivariate trigonometric poly-
nomials p; with frequencies supported on arbitrary known index sets I C Z¢, |I| < oo, as
well as the fast approximation of multivariate periodic functions f: T¢ — C by multivariate
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trigonometric polynomials py. We give a short overview of results for sparse grid sampling.
In the main part of this chapter, we develop results for rank-1 lattice sampling and perturbed
rank-1 lattice sampling based on reconstructing rank-1 lattices A(z, M, ). We collect the
obtained error estimates for rank-1 lattice sampling in Table 2.1, 2.2 and 2.4.

In Section 2.1, we deal with the fast evaluation at rank-1 lattice nodes and perturbed
rank-1 lattice nodes. We review the fast evaluation of arbitrary multivariate trigonometric
polynomials p; at the nodes x; of an arbitrary rank-1 lattice A(z, M) using a simple index
transform and a single one-dimensional FFT of length M. In Section 2.1.2, we develop a
Taylor expansion based method for the fast evaluation at perturbed rank-1 lattice nodes and
we show error estimates in Lemma 2.1 and Theorem 2.3. The evaluation error is small if the
perturbations are not too large or if the Fourier coefficients pp have a certain decay.

In Section 2.2, we deal with the fast reconstruction using samples at rank-1 lattice nodes
or perturbed rank-1 lattice nodes. We review results for the fast and exact reconstruction of
arbitrary multivariate trigonometric polynomials p; at the nodes x; of a reconstructing rank-1
lattice A(z, M, I) as well as methods for the CBC construction of such lattices. Moreover, we
show bounds on the cardinalities \IK}T’I\ of frequency index sets I]%}T’l, cf. (2.14), in Lemma 2.5

and we collect bounds on the sizes M of reconstructing rank-1 lattices A(z, M, IK}T’I) for I ]C\I;T’l
in Table 2.3. Depending on the choice of the shape parameter T € [—o0, 1), the considered
frequency index sets Ii;T’l include ¢1-balls IJ%;_OO’I and hyperbolic crosses I]‘f;o’l as well as
energy-norm based hyperbolic crosses IK;T’l for 0 < T < 1. In general, we have an oversam-
pling, i.e., we may require significantly more rank-1 lattice nodes x; than there are frequen-
cies k € I, [I| < M < |I|?>. In Section 2.2.2, we consider the reconstruction from samples
taken at perturbed nodes originating from a reconstructing rank-1 lattice A(z, M, I) and we
obtain error estimates in Theorem 2.10. The reconstruction is stable if the perturbations are
not too large.

In Section 2.3, we consider the approximation of multivariate periodic functions
f: T4 — C from weighted subspaces A*?7(T9) of the Wiener algebra A(T?) = A%01(T%)
and from periodic Sobolev spaces of generalized mixed smoothness H®5Y(T9) < Ly(T9) =
H%01(T) by multivariate trigonometric polynomials p; with focus on rank-1 lattice sampling
and perturbed rank-1 lattice sampling. In Section 2.3.1, we consider norm inequalities and
embeddings for the used function spaces in Lemma 2.11, 2.12 and 2.14. In Section 2.3.2, we
show error estimates for truncation errors in Theorem 2.17 and 2.20 as well as Corollary 2.21
and 2.22, i.e., for the approximation of a multivariate periodic function f: T¢ — C by a trun-
cated Fourier series, which is a multivariate trigonometric polynomial p;. In Section 2.3.3, we
consider rank-1 lattice sampling and require only O (M log M + d |I|) arithmetic operations
for the computation of approximated Fourier coefficients from samples along reconstructing
rank-1 lattices A(z, M, I) using Algorithm 2.4. Moreover, we show error estimates for rank-1
lattice sampling of multivariate periodic functions f € A(T%) using reconstructing rank-1
lattices A(z, M,I). We obtain theoretical results, where the error rates asymptotically cor-
respond to the ones of the truncation errors in Section 2.3.2 (up to logarithmic factors in
some cases), see Table 2.1 and 2.2. In Section 2.3.4, we show error estimates for the case of
perturbed rank-1 lattice sampling in Theorem 2.46 using the method from Section 2.2.2. In
Section 2.3.5, we discuss various numerical examples for the approximation of multivariate
periodic functions f by multivariate trigonometric polynomials p; based on rank-1 lattice
sampling for up to 25 dimensions and based on perturbed rank-1 lattice sampling for up to
10 dimensions. Moreover, we compare the obtained numerical results with the theoretical
estimates. The observed decay rates of the sampling errors correspond approximately to the
theoretical estimates.
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Chapter 3: Multivariate Algebraic Polynomials in Chebyshev Form

We transfer the results from the periodic case of Chapter 2 to the non-periodic case. As basis
functions, we use tensor products of Chebyshev polynomials of the first kind and we consider
multivariate algebraic polynomials in Chebyshev form a; which are a linear combination
of these. As spatial discretization, we use rank-1 Chebyshev lattices CL(z, M). Our main
focus is on the fast evaluation and fast reconstruction of multivariate algebraic polynomials in
Chebyshev form aj with frequencies supported on arbitrary known index sets I C Ng, I < o0,
as well as the fast approximation of multivariate non-periodic functions f: [~1,1]? — R by
multivariate algebraic polynomials in Chebyshev form ay. We mention results for sparse grid
sampling and develop results for rank-1 Chebyshev lattice sampling.

In Section 3.1, we deal with the fast evaluation of arbitrary multivariate algebraic polyno-
mials in Chebyshev form a; at the nodes of an arbitrary rank-1 Chebyshev lattice CL(z, M).
We present a method indicated in Algorithm 3.1 which only uses easy-to-compute in-
dex transforms and a single one-dimensional discrete cosine transform (DCT), requiring
O(M log M + d2?|I]) arithmetic operations in total.

In Section 3.2, we consider the fast and exact reconstruction of arbitrary multivariate
algebraic polynomials in Chebyshev form a; with frequencies supported on arbitrary known
index sets I C Ng, |I| < oo, from samples at the nodes of special rank-1 Chebyshev lat-
tices CL(z, M). In Section 3.2.1, we develop a method for the reconstruction indicated in Al-
gorithm 3.2 which is based on using a single one-dimensional DCT and easy-to-compute index
transforms, requiring O(M log M +d 2%|I|) arithmetic operations in total. Using the extended
symmetric index set M(I), a modified version of Algorithm 3.2 for the fast and exact recon-
struction has an arithmetic complexity of O(M log M + d|M(I)]), which may be distinctly
less if only some components of the frequency index set I are coupled. We derive conditions
which allow for the exact reconstruction, i.e., we establish reconstruction properties (3.22),
(3.23) and (3.25), and we define reconstructing rank-1 Chebyshev lattices CL(z, M, I) based
on these. In Section 3.2.2, we develop two CBC construction approaches for reconstructing
rank-1 Chebyshev lattices CL(z,M,I). One method is based on building a reconstruct-
ing rank-1 lattice A(z, M, M(I)) from the periodic case for the extended symmetric index
set M(I), see Theorem 3.4, and the second method directly uses the obtained reconstruction
property (3.25) of the non-periodic case, see Algorithm 3.3.

In Section 3.3, we mention relations to other non-periodic approaches. In Section 3.3.1,
we explain relations of reconstructing rank-1 Chebyshev lattices CL(z, M, I) to Padua point
sets and Lissajous curves. In Section 3.3.2, we discuss a related non-periodic approach based
on tent transformed rank-1 lattices which uses different basis functions than Chebyshev poly-
nomials.

In Section 3.4, we consider rank-1 Chebyshev lattice sampling for the approximation of
multivariate non-periodic functions f. We consider norm inequalities and embeddings for the
used function spaces in Lemma 3.9 analogously to the considerations in Section 2.3.1. More-
over, we develop an aliasing formula for rank-1 Chebyshev lattice sampling in Lemma 3.11.
Analogously to the periodic case, we use reconstructing rank-1 Chebyshev lattices CL(z, M, I)
as sampling sets for function approximation and we obtain Algorithm 3.4, which requires
O(M log M +d 2¢|I|) arithmetic operations for the computation of approximated Chebyshev
coefficients from the samples. We discuss a modified version of Algorithm 3.4 which requires
O(M log M +d|M(I)|) arithmetic operations. We show error estimates for rank-1 Chebyshev
lattice sampling in Theorem 3.16 and 3.17 as well as Corollary 3.18 and 3.19 similar to the
results from the periodic case.

In Section 3.5, we give numerical results for the fast reconstruction of multivariate alge-
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braic polynomials in Chebyshev form a;. Additionally, we apply rank-1 Chebyshev lattice
sampling for test functions in up to 25 dimensions. Moreover, we compare the numerical
results with the error estimates and approximately observe the theoretical upper bounds.

Chapter 4: High-Dimensional Sparse FFT

For unknown frequency index sets I, we introduce a dimension-incremental method for de-
termining the location of the non-zero Fourier coefficients of a multivariate trigonometric
polynomial p; based on rank-1 lattice sampling from Chapter 2. In doing so, we assume that
the unknown frequency locations are a subset of a search domain I' C Z% which may be very,
very large, e.g., a d-dimensional full grid. We apply this method for determining the (roughly)
largest approximated Fourier coefficients of multivariate periodic functions f with infinitely
many non-zero Fourier coefficients. Moreover, we transfer this idea to the non-periodic case
and we obtain an analog method using the results from Chapter 3.

In Section 4.1, we deal with the periodic case. In Section 4.1.1, we introduce the general
idea of a CBC based dimension-incremental projection method as Algorithm 4.1 and explain
this on the reconstruction of a three-dimensional trigonometric polynomial using rank-1 lat-
tice sampling in Figure 4.1. In Section 4.1.2, we develop two randomized algorithms indicated
in Algorithm 4.2 and 4.3 for the general approach from Section 4.1.1. Both algorithms only
differ in one computation step when building a reconstructing rank-1 lattice A(z, M, I ). Al-
gorithm 4.2 performs a search in step 2b using a method similar to Algorithm 2.2, whereas
Algorithm 4.3 directly uses Theorem 2.7. Consequently, the obtained rank-1 lattice sizes M
and numbers of required samples of Algorithm 4.2 may be smaller but Algorithm 4.3 may
be faster. In Section 4.1.3, we discuss situations when the successful detection may fail. In
Section 4.1.4, we discuss the number of required samples and the arithmetic complexity of the
proposed methods. Assuming VN < s < N for sparsity parameter s € N, which is an input
parameter of Algorithm 4.2 and 4.3, we require O(d s> N) many samples for both algorithms
as well as O(ds3N?) and O(d s> + ds?Nlog(s N)) arithmetic operations for Algorithm 4.2
and 4.3, respectively. If all detections succeed, we can replace s by the sparsity |supp p],
i.e., the number of non-zero Fourier coefficients pg # 0 of a multivariate trigonometric poly-
nomial pr, in the sampling and arithmetic complexities. In Section 4.1.5, we give purely
deterministic versions of the randomized algorithms from Section 4.1.2, which can be applied
if the Fourier coefficients pg of the multivariate trigonometric polynomials py fulfill certain
properties. For instance, this is the case when all Fourier coeflicients pg are non-negative or
non-positive. In Section 4.1.6, we present numerical results for up to 30 dimensions which
confirm the effectiveness and high performance of the presented methods. Especially, we
consider a numerical example where we successfully reconstruct the frequency locations of
sparse 10-dimensional trigonometric polynomials p;y when the samples are perturbed by heavy
noise. Moreover, we apply (a modified version of) Algorithm 4.2 and 4.3 for the approximate
reconstruction of the (roughly) largest Fourier coefficients of a 10-dimensional test function
with infinitely many non-zero Fourier coefficients. We successfully determine approximated
Fourier coefficients and the corresponding frequency locations yielding small approximation
errors.

In Section 4.2, we transfer the results from the periodic case to the non-periodic case. In
Section 4.2.1, we describe the required modifications of the methods from Section 4.1.2 for the
non-periodic case. For this, we replace all computations in Algorithm 4.2 related to rank-1
lattice sampling and reconstructing rank-1 lattices A(z, M, I ) by their non-periodic counter-
parts from Chapter 3, i.e., by rank-1 Chebyshev lattice sampling and reconstructing rank-1
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Chebyshev lattices CL(z, M, I). We obtain Algorithm 4.4, which uses the first CBC construc-
tion method from Section 3.2.2 by searching for reconstructing rank-1 lattices A(z, M, M(I))
from the periodic case for the extended symmetric index set M(I), and Algorithm 4.5, which
uses the second CBC construction method, i.e., the reconstructing rank-1 Chebyshev lat-
tices CL(z, M, I ) are directly searched for. In Section 4.2.2, we present numerical examples
which again show very promising results. We successfully reconstruct the frequency locations
and non-zero Chebyshev coefficients ag # 0 of high-dimensional sparse algebraic polynomials
in Chebyshev form a; in up to 15 dimensions. Moreover, we apply (a modified version of)
Algorithm 4.4 and 4.5 for the approximate reconstruction of the (roughly) largest Chebyshev
coefficients of a 9-dimensional test function with infinitely many non-zero Chebyshev coeffi-
cients. We successfully determine approximated Chebyshev coefficients and the corresponding
frequency locations yielding small approximation errors.

Chapter 5: Conclusion

We briefly summarize the topics discussed in this work and recapitulate main contributions.
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Chapter

Multivariate Trigonometric Polynomials

We consider multivariate trigonometric polynomials

pr € I} := span{e*™*°: k ¢ I}, (2.1)
pr(m) =Y pr *7, (2.2)
kel

with frequencies k € Z? supported on arbitrary index sets I C Z¢, |I| < oo, and corresponding
Fourier coefficients pr € C. Throughout this chapter, we assume that the frequency index
set [ is arbitrarily chosen but known and of finite cardinality, |I| < co. We are interested
in methods for the fast evaluation of such a multivariate trigonometric polynomial (2.2)
at certain nodes as well as the fast reconstruction of the Fourier coefficients pg, k € I,
from samples. Moreover, we apply these methods for the fast approximation of multivariate
periodic signals f: T¢ — C by trigonometric polynomials p; based on samples of f. Then,
the index set I contains the frequencies k belonging to the roughly largest Fourier coefficients
of f and those Fourier coefficients are approximately obtained using a reconstruction method
based on function values of f taken at certain nodes.

Various fast evaluation and reconstruction methods are already known for special cases.
For instance, if the frequency index I is a d-dimensional full grid, e.g. I := [N, N)?n Z4
with refinement N € N, then one may use nodes y; € T? ~ [0,1)% on the d-dimensional full
grid Y := {0,1,...,2N — 1}¢/(2N) in spatial domain. Here, a d-dimensional fast Fourier
transform (FFT) of length 2NV in each coordinate direction allows for the easy and fast
computation of the function values pl(yj) from the Fourier coefficients pg and vice versa, see
Figure 2.1 for an illustration. However, since the cardinalities |I| of the frequency index set I
and || of the spatial grid ) are both (2N)¢, this approach suffers heavily from the curse of
dimensionality [Bel61] even for moderate dimensions d, like e.g. d = 4,5, 6.

This problem can be attenuated by using thinner frequency index sets I, like hyperbolic
crosses, see e.g. the survey [DTU16] and the references therein. In case of the approximation
of a periodic signal f, its Fourier coefficients should decrease accordingly to such frequency
index sets I in order to obtain a reasonable approximation error. If we consider a hyperbolic
cross confined in a cube [~N,N]*NZ% N € N, the cardinality |I| is O(Nlog? ! N), see
e.g. [Tem93|, and the constant may be exponential in the dimension d. As spatial node set
Y C T, one may use the nodes y; of a sparse grid, which is a sampling set belonging to
Smolyak’s algorithm [Smo63], see also [Tem85, Tem93, Ull08, DTU16]. In this case, there
exist fast algorithms for the evaluation and reconstruction called HCFFT (hyperbolic cross

17
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Figure 2.1: d-dimensional FFT between full grids.

fast Fourier transform), cf. [BD89, Hal92, Gra07, GH14]. In Figure 2.2, a two-dimensional
hyperbolic cross and sparse grid are depicted.
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Figure 2.2: d-dimensional FFT between hyperbolic cross index set I and sparse grid {y} =0

see e.g. [BD89, Hal92, Gra07, GH14].

However, as proven in [KK11], the condition number of the Fourier matrix corresponding
to the hyperbolic cross discrete Fourier transform grows for increasing refinement N and
dimension d. For fixed refinement N, the condition number scales approximately like |I]?
and for fixed dimension d approximately like \/m . Moreover, the implementation of a fast
efficient version of such a HCFFT may be effortful due to the hierarchical scheme, e.g. see
the implementation considerations in [Hal92] and [Gra07].

A generalization of hyperbolic cross index sets allows for even thinner frequency index
sets, cf. [BG99, BG04, Kna00, GH14], where the cardinality |I| is only O(N) for so-called
energy-norm based hyperbolic crosses. Correspondingly, one may use generalized sparse
grids as spatial discretization and there exists a version of the HCFFT which allows for
the fast conversion between function values p; (yj) and Fourier coefficients pg, in O(N log N)
arithmetic operations, see e.g. [GH14].

Still, the issue with the growing condition numbers for increasing hyperbolic cross in-
dex sets and the implementation effort for the HCFFT motivate to consider alternative ap-
proaches, where the corresponding Fourier matrix is better conditioned and the computation
is very easy to implement.

Such an approach, which is suitable for arbitrary frequency index sets I C Z% of finite
cardinality, |I| < oo, is going to be considered in this chapter. As spatial discretization,



2 MULTIVARIATE TRIGONOMETRIC POLYNOMIALS 19

so-called rank-1 lattices
A(z,M)::{mj::]‘\jfzmodl:jzo,...,M—l}C']I‘d (2.3)

are used, which are characterized by the generating vector z € Z% and the rank-1 lattice
size M € N, see e.g. [SJ94, DKS13] and the references therein as well as Figure 2.3 for illus-
tration. The number |A(z, M)| of distinct nodes @x; of the rank-1 lattice A(z, M) is a positive
integer < M. We emphasize that the frequency index set I of finite cardinality |/| may be ar-
bitrarily chosen from Z¢ and we do not have an admissibility condition, which may be required
for sparse grids, cf. [GGO03]. The striking advantage of using rank-1 lattices A(z, M) as spa-
tial discretization is that for an arbitrary multivariate trigonometric polynomial p;, I C Z¢,
|I| < oo, all the function values py(x;) at the nodes x;, j = 0,...,M — 1, of an arbitrary
rank-1 lattice A(z, M) C T? can be computed using a simple index transform and a sin-
gle one-dimensional FFT of length M with total computational costs of O(M log M + d|I]),
see e.g. [Kdml4al. In order to be able to reconstruct the Fourier coefficients pg, k € I,
from samples of p; taken at the rank-1 lattice nodes x;, 7 = 0,...,M — 1, a certain recon-
struction property needs to be fulfilled for the rank-1 lattice A(z, M) with respect to the
frequency index set I, i.e., the equivalent conditions (2.25), (2.26), (2.27), (2.28) and (2.30),
cf. [KKP12, Kdm13, Kdml4a]. Then, the condition number of the Fourier matrix is 1 and
the reconstruction is perfectly stable. Such a rank-1 lattice will be called reconstructing
rank-1 lattice A(z, M, I) for a given frequency index set I, see [Kdm14a] where this name was
used for the first time, and it can be easily constructed using a component-by-component
(CBC) approach, see e.g. the survey [DKS13| for CBC constructions for integration lattices.
The Fourier coefficients pg, k € I, may be computed from samples along a reconstructing
rank-1 lattice A(z, M, ) using a single one-dimensional FFT and a simple index transform,
cf. [Kdml4a] and see Figure 2.4 for illustration. We remark that for special frequency in-
dex sets I like hyperbolic crosses, the concept of reconstructing rank-1 lattices A(z, M, T)
has already been used earlier, see e.g. [Tem86]. Moreover, CBC based construction methods
for lattices also have a long history dating back at least to Korobov in 1959, see e.g. the
surveys [CN08, DKS13] and the references therein.

1 1
[
L9
[
Ty
2 9 ¢
M Te
0 o L3 0 X4
@ [ &
1 0 1 0 1
(a) z:=(1,3)T, M :=10 (b) z:= (1,47, M =11 (c) z:=(4,5)", M =20

Figure 2.3: Examples of two-dimensional rank-1 lattices A(z, M).

Based on these results, we consider the usage of trigonometric polynomials p; for the
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Figure 2.4: FFT between arbitrary index set I and suitable rank-1 lattice A(z, M).

approximation of periodic signals f from weighted subspaces of the Wiener algebra

A(T?) = { f € Li(T): | FLAT) == Y 1fl < o0, (2.4)

kczd

where L;(T9) is the space of all absolutely (Lebesgue) integrable functions defined on the
d-dimensional torus T¢ and the Fourier coefficients of f are (formally) given by

fro == » f(z) e 2Mk2de ke 7 (2.5)

Using the Fourier coefficients fk, a function f € A(T?) can be approximated by the Fourier
partial sum

S[f = ka, eQﬂ'ik.O, (26)

kel

i.e., by a truncated Fourier series which is a trigonometric polynomial p; from (2.1). We
call the error f — Syf of this approximation truncation error. We remark that multivariate
trigonometric polynomials p; are very well-suited for the approximation of high-dimensional
periodic functions, see e.g. the survey [DTU16] and the references therein as well as [Tem85,
Tem89, Tem93, DuU13, KSU14, KSU15].

Since the Fourier coefficients fi, k € Z%, of a function f € A(T¢) are usually neither known
nor easy to obtain analytically, one computes approximations of the Fourier coefficients fk,
e.g. based on samples of the function f. Motivated by the easy construction of a reconstructing
rank-1 lattice A(z, M, I) and by the fast computation of Fourier coefficients pg, k € I, from
function samples py(x;) taken along a reconstructing rank-1 lattice A(z, M, I), we consider
the approximation of the integrals (2.5) by a lattice rule in this work. For this, we sample
the function f at the nodes x; := ﬁ'z mod 1, j=0,...,M — 1, of a reconstructing rank-1
lattice A(z, M, I). Here, we assume that the function f € A(T9) is continuous or identify f
by its continuous representative, cf. Remark 2.15. We compute all the approximated Fourier
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coefficients ka, k € I, by applying the same rank-1 lattice rule to the integrand in (2.5),

M— .

. 1 .

= i > f (Jj\/[z mod 1) e 2mijkz/M g (2.7)
=0

This computation can be performed in O(M log M +d |I|) arithmetic operations using a single
one-dimensional FFT of length M and a simple index transform, see e.g. [Kdm14a]. Based
n (2.7), we define an approximation of the function f by the approximated Fourier partial

sum
S}\f . Z ka eQﬂ'ik'O, (2.8)
kel
which itself is a trigonometric polynomial p; € II; of the form (2.2). We will call the corre-
sponding error f — SR f sampling error. We remark that in [KPV15a, KPV15b], this error
was called “approximation error”. Moreover, the described approach of rank-1 lattice sam-
pling has already been used for a long time for certain function classes, see e.g. [Kor63,
Tem86, Tem93| and the references therein. Later, rank-1 lattice sampling was considered
again in [LHO03, ZLH06, KSW06, KSW08, KWW09]. As an alternative to using reconstruct-
ing rank-1 lattices A(z, M, I) as sampling sets, rank-1 lattices A(z, M) may be constructed by
a CBC method minimizing certain error criteria, see e.g. [KSW06, KSW08, KWW09]. More-
over, there exist fast CBC construction methods based on FFTs for rank-1 lattices, which are
constructed for the approximate integration and reconstruction of functions in reproducing
kernel Hilbert spaces, cf. [Nuy07] as well as [CN08, CKN10].

In general, the approximated Fourier coefficients ka and the Fourier coefficients fk do not
coincide and using the approximated Fourier partial sum S}X f instead of the Fourier partial
sum S7f causes an additional error, which will be called aliasing error Spf — S}\ f in the
following. When we estimate the sampling error f — S? f in this chapter for various norms,
we usually split this error into the truncation error and aliasing error,

f=SM=(f = Sif)+ (Sif — SPf), (2.9)
and using the triangle inequality yields
If = Sl < IIf = Sifll 4+ 11Sef — S f]l, (2.10)

where || o || is a given norm. As a consequence of this approximation approach, we are going
to characterize the considered functions f € A(T¢) by the decay behavior of their Fourier
coefficients fk, k € 7% We remark that function spaces, where the Fourier coefficients fk
decay like hyperbolic crosses already occurred in [Kor59], see e.g. the survey [DTU16], and
error estimates for rank-1 lattice sampling in such spaces were already presented in [Kor63].
Moreover, function spaces for various weighted Ep(Zd) norms, 1 < p < oo, of the Fourier
coefficients fj, were discussed in [Spr97a). Using the notation from [KPV15a], we consider
the periodic Sobolev spaces of generalized mixed smoothness

HOOV(TY) = § f € Lai(TY: || fIHOP7 (T = \/Z w7 (k)| fio|? < 00 § C La(T?)
kez?
(2.11)
with smoothness parameters 3 > 0 and « > —f, where the weights w®?"Y are defined by

k1 71
WP (k) = max(1, ||k||1)" Hmax k)P, k= <> v = ( ) (0,14,

kq Yd
(2.12)
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which are Hilbert spaces, and we have H%%1(T?) = Ly(T?). The parameter a characterizes
the isotropic smoothness and the parameter § the so-called dominating mixed smoothness.
Moreover, the weight parameter v moderates the dependencies and importances of the dif-
ferent variables, cf. [SW98, KSWO06]. A large value 75 € (0,1], s € {1,...,d}, close to one
means high importance and a small value close to zero a low importance of the s-th com-
ponent. As discussed in [NSW04, p. 125], the weighted norm || f|H®#7(T?)|| with weight
parameter v € (0,1]% and the unweighted norm || f|H%%1(T4)|| with v := 1 only differ by a
constant, which may be exponential in the dimension d. Equivalent function spaces

HIB o (Td) Hﬁl'ﬂlel (Td) Hﬂl'f'aed (Td)
where 1. (T?) := H*1(T) ® --- ® H*@(T) and e; denotes the j-th unit vector in RY, were

introduced in [GK00, GHO7] as a mixture of functions from the periodic isotropic Sobolev
spaces H(T4) = H*® (T9) = H*O(T?) and the periodic Sobolev spaces of dominating mixed

mix

smoothness 'Hilx(Td) Hi&(’ﬂ‘d) HOP(T9). Please note that there are various names and
characterizations with equivalent norms for these spaces. For instance, the periodic isotropic
Sobolev spaces H*(T?) = H&&(Td) H*O(T) are also named periodic Bessel-Potential or
Lebesgue or Liouville spaces, cf. [ST87, 3.5.4 (11)], the periodic Sobolev spaces of dominat-
ing mixed smoothness /ngx(Td) ’Hﬁl’lx( T?) = HOP(T9) are also named classes of functions
of dominating mixed derivatives [GKO00] or classes of functions with bounded mixed deriva-
tives [Tem89] or weighted Korobov spaces [KSWO06]. Instead of using the 1-norm for the
isotropic smoothness in (2.12), other authors also commonly use a modified version with
oo-norm [GH14| or 2-norm [GH07, BDuSU16|. Moreover, Littlewood-Paley type dyadic de-
compositions are also used, see e.g. [BDuSU16, DTU16]. There exist various equivalent
weights which have different approximation properties for large dimensions d, especially if
one also considers the constants with respect to the dimension d, cf. [KSU14, KSU15]. More-
over, we remark that for smoothness parameters a, 8 € Ny, we also have the equivalent

characterization

HOBL(Td) = { e LyTh: |FHP T = | Y Y IDmnf|3 < ooy,

[mfli<af[nflc <8

see e.g. [BKUV16]. In addition to the Hilbert spaces H%?7(T9), we consider the subspaces

Aa,ﬁ,'y(r]rd) = f c Ll(Td)Z ||f‘AOé,B,’Y(Td)” — Z wa7ﬁ,’7(k>|fk| < 00 (2.13)

kezd

of the Wiener algebra A(T9) = A%%1(T?) with dominating mixed smoothness 3 > 0, isotropic
smoothness o« > —f and weight parameter v € (0, 1]d. These spaces are a mixture and
extension of the spaces A{(TY) of order a and of the spaces Sf lﬁ (T?) of bivariate periodic
functions with dominating mixed smoothness of order /5 from [Sf)r97a].

As frequency index sets I, we use the weighted frequency index sets

1577 = {k e 24: w T (k) = max(1, ||k|[1) 7T Hmax k) < N1 T}, (2.14)

where N > 1 is the refinement, T' € (—o0, 1) is the shape parameter, ~ is the weight parameter
as specified in (2.12) and the weights w®®7Y (k) are defined as in (2.12). As a natural extension
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for T = —o0, we define the weighted frequency index set Ij'\l;foo"y as the d-dimensional ¢1-ball
of size N,

1707 = {k e 74 max(1, k1) < N}. (2.15)

Good choices of the shape parameter T' € [—o0, 1) depend on the function spaces and the
norms where the truncation, aliasing and sampling errors are measured. In Figure 2.5, two-
dimensional examples of frequency index sets [ j‘i,’T"y are shown for refinement N := 32, weight
parameter v := 1 and different choices of the shape parameter T' € [00, 1).

32 32 32 32
0 0 = 0 0
—32 T —32 ] —32 —32
—-32 0 32 —-32 0 32 —32 0 32 —-32 0 32
[1-ball I gé_oo’l index set I??é_s’l symmetric energy-norm based

hyperbolic cross I§§°’1 hyperbolic cross Igél/ 21

Figure 2.5: ([KPV15b, Figure 1.1]). Frequency index sets IgéT’l for T € {—00,-5,0,%}.

In this chapter, we show error estimates for rank-1 lattice sampling errors f — Sj\ f
with respect to the refinement N and cardinality || for functions f from periodic Sobolev
spaces of generalized mixed smoothness H®%7(T?), when using reconstructing rank-1 lat-
tices A(z, M, I). We obtain results which correspond to those from (generalized) sparse
grid sampling [SU07, BDuSU16, DTU16]. For functions f from subspaces A%%7(T9) of the
Wiener algebra A(T?), we obtain comparable error bounds for the rank-1 lattice sampling
error f— Sj\ f with respect to the refinement N or cardinality ||. Additionally, we discuss the
rank-1 lattice sampling error f—S j\ f with respect to the number of samples M. The obtained
error estimates are asymptotically best possible in several cases, since the upper bounds cor-
respond to the lower bounds, see also [BKUV16]. However, the obtained sampling rate with
respect to the number of samples M has only half the main rate compared to (generalized)
sparse grid sampling, see also [BKUV16, DTU16|. Nevertheless, rank-1 lattice sampling is a
very efficient and an easy-to-use method for the approximation of high-dimensional periodic
functions f.

The remaining parts of this chapter are structured as follows.

In Section 2.1, we review the fast evaluation of a trigonometric polynomial p; from (2.2)
with frequencies supported on an arbitrary index set I C Z¢, |I| < oo, at the nodes x;,
j =0,...,M — 1, of an arbitrary rank-1 lattice A(z, M) C T¢ and we discuss the case of
perturbed rank-1 lattice nodes. In Section 2.1.1, we deal with (exact) rank-1 lattice nodes «;
and give a method for the fast evaluation, see e.g. [LH03, KKP12], which uses a simple index
transform and a single one-dimensional FFT. In this work, we extend these considerations to
the case where the rank-1 lattice nodes x; are perturbed. In Section 2.1.2, a Taylor expansion
based method for the fast evaluation is presented as well as error estimates, see also [Vol13].

In Section 2.2, we deal with the fast reconstruction of the Fourier coefficients py,
k € I, from samples of a trigonometric polynomial p; taken at rank-1 lattice nodes x;,
7=0,....,M — 1, or perturbed rank-1 lattice nodes. Here we can not use arbitrarily chosen
rank-1 lattices A(z, M). Instead, we have to use a reconstructing rank-1 lattice A(z, M, I).
In Section 2.2.1, we review important properties and construction strategies for such lattices,



24 2 MULTIVARIATE TRIGONOMETRIC POLYNOMIALS

see also [KKP12, Kdm13, Kédml4a]. The condition number of the Fourier matrix for the un-
perturbed case is 1 and consequently, the reconstruction is perfectly stable. However, there
is a price to pay for this nice property. In general, the number M of samples for the recon-
struction is distinctly higher than the number |I| of Fourier coefficients py, cf. [Kam14b], it
may scale like up to |1|?, e.g. for energy-norm based hyperbolic crosses I = IJ%;T"Y, 0<T <1
In such cases, we may observe an oversampling factor M/|I| of up to about |I], i.e., we may
have approximately |/| times more sampling nodes «; than frequencies k € I. Consequently,
if we use this method for the approximation of a periodic signal from samples, then we gener-
ally do not have an interpolation but so-called hyperinterpolation, see [Slo95]. On the other
hand, under mild assumptions, there exists a constructive method for obtaining such a re-
constructing rank-1 lattice A(z, M, I) of size M < |I|> with no further dependence on the
dimension d, cf. Theorem 2.4. Especially, if the frequency index set I does not have an ex-
ponential dependence on the dimension d, then we are able to construct these special rank-1
lattices, allowing for the reconstruction of any multivariate trigonometric polynomial p; with
frequencies supported on I, where the rank-1 lattice size M has the same property. Addition-
ally, the Fourier coefficients pg, k € I, may be computed from samples along a reconstructing
rank-1 lattice A(z, M, I) using a single one-dimensional FFT and a simple index transform,
cf. [Kdm14a] and see Figure 2.4 for illustration. In this work, we extend these considerations
to the case of perturbed reconstructing rank-1 lattices analogously to the considerations from
Section 2.1.2, see also [KPV15a]. In Section 2.2.2, we obtain a method for the approxi-
mation of the Fourier coefficients pg, k € I, which uses multivariate Taylor expansion and
one-dimensional FFTs. Moreover, we give error estimates.

In Section 2.3, we consider the approximation of periodic functions f: T¢ — C from
Banach spaces Ao"ﬁ"V(Td) and from periodic Sobolev spaces of generalized mixed smooth-
ness H*PY(T?) for suitable choices of the isotropic smoothness a, the dominating mixed
smoothness § and the weight parameter « using rank-1 lattice sampling, see also [KPV15a,
KPV15b].

In Section 2.3.1, we discuss various embeddings between different periodic function spaces,
which yield admissible values for the smoothness parameters «, 5 and which are required in
the following sections. In Figure 2.6, we present an overview of the admissible values of the
statements in Section 2.3.2 and 2.3.3. The allowed parameter choices in Figure 2.6a and 2.6b
guarantee the existence of a continuous representative of a function f € A%*Y(T?) and
f € HOPY(T?), respectively, cf. Remark 2.15 as well as Lemma 2.12 and 2.14.

In Section 2.3.2, we discuss the error estimates for the truncation error f — Sy f, since
we estimate the sampling error f — S? f using inequality (2.10). This means, we consider
the approximation of the function f by the truncated Fourier series S;f and we show error
estimates which are optimal up to constants for the considered function classes for suitable
choices of the frequency index set I and of the involved norms. For dominating mixed
smoothness § > 0 and isotropic smoothness a > —f, we use weighted frequency index sets
I:= IX,’TW with shape parameter 7' := —a/f € [—00,1) and we obtain for the truncation
error f — S;f of a function f € A%PY(T?) — A(T?) the with respect to the refinement N
asymptotically sharp bounds

15 (N + 1)~ < 1A =802 A%V (T) = Loo(TY)|| < N=(*H5)

from Theorem 2.17, see the first entry in Table 2.1. Similarly in the Hilbert space cases, for
dominating mixed smoothness § > ¢ > 0 and isotropic smoothness r,a € R with a + 8 >
r—+t > 0, we set the shape parameter T := —%:; € [—00,1) and we obtain for the truncation
error f — Srf of a function f € H*PY(T?) — Lo(T?) the with respect to the refinement N
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2.24, 2.26; for a > 0, Corollary 2.44; Theorem 2.39 for o < 0;
Corollary 2.40; Lemma 2.14 HOPY(T) — Corollary 2.41 for a > 0,
AP (T) — for o < 0; A(T4) < C(T9). Corollary 2.45 for a < 0;
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Figure 2.6: Visualization of admissible values from Table 2.1, 2.2 and 2.4 as well as from
Lemma 2.12 and 2.14 for isotropic smoothness a@ € R and dominating mixed smoothness
B >0 setting r =t = 0.

asymptotically sharp bounds
VI8 (N + 1)~ (70 < ||1d =S araHOPV(TY) = WY (TY)| < N(emrHah

from Theorem 2.20, see the first entry in Table 2.2. We depict the admissible values of the
smoothness parameters o and 3 in Figure 2.6a. Alternatively, the error bounds may be ex-
pressed with respect to the degrees of freedom \I]%;T”L which also gives sharp asymptotic
bounds for increasing refinement N due to the sharp asymptotic bounds on the cardinali-

ties \I]%’Tﬂ in Table 2.3, see Corollary 2.21 and 2.22.

’ setting ‘ error estimates ‘
truncation error | 1d —SI],@T,~,|AO"5’7(T‘1) — Loo(TH) || x N—(@+h)
T:=—-a/f € [-00,1) Theorem 2.17, 3> 0, a > —f3
sampling error If = S?ﬁT,wf!Loo(Td)ll <|f- S?ﬁT,wf!A(Td)ll
arbitrary A(z, M, I77) | <2 N[ f|A*57(Td)|
T:=—a/f €[-0,1) Theorem 2.24, 3 >0, a > —f3

Table 2.1: Overview of truncation error estimates and rank-1 lattice sampling error estimates
from Section 2.3.2 and 2.3.3 for functions f € A%%7Y(T?) with respect to refinement N of
frequency index sets IK,’T"Y.

In Section 2.3.3, we investigate the utilization of rank-1 lattice sampling for function
approximation by trigonometric polynomials, see also [KPV15a, KPV15b]. In doing so, we
always use reconstructing rank-1 lattices A(z, M, I'), which may be arbitrarily chosen in many



26 2 MULTIVARIATE TRIGONOMETRIC POLYNOMIALS

truncation error || Id —SI%T,HHO"/;”(T”’) — WY (T?)|| < N—(a=r+6-1)

T := _%:Z € [~o0,1) Theorem 2.20, r,a € R, 8>t >0, a+B8>r+t>0

sampling error 1F = Sy ST < 2 N7 #5870 flA07(T9)|

arbitrary A(z, M, I5"7) S N~ (@mr+8=0)| fief iy (1d))

T:= —%ii € [~o0,1) Theorem 2.26, ,a € R, 8 >t>0,a+8>r+t>0,
Tel-% -3l

sampling error If = Sj‘%o,JIHO’t’l(Td)H S AT N (@th=)

arbitrary A(z, M, 1%0,1) _ {glog N)(@=1)/2 iZi Z : 8:

T:=0 Theorem 2.30, 3 > %, a<0,t>0, a+5>max{t,%}

sampling error I = Sj\%,T,lf!Lz(Td)H S N | flHes (T

special Korobov lattice

T:=—a/f € [—00,0] Theorem 2.36, o, 3 >0, ac + 3 > %ngfj d%io; >0

sampling error If = Sf]@T,lfIM(Td)H S N | P (T |

special Korobov lattice

T:=—-a/f € (0,1) Theorem 2.39, a <0, > 1—«

Table 2.2: Overview of truncation and rank-1 lattice sampling error estimates from Sec-
tion 2.3.2 and 2.3.3 for functions f € H*#Y(T9) and f € H¥PTAY(T?), X > L, with respect

to the refinement N of frequency index sets Ij'\l;T"y.

cases as long as the reconstruction property (2.25) is fulfilled. For dominating mixed smooth-

ness 4 > 0, isotropic smoothness o > —f and shape parameter T := —a//f5 € [—00,1), we

show in the proof of Theorem 2.24 that the aliasing error fulfills ||\ a.7 —S?d,T,.,f]LOO(']I‘d) | <
N N

1f =S ara fIATY] < N—(@+B8) || £| AP (T?)|| and consequently, we obtain for the sampling
error
lf— S%T;yﬂl}oo(’ﬂ‘d)u <2 N—(e+8) ”f|-f4a’ﬁ"y(Td)H7

see the second entry in Table 2.1. In the Hilbert space case, we show in this work in the
proof of Theorem 2.26 for the aliasing error of a function f € H* MY (T?) the estimate

4 nr—(a—r+8- «
1Sp40F = Shyr ST < (14+2(20)F N0y pd)),

where the dominating mixed smoothness § > t > 0, an additive factor A > %, the isotropic
smoothness r,« € R with a+ 8 > r +¢ > 0 and the shape parameter T := —%:2 with the
additional constraint 7' € [—§, — ], see the second entry in Table 2.2. Since the norm on the
right hand side is stronger by the additive factor A > 1/2, this estimate and the resulting

upper bound for the sampling error Hf—S? FIHEY (T || < N HB=0)| f {7 (T |

d, T,y
N

are not asymptotically optimal. By using a different proof technique and restricting the
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considered parameter combinations further to hyperbolic cross frequency index sets IX,’O’I
with shape parameter T := 0, isotropic smoothness r := 0 and a < 0, dominating mixed
smoothness t > 0 and 8 > 1/2 with v+ 8 > max{t, 1/2}, we obtain from Theorem 2.30 that
the sampling error is bounded by

(log N)@=D/2 " for a = 0,

_ SA Ho,t,’y r]rd < 7_{0&,[‘3,1 Td N_(a+6_t)
15 = Sy STHOT T S L1 1 e

which is asymptotically best possible up to the logarithmic factor (log N )(dfl)/ 2 in the case

of isotropic smoothness a« = 0 and asymptotically best possible for a < 0, see the third entry
in Table 2.2 and compare with the truncation error in the first entry. We remark that for
sparse grids, similar results can be obtained, see e.g. [BDuSU16, DTU16]. We denote the
approximated Fourier partial sum where the corresponding approximated Fourier coefficients
are computed using a suitable sparse grid by S?G with [ = I%O’l. Then for isotropic
smoothness r := 0, & < 0 and dominating mixed smoothness t := 0, 8 > 1/2 — «, the sparse
grid sampling error is bounded by

log N)@=1/2 for a =0
I S5 AL S [ Fipes(wty —toes) ¢ Q0B VST Hora =0,

1 for a < 0,
due to [SU07, Theorem 8] and [BDuSU16, Theorem 6.10]. In the case of dominating mixed
smoothness ¢ > 0 and § > max{t,1/2} — «, the sparse grid sampling error is bounded by

If = SPESIHOH T S N s ()|

due to [BDuSU16, Theorem 6.10]. For rank-1 lattice sampling in the hyperbolic cross case
T := 0 with isotropic smoothness r = o« = 0 and dominating mixed smoothness t := 0,
B > 1, the logarithmic factor (log N){4=1/2 in the sampling error ||f — SPf|La(T?)|| can
be removed when using special reconstructing rank-1 lattices A(z, M, Ig,’o’l) with generating
vector z := (1,a,a?,...,a%" ') of Korobov form [Kor60], which fulfill certain additional prop-
erties, cf. [Tem&86|, and one obtains || f — S?%O,1f|L2(Td)H < N7B| fIHOPL(T)|| in this case.

We remark that (parts of) the used proof ideas and the employed rank-1 lattices are non-
constructive. In this work, we extend these results for the special rank-1 lattices of Korobov
form using proof techniques from [Tem86] to the sampling error estimates

I = Shra FIL2(TY] S N7 | 02 ()|

for shape parameters T' := —«a/f € [—00,0] with a, 8 > 0, a + 5 > %2;?:5 d%t% > 0 in

Theorem 2.36 as well as for shape parameters 7' := —a/f € (0,1) with « <0, f > 1— « in
Theorem 2.39, see the last two entries in Table 2.2 and see also [KPV15b].

Please note that since the used rank-1 lattice sampling method employs reconstructing
rank-1 lattices A(z,M,I) and we do not have an interpolation in general, the results for
the error estimates in Table 2.1 and 2.2 look slightly different if we consider the sampling
errors f — S}X f with respect to the number of samples M instead of the refinement N or
cardinality |I|, cf. Table 2.4. In case of (standard or energy-norm based) hyperbolic cross

frequency index sets [ := I]%;T"V, 0 < T < 1, the numbers of samples M for rank-1 lattice
sampling behave approximately like |I|> and consequently the errors only decay with half
of the rate in the main order with respect to the number of samples M compared to the
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results with respect to the refinement N, cf. [BKUV16], or compared to the case of sparse
grid sampling, cf. [BDuSU16, DTU16] and the references therein.

In Section 2.3.4, we extend the idea of sampling along reconstructing rank-1 lat-
tices A(z, M, I) to the case of perturbed rank-1 lattices using the results from Section 2.2.2
and we obtain estimates for the corresponding sampling errors similar to the results from
Section 2.3.3.

Finally, in Section 2.3.5, we give several numerical examples in up to 25 dimensions for
the theoretical results of Section 2.3.2, 2.3.3 and 2.3.4.

2.1 Fast evaluation

In this section, the fast evaluation of trigonometric polynomials pr, as defined in (2.2), at
the nodes of a rank-1 lattice A(z, M) is reviewed, see also [KPV15a] and the references
therein. The fast evaluation can be realized using a simple index transform and a single
one-dimensional FFT of length M with total computational costs of O(M log M + d|I}).
We extend these considerations to the case of perturbed rank-1 lattice nodes and obtain a
fast Taylor expansion based method, which uses several one-dimensional FFTs of length M.
Moreover, we give error estimates for our approximate method, see also [Vol13].

2.1.1 Rank-1 lattices

Given an arbitrary trigonometric polynomial (2.2), we are going to evaluate p; at the nodes
xj = {zmodl, j =0,...,M — 1, of an arbitrary rank-1 lattice A(z, M) C T¢. For this,
we obtain from the definition by appropriate grouping of the summands

pr(x;) = Zﬁk 2k _ Zﬁk o2rijhez /M

kel kel
M-1 M—1

=> S | M =N g M 0 M -1, (2.16)
=0 kel =0

k-z=1 (mod M)

= qi

see e.g. [LHO3, KKP12]. The term on the right-hand side is simply a one-dimensional discrete
Fourier transform (DFT) of length M. This means we can evaluate the trigonometric poly-
nomial py at all rank-1 lattice nodes x;, j = 0,...,M — 1, by computing the inner sums g,
followed by a single one-dimensional FFT of length M. In total, the computational costs are
O(M log M + d|I|), where the constants do not depend on d. The implementation is very
easy, for instance one line of Octave / MATLAB code suffices,

(p[(acj))jjvial = Mxifft(accumarray(mod([*z,M)+1,(pg)ker, [M,1],@sum)) ;

cf. [Kaml4c].

2.1.2 Perturbed rank-1 lattices

In Section 2.1.1, the fast and exact evaluation of an arbitrary trigonometric polynomial p; at
the nodes of an arbitrary rank-1 lattice A(z, M) has already been discussed. Based on this,
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we consider the case where the evaluation nodes y, € T? are perturbed versions of rank-1
lattice nodes x;.

As presented in [Vol13, KPV15a] and based on the ideas in [AD96, Kun08], we evaluate
a trigonometric polynomial p; from (2.2) at nodes y, € T¢ ¢ =0,...,L — 1, using a Taylor
expansion s, of degree m — 1, m € N, at a closest rank-1 lattice node x; € A(z, M) for each

node vy,
D¥p(x;)

pr(@) = sm(x) == Y — @),
0<|v|<m ’
where D%p; := pr, DVpy := 82% . ai%p[, x = (z1,...,24) € T4 v = (v1,...,v4) € NE,
vl =]+ ...+ |val, v =l oyl &Y =P L g Since the v-th derivative

o ovd
COxt T Qv

D¥pr(x) : pr(x) = Z(Qﬂ'ik)" pre 2R e T,

kel

of pr is again a trigonometric polynomial in II; and

M-—1
D"pl(iﬁj) _ E Z (271'1’{3)'/ ﬁk eQT(ijl/M’
= kel

k-z=1 (mod M)

we can also perform the fast evaluation of the v-th derivative D¥p; at all rank-1 lattice
nodes x;, j = 0,...,M — 1, by a one-dimensional FFT of length M in O(M log M + d|I])
arithmetic operations. We obtain

sm(T)= Y WZ(MW Py 2k (2.17)

0<|v|<m ’ kel

In order to present error estimates for the approximate evaluation of the trigonometric
polynomial p; by the Taylor expansion s, of degree m — 1, we first introduce additional
notation. We define the metric p(y, ) := mingcza |2 — y + h||oo for y,z € T¢. For a given
point y € T?, the corresponding expansion point Ty € T? in (2.17) is chosen as a closest
rank-1 lattice point x;; € A(z, M) where p(y,x;) = Mily A (z,M) p(y, x;).

Assuming that the index p, € {0,...,M — 1} of a closest rank-1 lattice node
x, € Mz, M), p(yy, Ty,) = ming ea(z,nm) P(Yr, xj), is known for each evaluation node yy,
£=0,...,L—1, the approximate evaluation of the trigonometric polynomial p; using the Tay-
lor expansion s,, of degree m — 1 can be realized in O (md(L + Mlog M + d|I|)) arithmetic
operations for L evaluation nodes y,. We write the evaluation of the Taylor expansion s,, at

evaluation nodes y,, £ =0,...,L — 1, in matrix-vector notation as
(5m(¥e))iZo = Am-1P= »_  B,FD,p, (2.18)
0<|v|<m—1
where p = (Prlker € CHl is the vector of the Fourier coefficients, D, :=
diag (((27ik)")pe;) € CHIH s a diagonal matrix, F := (e%ijk’z/M)in;lkE] e CMxII s

the Fourier matrix for the rank-1 lattice A(z, M) and frequency index set I, B, € REXM g

a sparse matrix with at most one non-zero entry (y, — x,,)"/v! at column g, in each row
(=0,...,[—1.
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Next, we establish error bounds for the approximate evaluation of a trigonometric poly-
nomial p; € II; by a Taylor expansion s,, of degree m — 1 from (2.17) for nodes y € ). from
the set of admissible evaluation nodes

V. :={x € T%: 3z € A(z, M) such that p(z,x;) < e} (2.19)

with perturbation parameter ¢ € [0, %], see Figure 2.7 for an illustration. The results for the
error bounds in Theorem 2.3 are similar to the ones in [Vol13, Theorem III.1]. However, in the
latter one, we allowed arbitrary evaluation nodes € T and used the so-called mesh norm §,
whereas we restrict the evaluation nodes y here to the set V., i.e., to those nodes from T¢
which are close to the rank-1 lattice A(z, M) with respect to the perturbation parameter e.

'm 7
//yﬁ 7

!
LE

0

Figure 2.7: Illustration of set ). of admissible evaluation nodes.

First, we give a general error estimate for trigonometric polynomials p;y with frequencies
supported on arbitrary index sets I C Z? of finite cardinality, |I| < oc.

Lemma 2.1. Let a trigonometric polynomial p; € 1l; with frequencies supported on an
arbitrary index set I C 7 of finite cardinality, |I| < oo, be given. Furthermore, let A(z, M)
be a rank-1 lattice and ). be a special set of admissible evaluation nodes for a parameter
e €0, %] from (2.19). For the approximate evaluation of the trigonometric polynomial pr by
a truncated Taylor series

m—1
Dup[ X,
sl = S DI gy
|v|=0 ’

of degree m — 1 at nodes y € ). with expansion point = € A(z, M), p(y,zj) =
Ming ea(z,nr) P(Y,xj), we obtain that the remainder Ry, (y) := pr(y) — sm(y) is bounded by

@mm ., R m
[Rm(y)] < € > okl kT, yE Ve
’ kel

Proof. This proof follows the major steps of the proof of [Vol13, Theorem III.1]. Let &(t) :=
xy + 1ty —xjy), t € [0,1]. We use a one-dimensional Taylor expansion on the function
g(t) := pr(&(t)) at the point ¢t = 0, where g(0) = pr(x;) and g(1) = pr(y), and this yields
pi(y) = S g@(0) /0 + fol(l — )™ 1gm)(0)/m! dt, cf. e.g. [H6r90, Ch. 1]. Due to the
multivariate chain rule, we have
0 4 B 0, y
97t) = b1 (zj +ty —zj) = D (7P (zj +t(y —zj)) (y — x5
|v|=¢
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and the remainder R, fo 1g(m)(0)/m! dt can be written in the form
o m—1 v (y - mj')u
—m / (1-1) ; D pi(e(e) L ar
Then, the remainder R,,(y) is bounded by
v y—x)”
Fu)l < m [a- S 0 oyl
lv|=m ’
< max Z(Qﬂik)”ﬁk 2mik-£(t) 7‘ (y —zy)"] .
te[0,1] wom kel V!

Since we have p(y, ;) < e and by applying the multinomial theorem, we get

V]
€ .
[Rm(y)l < max > " |(2mik)”| [pr| [>Tk

te[0,1] !

lv|=m kel
. L R T 1 om m .
kEI |l/|:m : * kEI

for arbitrary y € J-. -

Next, we consider results for special cases of weighted frequency index sets I = Iy AT o

defined in (2.14) and (2.15).

Lemma 2.2. ([KPV15a, Lemma 2.3]). Let a refinement N € R, N > 1, a shape param-
eter T € [~o00,1) and a weight parameter v € (0,1]? be given. The following inclusions
hold

74N [-N, N)¢ for T <0,
Id,T,'y c [ L] o or — (220)
7N [~dT=TN,dT-TN]* for0<T < 1.
Proof. In order to prove the inclusions, we use
max(1, [|k||s) < Hmax k) (2.21)
s=1
and max(1, ||kl|c) < max(1,|k|1) < dmax(1, ||k|)- (2.22)

For k € I%Tﬁ and T' € (—o0, 1), we infer

d T
Nz <Hma><(1xysl\ksl)> max(1, |k||,) " TT
s=1
T T
max(1, ||k||c) =T for — L. >0,
4T max(l,szHoo)_% for _%<O.

> max(L, [[kl|oc) TT {

Similarly, we estimate N > max(1, [|k[|1) > max(1,||k|«) for k € I%7°7. Thus, we have

N for T <0 L .
max(1, || k]|s) < T and this yields the assertion. [ |
d-TN for0<T <1

Estimating parts of the isotropic smoothness in Lemma 2.1 in terms of dominating mixed
smoothness leads to
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Theorem 2.3. ([KPV15a, Theorem 4.1]). Let a weighted frequency index set I = I%T’V
and a trigonometric polynomial (2.2) be given by its Fourier coefficients py, € C, where the
refinement N > 1, the shape parameter T € [—o0,1) and the weight parameter v € (0, 1]%.
Furthermore, let A(z, M) be a rank-1 lattice and ). be a special set of admissible evaluation
nodes for a perturbation parameter ¢ > 0. Additionally, let a Taylor expansion parameter
m € N, the dominating mixed smoothness § > 0 and the isotropic smoothness o € R be
given, where 0 < a+ 3 < m. We approximately evaluate the trigonometric polynomial p; by
a truncated Taylor series sy, (y) := E‘";r:lo D¥pr(xj) (y —x;)” /v! of degree m — 1 at nodes
Yy € Y, where the expansion point xj € A(z, M), p(y, ;) = ming ez ) p(Y, ;). Then,
the remainder R,, := p; — Sy, is bounded by

2 M m—a—
(Tr) d 1—TTBEmNm7a7/B Z |ﬁk‘wa’ﬁ’7(1€).

keIL™

[Bm(y)| <

m)!

Proof. Applying Lemma 2.1 and using the simple inequality [k|7* < max(1,||k|1)™ =
w™%7(k), m > 0, we obtain

2mam

m)!

[Rim(y)] < e Y WMOT(k) [l

kel

Furthermore, we estimate parts of the isotropic smoothness in terms of the dominating mixed
m—a—T83 m—a—T8 m—a—T8

smoothness, w -7 *7Y(k) <d 1-7 % 1-T (k) for all k € Z%, using the inequalities
(2.21) and (2.22). Therefore, we have

m—a—Tp8 m—a—Tp8
wm,O,'y(k) e s ’_6’7(l<:)w T ,07“/(k) wa,ﬂ,—y(k)
< WM RSB () ¢TI O (k) WP (k)
m—a—T0 T

= d 1-T w—ﬁ(m—a—5)7ﬁ(m—a—5)f¥(’c) wavﬁv‘)’(k)

for k € Z. Consequently, we infer

2m)™ m—a-— m—a—pf
Ru(w)] < E0% #5575 e e (w1 S W Ik el

|
" kely™” keI&T
We observe by (2.14) that
T d 1
1677 = {k: € 2%: max(1, |[k[1) ™7 [[max(1,7; k)T < N} . (2.23)
s=1

T 1 m—a—f3 L .
and we obtain Max, _ d.rx (w_ I-T'1-T 7(]{:)) < N™==P_ This yields the assertion. M
N

The results of Theorem 2.3 will be used later in the proof of Theorem 2.10 in Section 2.2.2
for the fast reconstruction of trigonometric polynomials p; from samples at perturbed rank-1
lattice nodes as well as in the proof of Theorem 2.46 in Section 2.3.4 for the fast approximation
of periodic signals f: T¢ — C.

As a consequence of Theorem 2.3, we have several possibilities to ensure a small (relative)
approximation error R, for fixed Taylor expansion parameter m and increasing refinement N.
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m—a—Tp m—o—

1. Choose the perturbation parameter ¢ like ~ d (- T>m N~"m  or smaller and restrict
evaluation nodes to the set )., i.e., permit only relatively small perturbations to the
nodes x; of the rank-1 lattice.

2. Allow arbitrarily chosen evaluation nodes & € T¢ and use trigonometric polynomials py
with a certain decay of the Fourier coefficients pg. For instance, choose o+ 8 = m and
ensure that the Fourier coefficients py, decay at least like ~ 1/w®%7 (k) or faster.

2.2 Fast reconstruction for known frequency index sets

In this section, we discuss the reconstruction of the Fourier coefficients pr, k € I, of a
trigonometric polynomial (2.2) from samples using fast and (relatively) simple algorithms.
As sampling nodes, we review the usage of the nodes x; := %z mod 1 of a reconstructing
rank-1 lattice A(z, M,I) in Section 2.2.1. We extend these considerations to the case of
perturbed versions of such a reconstructing rank-1 lattice A(z, M, I) in Section 2.2.2, see
also [KPV15a].

2.2.1 Rank-1 lattices

In this subsection, we summarize various results from [Kdml4a, Kdm14b, KPV15a, KPV15b,
PV16] for the reconstruction of trigonometric polynomials p; from samples along reconstruct-
ing rank-1 lattices A(z, M, I). We are going to compute the Fourier coefficients pg, k € I, of
a trigonometric polynomial py, which are formally given by

P = / pr(x) e 2rik-® de, kecl,
Td

using the rank-1 lattice rule

1 = —2mik-x; 1 = ] —2mijk-z
— M Z p[(w]) e ) = M ‘ Pr <MZ> (§ N kel (224)
Jj=0 7=0

This means we compute all Fourier coefficients pg, k € I, of p; using a cubature formula
with equal weights 1/M and identical samples p(x;) taken at the rank-1 lattice nodes
xTj = %z mod1, j =0,...,M — 1, for all frequencies k € I. We remark that the cuba-
ture formula (2.24) is a quasi-Monte Carlo rule, see e.g. [Nie78] as well as the survey [DKS13]
and the references therein.

Now, we ask for the exactness of this cubature formula, i.e., under which condition is
P = ﬁé\ for all frequencies k € I. As discussed in [Kdm13, KPV15a, KPV15b], the condition

M—
Z 71'1] k, Z/M ]' fOI' k = k/ (225)
= 0 fork#K kK cl,

has to be fulfilled since we have

Z Z Pr 627T1_]k/ z/M —2mijk-z/M __ Z pk’i Z e27r1] (k' —k)- z/M

J=0 kK'cI k'cl

In matrix-vector notation, this means FHF = M1, where

Fo— (e%ijk.z/M)M’l c cMx|I|
7=0; kel
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is the Fourier matrix and I the identity matrix. This is the case if and only if

(K —k) 220 (mod M)Vk,k' € I,k # k' (2.26)
k- z#Zk -z (mod M) Vk, k' €I,k # K, (2.27)

see also [Kédml4a, Section 2]. Using the notion of the difference set
D(I):={h:=k—-K: kK cI}
for the frequency index set I, we can rewrite the above conditions to
h-z#0 (mod M)VYh € D(I)\ {0}. (2.28)
Introducing the notion of the integer dual lattice
At(z,M):={h e€Z h-z2=0 (mod M)} (2.29)

of a rank-1 lattice A(z, M), which contains all integer frequencies which alias to the origin,
we obtain

M-1 M—1
. 1 .\ orii(k—h) L1 —onij(k—h)- .
pé\ _ M Z Z P e 2rij(k—h)-z/M _ Z phM Z e 2rij(k—h)-z/M _ Z Phih.
J=0 heZzd hezd Jj=0 heAL(z,M)

Consequently, condition (2.28) may be rewritten as
At (z, M)ND(I) = {0}. (2.30)

We will use this notation later in Section 2.3 for characterizing the aliasing and obtaining
estimates for the sampling error.

A rank-1 lattice A(z, M) which fulfills the equivalent conditions (2.25), (2.26), (2.27),
(2.28), (2.30) for a given frequency index set I will be called reconstructing rank-1 lat-
tice A(z, M,I) for I and is suitable for the reconstruction of multivariate trigonometric
polynomials (2.2). Each of the equivalent conditions (2.25), (2.26), (2.27), (2.28), (2.30) will
be called reconstruction property. Later, we will typically use the condition which is most
convenient in terms of notation for the specific task.

Using samples of a trigonometric polynomial p; along such a reconstruction rank-1 lat-
tice A(z, M, I), we easily obtain all the Fourier coefficients pg = f)é\, k € I, in a fast and exact
way by means of Algorithm 2.1. As in the case of the fast evaluation, the implementation is
very easy and can be done with two lines of Octave / MATLAB code,

g-hat = £t ( (pr(x)))15o" )

(Pr)ker = g_hat(mod(I*z,M)+1) / M;

cf. [Kdm1l4c].

Algorithm 2.2 describes an approach for searching for a reconstructing rank-1 lat-
tice A(z,M,I) for a given (arbitrary) frequency index set Iinput := I, |I| < oo. Please
note that we do not assume any structure for the frequency index set I.

The next theorem gives general bounds on the rank-1 lattice size M of reconstructing
rank-1 lattices A(z, M, I).
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Algorithm 2.1 ([Kdm14b, Algorithm 3.2]). Fast and exact reconstruction of a multivariate
trigonometric polynomial p; € II; from sampling values on a reconstructing rank-1 lat-
tice A(z, M, I).

Input: Icz? frequency index set of finite cardinality
Az, M,T) reconstructing rank-1 lattice for I of size M
with generating vector z € Z¢
. M—1
p= (pj (ﬁz mod 1)) . sampling values of py
]:

Compute g := FFT_1D(p), i.e. §; := Zﬁalpf(ﬁz mod 1) e 2mli/M for | =0,...,M — 1.
for each k € I do
Pk = ﬁ]i\ = ﬁ Jk-z mod M
end for
Output: p = (ﬁé\)kel Fourier coefficients of pj
Complexity: O (M log M + d|I|)

Theorem 2.4. ([PV16, Theorem 2.1] as a consequence of [Kdm14a, Kam14b]).
For a given frequency index set I C Z%, 1 < |I| < oo, and any prime rank-1 lattice size

DU
MZmax{W, max2[k][oo—|—1}, (2.31)
2 kel

there always exists a generating vector z € Z¢ such that A(z, M) is a reconstructing rank-1
lattice A(z, M, I). Moreover, there always exists a prime rank-1 lattice size M,

2
1< M < max {3000+ ), 31l | (232)
c
2
< mac { 27 111+ 8), a3}

and a generating vector z € 7% such that A(z, M) is a reconstructing rank-1 lattice A(z, M, I).
For such a suitable rank-1 lattice size M, the generating vector z € Z% can be constructed
using the component-by-component (CBC) approach in Algorithm 2.2, see [Kadml4a], and
the construction requires no more than 3d |I|M arithmetic operations.

Proof. The inequality (2.32) is a consequence of [Kédm14a, Corollary 1] and [Kadm14b, inequal-
ity (3.8)]. The lower bound for the rank-1 lattice size M is a consequence from [K&ml4a,
Theorem 1 and Lemma 2].

When searching for the component z;, ¢t € {1,...,d}, of the generating vector z :=
(21, .. ,zd)T in the component-by-component step ¢, the tests for the reconstruction prop-
erty (2.28) for a given component z; take no more than |/| multiplications, |I| additions as
well as |[I| modulo operations, and this yields 3|I| many arithmetic operations. Due to this

and since each component z;, t € {1,...,d}, of the generating vector z can only have M
different values modulo M, we obtain that the construction requires no more than 3d |I|M
arithmetic operations in total. |

We refer to [Kdm14b] for detailed considerations for specific frequency index sets I and
on how to efficiently determine the cardinality |D(1)| of the difference set D(I). Next, we give
cardinalities for frequency index sets I]‘f,’T’l, N >1,T € [-00,1), from (2.14), which result
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Algorithm 2.2 Combined Algorithm 1 and 2 from [K&m14a] for obtaining a reconstructing
rank-1 lattice A(z, M, Iinput), which is suitable for the reconstruction of multivariate trigono-
metric polynomials (2.2) with frequencies supported on the index set I := Iinpus.

Input: index set Tinpuy C ze, | Tinput| < o00.

1: Determine suitable initial rank-1 lattice size Mgiayt, see e.g. Theorem 2.4.

2: fort:=1,...,d do

3:  for z;:=0,..., Mgar do

4: if condition (2.27) is valid for I := {(k1,..., k)" : k € Linput}, 2 := (21,.--,2) ",
M := Mstart, i.e. if [{k -z mod M}| = |I|, then

5: break

6: end if

7. end for

8: end for

9: for M := |Iinput|, - - . , Mstart do

10:  if condition (2.27) is valid for I := Lisput, 2 := (21, . .. ,z4)", M then

11: break

12:  end if

13: end for
Output: generating vector z € Ng and rank-1 lattice size M € Ny fulfilling the equivalent
conditions (2.25), (2.26), (2.27), (2.28), (2.30) for index set I := Iinpus.

in bounds on the size M of the existence of constructively built reconstructing rank-1 lat-
tices A(z, M, I]Cf,’T’l) due to Theorem 2.4. For the case of weighted frequency index sets I]Cf,’T"Y,
~ € (0,1]%, we refer to [Kdm14b].

Lemma 2.5. ([KPV15b, Lemma 4.1]). Let the dimension d € N, and a shape parameter

d,T1
a.

T € [-00,1) be given. Then, the cardinalities of the frequency index sets Iy re

Nd for T'= —o0,
T—1
NT/d-1 for —oco<T <0
IE0 < ’ 2.33
N Nlog? ' N for T =0, (2.33)
N for0 <T <1,

for fixed parameters d and T', where the constants only depend on d and T.

Proof. We show the cardinalities for the different cases.

e Case T' = —oo. Since we have the inclusions {—L%J,...,L%J}d C Iifoo’l C
{=N,...,N}¥ we infer c;(d)N? < |Ij'\l,’7°°’1| < C1(d)N?, where ci(d) = d=¢ and
C(d) = 3.

e Case —oo < T < 0. First, we consider the lower bound and for this, we show

d,—00,1 d,T,1 . d,—o0,1
IJ\}(liOT’)/(d_T) C Iy ~. For arbitrary k € IN’(lfoT’)/(d_T), we have

17 - 1+ L
NTF > max(L, [[klls) = max(L, [k]1) 7T max(L,||k]l) 7T
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Since max(1, ||k||1)¢ > max(1, ||k||o0)¢ > ngl max(1,|ks|), we infer

d
N > max(L, [klp) =T []max(1, [k]) 0t
s=1

d
= max(L, |[k|);) =T =T H max(1, |ky|) 2T =T

and consequently max(1, ||kl|[1)” ™= T 1%, max(1,

) = < N. This means We have

ke IdT1 and therefore we obtain IN(1 T)1/<d 7 C I . Since we have ‘ N(1 T /(d nl 2
cl(d)Nd*T we obtain |IdT1’ > |I]cf[(looT)1/(d ol > Cl(d)NdfT = Cl(d)NT/dfl.

T-—1
Due to [GK00, Lemma 1], we obtain \I%Tl\ < Cy(d, T)NT/i=1 where Co(d,T) > 0 is
a constant depending only on d and 7.

e Case T'= 0. We apply the inclusions of [KKP12, Lemma 2.1] and use the results from
[Hal92, Section 5.3]. This yields c3(d)N logd ' N < ]Id0] < C3(d)N max(1,logy N)4=1,

where c3(d) = (8d —8)”%*! and C3(d) = § (d&l)fl) "104,

e Case 0 < T < 1. Since the frequencies on the coordinate axis from —|N| to [IV] are
elements of 1%, we obtain |15 > 2d[N| +1 > 2d(N —1)+1 > ¢4(d)N for N > 2,
where ¢4(d) = d.

Due to [GK09, Lemma 4.2], we obtain [I$7!] <
constant depending only on d and 7.

(d, T)N, where Cy4(d,T) > 0 is a

These estimates yield the assertion. |

Next, we show for shape parameters T' € [—o0,0] that we can cover the difference
set D(IdTl) with the index set Id’T’l of larger refinement L = 2151 NTTT. This yields
smaller upper bounds for the existence of reconstructing rank-1 lattices A(z, M, I dTl) for
shape parameters T € [—o0,0).

Lemma 2.6. ([KPV15b, Lemma 4.2]). Let the dimension d € N and a shape parameter
T € [—00,0] be given. We consider the difference set D(IdTl) = {k:’ —k: kK € Ij'\l,’T’l}.

Then, we have the inclusion
DUy c Ity (2.34)

21-T Nl+d—T

Proof. For k € I%Tl, we have max(1, HkHl)_% 1%, max(1, |k:s|)ﬁ < N by definition.
Consequently, for k, k' € I%T’l and —oo < T < 0, we infer

d
max(1, ||k — k/|[1) ] max(1, |k — Ki))~7
s=1
d 1
< (max(L, [[kl1) + max(L, [|K][1)) J] (max(1, |ks|) + max(1, |kf])) "™
s=1
/ _4d _1 S L
< (max(1, |[kl[1) + max(1, [K'[1)) 2 THmax(l,lksl) T max(1, [kg|)"T
s=1
<

9 TNTT <H max(1,|k%|)~ T4 Hmax 1, |ks |)%> .

s=1 s=1
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Next, we estimate dominating mixed smoothness by isotropic smoothness. Since we have
Hgl:l max(1, |ks|) < max(1, ||k s)? < max(1,]|k|1)¢ for k € Z?, we obtain

d d d
[ max(, k)~ [ max(1, k)= [] max(L, ky)"7~ 77
s=1 s=1 s=1

IN

d
d
max(L, [k[|) 7T [ max(L, k)" 7@

s=1

d
(maX(l, Ik|l) T Hmax(1,|ks|)11T>
s=1
1-T d
< N T at

and analogously []%_, max(1, \k;|)7% < N7 #T, For T = 0, we have

d d d
[T max(1, [k — &) < 27 T] max(1, k) J] max(1,[K]]) < 27 N?.
s=1 s=1 s=1
These results yield

d
max(1, [k — &}1) =7 [ max(1, |k, — K) =T <2857 NIFET for all kK € Iy

s=1

and inclusion (2.34) follows. u

In Table 2.3, we give the cardinalities and bounds on sizes of reconstructing rank-1 lattices
for foo-balls I = G’ﬁl\, = [-N,N]*NZ4, ¢1-balls T = I]C\l;foo’l, hyperbolic crosses I = Iﬁ,’o’l,
and energy-norm based hyperbolic crosses [ = I]C\I;T’l, 0 < T < 1, depending on the re-
finement N € R, N > 1, as well as for generic unstructured index sets I C Z< of finite
cardinality, || < oo, fulfilling a mild assumption. The upper bound on the rank-1 lattice
size M for hyperbolic cross index sets I = I}f;o’l is discussed in [K&m13]. The lower bounds
for the structured index sets in Table 2.3 are a consequence of (2.32) and (2.33) as well as
[BKUV16, Lemma 4]. The latter states that the size M of a reconstructing rank-1 lattice
for an index set I which contains the coordinate axes in two dimensions from —N to N, e.g.
I>{~N,...,N} x {0} 1)U ({0} x {=N,..., N} x {0}¢2), must be greater than N2.

In preparation for the rank-1 lattice based sparse FFT in Chapter 4, we additionally
repeat some statements from [Kdml4a] and [PV16]. The next theorem and corollary will
play an important role. They give a straightforward answer to the problem of obtaining
a reconstructing rank-1 lattice (for an index set of higher dimension), if one already has a
reconstructing rank-1 lattice of a (lower dimensional) frequency index set and an additional
dimension should be added (by Cartesian product).

Theorem 2.7. (see [Kdml4a]). Let a dimension d € N, d > 2, and a frequency index set
I C 7% of finite cardinality |I| > 2 be given. We assume that A(z, M) with generating vector
z = (21,...,2q_1)" is a reconstructing rank-1 lattice A(z, M,I04=1) for the frequency
index set T4~ := {(ky)%Z]: k € I'}. Then, the rank-1 lattice A((21, ..., 241, M), MS)
with

S:=min{m € N: {kgmodm: k €I} =|{kq: k€ I}}

is a reconstructing rank-1 lattice A((z1,...,24-1, M), MS,I).
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guarantee of existence of recon-

structing rank-1 lattice, size M

index set I cardinality |/ lower bound | upper bound
loo-ball G4, := [N, NN 74 O(N%) O(N?)
{1-ball 1§7°1
AT maX{Q i} 1-T 2-T/d

frequency index set @(NI—T/d> Q <N 1=T/d > (’)(Nl—T/d l—T/d>
I8 o< T <0
hyperboli 50 O(Nlogd ' N Q(N? 2 log?2

yperbolic cross I} (N log ) (N#) O(N®log" * N)
energy-norm based hyper- O(N) O(N?)

bolic cross I]Cf;T’l, T e (0,1)

generic unstructured index set || |1]?
ICcZiN[-N,N% |I| > N >4

Table 2.3: Bounds (for fixed dimension d > 2 and shape parameter 7' € [—00, 1)) on cardi-
nalities |I| of selected frequency index sets I from Lemma 2.5 and on rank-1 lattice sizes M
which guarantee the existence of a generating vector z such that A(z, M) is a reconstructing
rank-1 lattice A(z, M, I). The bounds on M follow from Theorem 2.4, Lemma 2.5, Lemma 2.6
and [Kdm13].

Corollary 2.8. ([PV16, Corollary 2.3]). Let a frequency set I' € G%, |I'| = s > 2, be given.
Furthermore, let I" C G’}V be another non-empty frequency index set. Then, there exists a
reconstructing rank-1 lattice A(z, M, I' x I") for I' x I" of size M < max{2s?, 3N} 2(N +1).

Proof. Due to (2.32) in Theorem 2.4, there exists a reconstructing rank-1 lattice A(z, M’  I")

for I’ with generating vector z := (z1,...,24_1)  and size

2
M < max{3(32 —s +8),3N} < max{2s?, 3N}.

We apply Theorem 2.7 with I := I’ x I". Consequently, I(b4=D = {(k)I =l ke I} =T
and {kq: k € I} = I" in Theorem 2.7. Since we have S < max(/’) —min(I")+1 < 2(N +1),
the rank-1 lattice A((z1,...,2q4_1, M')T, M'S) is a reconstructing rank-1 lattice for I = I’ x I
of size M := M'S < max{2s?,3N}2(N + 1). [

Based on Theorem 2.7, an alternative component-by-component construction algorithm of
a reconstructing rank-1 lattice A(z, M, I) can be obtained for unknown rank-1 lattice size M,
see Algorithm 2.3. This approach determines the rank-1 lattice size M in a dimension incre-
mental way and does not (explicitly) search for the components of the generating vector z.
Instead, it uses the rank-1 lattice size M;_1 from the previous dimension increment step
t € {1,...,d} as component z; of the generating vector z. Due to this, using Algorithm 2.3
instead of Algorithm 2.2 should improve the runtime required for building a reconstructing
rank-1 lattice A(z, M, I) but may increase the lattice size M.
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Algorithm 2.3 ([Kdm14b, Algorithm 3.7]). Alternative approach for building reconstruct-
ing rank-1 lattice A(z, M, Iinput) suitable for reconstruction of multivariate trigonometric
polynomials (2.2) with frequencies supported on the index set I := Iinpus.

Input: frequency index set linpus C Z4, | Tinput| < 00.
M, := min{m € N: [{k; mod m: k € Linput}| = [{k1: k& € Linpus }|}
z1 = 1
fort:=2,...,d do
S :=min{m € N: |{k; mod m: k € Linput}| = [{ki: k € Linpus }| }
2= M
I .= {(kl, ey kit)T: k e Iinput}
M; = min{m € N: [{h - (21,...,z) mod m: h € I}| = |I|} < SM;_;
end for
Output: generating vector z := (21, ...,24) € Nd and rank-1 lattice size M := M, € Ny
fulfilling the equivalent conditions (2.25), (2.26), (2.27), (2.28), (2.30) for the frequency
index set I := Linput-

2.2.2 Perturbed rank-1 lattices

This section has already been presented in [KPV15a].

Let a frequency index set I € G% = ([-N, N]4NZ%), N > 1, be given. In addition, let a
reconstructing rank-1 lattice A(z, M, I) be given that allows for the exact reconstruction of
the Fourier coefficients pg € C, k € I, of a trigonometric polynomial (2.2). Our aim is now
to approximately reconstruct the Fourier coefficients pg, k € I, from sampling values p;(y,),
£=0,...,L—1, using the approach from Section 2.1.2. In matrix-vector notation this problem
reads as follows: Solve the linear system of equations A,,_1 15 = p in the least-squares sense,

p:=argmin|[ A, 14— ple, (2.35)
gecll

where A,,_1 = Z|V|<m_1 B,FD, € CM*I!l ig the approximated Fourier matrix, see (2.18),

~

P = (ng)kelﬁ,’”’ is the vector of approximated Fourier coefficients and p := (p(y;))—o.. 11
is the vector of sampling values. Assuming that the approximated Fourier matrix A,,_1 has
full column rank, we expect a unique solution of (2.35) solving the normal equation of the
first kind, AL A, p=A"  p

This normal equation may be solved fast using an iterative method like the LSQR algo-
rithm [PS82] in combination with (2.18) and its adjoint version for the fast matrix vector
multiplication of the matrix A,,_; with a vector § € CH! and of the matrix Ag_l with a
vector g € CL, respectively.

In the following, we assume that the number L of sampling nodes vy, is equal to the rank-1
lattice size M and that each rank-1 lattice node x; is a closest one for the sampling node y,
j=0,...,M — 1. Then, the sparse matrix B,, from (2.18) is a diagonal matrix,

— v
B, = diag [(%,J)] e RM*M e N, (2.36)
v =0,...,M—1
Moreover, we have computational costs of O (K m?(M log M + d|I|)) for numerically com-
puting (2.35), where K is the maximal number of iterations of the LSQR algorithm. Choos-

. . log(2 r(Am—1))—logd
ing K = ’Vlog(n(Amfl)Jrl)*l;g(”(Am*l)il)

-‘ guarantees a relative error of Hil - 1:7||2/H1§H2 <4,
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cf. [Bjo96, Section 7.4.4], where h is the approximation of p obtained by the LSQR algo-
rithm, k(Am-1) := 01(Am—1)/071(Am—1) denotes the condition number of the approximated
Fourier matrix A,,—1 as well as 01(A,,—1) and o|7|(Am-1) are the largest and smallest sin-
gular values of A,,_1, respectively.

Theorem 2.9. ([KPV15a, Theorem 4.2]). Let a frequency index set I C G4, N > 1, and
a reconstructing rank-1 lattice A(z, M, I) be given as well as a Taylor expansion parameter
m € N. Let the sparse matrix B, from (2.18) be a diagonal matrix of form (2.36) and
ly; —xjllc <&,7=0,...,M — 1, for fixed perturbation parameter ¢, 0 < e < In2/(2wdN).
Then, the condition number k(A,,—1) can be estimated by

14+ 3 (2rdNe)" emdNe

/
1- ZT:_ll(zﬂ'dNE)r/r! — 9 _ @2mdNe”

K(Am—1) <

Proof. For the case m = 1, we obtain A%){AO = DEFHBEBOFDO. Since Do = I|;; and
By = I, are identity matrices, it follows from condition (2.25) that ASIAO = FUF =MIy
and thus, all singular values 01(Ao) = ... = oy (Ao) = VM. Therefore, the condition
number x(Ag) = o1(Ao)/0o7(Ao) = 1. In the following, we consider the case m > 1. For the
largest singular value o1(A,,—1), we have

01(Am-1) < ||[BoFDoll2+| Y. BuFD,| =VM+oy > B,FD,
1<|y[<m—1 ) 1<|v|<m—1
(2.37)

Next, we show an upper bound for o (Zlgu\gmq B,,FD,,). We have

o1 > BJFD,| < > IB.FD.,< > B2l Fl2 Dyl
1<y|<m—1 1<y|<m—1 1<y|<m—1
= > o1(By) o1 (F)oi(D,). (2.38)
1<|y|<m—1

Since B,, = diag ( [(y; — =;) /V']j o m-1) € RM*M - e CM*I!l has orthogonal columns

and D, = diag ([(27ik)"]ker) € C‘IMI', we obtain ¢1(B,) < /vl 01(F) = VM and
o1(D,) < (2nN)l. Due to this fact and by applying the multinomial theorem

|
(€1++£d)r225£lja 5::(517'-'7§d)—r7

|v[=r

on 3=y 1/l = P pl=r(Lo o )Y/l =d" /1], we infer

(2.38) (QTrNs)IV\ e 1l
oi| ). BJ,FD,| < > ” =VM Y (2nNe) y  —
1<|y|<m—1 1§|u|<m—1 r=1 lv|=r

N i Z . (2mdNe)" < VAT (e27INe _ 1),

r!
r=1
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With (2.37), we obtain o1(Ap_1) < VM + VM Y7 (2rdNe)" /r! < v/ Me?mNe,
Next, we estimate the smallest singular values o [‘(Am_l). Therefor, we use the well-

known inequality for the singular values (cf. [HJ91, Theorem 3.3.16]) for arbitrary matrices
E GecC>,

Opiq-1(E+G) <op(E)+04(G) if p+q—1<min(r,s).

Setting E := A,,_1 = Zlulﬁm—l B, FD,, G :=— Zl§|u|§m—1 B,FD,,p=|I| and ¢ =1,
this yields

o) (Am-1) > oy (BoFDo)—0o1 |-~ >  B,FD,
1<|v|<m—1
m—1
2rdNe)"
> VM-VM Y M > VM (2 - e%dNS) . (2.39)
T
r=1

The condition € < In2/(27dN) guarantees o} <21§|V|§m*1 B,,FD,,) < VM for all m > 1
and thus, we have o7(Am-1) > 0. Altogether, this yields the assertion. [ |

Similar statements can be found in [Gré92, FG93, PT08] with the same maximal and min-
imal singular values. However, in these publications, the approximated Fourier coefficients 5
are not the solution of the (unweighted) optimization problem (2.35) but of a weighted prob-
lem. Furthermore, they assume that the so-called mesh-norm of the sampling set {yﬁ}gL:_ol
has the upper bound In2/(2wdN), while we assume in Theorem 2.9 that the perturbation
parameter € has this upper bound.

Based on the evaluation error of (2.18) and based on the stability results from Theo-
rem 2.9, we consider the error for the fast and approximate reconstruction of trigonometric
polynomials P T € HI;{],T,A, by sampling at perturbed nodes y;, j = 0,...,M — 1, of a

reconstructing rank-1 lattice A(z, M, IK}T”).

Theorem 2.10. ([KPV15a, Theorem 4.3]). Let a weighted frequency index set I = IX,’T"Y and
a trigonometric polynomial (2.2) be given by its Fourier coefficients py, € C, where the refine-
ment N > 1, the shape parameter T € [—o0, 1) and the weight parameter ~ € (0, 1]d. Further-
more, let a Taylor expansion parameter m € N, a reconstructing rank-1 lattice A(z, M, Ij'\l;T"’)
and a set of sampling nodes Y = {yj}j]\igl be given, where ||y; —xjllc <&, =0,...,M —1,

for fixed perturbation parameter €, 0 < ¢ < (27r(d1+max(ov%))N)_l In2. Then, the error

of the approximation Sppr(x) = Zkelﬁke%ik'z of the trigonometric polynomial p; with

(ﬁk> ;= argmin ||A,,—1 § — pll2 and p := pl(yj)j]\/ial is bounded by

RO A N ST L () |,

Ilpr — Srpr|La(TY|| < -
9 _ 27 (dex(O’ﬁ))Ns kel

min(0,7m)—a—T4 (ln 2)777,

where the constant C(d,T,«, 3,m) :=d =T
a,feR, >0,0<a+B<m.

—1— and the smoothness parameters
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Proof. By Parseval’s identity, we have ||pr — Sy pr|La(T9)|| = H(ﬁk — ﬁk)kgHQ. Based on the

normal equation AL A, <5k) — Al . p we obtain

Al Ay (@c - ﬁk) el Ay (P~ At (Br)ger) -

Since we have (2.20) by Lemma 2.2 and € < (27T(d1+max(0’%))N)_1 In2, the smallest sin-
gular value oy (A?n_lAm,l) = oy (Am,l)2 > 0 by (2.39) in the proof of Theorem 2.9
Consequently, the matrix AEL,lAm_l is invertible. Therefore, we obtain

(r—px), = (AR A1) " AR (P = At (Pr)ie)
This yields the estimate
|Gr = Brdner |, < (AR 1A AR, I = Anct Grderll,- (240)

According to [Bj696, Subsection 1.4.3], we have |[(A} 1 An_1) " AL ||, = 1/017(Am-1).
Thus, we obtain H(A?n_lAm,l)*lAg_lm < 1+tlnax(0,7) by (2.39) in the
\/M(Q_e%r(d 1-T )N5>

proof of Theorem 2.9. Furthermore, we have

1P — A1 Br)rerlly < VM P~ Apt (Br)redlo, = \/MH(Rm(yj))jASlH :

where R,, is the remainder from Theorem 2.3. We apply Theorem 2.3 and infer

M—1

H (Rm(yj))j:()

2 m m—a—
( 7T) d 17TTL3€m Nm_a—ﬂz ’ﬁk| wa,ﬂ,’y(k)

HOO

|
m kel
(In2)™  m-a-T8 40 (0.-T )\ —m e .
< — d 1-T (d max( 71—T)) N B Z 1Dk | wa"g"y(k).
min(0,Tm)—a—T4 kel
—d 1-T
Altogether, this yields the assertion. |

The steps of the proof of Theorem 2.10 will be also used in the proof of Theorem 2.46
to show an error bound for sampling functions from subspaces of the Wiener algebra A(T%)
at nodes of perturbed rank-1 lattices. If the perturbation parameter € is not too large, the
order of the sampling error does not deteriorate compared to the results of Theorem 2.26 for
rank-1 lattice sampling.

2.3 Approximation of multivariate periodic signals

In this section, we consider the approximation of multivariate periodic signals f: T¢ — C from
certain weighted function spaces by trigonometric polynomials pr. In doing so, we assume that
we (approximately) know the corresponding function space of a function f and we choose the
frequency index set I C Z¢ accordingly. As mentioned in the introduction of this chapter,
we consider the subspaces A%?7Y(T?) as defined in (2.13) of the Wiener algebra A(T?) =
A%01(T9) and the periodic Sobolev spaces of generalized mixed smoothness H*#7(T4) as
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defined in (2.11) for dominating mixed smoothness § > 0 and isotropic smoothness a > —f3,
where the weights w®?7 (k) are defined as in (2.12) and the Fourier coefficients f; of a
function f are (formally) given by (2.5).

We proceed in this section as follows. First, we discuss various norm inequalities and give
several function space embeddings in Section 2.3.1, which will be used afterwards.

In Section 2.3.2, we consider the approximation of a function f € A(T¢) by the Fourier
partial sum S;f using the Fourier coefficients fi, k € I, as defined in (2.6), and S;f is a
trigonometric polynomial p; from (2.1). The main results are shown as “truncation error” in
Table 2.1 and 2.2 in the introduction of this chapter.

In Section 2.3.3, we apply the results from Section 2.2.1 and use a rank-1 lattice rule
for the computation of the approximated Fourier coefficients ka S fk, k € I, as defined
in (2.7) based on samples along a reconstructing rank-1 lattice A(z, M, I). Since we sam-
ple the function f € A(T?), we additionally demand that f is continuous or identify f by
its continuous representative as discussed in Remark 2.15. In Table 2.1 and Table 2.2, we
present an overview of error estimates when approximating a function f € A(T9) N C(T9)
by the approximated Fourier partial sum S}\ f as defined in (2.8), where the corresponding
approximated Fourier coeflicients f}é\ were defined in (2.7). For the parameter choices of
isotropic smoothness « and dominating mixed smoothness § in both tables, the condition
f € A(TY) is fulfilled, cf. Lemma 2.11, 2.12 and 2.14. We remark that the admissible values
of the smoothness parameters o and § are also illustrated in Figure 2.6. In Table 2.4, we
summarize the error estimates with respect to the number of samples M from Section 2.3.3.
We observe for shape parameters T' € [0, 1) that we have about half of the main rate compared
to sampling along sparse grids, cf. [BKUV16]. The reason for this is that for reconstructing
rank-1 lattices A(z, M, I), in general, the rank-1 lattice size M is larger than the cardinal-
ity |I| of the frequency index set I, i.e., we require more samples than we have degrees of
freedom. As we see from the lower bounds in Theorem 2.42 and the third entry in Table 2.4
for the sampling errors f — S2 f when using an arbitrary rank-1 lattice A(z, M), the corre-
sponding upper bounds in Table 2.4 when using reconstructing rank-1 lattices A(z, M, I) are
asymptotically best possible (up to logarithmic factors) for shape parameters 7' € [0,1) and
functions f € H*H1(T?),

In Section 2.3.4, we consider the case where we do not obtain the samples of the function f
exactly at rank-1 lattice nodes x;. Instead, we assume that the sampling nodes are perturbed
versions of these. If the perturbation is sufficiently small, we obtain similar results as in
Section 2.3.3.

In Section 2.3.5, we give various numerical examples for rank-1 lattice sampling and
compare the observed behavior with the theoretical results of this section. Moreover, we
present examples for sampling along perturbed rank-1 lattices.

2.3.1 Norm inequalities and embeddings of function spaces

Later in this chapter, we repeatedly use embeddings between subspaces A5 (T?) of
the Wiener algebra A(T?) and periodic Sobolev spaces of generalized mixed smooth-
ness H*P(T9).

Lemma 2.11. ([KPV15a, Lemma 2.2]). Let a function f € A%PY(T?) be given, where the
smoothness parameters o, 3 € R, 3 > 0, a > —f3, and the weight parameter v € (0,1]%.
Then, we have || f|H*?Y (T < || flA“PY(TY)|. For f € HOPTAY(TY) with A > 1/2, we
have .,

LAIASBT (T | < (1 4+ 26(2N) 3 [|FIHEF A7 (T) (2.41)
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] setting ‘ error estimates
CBC A(z, M, Iy"Y) 1f = Spura FILoo( T < NI = Spira LA
M —(§+8) (1*2ﬁfa/d) for o> B> 0,
using [Kém14b, Tab. 3.1] | < [[fIA*PN(TY)|| § M—5 (log M)*5 for > a =0,
M for — < a<0,
T:=—-«a/f €[—00,1) Corollary 2.40, 5> 0, a > —f3

—(a __B
special Korobov lattice If - S%7T71f’L2(Td)“ SN FIHEBE(TD)|| M (+6) (1 23+°‘/d)

T:=—a/f € [—0,0) Corollary 2.41, > 0, a>max( ( 1v8ﬁ+ - B), )

arbitrary A(z, M) 1d =85, [HOF (T — HOWL(T)|| 2 M5
N
T c[0,1) Theorem 2.42, 8> 1,¢ >0, a <0, a + 3 > max{t, 5
log M (otB-1)
CBO A MLIY) |~ Slyan SN0 T 5 oty B2
2

log M)@=1/2 ¢ _
using [Kém14b, Tab. 3.1] . {(Og ) or a =0,

1 for a < 0,
T:=0 Corollary 2.44, 3> 3, ¢t >0, a <0, o+ 8 > max{t, 3}

special Korobov lattice | || f — SAM1 FIL2(TY|| < || fIHBL(TY)| M~
‘{(logM)(d ez’ for a =0,

tp

1 for a < 0,

T:=—-a/Bel0,1) Corollary 2.45, « <0, 8 >1— «

Table 2.4: Overview of rank-1 lattice sampling error estimates from Section 2.3.3 with respect
to rank-1 lattice size M for functions f € A%%1(T9) and f € H*P1(T9) for certain choices
of the isotropic smoothness o and the dominating mixed smoothness 3.

where ¢ denotes the Riemann zeta function. Therefore, we have the continuous embeddings
HOPEAY(TY) s A*P7(TY) s A(TY) — Ly(T?) — Ly(T9).

Proof. Using the Cauchy-Schwarz inequality, one obtains the inequalities, see e.g. the proof
of [KPV15a, Lemma 2.2].

The first embedding is due to (2.41) and the second one follows since the weights w®?7 (k)
are bounded from below. The third embedding is due to Parseval’s identity, since we have

IFIL2(TI =/ Ceza Ll < Ppega | ful = IIFAT)| for f € A(T). u

As the embeddings in Lemma 2.11 suggest, periodic Sobolev spaces of generalized mixed
smoothness H*#7Y(T9) are subspaces of the Wiener algebra A(T?) for certain parameter
choices.
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Lemma 2.12. ([KPV15b, Lemma 4.6]). Let the dimension d € N, d > 2, and a function
f € H*PY(T?) be given, where the smoothness parameters a, 3 > 0 with o > d(% — f) and
the weight parameter v € (0,1]%. Then, the function f has an absolutely converging Fourier
series, Y . cza | /x| < 00, and we have the continuous embedding H®P (T?) — A(T%).

Proof. For f € H®PY(T?), we apply the Cauchy-Schwarz inequality and obtain

Slfel < />0 waﬁ‘r > wr B (k)| fil?

kezd kezd kezd
1
= /2 =T el F AL VAL
peza Wax(L [[kfl1)%e TTi—y max(L, 57 |ks])
Due to []%_, max(1,v; ! ks|) < max(1, |k[|1)? []°L, ;" for k € Z%, we infer
d —d
el < ( %) oy [IF 27 (TY)|
k%Z:d 51:[1 k:%d;el_[l max(1, |k )P+ a)

Q

= (ﬁv) " (tr2c(2(5+ ) 1wt
s=1

where ( is the Riemann zeta function. Since 8 > 0 and « > d(% — (), we obtain 2 (B + %) >
2 ([3 + % — ﬂ) = 1 and consequently ¢ (2 (6 + %)) < 00. Due to this and since f € H®P7(T4),
we infer Y, 7a | fr| < o0. [ ]

Remark 2.13. For non-negative integers a and 3, we can give an alternative characterization
of periodic Sobolev spaces of generalized mixed smoothness H®#1(T9), which is equivalent
with respect to the norms and which uses partial derivatives D™ f, m € Ng,

HONTY) o= f € Lo(T: [fIHOATHP = Y D ID™flE<oop.  (242)

[mlli<anfe<p

see e.g. [BKUV16] and the references therein. O

Lemma 2.14. ([KPV15b, Lemma 4.9]). Let the dimension d € N, d > 2 and a function
f € HBY(TY) be given, where 0 > a > % — /3 and the weight parameter v € (0,1]?. Then,
the function f has an absolutely converging Fourier series, Y ;7 | fk| < 00, and we have the
continuous embedding H%Y (T?) «— A(T).

Proof. As in the proof of Lemma 2.12, we apply the Cauchy-Schwarz inequality and obtain

; 1 @B (.
AR \/ d s )

kezd kezd maX 1 Hkul)2a Hs:l ma’X(lﬁf)/S

Due to (2.21) and (2.22), we have max(1,|k|1) < d H _,max(1,7; tks|) for k € Z¢ and
since a < 0, we mfer

R 1
2 10l = Zd“Hmaxu i M)

kezd kezd
= d7% (1+2¢2(a+B)E | fH (1.
Since we have 2(a + 8) > 1 and f € H*P7(T9), we obtain Yy | fre| < 0. [ |
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Furthermore, the considered parameter choices yield the existence of a continuous repre-
sentative for a function from those spaces.

Remark 2.15. Since the Fourier coefficients of functions f from the Wiener algebra A(T¢)
are absolutely summable, they have continuous representatives in L;(T%), A(T%) < C(T4).
As we are going to construct the approximant based on function values of the original func-
tion, we usually identify a function f € A(T¢) by its continuous representative given by
its Fourier series ) ;74 free?™®° see e.g. [Kim14b, equation (2.6)], and we denote this by
f € AT nc(TY). O

2.3.2 Truncation error

For functions f € A(T?), we formally approximate f by the Fourier partial sum S;f as
defined in (2.6), where I C Z¢ is a frequency index set of finite cardinality, |I| < co. We
remark that the Fourier partial sum S;f is a trigonometric polynomial (2.2). In particular,
S;f is an orthogonal projection of the function f with respect to the Ly(T?) scalar product.
The error f — S7f of this approximation will be called truncation error in this work and
may be measured in various norms. For estimating the error, we give upper bounds on the
maximum of the weight function w®?7 of frequency index sets IK,’T"Y as defined in (2.12) and
in (2.14).

Lemma 2.16. ([KPV15a, Lemma 3.2]). Let a dominating mixed smoothness 5 > 0, an
isotropic smoothness a > —B, a shape parameter T € [—o0,1) and a weighted frequency
index set I]C\l,’T"Y be given, where the refinement N > 1 and the weight parameter v € (0,1]%.
Then, we have

TB+& 5

(vt ) B s,

max w_d’_B"V(k) < N-@+8) 44 for T = -2,

kezZd\15H" _ B

d- -1 for T < —2,

B

where —% = —oo for B =0.

Proof. In the case of shape parameter T := —a&/ 3, we observe due to the definition of the

frequency index sets Ifi,’T’7 in (2.14) that

d
70\ 14T = {kz € 2% max(1, |[k|)) =7 J] max(1,7; " ks|) T < Nl}
s=1

- {k: c 74 max(1, ||k|[{) &+

d 3
i [T masx(L: )"+ < N}
s=1

- - B \GtB o
This yields w~(k) = (maxu,ukun w7 [14y max(1,7; ! |k]) B) < N+

for all k € Z¢\ I]C\I;T"Y and the assertion follows. For the other cases, we refer to the proof of
[KPV15a, Lemma 3.2]. |

First, we estimate the truncation error f — Sy f in the Loo(T¢) norm for functions f from
subspaces A% (T?) of the Wiener algebra A(T?).
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Theorem 2.17. ([KPV15a, Theorem 3.3]). Let a function f € A7 (T?) and a weighted
frequency index set I]Cf,’T"Y be given, where the refinement N > 1, the dominating mixed
smoothness 3 > 0, the isotropic smoothness o > —[3, —% := —oo for § =0, and the weight

parameter v € (0,1]%. Then, the truncation error f — S a1~ f is bounded by
N

17 = Sparnf 1o (T < 1S = 8 g FLA(TY)

TR+«

(Nd 11_[8 175 ) ot for T'> —3,
< N7 £l AP (T[4 for T = -4,
d- for T < —g.
More specifically for T := —«/[3, the operator norm of 1d —8 a7~ Is bounded by
N
V)15 (N + 1)~ < |1d —SlﬁT,v\Aa’ﬁ”(Td) — Loo(T?)|| < N™(H) (2.43)

where Id denotes the embedding operator from AP (T%) into Leo(T%).

Proof. We have f — S a1~ f = Zkezd\ldﬂ’r”‘/ fre e>™k° Using the weights w®A7(k), we obtain
N N

I = Spara Lo < 30 1fal = 17 = Spana FLATY)

kEZd\Id’T"Y

= Z max(1, ||k||1)” Hmax ks P w7 (k) | fiel

keZd\ 15T
< max_ (max (1,||k|[1)~ Hmax k)T ) > w7 (k) | frl-
keZNIy™Y keZNIGTY
N
Applying Lemma 2.16 yields
I1F = Sparn fILoo(TY < [1f = Syaren FLAT)
TR+«
Nd= 11_[8 175 ) T for T > -5
SN N WPk [ fil {1 for 7 =—g,  (244)
da,T, B+a
REZNIY d_% for T' < —%.

and the upper bound follows. For the lower bound, we modify the explicit example from
[KPV15b, Lemma 4.4]. Let s’ € {1,...,d} be an index where vy = ||7¥|sc and let the
trigonometric polynomial g(x) = e*™*"® he given, where k’ := (k},..., k)T with &, := N+1
for s = ¢’ and k. := 0 otherwise. We have k’ ¢ IX;T’A’ and we calculate
lg = 8729l Loo (T = llgl Loo(T)|| = ess supgera [* 2] =1 = ||g|A(T?)|
= W) WK |
- -3
= (N+1)7% (y;! (N +1)) 7 glA“P7(T)]

and we conclude that the norm of Id —S 4.7~ is bounded from below by (2.43). [ |
N
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Remark 2.18. If we had used the co-norm for the isotropic smoothness « in the definition
of the weights w®%7(k), then the third case in (2.44) would have the constant 1 instead

TR+«

of d1-T . OJ

One can derive three cases for the relationship between the parameter T' of a weighted

frequency index set [ X;T"Y and the smoothness parameters «, 3, see also [KPV15a, Section 3.1].

1. The weighted frequency index set Ij'f,’T” is “thinner” than required by the isotropic

smoothness a and dominating mixed smoothness 3, i.e., the shape parameter T >
—a/f. Consequently, the approximation order with respect to N worsens as 7" increases,
see the first case in (2.44).

2. The weighted frequency index set I]%;T"y fits the isotropic smoothness v and dominating
mixed smoothness f3, i.e., the shape parameter T' = —a/3, see the second case in (2.44).

3. The weighted frequency index set I%T’V is “thicker” than required by the isotropic

smoothness a and dominating mixed smoothness 3, i.e., the shape parameter T <
—a/f. Choosing the parameter 7" smaller than —a/ does not improve the estimate
for the truncation error compared to the case T'= —a//f3, see the third case in (2.44).

In this work, we concentrate on the second case, i.e., the weighted frequency index
d, T - : «“ : 9
set Iy~ is chosen in an “optimal” way.

Remark 2.19. Instead of the Banach spaces A“%7 — A(T?), one may consider (more
general) spaces A“(T?) := {f € Ly(T9): || f|A“(TY)| = > jeza w(k)|fr] < oo} < A(TY)
with general weight function w: Z¢ — [c, 00], ¢ > 0, see e.g. [Kdm14b, (2.9)]. Then, using the
index set 1% = {k € Z%: w(k) < N}, |I{| < oo, the truncation error can be estimated by

1f = Sy fILoo (T < |If = Sty SIAT < N7H AT,

cf. [Kdm14b, Lemma 2.2] and [KPV15b, Lemma 3.3]. In this setting, higher smoothness
leads to smaller frequency index sets Iy in contrast to a higher decay rate with respect to
the refinement N in Theorem 2.17. L

For estimates in the Hilbert space norm, one may again consider different choices for the
shape parameter T € [—00,1). Here we concentrate on the case where the shape parameter
is again chosen in an “optimal” way to match the norms on the left and right hand side. For
the other cases, we refer to [KPV15a, Theorem 3.4].

Theorem 2.20. Let smoothness parametersr,a € R, >t >0, a+ > r—+t > 0, the shape
parameter T := —%:’t" with T := —oo for f = t, a function f € H*P#7(T?) and a weighted
frequency index set I]”f;T"Y be given, where the refinement N > 1 and the weight parameter
~ € (0,1]%. Then, the truncation error f — S~ f is bounded by

N

If = Spaza FIHTY (T < N0 P (T . (2.45)
More specifically, the operator norm of Id —S 4,r~ is bounded by
N
I8 (N + 1)~ 70 < |1d =S [HOPY(TY) — WY (T < N0 (2.46)

where Id denotes the embedding operator from H®P(T?) into H™*7 (T?).
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Proof. We proceed as in the proof of [KPV15a, Theorem 3.4] and [KPV15b, Lemma 4.4].
For a function f € H*#7(T?), we have

f=Suaraf= Y,  feet*

kezZ\I1G"
Using the weights w®™7(k), we obtain
wOBY (k)2 .
Hf _ Sld,T,7f|Hr7t"y(Td)”2 — Z wr,t»‘Y(k)Z OWE’C;Q ‘fk|2
" keZd\1%T v
< max w—(a—r)r(ﬁ—t)ﬁ(k)? Z waﬂ”(k)z ’fk’Q
REZNy kezZd\ 15T

Applying Lemma 2.16 with & := a — 7 and 8 := 3 — ¢ yields (2.45) which is also the up-
per bound in (2.46). For the lower bound, we modify the explicit example from [KPV15b,
Lemma 4.4]. Let s’ € {1,...,d} be an index where 7y = ||7||c and let the trigonometric poly-
1 N 1 f = /,

nomial g(x) = 2™k @ he given, where k’ := (K},..., k)" with k, = i o s S
0 otherwise.

We have k’ ¢ I]C\I;T"Y and we calculate

lg = S ar~gHY (T = ||| 1" (T = \/‘*JT_‘*’t_B’“’(/'ﬁ')2 wo B (k)2 | fro |2
N
=(N+1)"* (v, (N + 1))t_ﬁ lg| =P (T
and we conclude that the norm of Id —S ATy IS bounded from below by (2.46). [ ]
N

One can also formulate bounds on the truncation error with respect to the cardinality of
the weighted frequency index sets IK}T’V. Here we concentrate on the unweighted case v := 1.

Corollary 2.21. Let the dimension d € N, d > 2, the dominating mixed smoothness 3 > 0,
the isotropic smoothness « > —[3, the shape parameter T := —«/8 with T := —oo for f =0,
and frequency index sets IZ}T’I be given, where the refinements N > 1. Then, the operator
norm of 1d —SI]dV,T,l is bounded by

11 —S a.ra | A% (TY) = Loo(TY|| < || 1d, —Spara |A%BL (T - A(TY)|
|[1%T1 |~ (B+e/d) for T € [—o0,0),

= 1L =B (log [TEO)(@-DF  for T = 0, (2.47)
|1&T |~ (ath) for T € (0,1).

where Id and Id; denote the embedding operators from A®P1(T?) into L. (T¢) and
A®BL(TY) into A(T?), respectively.

Proof. From (the proof of) Theorem 2.17, we obtain || Id —SId,T,-y|.Aa”B"Y(Td) — Loo(TY)| <
N

B+a/d
B+a

1—-T/d

|1y =S ar [ AP (T?) — A(TY)|| < N=(+8). We have N =< |[Ig"! =1 = |15"!
N

for T := —a/f € [—00,0) and N =< \Ii}T’1| for T := —a/p € (0,1) due to (2.33) in Lemma 2.5.
This yields the lower and upper bounds for T' € [—00,1) \ {0}.
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For the upper bound in the case T = a = 0, we have N7! =< |IJC<;O’1|logd_1N <
|I]Cf,’0’1 (log \I]‘i;o’l\)d_l which results in the upper bound. For the corresponding lower bound,
we have N1 = [I30 log? ! N = |15 12179 1ogd= ! N2 > 140 log?~! [14%] and the as-
sertion follows. [ |

Corollary 2.22. Let the dimension d € N, d > 2, smoothness parameters r,a € R, f >

t>0, a4+ p >r+t >0, the shape parameter T := —%:; with T := —oo for =t and

frequency index sets I%T’l be given, where the refinements N > 1. Then, the operator norm
of Id —de,T,l is bounded by
N

| 1d =S a.ra KO (TY) — 1ot (TY)|

14T = (B=teogt) for T € [—00,0),

- d,0,1)—(3—t) ,0,11y(d—1)(B—t) =

= |14 (log [T ) for T' = 0, (2.48)
‘I%T:1|—(a—r+ﬁ—t) for T € (0,1).

where Id denotes the embedding operator from H®»1(T?) into H"H1(T?).

Proof. From Theorem 2.20, we obtain ||[Id =41 |H*?7 (T4) — H"Y(T4)|| < N~ (o8-,
N
We proceed as in the proof of Corollary 2.21 and obtain the assertion. |

2.3.3 Rank-1 lattice sampling and error estimates

Since the Fourier coefficients fi, k € Z%, of functions f € A(T?) are usually neither known
nor easy to compute analytically, one computes approximations of the Fourier coefficients fk,
e.g. based on samples of the function f. Here, we consider the approximation by a lattice rule.
For this, we sample the function f at nodes x; := %z mod 1, j=0,...,M — 1, of a rank-1
lattice A(z, M). In doing so, we assume that f is continuous or identify f by its continuous
representative, cf. Remark 2.15. We compute all the approximated Fourier coefficients ka,
k € I, by (2.7), i.e., by applying the same rank-1 lattice rule to the integrand in (2.5). This
computation can be performed in O(M log M + d|I|) arithmetic operations using a single
one-dimensional FFT of length M and a simple index transform. We approximate the func-
tion f by the approximated Fourier partial sum 5’? f as defined in (2.8), which itself is a
trigonometric polynomial p; € II; of the form (2.2). In general, the approximated Fourier
coefficients ka and the Fourier coefficients fi, do not coincide. When we use the approxi-
mated Fourier partial sum Sj\ f instead of the Fourier partial sum Sy f for approximating the
function f, we additionally obtain the aliasing error S;f — Sj\ f, see equation (2.9).

In this section, we give a formula for the aliasing error Sy f — Sj\ f in the general case and
we present an algorithm for rank-1 lattice sampling. In Subsection 2.3.3.1, we use these results
and we show error estimates for the sampling error f—S j\ f measured in the Lo, (T?) norm with
respect to the refinement N of weighted frequency index sets I := I ]‘f,’T"Y and the norm of func-
tions f € A% (T?) when sampling along arbitrary reconstructing rank-1 lattices A(z, M, I).
Based on these estimates and inequality (2.41) from Lemma 2.11 of Section 2.3.1, we give
corresponding results measured in norms of periodic Sobolev spaces of generalized mixed
smoothness H*?7(T9) in Subsection 2.3.3.2, where the obtained results are not asymptoti-
cally optimal. In Subsection 2.3.3.3, we improve these results using a different proof technique,
see also [BKUV16], for special choices of the involved norms. The obtained results are asymp-
totically best possible in the main term with respect to the refinement N and may additionally
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contain logarithmic factors. In Subsection 2.3.3.4, the logarithmic factors are removed and
different choices of the involved norms are possible, but non-constructively obtained recon-
structing rank-1 lattices A(z, M, I) with generating vector z := (1,a,...,a% )T of Korobov
form fulfilling additional properties have to be used. Finally, in Subsection 2.3.3.5, we con-
sider the sampling errors with respect to the number of samples M, which yields different
results in many cases compared to the estimates with respect to the refinement N from the
previous subsections, since reconstructing rank-1 lattices A(z, M, I) generally require more
samples M than degrees of freedom ]I]‘f,’T"V\, cf. Table 2.3.

We start with a characterization of the aliasing error Sy f — S}X f for arbitrary frequency
index sets I C Z9, |I| < oo, and arbitrary rank-1 lattices A(z, M) C T?. This means we do
not assume any (reconstruction) property for the used rank-1 lattice A(z, M) or any structure
on the frequency index set I C Z¢ in the next lemma.

Lemma 2.23. ([KPV15a, Lemma 3.1]). Let a function f € A(T%) N C(TY9), a frequency
index set I C Z%, |I| < oo, and an arbitrary rank-1 lattice A(z, M) C T¢ with nodes x; :=
%z mod1, 7 =0,...,M — 1, be given. The approximated Fourier coefficients ka, kel
computed by applying the lattice rule (2.7), are aliased versions of the Fourier coefficients fk

of the function f,
fit = > fern="">Y_  frin,

hezd heA+(z,M)
h-z=0 (mod M)

where the dual lattice A*(z, M) is defined in (2.29). The aliasing error is given by
Sif=Stf==>" > fepne®™ (2.49)

kel heAL(z,M)\{0}

Proof. Since we have f(%z mod 1) =, cpa fr e2miihz/M e obtain

Z Z f —2mij(k—h)-z/M _ Z fhi Z e—27r1_7 (k—h)z/M _ Z fk—‘rh

J=0 hezd hezd heAt(z,M)

and the assertion follows. |

Since we do not want aliasing within the frequency index set I, we use a reconstructing
rank-1 lattice A(z, M, I) for I, cf. reconstruction property (2.30). Therefore, we only have
aliasing from Fourier coefficients fr with frequencies k € Z4 \ I. The method for computing
the approximated Fourier coefficients fk , k € I, is presented as Algorithm 2.4 and can be
realized using two lines of Octave / MATLAB code,
££5.C(f () 005
g_hat(mod(I*z,M)+1) / M;

g_hat
(fker

cf. [Kdml4c].

We consider the sampling error f — S% 147 f in different norms in the remaining part of
this section. In doing so, we will also deal with the question on how good our approxima-
tion Sld’T’_Y f is. The answer to this question substantially depends on the used reference value

N
and the employed norms. Here, we are going to consider the refinement N of the frequency
index sets I 7Y and the number of samples M as reference values as well as the Lo (T%)
norm and Hllbert space norms H*#Y(T4). Typically, we will use inequality (2.10).
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Algorithm 2.4 ([KPV15a, Algorithm 1]). Approximate reconstruction of a function f €
A(T%) N C(T?) from sampling values on a reconstructing rank-1 lattice A(z, M, I) for I, i.e.,
application of Algorithm 2.1 on a function f € A(T%) NC(T%).

Input: Icz? frequency index set of finite cardinality
Az, M,T) reconstructing rank-1 lattice for I of size M
with generating vector z € Z¢
. M—1 ,
f= (f (ﬁz mod 1)) . function values f(x;), ; := 4z mod 1, of
]:
f € A(T4) nc(Td)
§ := FFT_1D(f)
forA each k € 1 do
ka = % Jk-z mod M
end for
A A
Output: f = ( ka)k ; approximated Fourier coefficients of
€

f e A(TH Ne(Te)
Complexity: O (M log M +d|I|)

We have already given upper bounds on the truncation error f—.5,4,r~ f in Theorem 2.17
N
and 2.20. Now, it remains to obtain bounds for the aliasing error S froay f- S;\Jd\; r~f- The

corresponding estimates use the aliasing formula (2.49) in Lemma 2.23 as starting point and
rely on the equivalent reconstruction properties (2.25), (2.26), (2.27), (2.28) and (2.30) of
reconstructing rank-1 lattices A(z, M, I]%;T"Y). In many cases, we make use of the Minkowski
inequality for obtaining upper bounds.

Please note that the smoothness parameters «, 8 € R in the remaining theorems and
corollaries of this section are chosen such that A% < A(T9) < C(T?) or H¥PY —
A(T?) < C(T%). Nevertheless, we demand for the sampled function f € A*#Y N C(T9) or
feHBPINC (T%) to express that we sample the continuous representative of f given by its
Fourier series, cf. Remark 2.15.

2.3.3.1 Sampling error measured in L. (T%) norm

First, we estimate the sampling error ||f — S%, ;. f|Loo(T?)|| with the refinement N as ref-

e
erence value for functions f from subspaces A% (T9) of the Wiener algebra A(T¢). For
simplicity, we concentrate on the special case where the shape parameter 7' and weight pa-
rameter ~ matches the smoothness and weight parameters of the function spaces A5 (T4).
The remaining cases, cf. [KPV15a, Theorem 3.3], are not more difficult but rather technical
as can be observed at the estimation of the truncation error f — S 147 f in the proof of

Theorem 2.17.

Theorem 2.24. ([KPV15a, Theorem 3.3]). Let a function f € A%PY(T4)NC(T?), a weighted
frequency index set I = I]‘{,’T"V and a reconstructing rank-1 lattice A(z, M, I;{;T"y) be given,

where the refinement N > 1, the dominating mixed smoothness 3 > 0, the isotropic smooth-
(%

ness o > —[f3, the shape parameter T := -3 with T := —oo for § = 0 and the weight
parameter «y € (0, 1]d. Then, the sampling error is bounded by

If = Sjura f|Loo(TY < 1 = Spary [IAT]| < 2NTEF FAV T (250)
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Proof. Applying inequality (2.10) in the Lo (T%) norm, we estimate the sampling error by
If = SfﬁT,wf!Loo(Td)H < Nf = Spara flLoo( T + [|Spara f — Sf]@.lv’Tﬁf\Loo(Td)H. For the

truncation error, we obtain
1f = Sjarer flLoo(TH < I = Spara fIAT]| < N £l A%PY (1)

from Theorem 2.17. Last, we estimate the aliasing error. Due to (2.49), we infer

ISpgraf = ShrafiLo < Y 3 lfural (251)

kel& T heAL(z,M)\{0}
As discussed in the proof of [BKUV16, Lemma 6], reconstruction property (2.30) yields
k+h+#k' +h forall h,h' € At(z, M) and k, k' € I with k # k’ (2.52)

since otherwise 0 # k — k/ = h’ — h € A*+(z, M) which is in contradiction to (2.30). By
considering the case h’ := 0, one obtains that

k+h¢lforallkelandhecAt(z, M)\ {0}. (2.53)

This means each Fourier coefficient fk:, k' c 72\ lvj'i,’T’7 occurs at most once on the right
hand side in the estimate (2.51) and the Fourier coefficients fk, k € Ii}T”V, do not occur.
Consequently, we obtain HSI;d\;T,-yf — 5D flLoo (T < Zkezd\%nﬂ, | f| and proceed as in

[d,T,'y
the estimate of the truncation error in the proof of Theorem 2.17. This yields the assertion.
|

From the previous theorem, we obtain upper bounds for the sampling error measured
in the Loo(T?%) norm identical to the upper bounds for the truncation error in (2.43) of
Theorem 2.17 up to a constant factor of two for functions f from the weighted Banach
spaces A%P7(T9) and suitable frequency index sets I%T’V.

2.3.3.2 Sampling error measured in Hilbert space norm

Next, we estimate sampling errors f — Sf\ f in the norm of periodic Sobolev spaces of gen-
eralized mixed smoothness H"*7(T¢) of a continuous function f € A%#7Y(T4) c HF(T9)
for suitable frequency index sets I = I]Cf}T’7.

Before we continue, we need to show embeddings into “thicker” weighted frequency index
sets I]Cf;T”y, i.e., for parameters 7' < T. These statements are going to be used in Theorem 2.26,
where we estimate the sampling error in the norm of periodic Sobolev spaces of generalized

mixed smoothness H®#7(T9).

Lemma 2.25. ([KPV15a, Lemma 2.4]). Let a refinement N € R, N > 1, a weight parameter
~ € (0,1]¢ and shape parameters T, T € [—00,1), —oo < T < T < 1, be given. Then, the
following upper bound holds

T—T

- T 1 —Tya—T T
max w 177—17171:7’7(1{:) g d<1l na-1y N  forT > —0Q,
kel di-T N for T = —oo,
where we define % =1 and H% := 0. This implies the following inclusion
a7y R
14T Id(T—T)/(l—T)/(lff")N for T'> —oo,
N Id:*007‘7 f j:’ —
/0T N or T = —oc.
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Proof. We observe by (2.14) that
T d 1
I]‘{;T"Y = {kz € 2% max(1, ||k|)” T H max(1,v; Hks|) T < N} .
s=1

Let T > —oo and k € IK}T’V. We estimate

T T-T 1 T-T T-T T-T

N>w TT (k) = w T anah T aina i) T(k)w e a-na-n 7 (k)
) J _r=T
_ e gy [ Memmax otk ) e
max(1, [|k]/1)

Due to ﬁ > 0 and using the inequalities (2.21) and (2.22), we continue

T-T

~ d 71 _ _,.
N>wlzq;”m><nﬁummL%Jmu>ﬂﬂuﬂ
AT max(1, 5 )

T-T T 1 -
i Ja—ma-T) T is vi Ty
and obtain d(-10 T)N > w 1-7'1-T (k:) ThlS. yields k € Id(T—T)/(l—T)/(l—T)N' .
In order to prove all inclusions from the assertion above, we have to deal separately with
T = —oo. Obviously, for T'= T = —o0o, the inclusion from above holds. So, let us assume
—o0o =T < T < 1. Due to the inequalities (2.21) and (2.22), we estimate for k € I]Cf,’T"Y and

T € (—o0,1)
1
d 1-T "
NZ(Hmw@%ﬂMO max(L, |[k]1) T
s=1
_1
> (@  max(1, [[k]1)) =7 max(L, [[k]1)"TT = d” T max(L, |kl|:)

and obtain k € I%7,°°7. The upper bound in the Lemma then follows. [ |
d1-T N

The following theorem is a special case and a consequence of [KPV15a, Theorem 3.4].

Theorem 2.26. (special case of [KPV15a, Theorem 3.4]). Let smoothness parameters
rtoa,BER, =120, a+f>r+1t>0, and the shape parameter T := — 5=} € [—%,—%]
be given with T' := —oo for f = t, —% = —oo for t = 0 and —% := —oo for § = 0. Fur-
thermore, let a function f € A%P7(T4) NC(T?), a weighted frequency index set IX;T"Y and a
reconstructing rank-1 lattice A(z, M, I]C\l;T’7) be given, where the refinement N > 1 and the
weight parameter v € (0, 1]d. Then, the sampling error is bounded by

[f = Sjaea fIHEY (T < N7(OTH070 (Hf 1P (T || + || f|Aa’5’“’(Td)H> (2.54)

and for functions f € (HPHAY(T4) NC(T?)) € A%P7(T9), A > 1/2, this can be estimated
by

< (14 (1 202N)? ) NTOTE| fpe ST | (255)
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Proof. For a function f € A% (T4) C H*P7(T9), we have
_ £ 2rmik-o
f_SIff;T"*f_ Z fke .
kezZ\IG"

From Theorem 2.20, the first summand in (2.54) follows.
For the aliasing error of a function f € A%*Y(T4)NC(T?), we have (2.49) and, in consequence
of the concaveness of the square root function, we conclude

1
2\ 2
1S ar f —SIA]%T,wf!H’“m(Td)IIS > Wt (k)? > Frsn (2.56)
ke 1% heAL(z,M)\{0}
< > > WY () fran (2.57)

kel |heAt (z,M)\{0}

< max W"(k) Y 3 ‘fk%‘. (2.58)

d, T~y
kely kertT hehd(z,M)\{0}
"/t - (14r/t)t
. max, a7~ §witr/er/e (ke fort >0
Since we have max {w""7(k)} = kely™ (k)

kely™ mMax, 47 {wh 07 (k) }" fort =0

and by applying Lemma 2.25 with T = —7, we estimate

Tty (dTHD/A=D/AFD N for >0 } _ (Tt+r)/(1=T) pyr+t
kgll;%}T{’“’ {w"7(k)} < { (d/0=T) Ny fort =0 dTHD/ AT N,

(2.59)
Due to the reconstruction property (2.28), the representation property (2.52) follows and we
have (2.53). Thus, we infer

Tttr wa76’7<k) A
HS[;&;Tv’Yf - S;\%Tﬁﬂz}_lntﬁ('ﬂ‘d)“ < 41T N7 Z m fk:
keZA\15"
r 1
< AN max ————— || flAYBY(TY)).

ez WP (R)

Applying Lemma 2.16 with & := a and 3 :=  yields the second summand in (2.54).
Using inequality (2.41) we obtain the statement of Theorem 2.55 with the H*#*Y(T?) norm
on the right hand side for functions f € (H*#7(T4) NC(T?)) c A7 (T), A>1/2. W

Alternatively, one obtains a different version of the upper bound (2.55) in Theorem 2.26
in the case § > A > 1/2 by substituting 8 := 8+ \.

Corollary 2.27. Let smoothness parameters § > X\ > 1/2, rit,a € R, 8 — X >t > 0,
a+ B —X>r+t>0, the shape parameter T := —% € -5 —ﬁ] with T := —oo for
B — X =t, a function f € H*PY(T4) NC(T?), a weighted frequency index set IX;T"Y and a
reconstructing rank-1 lattice A(z, M, Ij'f,’T”) be given, where the refinement N > 1 and the
weight parameter vy € (0, 1]d. Then, the sampling error is bounded by

If = SIA;@TanH"t”(Td)H < O(drt,a, B, ) N™OTH070| pageda (Td)| (2.60)

where the constant C(d,r,t,«, 3, \) > 1 depends on the parameters d,r,t,a, 3, A.
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Remark 2.28. As we observe from Theorem 2.26, the dominating mixed smoothness 5 on
the right hand side is increased by an additional additive factor A > 1/2 . Alternatively, see
Corollary 2.27, this may be seen as losing an additive factor A > 1/2 in the approximation
order with respect to the refinement IV of the generalized hyperbolic cross I]%;T’W. The reason
for this is inequality (2.57) in combination with (2.58), where we switch between discrete
two-norms and one-norms, which themselves consist of inner sums of weighted Fourier coeffi-
cients, and use a “uniform” estimate. Subsequently, we introduce two alternative approaches
which solve this issue when measuring the sampling error f — S f in the La(T¢) norm and
the function f in the H®%7(T%) norm of the periodic Sobolev space of generalized mixed
smoothness. O

2.3.3.3 Improved sampling error measured in norm of Sobolev space of domi-
nating mixed smoothness when using reconstructing rank-1 lattices

In [BKUV16], it is shown that one can also obtain results similar to the ones from The-
orem 2.26 and Corollary 2.27 without the additive factor A > 1/2 in the main order of
approximation using a reconstructing rank-1 lattice A(z, M, I]Uf;T"V). A key ingredient to
loose the additive factor A > 1/2 is to partition the frequencies k + h, k € IX;TW and
h € A (z, M)\ {0}, in (2.56) into dyadic blocks, see e.g. [DTU16] and the references therein,
and to have control over the number of frequencies in each partition.

First we introduce additional notation from [BKUV16]. As frequency index sets, so-
called generalized dyadic hyperbolic crosses I = H%T = Uj T (Q)j, are used, where R € R,

R > %, denotes the refinement, 7' € [0,1) is an additional parameter,
d,T . . d. |l . .
Jgm i ={73 e Ng: ljlli = Tljllec < (L =T)R+d -1},

and @ = szl Q;, are sets of tensorized dyadic intervals

-1,0,1 for 7 =0,
Q; = =1 },71 - . , (2.61)
(27, =227 = 1U 2+ 1,27])NZ for j >0,

cf. [Kna00]. Then, for R > 1, the cardinalities

T = 2RRI=1 for T =0,
2R for0<T <1,

for fixed dimension d and shape parameter T, see e.g. [BKUV16, Lemma 2] or the sur-
vey [DTU16].

Next, we state a relation between dyadic hyperbolic crosses H;%O and hyperbolic cross
index sets I]‘f;o"y, see also [DTU16|, which is required for estimating the sampling error.
Lemma 2.29. Let the dimension d € N and the refinement N € R, N > 2, be given. Then,
we have H®° c 1%t

[logy N1 24N *
d,0 . . dD . .
Proof. For each k € H MMogy N1? there exists exactly one 5 € J Mlog, N1 with k € Q;. Due to iche
definition of the tensorized dyadic interval @), we have ngl max (1, |ks|) < ngl 27s = 23l

Since j € Jﬁng Ns e have ||7]|1 < [logy N|+d—1 < logy N+d and ngl max(1, |ks|) < 2¢N

follows which yields k € I53x". ]



58 2 MULTIVARIATE TRIGONOMETRIC POLYNOMIALS

The previous lemma and the method in [BKUV16] give an improved upper bound for the
sampling error of a function from periodic Sobolev spaces Ha’ﬁ’l(']l‘d) of generalized mixed
smoothness measured in the H%*1(T?) norm of periodic Sobolev spaces of dominating mixed
smoothness for isotropic smoothness o < 0.

Theorem 2.30. Let the smoothness parameters (3 > %, a <0,t>0 with o+ > max{t, %},
the dimension d € N, d > 2, a function f € H*P1(T?) N C(T9), a hyperbolic cross in-
dex set I]Cf,’o’l with refinement N > 2%+ and a reconstructing rank-1 lattice A(z, M, I]%,’O’l)
for Ii;o’l be given. Then, we obtain

log N)@=1/2 for o = 0
o SA Ho,t,l Td < 7_[01,5,1 Td N_(a+6_t) ( )
11 = Shian ST S 113052 () 1 )
where the constants may depend on the dimension d and smoothness parameters «, (3, t.

Proof. As usually, we apply the triangle inequality (2.10),
If = Sjuoa fIPHTDN < F = Spaoa fIHO NI + 1S 001 f = Spaoa fIHOSH T,
and we obtain for the first summand on the right hand side
If = Spaoa fHOHTY) < N80 f P (T

as in the proof of Theorem 2.26.
For the second summand, we have

[Sa0af = Spaon SO HTOE < 3 R > fern
kertot heA (z,M)\{0}

due to (2.56). Following the proof of [BKUV16, Theorem 2], we apply the Cauchy-Schwarz
inequality followed by the Holder inequality and we continue

< D Wk >, W PNkt R)? > WP E+ R fpenl

kellot heAL(z,M)\{0} heAt(z,M)\{0}

< ( max wo’t’l(k:)2> max Z w™ Lk 4 h)?

d,0,1 d,0,1
kEIN kEIN hEAl(z,M)\{O}

S Wt k)P fenl

kerd0l heA(z,M)\{0}

For the last part, we obtain

S P k4 R fnl < ARSI,

ke %0t heAL (z,M)\{0}
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see the proof of Theorem 2.26.
We define %’a(k, Z, M) =} pent(za)\{0} w™* A 1(k 4+ h)? and we proceed analogously to
the proof of [BKUV16, Lemma 6]. This means we define the indicator function

0 fork¢Q;, .
(k) = ork ¢ Q; ke7'jeNg
1 for k € Qj,

and we achieve

03 o (k, 2, M) = Z Z p;(k+h) w Pk 4 h)?
heAt(z,M)\{0} jeNd

for fixed k € Ij'i;o’l. Due to the reconstruction property (2.28), the representation prop-

erty (2.52) follows for I = IX;O’I and we have (2.53). Since we have Hf’gﬂogz]\, C I]Cf;o’l for

N > 291 due to Lemma 2.29 and since the summands are only non-zero for k 4+ h € Q; due
to the definition of the indicator function ¢j;, we infer

02 o (k,z, M) = > > 0;(k+h) w Pl (k + h)?

FENINILY, . REAL(zAD\{0}

< X (mmener) X etken

JENDILD N heAt(z,M)\{0}

for fixed k € Ii}o’l. Using the definition of the weights w=® %1 and of the tensorized dyadic
intervals ), we obtain

d
max w~ A1 (k)? = max max(1, ||k'];) "% max(1, |k.[)~2#
k'€Q; k'€Q; 5,1:[1 °

d

< max d **max(1, |k |l«) %" 2Js=2)=20
< pax (e T )

S d7201 24d,3 2*20&”]”00 272ﬁHJH1
This yields

B koz M) s S 2@aldl=28lil) N k)

. d, 4
FENNILY ey v heAL(z,M)\{0}

for k € I]C\l;o’l. We apply [BKUV16, Lemma 5] with R := —d + logs N and consequently, for
4,0,1
ke Iy, we have
ééa(k:,z,M) <N! Z 9—2alljllec+(28-1)l]l1)
ST, o
Using [BKUV16, Lemma 7| with R := —d + log, N, we obtain

{N(wl”“) for oo < 0,

max 63 (k,z, M) < N~?
3.0l ) S N-=D(1og N)*1  for a =0,

d,0,1
kel

and the assertion follows. [ ]
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Remark 2.31. Theorem 2.30 does not give results for the case where the isotropic smooth-
ness « > 0. This issue will be dealt with later in Theorem 2.36 using a different approach.
O

2.3.3.4 Optimal sampling error in Lg(’]I‘d) norm with respect to refinement N for
special rank-1 lattices with generating vector of Korobov form

In the following, we discuss another approach for improving the results of Theorem 2.26
and Corollary 2.27 by removing the additional additive factor A > 1/2 in the order of ap-
proximation, see [KPV15b] for more detailed explanations and proofs. This is done using
and extending ideas and techniques from [Tem86], where the case o = 0 was considered. For
simplicity, we concentrate on the unweighted case v := 1. We remark that we only obtain ex-
istence results here, i.e., that there exist special reconstructing rank-1 lattices A(z, M, IX;T’I)
such that the optimal approximation order with respect to the refinement N € R, N > 1,
of the frequency index set Iy; 11 , T € [—00,1), is achieved. This means we do not have
a constructive method or condltions testable on a computer for obtaining such a special
reconstructing rank-1 lattice A(z, M, IJC{;T’l).

The following lemma states that there exists a reconstructing rank-1 lattice A(z, M, I ]%;T’l)
with generating vector z := (1,a,...,a% ") € N¢ of Korobov form where the number of points
in the dual lattice A(z, M)* :={h € Z?: h- 2 =0 (mod M)} is bounded in a certain way.

Lemma 2.32. We define the frequency index sets

o, 317(1‘”1) for —o00 <T <0,

21-T N ' d-T

<IdT1> for0<T <1,

where the refinement N € R, N > 1, and the shape parameter T' € [—o0,1). For fixed N
and T, let the rank-1 lattice size M € N be a prime number such that

d|Zy|

M >
1—-2-%

+1 (2.62)

for arbitrarily chosen parameter k € R, k > 0. We define the shells F;(N) := Zyo \ Znoi-1,
Il € N, and for each generating vector z := (l,a,...,ad_l) € N¢ of Korobov form with
parameter a € {1,...,M — 1} the sets

M :={h e F(N):h-z=hi+hya+...+hga® ' =0 (mod M) and h # Mi Vi € Z%}

of non-tr1v1a]1y aliasing frequencies within these shells. Then, there exists a number a €
{1,..., M — 1}, such that A(z, M, IdTl) is a reconstructing rank-1 lattice for IdT ! and

d
2r —1

ML < AN = (M —1)7H [F(N)[ 2005, TeN. (2.63)

Proof. Applying [KPV15b, Lemma 2.1] with ¢(1) := 2!, which is a generalization of [TemS86,
Lemma 1], yields the assertion. [ ]
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Remark 2.33. In Lemma 2.32, the shells Fj(N) := Zyo \ Zygi-1, | € N, form a dyadic
partition of the frequency set Z4\ Iy C Z%\ D(I]Cf,’T’l) and the sets M! contain “non-trivial”
frequencies from the dual lattice A(z, M)* intersected with the shell Fj(N), i.e., those fre-
quencies from the dual lattice A(z, M )J- which are not multiples of the rank-1 lattice size M.
The crucial property for improving the estimate of the sampling error is given in (2.63),
which bounds the number of non-trivial dual lattice points in the shells F;(N). The Ko-
robov form of the generating vector z is required by the proof of [KPV15b, Lemma 2.1] since
Lagrange’s Theorem from number theory is used therein, which states that the congruence

h-z=hi+hya+...+hga®™ ' =0 (mod M) has at most d — 1 many roots modulo M for
fixed h € Z%\ (MZ?). Upper bounds for the numbers of “trivial” frequencies from the dual
lattice A(z, M)* are given later in Lemma 2.35 and 2.38. O

The next theorem is a special case of [KPV15b, Theorem 3.4] and a generalization of
[Tem86, Theorem 2]. The aliasing error S;ara f— S?d,:r,l f is bounded from above for (contin-
N N

uous) functions f from periodic Sobolev spaces of generalized mixed smoothness H®%1(T9)
using the special reconstructing rank-1 lattices A(z, M, I]Cf,’T’l).

Theorem 2.34. Let the dimension d € N, d > 2, a parameter k > 0, a function f €
HBL(T?) N C(TY) with absolutely convergent Fourier series, smoothness parameters 3 > 0
and o > — [ be given. Furthermore, let the frequency index sets

Id’dT_’% a2 D <I§,’T’1> for —oo <T <0,
d, T 1-T d—T
I ) Pp— 2 N

N
D (Iff;T’l) for0 < T <1,

where the refinement N € R, N > 1, and the shape parameter T := —«a/ € [—00,1). For
each fixed refinement N € R, N > 1, let A(z, M, I]C\Z;T’l) be a reconstructing rank-1 lattice
with generating vector z := (1,a,...,a%1)" € Z¢ of Korobov form and prime rank-1 lattice
size M > LN 1 which fulfills property (2.63). Additionally, let the inequality

d, T
a7 a ol
‘INQZ nMZ ‘ <2y +1 WeN (2.64)

be valid, where 1) : [0,00) — [1,00),

1 for —co<T <0
l) = -
(D) {ld_l for0 < T <1,

and C' > 0 is a constant which does not depend on N or M. Then, the aliasing error is
bounded by

18,40 f = Spra fILa(T|| < 2247 N=OH | (1)

> . Id’T
. Z \/2 (2 + (1 — 2*%) C ¢(l + 1)) 2(l+1)(§—a—6) | :]Zvil;l|
=0 | v
(2.65)

Proof. We give the major steps of the proof. For more details, we refer to the proof of

[KPV15b, Theorem 3.4]. First, one defines shells Uj := I07! \ I01! € 724, 1 € Ny, which
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fulfill the properties Uy N Up = @ for I' # 1" and suppf \ I € U2 Ui, where suppf = {k €
Ze: f # 0}. Due to [KPV15b, Lemma 3.2] the aliasing error can be estimated by

1/2
M—1
1
”SIdTlf S?dTlf|L2 Td ) < Zo'lv oy = M Z |Ssz(wj)|2
=0 7=0

Using additional notation and the Cauchy Schwarz inequality twice yields

Z Fifn — Ze%uk h)z/M ka Z n

k,hEUl kEUl hEGl k
1/2 1/2
< >0 P Dolokl Yo 1P
kel kel hEQl’k

where 6, 1= {h el & ZA{A e%ij(k_h)'z/M = 1} ={heU:(k—h)-z=0 (mod M)}

for k € U;. Since k — h € D( Ja\{[;il) c 1% 21+1 for k,h € U; and using Lemma 2.32, the
estimate

+1
O] < {m €T, :m-2=0 (mod M)} |<ZAN+C| N?’“’ Y(l+1)+1=: B
j=1

follows from properties (2.63) and (2.64). Next, one obtains
SN P <] Blfl
keU,; hEeg,k kel

and this yields

|
N

of < | D 1fkl B> Wl <B > Il

kel kel kezd\[f\l;;lﬂl

< By (N2') 7200 | a2 (T4 2.
For the first sum in B, the estimate

I+1 I+1 47
ZAN Z 70T\ 7T d2U+1r < goU+Ds 1 Z i1 2
Vi \ N2=t s —1)(M —1) — M 1-2"

holds. Due to lower bound on the rank-1 lattice size M in property (2.62), we continue

B, < 2(l+1)n+1‘ Nzl+1‘ 24+ (1—=27%)C (I +1)) and this means

4,7
IZx" |

o1 < (N2) 7O || p|HP1 (T || /By

Id T
< VERFA TR CRAFD) 27 N+ | pipgestd o 200Gy || 77
N
which yields the assertion. |

Before we can use Theorem 2.34 to obtain an estimate for the sampling error, we need to
show that condition (2.64) is fulfilled.
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Lemma 2.35. ([KPV15b, Lemma 4.5]). Let the dimension d € N, d > 2, a shape parameter

T € [—00,0] and a number M € N, M > 2, be given. We set I]Cf;T S a D D(I]C\I;T’l)
21-T N ' d-T

and we have o
|I]\;2l ‘
M

for all refinements N € R, N > 1, and levels | € N, where Ca(d,T) > 1 is a constant which

only depends on d and T.

1747 N MZY| < CA(d, T)

N2t +1

Proof. We denote A‘]j\}ig, ={m € IK;QTZ: Im/ € Z% such that m = Mm’} and we group the
indices m € A(]i\}gl, where all components are zero, exactly one component is non-zero, ...,
d — 1 components are non-zero, and all d components are non-zero. For s = 0,...,d, we

d,T d,T
denote Ay, = {m € Ao+ exactly s components of m are NON-ZEro}.

e Case s = (0. We have A?i’,;o = {0}.

e Case 1 < s < d. If exactly the components m;,,...,m;, of m &€ Ai}g are non-zero,
i1,...,0s € {1,...,d}, ij # iy for j # j', we have

T 1 AR e
w TTTT(m) = max(l, ||Mm'|) =T Hmax(l,M’miTDl—T
T=1
_ T R A I N\
= M 7 max(1, [m/||1) = MTT [] max(1, [m], )T
T=1
L M T () < 258 Nt 90+ at)
. Q%Nl—’—d_% 2z(1+d_iT)

< w ﬁ’ﬁ(m,) s—=T
MiT

Since there are (‘i) choices for the non-zero components and due to the upper bounds
in Lemma 2.5, we have

Ci(d) (2%?)8 for T = —o0,
s(1-T)
g, <d> Ryt et )
N2Zs| = \s Cy(d, T) s for —oo < T <0,
Co(d) (522 ) log* ! (2422) for T =0,
for fixed d € N.
Summing up for s € {0,...,d} and using the lower bounds in Lemma 2.5, we obtain
e for T'= —0o0
d s
d—oo d 2N 2! 2 N 2h)d
VioallIP R o (S e (PN2) <14 B2V ) o)
s=1
L.25 1% %t

M C1 (d) c1 (Cl) M



64 2 MULTIVARIATE TRIGONOMETRIC POLYNOMIALS

e for —co<T <0

iF Nt gl \ T
d,T - - -
’ANQI = 1+Z<>CQdT< =T )
M1i-T
d—T d 41-1)
(2ﬁN1+m 2l(1+ﬁ)) -
< 14+0yd,T) 7 (27— 1)
25 G T) [ et ot |
< 1 2¢—1
B + Cl(d) M ( )
Co |I !
_ (2(1 ) ( y ) M ,
c1(d)
o for T =
d
d 2d N2 22[ . 2d N2 221
‘AZQONQ 921 < 1+ Z <S) C3(d) (]\43> log® " (]\43>
s=1
d \2 92l
< 1+ Cg(d)% logd~1 (2d N2 2”) (2¢ - 1)
d,0
L. 25 ‘IQd N222t| Cs(d) Cs(d) \Id’Tl]
<1 20 1) = (2%~ 1 N2 4.
e o I A S A N T
We set
Cy(d)/c1(d) for T'= —o0,
Ca(d,T) = (2% — 1) - { Co(d, T)/c1(d) for —oo < T <0,
Cs(d)/cs(d) for T'= 0,
and this yields the assertion. |

Collecting the previous statements, we estimate the sampling error for functions f €
HOPL(TY) N C(T?). As mentioned before, the previous results in Theorem 2.30 did not give
improved statements for the case of isotropic smoothness o > 0.

Theorem 2.36. ([KPV15a, Theorem 3.4] and [KPV15b, Theorem 4.7]).
Let the dimension d € N, d > 2, a function f € H*?1(T9) N C(T9) and a refinement N € R,
N > 2, be given, where the dominating mixed smoothness 3 > 0 and the isotropic smoothness

« > 0 with 4243 3
2d +a B+ «
a+ﬁ>§dﬁ+adﬁ+a>o' (2.66)

We set the shape parameter T := —a/3 € [—00,0]. Additionally, let a prime number M € N,

dl T
M eirytar| Cqppg_d2BtaBra
1—2-% ’ 2 dB+a dB+a’
be given. Then, there exists a generating vector z := (1,a,. .., ad_l)T € 7% of Korobov form

such that A(z, M, I]%;T’l) is a reconstructing rank-1 lattice for the frequency index set I]%;T’l,
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which additionally fulfills property (2.63). Using this lattice, the sampling error is bounded
by

If = Spea fIL2(TO| < (1+C(d, a, §)) N | fpe LT
where C(d, «, 8) > 0 is a constant which only depends on d, «, 3.

Proof. Due to Lemma 2.32, the claimed reconstructing rank-1 lattice A(z, M, I]%,’T’l) exists.
We use Theorem 2.20 for estimating the truncation error f — S,ar1f and we proceed with
N

the aliasing error S ar1f — S?dmlf. Due to Lemma 2.35, condition (2.64) is fulfilled and
N

N
we can apply Theorem 2.34. This yields that there exists a reconstructing rank-1 lattice
A(z, M, Ij'f;T’l) such that the aliasing error is bounded by

S48 = Sihra [T < V2 @+ (1 =27 C) 247 N=49) | a7

: i o+1)(5—a=p) [ Enart1|

1=0 [Zn]

Now, one can estimate )~ oD (5—a=h) % < C(d,a, ), where C(d, e, ) > 0 is a
constant which only depends on d, «, 3, cf. the proof of [KPV15b, Theorem 4.7] for detailed

estimates. Altogether, this yields the assertion. |

Remark 2.37. In the case of functions from periodic Sobolev space of dominating mixed
smoothness H?1(T4), 8 > 1, and hyperbolic cross frequency index sets I]Cf;o’l, the bound
M > N?log? ! N in Theorem 2.36 is asymptotically larger by the logarithmic factor (log N)
compared to Table 2.3. The reason for this is the choice IK; = Iyapn2 D D(Id01) in
Lemma 2.32, which is due to the technical reason that we do not know an optimal lower bound
for the difference set D(Id 01y corresponding to the upper bound ]D(Ij'f,’o’lﬂ < N21og? 2 N.

O

Additionally, one may consider the case of shape parameter T := —a/3 € (0,1). Here we
obtain results where the order of approximation with respect to the refinement IV is identical
to Theorem 2.30. First we give an analog version of Lemma 2.35 which bounds the number
of trivial aliases.

Lemma 2.38. ([KPV15b, Lemma 4.8]). Let the dimension d € N, d > 2, a shape parameter
a[p(h)|

€ (0,1), a parameter > 0, and a number M € N, M > — 5

have o
D(Iyo1)]
M

for all refinements N € R, N > 1, and levels | € N, where Cx(d,T) > 1 is a constant which
only depends on d and T.

+ 1 be given. Then, we

|D(I AR |

NQZ) NMZ < Ca(d,T)

Proof. We proceed analogously to the proof of Lemma 2 35 Especially, we use the properties

|D(1 dT)| > (2N +1)? > N? and the inclusions I T'c 1™, due toLemma 2.25 with T := 0
dl= TN
for N e R, N >1,and 0 < T < 1. For more details, we refer to the proof of [KPV15b,

Lemma 4.8]. [ ]
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Theorem 2.39. ([KPV15a, Theorem 3.4] and [KPV15b, Theorem 4.10]). Let the dimension
d €N, d>2,a function f € H*P1(T?) NC(T?) and a refinement N € R, N > 2, be given,
where the isotropic smoothness a < 0 and the dominating mixed smoothness > 1—a. We
set the shape parameter T := —a/3 € (0,1). Additionally, let a prime number M € N,

4,T,1
o AP
Z T _gas Th
be given. Then, there exists a generating vector z := (1,a,...,a% )T € Z? of Korobov form

such that A(z, M, IJ%;T’I) is a reconstructing rank-1 lattice for the frequency index set I]%;T’l,
which additionally fulfills property (2.63). Using this lattice, the sampling error is bounded

by
|f = Spura fIL2(T] < (14 C(d, a, 5) N—@+B) || f|H B2 (T,

where C(d, «, ) > 0 is a constant which only depends on d, «, 3.

Proof. The proof works analogously to the one of Theorem 2.36. Due to Lemma 2.32, the

claimed reconstructing rank-1 lattice A(z, M, I ]C\I;T’l) exists. We use Theorem 2.20 for estimat-

ing the truncation error f—S 471 f and we proceed with the aliasing error S,ar1f—S ﬁiml f.
N N N

Due to Lemma 2.38, condition (2.64) is fulfilled and we can apply Theorem 2.34. For the
remaining technical details, we refer to the proof of [KPV15b, Theorem 4.10]. [ |

The upper bounds in Theorem 2.36 and 2.39 are optimal with respect to the refinement N
up to constants which may depend on the dimension d and the smoothness parameters «, 3,
see estimate (2.45) in Theorem 2.20.

2.3.3.5 Sampling error with respect to number of samples

Until now, we have considered the sampling error with respect to the refinement N of the
frequency index set IJC\l;T"y. Another commonly used criterion is the number of samples M.
Here again, we focus on the unweighted case with weight parameter v := 1 to simplify
the notation and reduce the amount of technical details. We start with functions from the
subspaces A%?1(T9) of the Wiener algebra A(T9).

Corollary 2.40. Let the smoothness parameters 8 > 0, o > —f3, the shape parameter
T := —a/pB, the dimension d € N, d > 2, a function f € A%#1(T9) N C(T?) and a frequency
index set IX}T’l with refinement N > 1 be given. Moreover, let A(z, M, I]‘{,’T’l) be a recon-
structing rank-1 lattice for I]C\Z;T’l generated by [Kdm14b, Table 3.1] or by Algorithm 2.2 with
Mtart S |D(I§,’T’1)\. Then, the sampling error is bounded by

Hf - S?d,T,1f|Loo(Td)|| S Hf - S?d,T,lf|A(Td)”
N N

_(%‘Fﬁ)(l_wﬁa/d) foraa > >0,
(logM)%ﬁ fOTﬁ > o= O)
2 for — < a<0,

S [IF1A%PHTY)|

where the constants may depend on the dimension d and smoothness parameters «, 3.
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Proof. From Theorem 2.24, we obtain |f — S?Jd\;T,,ﬂLoo(Td)H < ||f - S;\Id\;TﬂﬂA(Td)H <

2 N—(@+8) || | A8 (T9)|| and we remark that the rank-1 lattice size M < |D(I]C\Z;T’1)| due to

the assumptions. For the first case, we use the inclusion (2.34) from Lemma 2.6 and obtain
1-T 2-T/d B+a 2B+a/d

M < N1-T/d1-T/d = NB+e/d Bta/d due to (2.33), which gives the upper bound.

In the second case, we use the upper bound M < ]D(I]fo’o’l)\ < N?1og? 2 N, cf. [Kdml3,
Section 4] and [Kéml4b, Section 3.8.2], which means N~ < M~1/210g(4=2/2 N and this
yields the upper bound due to N < M.

The third case follows analogously from \D(IX;T’IM < |I§i}T’1|2 < N2 [ ]

We continue with functions from periodic Sobolev spaces of generalized mixed smoothness
HBL(TY),  First, we consider the case of frequency index sets IJ%;T’l which are thicker
than hyperbolic crosses, T := —a/f8 € [—00,0) and corresponding periodic Sobolev spaces
of generalized mixed smoothness H*”*(T¢) for dominating mixed smoothness 3 > 0 and
isotropic smoothness o > max (d (; + 288+ 1 — 3),0).

Corollary 2.41. Let the dimension d € N, d > 2, the dominating mixed smoothness
£ > 0, the isotropic smoothness o > max (d(i + i\/SﬁT - B), O), the shape parameter
T := —a/B € [~0,0), and a function f € HYP1(T) N C(T?) be given. For each fixed
refinement N € R, N > 2, there exists a reconstructing rank-1 lattice A(z, M, I]{;T’l) with

generating vector z := (1,a,...,a® )T € Z? of Korobov form and prime rank-1 lattice size
(2B8+a/d)(a+B)
M =< N (6+e/9*  which fulfills property (2.63). Using these lattices, the sampling error is

bounded from above by
(&« B
I = 8% e FIZa(T)| < et rdy) ar(609) (- zma),
N

where the constants may depend on the dimension d and smoothness parameters «, 3.

Proof. Since f > 0 and o > max (d(i + i\/Sﬁ—i— —B),O), inequality (2.66) is fulfilled.
From Theorem 2.36 and due to Bertrand’s postulate, we obtain the existence of the recon-

structing rank-1 lattices A(z, M, IK;T’l) of size M = Idjjji’% | fulfilling property (2.63)

o1-7 N Ta-T
and that the sampling error is bounded from above by

I = Suna fILa(T)| S N~ | fi30o53 (.

Due to the bounds on the cardinality of the frequency index set I%T’l in Table 2.3, we have

2d—T 1-T 2dB+a _a+p 28+ta/d _o+p . . .
M =< N d-T 1-T/d = N o+dB Bta/d = | B+a/d B+a/d and this yields the assertion. |

Next, we deal with the case of hyperbolic cross index sets I]C\l;o’l and energy-norm based

hyperbolic crosses I}{,’T’l, T := —a/p € (0,1). First, we give a lower bound of the error for
rank-1 lattice sampling.

Theorem 2.42. Let the dimension d € N, d > 2, the dominating mixed smoothness 3 > %
and t > 0 as well as the isotropic smoothness a < 0 with o + 8 > max{t, 3} be given.
Moreover, let I C Z% be an arbitrary frequency index set of finite cardinality, |I| < oo, and
A(z, M) C T? be an arbitrary rank-1 lattice. Then, the operator norm of Id —S® is bounded

by
_a+pB—t
2

| Td =S [P (T — 0P (T > 27 ()
where 1d denotes the embedding operator from Havﬂzl(’]l‘d) into HOH1(T9).
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Proof. We follow the proof of [BKUV16, Theorem 1] step-by-step. First define the two-
dimensional axis cross Xfl/M = {h € Z2x{0}972: ||h|1 = ||h]joc < VM} and fix an arbitrary
rank-1 lattice A(z, M). Due to [BKUV16, Lemma 4|, there exist two distinct frequencies
kK K" € Xil/ﬁ which alias with respect to the rank-1 A(z, M), i.e. k' -z =k"” - z (mod M).
Using these indices, we construct the normalized fooling function

e27rik:'-m _ eQTrik:"m

g(w) = \/wa71871(k,)2 + wa,ﬁ71(kll)27

lglH* (T = 1,

which is zero at all rank-1 lattice nodes x; := %z mod 1, i.e., we have g(x;) =0 for all j =
0,...,M — 1. Consequently, S*g = 0 and this means ||g — Sg|HOtL(T)|| = ||g|HOEL(TY)).
W.lo.g. we assume ||k’[|; > ||k”||1 and we infer

d
WP (k') = max(1, |k’ ] max(1, [K])? > w5 k"),
s=1
which yields
0,61 (k72 0.6,1 (/)2 0.1 (k)2 1
||g|H0’t’1(']Td)H — \/W ( ) +w ( ) > w ( ) _

\/wa,ﬁ,l(k/)2 T weBI(K7)2 ~ \/2 woBI(E)2 o ﬂwa,ﬁ—m(k/)‘
For k € Xil/M’ we have ||k||c = ||k||1 = |ks| and consequently

WPt (') = max(1, |ky|)* TPt < max(1, VM)At < (2 M)A

which yields the assertion. |

Remark 2.43. As discussed in [BKUV16, Remark 1], the lower bound for rank-1 lattice
sampling in Theorem 2.42 is also valid for methods that use samples along so-called integration
lattices, see e.g. [SJ94, Section 2.7] for definition. The corresponding proof works analogously
by finding two distinct aliasing frequencies k’, k’ on the axis cross X?/M and constructing a

fooling function g. O

Now, we complement the obtained lower bounds for rank-1 lattice sampling by tight upper
bounds, which are sharp up to logarithmic factors. The upper bounds are obtained for sam-
pling along reconstructing rank-1 lattices A(z, M, I'), which were generated by a constructive
method.

Corollary 2.44. Let the smoothness parameters 3 > %, a <0,t >0 witha+ > max{t, %},
the dimension d € N, d > 2, a function f € H*?1(T?) N C(T?) and a hyperbolic cross
index set IK}T’I with refinement N > 29t be given. Moreover, let A(z, M, I](f,’o’l) be a
reconstructing rank-1 lattice for IK,’D’l generated by [Kdm14b, Table 3.1] or by Algorithm 2.2

with Mgtare S \D(I]%;O’l)\. Then, the sampling error is bounded by

I~ S0 SO (T 5 ooty

log M)%(a‘*'ﬂ_t) (log M)\@=1/2 for a = 0,
atpt 1 for a < 0,

where the constants may depend on the dimension d and smoothness parameters «, (,t.

Moreover, the operator norm of Id _S?d,(),l is bounded from below by
N

a+pB—t
2

11 =80 [HOPH(T) = HOCHT) | 2 M
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for any rank-1 lattice A(z, M), where Id denotes the embedding operator from H®%1(T%)
into HOH1(T?) and the constants may depend on d, o, B3, .

Proof. From Theorem 2.30, we obtain

I = Shon FHOP T S [[£HP (T N0 {(log MEEE for o=,

N 1 for a < 0.
Since the rank-1 lattice size M < |D(I]Cf;0’1)| < N?1og? 2N, cf. [Kdml3, Section 4] and
[Kiim14b, Section 3.8.2], we have N=1 < M~1/210g(@=2)/2 N and this yields the upper bound
due to N < M.
The lower bound follows directly from the general results of Theorem 2.42. u

In the next corollary, we reduce the logarithmic factors in the upper bound for certain
cases using the special rank-1 lattices from Theorem 2.36 and 2.39.

Corollary 2.45. Let the dimension d € N, d > 2, smoothness parameters o« < 0 and
B > 1 — a, the shape parameter T := —a//f € [0,1), and a function f € H%>1(T4) N C(TY)
be given. For each fixed refinement N € R, N > 2, there exists a reconstructing rank-1
lattice A(z, M, I]Cf,’T’l) with generating vector z := (1,a,...,a® )" € Z? of Korobov form
and prime rank-1 lattice size M = N2log? ' N for o = 0 and M = N? for o < 0 which
fulfills property (2.63). Using these lattices, the sampling error is bounded by
(d—1)e£8 _
1 83y FIL(T ] S LM (| b5 {“‘)gM’  foran
N 1 for a < 0,

where the constants may depend on the dimension d and smoothness parameters «, 3. More-
over, the operator norm of Id —S?dml is bounded from below by

N

atp

[1d =82 [HOP(TY) = Lo(T4)]| 2 M~ 3"
N

for any rank-1 lattice A(z, M), where Id denotes the embedding operator from H®%1(T%)
into Lo(T?) and the constants may depend on d, o, 3.

Proof. For « = T = 0, we obtain from Theorem 2.36 that there exists a reconstructing

rank-1 lattice A(z, M, Iﬁ;o’l) of size M = |I2d(;0]’\}2| = N21log? ! N such that the sampling error
atp
2

is bounded by ||f = % 71 fIL2(TH| S N || [P (T)| S M3 (log N)@=D
and this yields the uppIeVr bound since N < M.

For o < 0, we apply Theorem 2.39 and obtain that there exists a reconstructing rank-1
lattice A(z, M, I]%;T’l) of the claimed size which yields the upper bound.

The lower bound follows directly from the general results of Theorem 2.42. |

Compared to the upper bound from Corollary 2.44, we were able to decrease the loga-
rithmic factor in the upper bound in the dominating mixed smoothness case @ = 0 when
B < d — 1. Otherwise, the upper bound in Corollary 2.44 is asymptotically smaller. For
a < 0, the upper bounds in Corollary 2.45 correspond (asymptotically) to the upper bounds
from Corollary 2.44. However, the results are based on Lemma 2.32 and are therefore based
on a non-constructive proof.
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2.3.4 Perturbed rank-1 lattice sampling

In Section 2.2.2, we have dealt with the fast and stable approximate reconstruction of multi-
variate trigonometric polynomials p; by sampling at perturbed nodes y;, j =0,..., M — 1,
of a reconstructing rank-1 lattice A(z, M, I]Cf,’T"Y). Based on these results and the results from
Section 2.3.3, we consider the approximation of functions f € A5 (T4)NC(T?) by sampling
at perturbed rank-1 lattice nodes y;, j = 0,..., M — 1, see also [KPV15a]. We compute the
approximated Fourier coefficients

f:= argmin [|[Am_19— fl- (2.67)
d, T,y
geC|IN
by solving the normal equation Ag,lAm_lf = Al f where f = (fk>k 4Ty and
ery™

f = fly;)}5" Using the LSQR algorithm [PS82] in combination with (2.18) and its

adjoint version, we obtain an approximation R of the approximated Fourier coefficients f in
O (K m¥(Mlog M + d|I|)) arithmetic operations, where K is the maximal number of iter-

ations of the LSQR algorithm. Choosing K = LOg(’f( X:fgfi’?)m_ﬁg)gg(ﬁgjﬂ)_l)W guarantees a

relative error || f — hll2/||fll2 < 6, cf. [Bjo96, Sec. 7.4.4], where k(A,,_1) denotes the condi-
tion number of the approximated Fourier matrix A,,_1. If this condition number is unknown,
we may use an upper bound of k(A,,—1), for instance the upper bound from Theorem 2.9.
We stress the fact that the LSQR algorithm [PS82] in combination with (2.18) and its adjoint
version indicates a fast reconstruction algorithm for moderate dimensionality d and moderate
Taylor expansion parameter m.

The following theorem states that we obtain the same error bound as in Theo-
rem 2.26 up to the additional constant C(d,T,m) and the additional stability term

1/ (2 — exp(2m (deaX(O’%))Ne)) in the aliasing error.

Theorem 2.46. ([KPV15a, Theorem 5.1]). Let smoothness parameter r,t,co, 5 > 0, f >
t >0, a+p > r+t be given and the shape parameter T := —G= € [—%,—%} with
T := —oco for B =t —} = —oo fort = 0 and —% = —oo for § = 0. Furthermore,
let a Taylor expansion degree m € N with 0 < o+ < m, a weighted frequency index
set I]Gf;T’7 and a reconstructing rank-1 lattice A(z, M, Ij'\l;T”) be given, where the refinement
N > 1 and the weight parameter v € (0,1]%. Furthermore, let a set of sampling nodes

Yy = {yj}jjvial be given, where [|y; — xj|lc < &, j = 0,..., M — 1, for fixed perturbation

T _
parameter ¢, 0 < ¢ < (27r(d1+max(0’ﬁ))]\7) "In2. Then, the error of the approximation

S?%;Tr‘rf(w) = D kerd™ fxe®™E® of a function f € A*PY(T)NC(T?) with (fk)kel,”@T,v from
(2.67) is bounded by
1 = S%, 0 F IO (T
N
cd,T
< N IR (T + (d,T,m) IFA*PA(T |, (2.68)

C(d, T, m)

< |1+
= CER I

2



2.3 APPROXIMATION OF MULTIVARIATE PERIODIC SIGNALS 71

(d% m2)"

m!

where C(d, T, M) := 1+

FIH™PY (T)|| and estimate the
truncation error || f — SId 7 fIH"EY(T9)|| as in the proof of Theorem 2.26.

Proof. We apply the triangle inequality (2.10) on || f —

IdT'y

Next, we estimate the aliasing error HSIdT-yf S dTAY fIH™Y(T?)||. Based on the normal

equation AmflAm_lf = Al | f, we calculate

X A —1 A
D (fi~ ) g =D (Al A AL (f — Ay (fk)kng

where D := diag (w"’t"V(k)) ke T Consequently, we obtain

< | D, |[(AY_ A1) tAR ]|,

IdT—yf S dT,\/f‘?'[T’t”y Td

HD (fi— )

kely ™7 ||,

f—Ana <fk)

kely ™7 ||,

and we proceed as in the proof of Theorem 2.10 for H(Ag%lAm_l)*lAEthQ. We infer

Hf ~ A (fk) ke1b |,

N

it (|-G o]

Vil ( (z o )

|| kezZd\ 1T

<VM Hf Ay 1<fk>

kel ||

IN

)

+ H(Rm(yj))yngoJ L (2.69)

HA Am—1 <f> erdT

M-1

J=0

where Ry, (y;) = Zkelld\;T,'y fre e2mkY; Z"Z' 10 DY ( Zkelz;T,'y fr e2”ik'“’j> =2)”, :f ) Now, we

apply inequality (2.44) from the proof of Theorem 2.24 on the first summand and Theo-

rem 2.3 on the second summand in (2.69). Last, we obtain || D[, = max, _ a7~ {wrt (k) } <
N

dr+TO/A=T) N+t due to (2.59) in the proof of Theorem 2.26. Altogether, this yields the
assertion. ]

As in Theorem 2.26, we may use the inequality (2.41) in order to obtain the state-
ment of Theorem 2.46 with the H%#+**Y(T%) norm on the right hand side for functions
f € HOPTAY (T N e(Th), X > 1/2.

2.3.5 Numerical examples

All numerical tests of this section were performed in IEEE 754 double precision arithmetic
using MATLAB R2015b on a computer with Intel Xeon E7-4880 2.50 GHz CPU. Parts of
the results have already been published in [KPV15a] and [KPV15b].

We consider the test functions GgA: T¢ — C from [KPV15a] and [KPV15b], GgA(:I)) =

H?Zl 93.4(z5), where the one-dimensional function g3 4: T — C is defined by

61

63697 — 4096 (4 + sgn((x mod 1) — 1/2) [sm 27m) + Sin<27rg;)4])

g3a(x) =8
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and sgn denotes the signum function, sgn(z) := x/|z| for z # 0 and sgn(0) := 0. The Fourier
coefficients of g3 4 are given by

—12
= =3k for k € 22\ {0},
(g3.4)r =8 63697 — 1006 | GO DR GrDs  lor k odd,
4 for k=0,

T 37
7
and consequently, we have G§74 c A03-e1(Td), G§,4 € HOz7<Y(T4), ¢ > 0. Moreover, we re-

d
mark that [|GZ,[L2(T4)| = 1 and [|GZ 4| A(T)|| = (8 T (44 388 )) ~ (1.42522)".

As frequency index sets I, we use hyperbolic crosses I]Cf,’o’l with various refinements N € N
in this section. For further considerations with different shape parameters T and weight
parameters 7, we refer to the detailed considerations in [KPV15a, Section 6] and [KPV15b,
Section 5].

First, we investigate the truncation error GgA -5 1401 GgA with respect to the refine-

ment N, which is an upper bound for the sampling error of our reconstruction method.

Example 2.47. For d € {2,3,4,5,6} and N € {2°,2!,22 ... 28} the relative truncation
error

1G5 4 = 801 G5 4 AT/ [|G5 4| ATY)|

is depicted in Figure 2.8a. From Theorem 2.17 with f = 3 — € and o = 0, we obtain the
upper bound

1GS 4 = 8,201 G5 4 Lo (TOII/ILF AT < 1G5 4 = S a0 GE 4 AT/ ILFLAT|
< N7H|GE | AYP LTI /1GS 4 AT |

and the observed decay rate corresponds roughly to the estimates. In this upper bound, the
factor ||G§l’4|AO’3_E’1(’]I‘d)H/||Gg74|A(Td)H may be large, for instance > 13¢ for ¢ = 0.05.
Additionally, the relative truncation error measured in the Ly(T¢) norm is shown in Fig-
ure 2.8b. From Theorem 2.20 with § =7/2 — e and r =t = a = 0, the upper bound

Ly(T%)|| < N7V |GY 4 [HOT/275(T) /| G5 4| L2 (T .

1GS 4 = S0 fIL2(THII/IIGS 4

We observe that the rates of the measured errors approximately decay as the theoretical upper
bounds suggest. Especially for higher dimensions d, the observed decay rate is slightly smaller,
which most likely is caused by the relatively small values of the refinement N and the large
constants (increasing with d). For instance, the factor HG§74|’H0’7/2_671(']I‘d)/HGg74|L2(Td)|| is
greater than 4.7¢ for € = 0.05. O

Next, we consider rank-1 lattice sampling. In doing so, we use the reconstructing rank-1
lattices A(z, M, I%O’l) for hyperbolic cross frequency index sets I]%,’O’l from Table 2.5, which
were constructed by the implementation [Voll6b, genlattice_cbc_incr bisect] of Algo-
rithm 2.3 and parts of this table can be found as [KPV15a, Table 6.2b]. Moreover, we depict
the oversampling factors M/ \I]%;O’l in Figure 2.12a. The observed oversampling factors are
still moderate for the considered refinements N and approximately grow as the asymptotic
upper bound O(N/log N) on the existence of a reconstructing rank-1 lattice suggests, which
can be derived from Table 2.3. -

Now, we approximately reconstruct the Fourier coefficients (Gg Dk k€ Ij'\l,’o’l, of the test

functions GglA using rank-1 lattice sampling, cf. Algorithm 2.4.
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(a) relative A(T9) truncation errors (b) relative Ly(T?) truncation errors,
see Figure 5.2 from [KPV15b]
Figure 2.8: Relative A(T9) truncation errors rel truncerr A = ||G§174

S;G4 4]A(']I‘d)||/HG 4\A(']I‘d)|] and Lo(T%) truncation errors rel trunc_err .2  :=
\|G3’4 — SIG3,4 (Td)||/\|G, (T9)|| for GgA with respect to the refinement N of

hyperbolic cross frequency index sets I := IK,’D’l.

Example 2.48. We employ the reconstructing rank-1 lattices A(z, M, If\l,’o’l) from Ta-

ble 2.5. The resulting sampling errors G§,4 — S;\d,o,ngA measured in the relative A(T?)
N

and Ly(T%) norm are only slightly larger than the corresponding truncation errors G§74 —
S 1404 Gg 4 In Figure 2.9, we depict the relative sampling errors in the A(T%) norm with
d,0,1

respect to the number of (approximately) computed Fourier coefficients [Iy
= |I]U\l,01 (log|IJU€,O 1)3(d=1) which decay (asymptotically) slightly faster than the theo-
retical upper bounds |[]Cf;0’1|*3+E (log \Ido 1)3=9d=1) from Theorem 2.24 and the proof of
Corollary 2.21. The observed errors nearly decay as the upper bounds suggest.

Additionally, we consider the relative sampling errors in the Ly(T?) norm. In Figure 2.10a, we
show the relative sampling errors with respect to the number of (approximately) computed
= |I]C\l;0’1|7% (log\]ﬁ,’ml\)%(d*l)*% (approximately) cor-
responding to the (asymptotic) upper bounds \Iﬁo’l\_%“ (log ’1%0,1’)(5_5)@_1)#12;1 which
follow from Theorem 2.30 and the proof of Corollary 2.21. Again, the observed errors nearly
decay as the upper bounds suggest. In Figure 2.17a, we depict the relative sampling errors
for dimensions d € {2,3,...,10}. For higher dimensions d > 7, the decay is slower and we
presumably observe pre-asymptotic behavior. For numerical results with weighted hyperbolic
cross index sets IK;O”, we refer to [KPV15a], e.g. see [KPV15a, Fig. 6.1b] for v := 0.5.

Moreover, we consider the relative Lo(T9) sampling error as a function of the rank 1 lattice

size M in Figure 2.10b. Additionally, the reference lines =< (log M)z 1=+ e de-
picted in Figure 2.10b, which are (asymptotically) slightly smaller than the upper bounds

Fourier coefficients |I ]Cf;o’l
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N\s | 1 2 4 5 6 7
1]1 3 9 27 81 243 729
21 5 23 105 479 2185 9967
411 9 58 343 1911 10579 57897
811 17 163 1035 D727 33769 191 808

16 | 1 33 579 3628 21944 169 230 1105193
32 |1 65 2179 11525 106 703 785309 6897012
64 | 1 129 8451 47463 475829 3752318 31829977

128 | 1 257 33283 176603 2244100 20645268 192757285

256 | 1 513 132099 753249 10561497 136178715 1400567254

512 |1 1025 526339 2773801 39632648 - -

Table 2.5: Parameters z; depending on the refinement N of reconstructing rank-1 lattices
A (z = (21,...,2q) ", M = 2441, IK;O’l> for hyperbolic cross frequency index sets I]Cf,’o’l.

—8— =2 8 d=3 4 d=4 ——d=5——d=6--- < |I|3(log |I|)>~1)

rel_sampl_err_A

10—7 -

10—8 1l Lol Lol L1 anl Sl Lo il Lol Lol 1
10t 107 10 10* 10° 106 107 108

degrees of freedom |I]

Figure 2.9: Relative A(T?) sampling errors relsamplerr A = HG%A —
S}‘GgA A(']I‘d)H/HGgA A(TY)| for G‘3174 with respect to the cardinality |I| of hyperbolic

. d,0,1 . . . .
cross frequency index sets [ := 1 N’O’ for increasing refinements N and fixed dimension d.

<M 7%+§(log M )(275)(0[72”% from Corollary 2.44. The error plots decay similarly as the
reference lines and they might decay slightly faster in the cases d = 2, 3,4. We investigate the
latter cases more closely in Figure 2.11, where we consider scaled relative Ly(T?) sampling
errors. We scale by the M dependent factors in the upper bound of Corollary 2.44 in Fig-
ure 2.11a and by the factor M~?/2 from the lower bound of Corollary 2.44 in Figure 2.11b.
Both bounds differ asymptotically by the factor (log M )d2;2'3+%. We remark that if the
scaled error plots behave like a horizontal line, then the errors decrease (nearly) like the
scaling factor. Here, we observe that the sampling errors seem to decay faster than the upper
bound of Corollary 2.44 suggests in the cases d = 2,3,4. In the case d = 2,3, the sampling
errors should decay approximately like the lower bound of Corollary 2.44. In the case d = 4,
the situation is not totally clear, but the error may also decay accordingly. O
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Figure 2.10: Relative Ly(T?) sampling errors rel samplerr L2 = HG%A -
S?Gg’4|L2(Td)H/||Gg74|L2(']I‘d)|| for G§,4 with respect to the cardinality |I| of hyper-
bolic cross frequency index sets [ := I]‘f,’o’l and the rank-1 lattice size M for increasing
refinements N and fixed dimension d.
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number of samples M number of samples M

(a) scaled by upper bounds from Corollary 2.44  (b) scaled by lower bound from Corollary 2.44
with ¢ := 0.2, c3:=0.8, ¢y := 1.4 with cg := 0.08, c¢3 := 0.001, ¢4 := 2.8e-6

Figure 2.11: Relative Ly(T¢) sampling errors err := HG%A - S?GgA\LQ(']I‘d)||/|]G§74|L2(Td)\|
scaled by different factors for Gg 4 With respect to the rank-1 lattice size M, I := Ij'\l,’o’l.
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Next, we consider the test functions G4: T? — C from [KPV15a], G4(x) := Hle g3(xs),
where the one-dimensional function gs: T — C is defined by

3

077 — 956 (2 + sgn((z mod 1) — 1/2) sin(27z)?)

gs(x) =4

and the Fourier coefficients of g3 are given by

—12
3- ot or k€ 22\ {0},
(93)r =4 2077 — 256 for k odd,
for k=0,

T 3

which yields G € A%3~¢1(T?) and GY ¢ HO’%_E’I(’]I'd), e > 0. Moreover, we remark that
|G4|L2(TY)|| = 1 and ||GEA(TY)| = (%)d ~ (1.34181)%. Since the Fourier
coefficients (g3)r of g3 are zero for odd frequencies k € (2Z + 1), we can use hyperbolic
cross index sets “with holes” I = IK;’Oe’jen = Iff,’o’l N (2Z)?. Correspondingly, we use the
reconstructing rank-1 lattices A(z, M, Ij'f,”oc’jcn) from Table 2.6, which were constructed by
the implementation [Voll6b, genlattice _cbc_incr_bisect| of Algorithm 2.3 and parts of
this table can be found as [KPV15a, Table 6.3]. Moreover, we depict the oversampling
factors M/ ]I]‘f;?e’vlen] in Figure 2.12b. The observed oversampling factors are still moderate
for the considered refinements N and approximately grow as the asymptotic upper bound
O(N/log N) on the existence of a reconstructing rank-1 lattice suggests, which can be derived

from Table 2.3.

N\s| 1 2 3 4 5 6 7 8 9

1 1 1 1 1 1 1 1 1 1

2 1 3 5 7 9 11 13 15 17

4 1 5 13 29 49 81 137 183 255

8 1 9 41 97 257 543 983 1643 2895

16 1 17 145 395 1213 3079 6905 12543 23375
32 1 33 545 1721 5815 14253 34117 84845 184859
64 1 65 2113 5161 21535 78167 226951 574275 1248979
128 1 129 8321 21569 111015 404035 1373325 4068807 11051805
256 1 257 33025 85405 485913 2328905 8145033 27910471 84391053
512 1 513 131585 359213 2353599 12181705 50770301 179044805 600266399
1024 1 1025 525313 1383595 11148851 70968649 293168219 - -
2048 1 2049 2099201 5416219 41601005 220147195 - - -

Table 2.6: Parameters z; depending on the refinement N of reconstructing rank-1 lat-

. d,0,1 . . .
tices A (z = (21,...,2q) M = zq41,1 N’Oe’ven) for hyperbolic cross frequency index sets “with
» 7d,0,1
holes” I N even-

Example 2.49. We apply rank-1 lattice sampling on the test functions Gg and use the
reconstructing rank-1 lattices A(z, M, I 4,01 ) from Table 2.6. In Figure 2.13a, the relative

N,even
sampling errors ||GY — S;\d,o,l G A(TY)||/||G4|A(T?)|| with respect to the refinement N are
N,even
shown for d € {2,3,...,8} and various refinements N. We remark that the corresponding

relative truncation errors |G — S a0 GLA(TY| /1G4 A(TY)|| almost coincide. In the case
N,even

d = 2 and d = 3, the obtained errors seem to decay approximately like N3 in accordance



2.3 APPROXIMATION OF MULTIVARIATE PERIODIC SIGNALS 77
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Figure 2.12: Oversampling factors M /|I| for the reconstructing rank-1 lattice A(z, M, I) from
Table 2.5 and 2.6.

with Theorem 2.17 as well as slightly slower for d > 4. In Figure 2.13b, the corresponding
relative Lo(T?) sampling errors are depicted, see also [KPV15a, Figure 6.4a]. These errors
should approximately decay like N~3® due to Theorem 2.20. Additionally, we consider the
relative A(T9) and Lo(T?) sampling errors with respect to the rank-1 lattice size M for
d €{2,3,4,6} in Figure 2.14a and 2.14b, respectively. We compare these results with the
relative sampling errors when using standard hyperbolic crosses I = Ij'\l,’o’l and the recon-
structing rank-1 lattices A(z, M, Ij'f,’o’l) from Table 2.5. We observe that both plots for fixed
dimension d behave similarly, they roughly look like shifted versions of each other. As ex-
pected, the errors for comparable numbers of samples are distinctly lower when using the
hyperbolic cross index sets “with holes” Iz;%‘}en = Ifi;o’l N (2Z)?. Moreover, the shift clearly

depends on the dimension d, most likely exponentially. Additionally, the theoretical upper
bounds < M_g(log M)%'B from Corollary 2.40 and < M‘g(log M)%'B“'% from Corol-
lary 2.44 are shown in Figure 2.14a and 2.14b, respectively. We observe that the obtained

errors nearly decay as these bounds suggest. O
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(a) relative A(T?) sampling error (b) relative Ly(T?) sampling error, see Fig-

ure 6.4a from [KPV15a]

Figure 2.13: Relative A(T?) sampling errors rel samplerr A := ||G§ —
SRGLA(TY)||/|GLA(TY)| and Ly(T?) sampling errors rel samplerr 12 = [GI —
SRGL|Ly(TH) || /|| G4| Lo (T?) || for G with respect to the refinement N, I := I]%;%\}en.
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Figure 2.14: Relative A(T?) sampling errors rel samplerr A = |G —
SRGYA(TY)||/|GLA(TY)| and Lo(T?) sampling errors rel samplerr 12 = [GI —
SRGY| Lo(TH) || /|| G4| Lo(T?)|| for GE with respect to the rank-1 lattice size M, when using
the frequency index sets I := I]Cf;oe"}en with corresponding reconstructing rank-1 lattices
Az, M, I]Cf,’g’\}en) (denoted by solid lines) and I := IK;O’l with corresponding reconstructing

rank-1 lattices A(z, M, I]‘f,’o’l) (denoted by dashed lines).
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For the test functions G¢, we also consider higher dimensional cases up to 25 dimensions
d,0,1
I s

using frequency index sets “with holes” N even"

Example 2.50. We consider higher dimensional cases with dimension d € {10, 15,20,25}

for the test functions Gg. In doing so, we use frequency index sets “with holes” I := I]Cf,’%\}en
7401
N,even

genlattice_cbc_incr bisect] of Algorithm 2.3. In Figure 2.13a, the relative Ly(T?) sam-
pling errors ||G4—SPGS| Lo (T9)||/||GE| L2(T)|| with respect to the refinement N and cardinal-
ity |I] are shown for various refinements N. We observe that the obtained errors decrease fast
for increasing refinements N. The observed aliasing errors S;G4 — S?Gg are larger than the
corresponding truncation errors Gg— S IGg for small refinements N < 4 and distinctly smaller
for larger refinements N > 8. Moreover, we remark that some of the obtained relative Lo(T%)
sampling errors ||G4 — SPGY|Lo(T9)||/||G4|L2(T?)|| belonging to smaller refinements N are
greater than one, which is still below the asymptotic upper bounds in Theorem 2.30 stated rel-
ative to the ||G|HOT/2=¢1(T?)|| norm, € > 0, and the factor |G| HOT/2=¢1(T?) /||GE| Lo (T4

and we build reconstructing rank-1 lattices A(z, M, ) using implementation [Voll6b,

is greater than 87 for e = 0.05 for instance. O
| e d=10 —=— d=15 —4— d=20 —— d=25 | | e d=10 —=— d=15 —4— d=20 ——d=25 |
T T LB | T T T TTTTT]
10t ] 10t
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(a) with respect to the refinement N (b) with respect to the cardinality |Iff,’i’\}en|
Figure 2.15: Relative Ly(T?) sampling errors rel samplerr L2 := |G} —
SEGH|Ly(T4)||/[| G4 Lo(TY)|| for test functions G4, d € {10,15,20,25}, T == Iy .

Next, we give a numerical example for sampling along perturbed rank-1 lattices as de-
scribed in Section 2.3.4.

Example 2.51. We use the test functions G§,4, hyperbolic cross frequency index sets IX,’O’I

and the reconstructing rank-1 lattices A(z, M, I]Cf,’o’l) from Table 2.5, see also [KPV15a, Ex-
M—1
=0
nodes y; :==x; +n;, j =0,..., M — 1, where n; € {—¢, £} are drawn uniformly at random

ample 6.4]. For each reconstructing rank-1 lattice A(z, M, I ]Cf,’o’l) = {x;} we use sampling

with € := (27TdN)_1 In2. We sample the function G§,4 at the sampling nodes y; and we
compute the approximated Fourier coefficients ( fk) et by solving (2.67) using the LSQR
N
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algorithm [PS82] in combination with (2.18) and its adjoint version. In doing so, we repeat
the computation 10 times and determine the maximum of the obtained relative Lo(T?) sam-
pling errors. We consider the dimensions d € {2,3,4,5} for various refinements N and use
Taylor expansion parameters m € {1,2,3}. In Figure 2.16, we depict the results as well as
the corresponding results of the unperturbed case from Figure 2.8b, which are denoted by
“R1L”. Since G§,4 € A%3=<1(T9), ¢ > 0, we expect the errors to decay at least like ~ N ~3%¢
for m = 3 and slower for m = 1,2 due to Theorem 2.46. For dimension d = 2, we observe that
the relative Ly(T?) sampling error decays approximately like ~ N 73 for the unperturbed
case and the case m = 3, approximately like ~ N=2 for m = 2 as well as ~ N~ for m = 1.
In the higher dimensional cases d = 3,4, 5, the plots for the unperturbed case and the case
m = 3 again almost coincide but decay slower. Moreover, we approximately observe the
decay ~ N~2 in the cases d = 3,4, 5 for Taylor expansion parameter m = 2 and ~ N~ for
m = 1.

We also perform tests from [KPV15a, Example 6.4] for perturbations n; drawn uniformly
at random from (—¢,¢)? for dimensions d € {2,3,...,10} and Taylor expansion parameter
m = 3. The observed relative Lo (']Td) sampling errors are depicted in Figure 2.17b with respect
to the cardinality |I]C\l,’0’1 . As expected, the errors decay for increasing cardinalities |I]C\l,’0’1|.
We observe that the obtained errors almost coincide with those from the unperturbed case
depicted in Figure 2.17a. For results with Taylor expansion parameter m = 2, we refer to
[KPV15a, Fig. 6.9a]. These results are similar to the ones in Figure 2.16.

Additionally, we consider the test functions Gg in four and five dimensions. Here, we use

hyperbolic cross frequency index sets “with holes” I := Iz‘f;(l’jen and corresponding recon-
structing rank-1 lattices A(z, M, [ff,’(l’\}en) from Table 2.6. Consequently, we can consider

higher refinements N than for the test functions Gg’4. We sample at perturbed rank-1 lat-
tice nodes y; := x; +m;, j = 0,...,M — 1, where n; € {—¢,e}¢ are drawn uniformly at
random with ¢ := (27TdN )_1 In 2 and we use Taylor expansion parameters m € {1,2,3}. The
corresponding error plots are shown in Figure 2.18. The relative Lo(T¢) sampling errors for
Taylor expansion parameter m = 1 and m = 2 behave similarly as before. For dimension
d = 4, there is a significant difference in the obtained errors between the cases m = 2 and
m = 3 for high refinements N > 512 or small error values. The obtained errors for m = 3
and the unperturbed case almost coincide. For dimension d = 5, the errors in the case m = 1
are again distinctly larger. The errors of the case m = 3 and the unperturbed case almost
coincide. In the case m = 2, there is only a noticeable difference to the case m = 3 for
refinement N = 2048. O

As we have seen in this chapter and in the numerical examples, the fast approximation
of a sufficiently smooth high-dimensional function f € A(T¢) N C(T%) from samples along
reconstructing rank-1 lattices A(z, M, I) can be performed very easily and the obtained errors
decay fast if the frequency index sets I are chosen correspondingly to the decay of the Fourier
coefficients fk of the function or to the assumed decay given by a suitable function class. The
computation of approximated Fourier coefficients ka ~ fr, k € I, can be performed very
fast in O(M log M + d|I|) arithmetic operations using Algorithm 2.4, which can be realized
using two short lines of Octave / MATLAB code.

If the samples are not given at exact rank-1 lattice nodes x;, a method for the fast
approximation of the function f using a rank-1 lattice based Taylor expansion can be applied.
Then, we solve a linear system of equations using the LSQR algorithm with computational
cost of O (K m?(M log M + d|I])), where m € N is the Taylor expansion parameter and K
is the number of iterations, which depends on the targeted error and the condition number
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Figure  2.16: Relative  Lo(T9)  errors  rel_sampl_err_L2 = HGgA —
SPGY 4| La(TY| /|GG 4l Lo(T)| and = |G, — SYGY 4| La(T9)]|/|G4 4| La(T)|| with hy-
perbolic cross frequency index sets I := Ij'{;o’l when sampling at rank-1 lattice nodes

(“R1L”) and perturbed rank-1 lattice nodes using (2.67) with Taylor expansion parameters
m=1,2,3.

of the system matrix, see Section 2.2.2 and 2.3.4.
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and perturbed rank-1 lattice nodes using (2.67) with Taylor expansion parameter m = 3.
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Figure 2.18: Relative Lo(T?) errors rel sampl err L2 := ||G4 — SFGY|Lo(T)||/||GE| Lo (T?) ||
and = [|G4 — SYGE|L2(T9)||/|| G| L2(T?)|| for G with hyperbolic cross index sets “with
holes” I := Ii,’?é‘}en when sampling at rank-1 lattice nodes (“R1L”) and perturbed rank-1
lattice nodes using (2.67) with Taylor expansion parameters m = 1,2, 3.



Chapter

Multivariate Algebraic Polynomials in
Chebyshev Form

We consider multivariate algebraic polynomials a;: [~1,1]¢ — R in Chebyshev form,

d
af(@) ==Y apTe(@) =Y ag [[Tulxs), dn€R, (3.1)

kel kel t=1

where I C Ng, d € N, is a non-negative index set of finite cardinality, |I| < oo, and
Ty: [-1,1]7 — [-1,1], Te(x) = Hle Ty, (z;), k € N&, are multivariate Chebyshev poly-
nomials defined on the closed box [—1,1]%, built from Chebyshev polynomials of the first
kind 7;: [-1,1] — [-1,1], T;(z) := cos(l arccosx), for frequencies [ € Ny. For each | € Ny,
the univariate Chebshev polynomial 7 is an algebraic polynomial of degree deg(7;) = I re-
stricted to the domain [—1,1]. Moreover, if the index set I = Ig;{oo = {k € N&: ||k|l; <n},
n € Ny, is the ¢;-ball, then span{Tg(o): k € I} is the space of all algebraic polynomials
of (total) degree < n in d variables restricted to the domain [—1,1]%, see e.g. [CP11]. We
remark that one may also consider other closed boxes [a1,b1] X ... X [ag, bg] C RY, a; < by for
t=1,...,d, by a simple linear coordinate transform.

Let Lo, ([—1,1]) be the weighted Hilbert space of all square integrable functions
f:]-1,1] — R with respect to the Chebyshev weight w(x) :=1/v1 — 2,

1
/ (@) w(z) dz < oo,

—1

equipped with the scalar product

! U u(z)v(z
(u,v)2, 1= /_1 u(x)v(z) w(x) de = /_1 \;1)_7(562) dz,

see e.g. [Spr97b, Spr00]. The univariate Chebyshev polynomials T}, I € Ny, form an orthogonal
basis of the Hilbert space Lg,([—1,1]),

s fork=1=0,
(Ti, Th)20 = { 7/2 for k=10, (32)
0 fork#l,

83
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see e.g. [Sze75, Boy00]. We remark that a Chebyshev series g(z) = > 77 ax Ti(x),
x € [-1,1], corresponds to the Fourier-cosine series G(6) = g(cost) = >"77 ax cos(kb),
0 € [0, 7], using the coordinate transform z := cos 6 and the coefficients can be computed by
a = 227%0 [T g(cosf) cos(kf) df = 227%k0 f_ll g(x) Ti(z) (1 — 22)~Y2dx, see e.g. [GOTT,
Section 3]. Extending the setting to the multivariate case via tensorization, see e.g. [Wei80,
Section 3.4], one obtains that the multivariate Chebyshev polynomials Tk, k € N4, form an
orthogonal basis of the weighted Hilbert space Lo, ([—1,1]9).

Analogously to the considerations in Chapter 2 for the periodic case, we are interested
in methods for the fast evaluation of such a multivariate algebraic polynomial in Cheby-
shev form a; from (3.1) at certain nodes as well as the fast reconstruction of the Chebyshev
coefficients ag, k € I, from samples. Additionally, we want to use these fast reconstruc-
tion methods for the fast approximation of multivariate non-periodic real-valued functions
f:[-1,1]7 — R by multivariate algebraic polynomials in Chebyshev form a; from samples
of f at certain nodes.

In one dimension, Chebyshev polynomials are frequently used in the non-periodic case
for function interpolation at Chebyshev nodes or Chebyshev-Gaufl—-Lobatto nodes, which are
the roots or extremal points of Chebyshev polynomials of the first kind T, see e.g. [AS72,
p. 889]. This approach allows to mitigate Runge’s phenomenon, see e.g. [Boy00, Section 4.2].
Moreover, there exist fast versions of the discrete cosine transform (DCT), which allow to
compute Chebyshev coefficients from function samples and vice versa, see e.g. [CLW70, Ste92,
BT97] and [VL92, p. 238]. Again, this approach may be transferred to dimensions d > 2 by
tensorization, see e.g. [DL82].

In the multivariate case, if the frequency index set I of a multivariate algebraic polyno-
mial in Chebyshev form ay is a d-dimensional full grid, e.g. I = G’ﬁ := [0,n]? N N¢ of refine-
ment n € N, one may use the Chebyshev-Gaufi-Lobatto nodes y; € Y := {cos(Ir/n): | =
0,1,...,n}% C [-1,1]¢ in spatial domain. Then, a d-dimensional DCT of length n + 1 in
each coordinate direction can be applied to compute the function values al(yj) from the
Chebyshev coefficients ax, k € I, and vice versa, see also Figure 3.1 for a two-dimensional
example and the Chebfun toolbox [DHT14]. As in the periodic case, this approach suffers
heavily from the curse of dimensionality.

| | Ifsss s 8 s 388
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Figure 3.1: d-dimensional DCT between full grids.

Again, one may attenuate this problem by using nodes y; on sparse grids as spatial
discretization and hyperbolic cross frequency index sets I, c¢f. [BNR0OO, GH14]. Then, fast
transforms for switching between the spatial and frequency domain exist, cf. [SY10], and
software implementations are available, see e.g. the HCFFT [GH14], which allow for the
computation of the transforms in @(nlog?n) arithmetic operations. Still, this approach may
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have the issues discussed in the introduction of Chapter 2. For instance, the frequency index
set I may have several restrictions, e.g., it should be “without holes” or admissible, cf. [GGO03].

In this chapter, we consider a rank-1 Chebyshev lattice CL(z, M) as spatial discretization,
which is defined by

CL(z,M) := {:I:j = cos (%wz) :j=0,... ,M} c [-1,1]% (3.3)

with the generating vector z & Ng and the size parameter M € Ny, where the cosine is
applied component-wise, cf. [CP11]. We remark that rank-1 Chebyshev lattices CL(z, M)
are nodes on so-called Lissajous curves, see e.g. [DE15] and the references therein. Examples
for two-dimensional rank-1 Chebyshev lattices CL(z, M) are shown in Fig. 3.2. Please note
that not all (M + 1) nodes xj, j = 0,..., M, have to be distinct, i.e., |[CL(z,M)| € {1,...,
M + 1}, see e.g. Fig. 3.2a.

1 _I T I_

—1}F -
1 1 !

-1 0 1

(a) z:=(8,9) ", M := 172,
|CL(z, M)| = 45.

1 1 1
-1 0 1

(c) z:=(1,16)", M := 76,
|CL(z, M)| = 77.

Figure 3.2: Examples of two-dimensional rank-1 Chebyshev lattices CL(z, M).

When the frequency index set I = I;lj{ ° is the fi-ball of refinement n € Ny, there
exist various results. In the two-dimensional case, so-called Padua points [BCD106,
CDVO08] may be used, which are specially chosen two-dimensional rank-1 Chebyshev lat-
tices CL(z := (n,n+ 1), M :=n(n+ 1)), and there exists the Octave / MATLAB toolbox
Padua2DM [CDMSV11] for the fast evaluation, reconstruction and interpolation. For dimen-
sion d > 3, further results have been developed. Choices for the generating vector z and the
size parameter M € Ny of a rank-1 Chebyshev lattice suitable for reconstruction are known
for certain cases [CP11, BDMV16, BDMV15, DE15]. Moreover, there exists the Octave /
MATLAB toolbox CHEBINT [PC13], which uses the Clenshaw algorithm [Cle55]. In general,
we do not have an interpolation but so-called hyperinterpolation, see [Slo95].

In this work, we extend these considerations to multivariate algebraic polynomials in
Chebyshev form a; with arbitrarily chosen frequency index sets I C N¢ of finite cardinality,
|I| < oo. Parts of the results were presented in [PV15]. We discuss a method for the fast
evaluation of such an algebraic polynomial a; at the nodes of an arbitrary rank-1 Chebyshev
lattice CL(z, M) C [~1,1]¢, which only uses easy-to-compute index transforms and a single
one-dimensional DCT. For the exact reconstruction of the Chebyshev coefficients ag, k € I,
from samples ar(x;) at rank-1 Chebyshev lattice nodes x; := cos(ﬁﬁrz), 7 =0,..., M, with
the proposed method, the used rank-1 Chebyshev lattice CL(z, M) needs to fulfill a recon-
struction property, i.e., the equivalent conditions (3.22), (3.23) and (3.25). Then, CL(z, M)
will be called reconstructing rank-1 Chebyshev lattice for a given frequency index set I and will
be denoted by CL(z, M, I). It can be easily constructed using a component-by-component
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(CBC) approach as discussed in this chapter. For general CBC constructions of integration
lattices, we refer to the survey [DKS13] and the references therein. Using a reconstructing
rank-1 Chebyshev lattice CL(z, M, I), we are able to exactly reconstruct all the Chebyshev
coefficients ag, k € I, from the samples as(x;) using a single one-dimensional DCT and
easy-to-compute index transforms, see Figure 3.3 for illustration. The computational costs
are < MlogM + d|M(I)| < Mlog M + d2¢|I|, where the extended symmetric index set
M) :={h € Z: (|h],...,|ha])T € I}.

12 3 M
0 v v u M
—o

: <||§, k-zemod M=1

16 |m= _ 1

- 1-dim.

e (ak)LG/ M (aI(wJ»MO

1 O(Mlog M + d|M(I)]) -1

Figure 3.3: DCT between arbitrary index set I and reconstructing rank-1 Chebyshev lat-
tice CL(z, M, I).

Based on the reconstruction results, we are going to use multivariate algebraic polynomials
in Chebyshev form a; for the approximation of non-periodic functions from subspaces of the
analogon of the Wiener algebra

A([-1,17) = {f € Low([-1,1%): | fIA(- = > Ifl< OO} (3.4)

keNd

cf. [Spr97b, Spr00], where the Chebyshev coefficients fe, k € Nd, of a function
f € Layw([—1,1]%) are formally given by

fro == e / de, ke Ng, (3.5)

7 Jaei-1ma [19, /1 — 22

where |k|o 1= Zgzl Sr.0 and the factor 2/lo /7 is due to the orthogonality relation (3.2).
In the following, we characterize a function f € A([—1,1]%) by the decay of its Chebyshev
coefficients fi. Analogously to the subspaces (2.13) of the Wiener algebra A(T?) in the
periodic case in Chapter 2, we define the subspaces

Aa”@([—lal]d):{f € Low([=1.1%) ¢ [|FIAP (=1, 1) = Y wP (k) il < OO} (3.6)

keNd

of A([-1,1]%) = A%0([-1,1]%) with dominating mixed smoothness 3 > 0 and isotropic
smoothness o > —f3, where the weights w®* are defined as in (2.12). Moreover, we consider
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the subspaces

1O ([-1,1]%) = {f € Low([—1, 1) AP (1,109 = D wefl (k)2 | fi? < OO}
keNd

(3.7)
of the Hilbert space Lo, ([—1,1]%) = H*?([-1,1]%) analogously to the function spaces (2.11)
from the periodic case. We remark that for the one-dimensional case, function spaces with
norms equivalent to Sobolev-type spaces H*%([—1,1]), a > 0, were considered in [BHS92] for
Jacobi polynomials as well as their relation to spaces characterized by the derivatives D" f,
v € Np. In the special case of Chebyshev polynomials of the first kind 7}, this means for
m € Ny the equivalence of the spaces H™%([—1,1]) and

Lzm(m) = {f € Law([~1,1]): Hf|Lpp(m H2 Z/ |D” f( 1 —x )7%+” dz < oo}

from [BHS92]. For the two-dimensional case, Sobolev-type spaces HZ([—1,1]?) of order a > 0
were characterized in [Spr97b], which are equivalent to H%?([—1,1]?), as well as Sobolev-type
spaces with dominating mixed smoothness S° H ([—1, 1]2) of order 8 > 0 denoted in [Spr97b],
which are equivalent to #%?([—1,1]%). This concept can be extended to higher dimensions
using tensorization, cf. [Spr00, SW10].

Using the Chebyshev coefficients fi, a function f € A([~1,1]%) can be approximated by
the Chebyshev partial sum

Sif = fu (o), (3.8)
kel

i.e., by a truncated Chebyshev series which is a multivariate algebraic polynomial in Cheby-
shev form a; from (3.1). As in the periodic case, we call the error f — S7f of this approx-
imation truncation error. In practice, we are going to compute approximated Chebyshev
coefficients kaL ~ fk, k € I, by applying a DCT on the samples f(x;) taken at the nodes
xj = cos(jnz/M), j =0,..., M, of a rank-1 Chebyshev lattice CL(z, M) followed by com-
puting index transforms, see (3.29). Then, we define an approximation of the function f by
the approximated Chebyshev partial sum

SEVf =) fit Te(o), (3.9)

kel

which itself is a multivariate algebraic polynomial in Chebyshev form a; with frequencies
supported on the index set I. In this work, we concentrate on using reconstructing rank-1
Chebyshev lattices CL(z, M, I). Analogously to (2.9), we split the sampling error f — SICLf
into the truncation error f — S;f and aliasing error Syf — S ICL f. By the triangle inequality,
we obtain

If = SEEF < \If = Sefll +11Sef — SEE I, (3.10)

where || o || is a given norm.

We choose the frequency index set I in a suitable way corresponding to the used function
spaces and norms in the error estimates. Correspondingly to the periodic case in (2.14), we
define the frequency index sets [ = IS;E of refinement n > 1 by

d
4= {k: € Nj: w P (k) = max(1, |kll) " [ [ max(1, k) < nl—T} (3.11)
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for shape parameter —oco < 1" < 1 with the ¢;-ball extension
e = {k e N¢: max(1, ||k|) < n}

for shape parameter ' = —oo. We remark that multivariate algebraic polynomials with
hyperbolic cross index sets I = IS;S have already been used for approximations in sparse
high-dimensional spectral Galerkin methods, cf. [SW10] and [STW11, Section 8.5]. Please
note that we do not use a weight parameter ~ in our considerations for the non-periodic case
to simplify the notation and reduce the amount of technical details, see also the discussion
regarding the weight parameter v of the weights (2.12) in the introduction of Chapter 2.
Moreover, we have the relation M(Igj,:f )= Iff’T’l between the frequency index sets I;{;T from
the non-periodic case and the frequency index sets IETY from the periodic case.

The remaining parts of this chapter are structured as follows.

In Section 3.1, we develop a method for the fast evaluation of an arbitary multivariate
algebraic polynomial in Chebyshev form a; from (3.1) with frequencies supported on a given
arbitrary index set I C N& of finite cardinality, |I| < oo, at the nodes x; := cos(ﬁ'wz),
j=0,..., M, of an arbitrary rank-1 Chebyshev lattice CL(z, M) C [~1,1]%, see also [PV15].
In doing so, we introduce additional notation and obtain Algorithm 3.1 for the fast and exact
evaluation based on easy-to-compute index transforms and a single one-dimensional DCT,
which requires O(M log M + d2¢|I|) arithmetic operations and these computational costs
contain an additional factor 2¢ compared to the periodic case in Section 2.1.1. We describe
a modified version requiring only O(M log M + d|M(I)|) arithmetic operations, which may
be a distinct reduction if only a small amount of components of the frequencies k € I are
non-zero, i.e., if only some dimensions are coupled.

In Section 3.2, we develop an approach for the fast and exact reconstruction of an arbi-
trary multivariate algebraic polynomial in Chebyshev form a; with frequencies supported on
an arbitrary known index set I C N¢ of finite cardinality, |I| < oo, from sampling values along
a reconstructing rank-1 Chebyshev lattice CL(z, M, I). In Section 3.2.1, we discuss condi-
tions on a rank-1 Chebyshev lattice CL(z, M) such that the reconstruction of all Chebyshev
coefficients ag, k € I, of such a multivariate algebraic polynomial in Chebyshev form aj
is possible. We describe a method for the fast and exact reconstruction in Algorithm 3.2,
which only uses a single one-dimensional DCT and easy-to-compute index transforms. This
approach has computational costs of O(M log M + d 2% |I]), which contain an additional fac-
tor of 2¢ compared to Algorithm 2.1 in the periodic case. Again, we describe a modified
version requiring only O(M log M + d|M(I)|) arithmetic operations. In Section 3.2.2, we
discuss approaches for obtaining reconstructing rank-1 Chebyshev lattices CL(z, M, I), see
also [PV15]. We remark that for the special case of ¢1-ball frequency index sets I = Igﬁ o,
approaches for obtaining a reconstructing rank-1 Chebyshev lattice CL(z, M, I') were already
discussed in [CP11] and the references therein. In this work, we develop two general methods
which allow for the handling of arbitrary frequency index sets I C N4 of finite cardinality,
|I| < oco. The first method is based on using a reconstructing rank-1 lattice A(z, M, M(I))
from the periodic case for the non-periodic case, see Theorem 3.4. The second method uses
a direct CBC construction approach on the frequency index set I, cf. Algorithm 3.3, using
ideas from [SR02, CN04, Kédm14a].

In Section 3.3, we briefly discuss relations to other non-periodic approaches. In Sec-
tion 3.3.1, we give more details for the reconstruction at Padua points and along Lis-
sajous curves. In Section 3.3.2, we explain the relation to tent-transformed rank-1 lattices
from [DNP14, SNC16, CKNS16].
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In Section 3.4, we consider the approximation of functions f from subspaces A%?([—1,1]%)
of the analogon of the Wiener algebra A([—1,1]%) and of functions f from Sobolev-type
spaces of generalized mixed smoothness H*?([—1,1]%) for suitable choices of the isotropic
smoothness « and dominating mixed smoothness 3 using rank-1 Chebyshev lattice sam-
pling. We discuss various embeddings between different function spaces in Lemma 3.9 which
correspond to the periodic case from Section 2.3.1, see also Figure 2.6a. The allowed pa-
rameter choices of dominating mixed smoothness 8 > 0 and isotropic smoothness o > —f
for functions f € A*#([-1,1]%) and f € H*P+N[~1,1]%), X > 1/2, guarantee the contin-
uous embedding into the analogon of the Wiener algebra A([—1,1]%) and consequently the
existence of a continuous representative of the function f, cf. Lemma 3.9 and Remark 3.10.
Moreover, we develop the general aliasing formula (3.31) in Lemma 3.11 for the approx-
imated Chebyshev coefficients kaL from (3.29) when using an arbitrary rank-1 Chebyshev
lattice CL(z, M) C [~1,1]%. Based on this aliasing formula (3.31), we obtain in Theorem 3.13
for sampling along reconstructing rank-1 Chebyshev lattices CL(z, M, I) the general result

If =S Loo (LD < 42971 Y fil = (1427 [1f = SefIA(=1, 19|
keNI\1

for the sampling error (of continuous representatives) of functions f € A([—1,1]¢) and we
also estimate the corresponding truncation error by

1f = StflLoo(=L YN < Y Il = If = StAA(=1, ).

keNd\1

The obtained upper bounds, especially the factor 291, are sharp in certain cases as we see
in Example 3.14. For functions f € A*8([—1,1]¢) with dominating mixed smoothness 3 > 0
and isotropic smoothness a > —f using frequency index sets I := I;l;,{’ with shape parameter
T := —a/f, we obtain in Theorem 3.16 results which are analogous to the results from
Theorem 2.17 and 2.24 for the periodic case. For the truncation error f — S7f, we estimate

1f = Sz fFILoo((=L U < I = Spar FLA(=L DI < 07D || fLAP (=111

and for sampling along reconstructing rank-1 Chebyshev lattices CL(z, M, IS;Z ), we estimate
the sampling error by

N R e e e e (S R

Additionally, we measure the errors with respect to Hilbert space norms. For functions
f e H*P([—1,1]%) with smoothness parameters 3 >t > 0 and o+ > r +¢ > 0 using
frequency index sets I := I;{’Z with shape parameter T := —%:; € [—00,1), we estimate the

truncation error by

1f = Spar FIHO(F1, D) < 0”770 | e (=1, 1)

in Theorem 3.17 analogously to Theorem 2.20 from the periodic case. When we restrict the

shape parameter T := —%:’; e[, —%] and sample along reconstructing rank-1 Chebyshev

lattices CL(z, M, IS;Z ), then we obtain for the sampling error f — SI%LT (of continuous

a,n

representatives) of functions f € H*#TA([~1,1]%), A > 1/2, the upper bound

d
2

1 = SE (=L D] < (142971 (14 20(20) 2 ) n= @20 P (-1, 1))
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corresponding to Theorem 2.26 from the periodic case. We remark that for the case of sparse
grid sampling with shape parameter T := 0 in the case of isotropic smoothness r := 0,a := 0
and dominating mixed smoothness ¢ := 0, 5 > 1/2, the error estimate

1 = 555 121, 0 | < 0P log? || F[HOP (=1, 119

follows from [BNROO, inequality (14)] as a consequence of [Spr97b, Theorem 5], where SI%%

denotes the sparse grid sampling operator, and the additive factor A > 1/2 does not occur in
this error estimate.

Finally, in Section 3.5, we give numerical examples for the methods and theoretical results
of Section 3.2 and 3.4 in up to 25 dimensions.

3.1 Fast evaluation along rank-1 Chebyshev lattices

We consider the evaluation of a multivariate algebraic polynomial in Chebyshev form aj
from (3.1) with frequencies supported on an arbitrary index set I C Ng, |I| < 0o, at the nodes
x; = cos({;z), j =0,..., M, of an arbitrary rank-1 Chebyshev lattice CL(z, M) C [-1, 1]4,

d .
ar(xzj) = Z&kHCOS (]\jfﬂktzt> , Jj=0,...,M. (3.12)

kel t=1

Analogously to the approach in Chapter 2, we are going to use a one-dimensional discrete
cosine transform of type I (DCT-I) for evaluating (3.12), see also [PV15]. A DCT-I of
length n 4+ 1 applied to an input vector of coefficients (bj);?zo e R™! computes l;k =
Z?:()(E?)Q bj cos(jkm/n) for k = 0,...,n, where &} := 1/v/2 for j € {0,n} and el =1
for j € {1,...,n — 1}. In order to apply the DCT-I in the multivariate case, we transform
the product of cosines Hle cos(%wktzt) in (3.12) into a cosine of sums,

cos (Zifﬂ (ki1 + ...+ k:dzd)> = cos <Z€J7Tk . z) .

In doing so, we introduce additional notation following [PV15, Section IL.B]. For a given
arbitrary index set I C N(‘)i of finite cardinality, we define the extended symmetric index set

M) :={h e Z (|hi,...,|ha|)" €I},

which contains all frequencies k € I and versions of these frequencies k (repeatedly) mirrored
at all coordinate axes. We remark that we have the relation

MIED) = 111 (3.13)

between the frequency index set IS;E from the non-periodic case as defined in (3.11) and
the frequency index set I3 from the periodic case as defined in (2.14), and this relation
will play an important role in this chapter. In addition to the extended symmetric index
set M(I), we define the index sets

My(I) = {h € M(I): h, >0}, ve{l,....d},

which contain all frequencies k € I and versions of these frequencies (repeatedly) mirrored at
all coordinate axes except the v-th. In Figure 3.4, we depict the ¢1-ball frequency index set
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I= Ii’g * as well as the corresponding extended symmetric index set M(Ii’g ) C Z? and
mirrored index sets /\/ll(Ii’g ) C Ny x Z, Mg(]i’g ) C Z x Ny. Additionally, we give its
cardinalities |I|. Here, the cardinalities of the index sets Ml(I:”g_ ) and Mo (I 28_ ) coincide.
Moreover, in Figure 3.5, we show an example for a sparser frequency index set I C Ng as
well as the corresponding extended symmetric index set M(I) C Z? and mirrored index
sets M1(I) C Ng x Z, Ma(I) C Z x Ng. We observe that the cardinalities of the index
sets M1 (I) and My([I) differ for this example.

81 : R 8k : 1 sl " ]
ol : 0 ol 0| wmiEEEEEEEEEEEE. |
- - 78 _8 B T | | | 1

0 8 0 8 —8 0 8
| Log ™| = 45 MIZ™) =145 (M%) =81 [Mo(I%5>)| =81

Figure 3.4: From left to right: frequency index sets Ii’g_oo, M(Ii’s_oo) =gt

M2, Ma(I25%).

~16 |- 116 1 -16 |, ] H 16 |, , .

1 1 1 1 I 1
—16 0 16 —16 0 16 —-16 0 16 —16 0 16

11| =35 IM(I)| =111 My ()] = 62 (Ma(I)] = 63

Figure 3.5: From left to right: frequency index sets I C N3, M(I) C Z2?, My(I), Mz(I).

Next, we remark that for y, y» € R, we have cos(y1) cos(y2) = 3(cos(y1+y2)+cos(y1 —y2))

and cos(y1) cos(y2) cos(ys) = i(COS(yl +y2 + y3) + cos(yr + y2 — y3) + cos(y1 — y2 + y3) +
cos(y1 — y2 — y3)). Using induction on the dimension d € N and due to the symmetry of the

cosine cos(x) = cos(—z) for all z € R, we obtain for y := (y1,...,9y4)" € R
a 1
H cos(y) = Z a=1 €08 (m-y) (3.14)
t=1 meM, ({1}7)
1
- 4 €08 (m-y), (3.15)

me{—1,1}4
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where m 1= (my,...,mq)". Applying (3.14) and (3.15) on (3.12), we obtain

al(mj)zzgﬁl 3 cos<]‘\j47r(m®k)-z>,

kel meM, ({1}9)

:Z;% Z COS<]‘\]47T(m®k)'Z>7 j:O7"'7M7

kel me{-1,1}4

for any v € {1,...,d} and for an arbitrary multivariate algebraic polynomial in Chebyshev
form a; from (3.1), where m ® k := (m1ky,...,mgky)". For M € N and | € Z, we define the
even-mod relation

I mod (2M), I mod (2M) < M,

(3.16)
2M — (I mod (2M)) else,

lemod M = {

as well as in the special case M = 0, lemod0 := 0 for [ € Z. For each | € {0,..., M}, we
consider the frequencies k € I and m € M, ({1}%), such that [ = (m ® k) - zemod M. Then
we obtain

A~

M
=1 X g | costitn/an (3.17)

=0 \ kel  meM,({1}%)
(mOk)-zemod M=1

—

A~

> > 5 | cos(jlm/M), j=0,...,M, (3.18)

2d
kel me{-1,1}4
(mOk)-zemod M=1

M-

N
Il
o

~

g

for the nodes x; := cos(%wz) of a rank-1 Chebyshev lattice CL(z, M), since cos(jlm/M) =
cos(ﬁ'w (mo®k)-z)forall j=0,...,M. All inner double sums in (3.17) may have in total
up to 2¢71I| many summands and in (3.18) up to 2¢|I| many. The outer sum is simply a
one-dimensional DCT-I of length M + 1, which can be computed fast using a fast version
of the one-dimensional DCT-I or a one-dimensional FFT. In the end, we can evaluate an
arbitrary multivariate algebraic polynomial in Chebyshev form a; from (3.1) given by its
Chebyshev coefficients ax, k € I, at all nodes x; := cos(#7z), j =0,..., M, of an arbitrary
rank-1 Chebyshev lattice CL(z, M) C [~1,1]¢ in O(M 10gM+d2d|I]) arlthmetic operations,
cf. Algorithm 3.1. Alternatively, using ideas from [SNC16], we may rewrite the coefficient

. ag
a=3, X =2 2
kel me(-11)4 kel heM({k})
(mOk)-zemod M=1 h-zemod M=1

in (3.18) and we obtain a modified version of Algorithm 3.1 with computational costs of
O(Mlog M + d|M(I)]). If only a small amount of components of the frequencies k € I
are non-zero, i.e., only some dimensions are coupled, we have |[I| < |[M(I)| < 2%|I| and
consequently the modified version may require distinctly less arithmetic operations.
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Algorithm 3.1 Fast and exact evaluation of an arbitrary multivariate algebraic polynomial
in Chebyshev form a;, I C N¢, |I| < oo, at the nodes of an arbitrary rank-1 Chebyshev
lattice CL(z, M) C [—1,1]%.

Input: IcNd frequency index set of finite cardinality
(k) per Chebyshev coefficients of multivariate algebraic
polynomial in Chebyshev form aj
CL(z, M) arbitrary rank-1 Chebyshev lattice with size pa-

rameter M € N and generating vector z € Ng

Initialize g; ;== 0 for all { =0,..., M.

for each k € I and each m € {—1,1}% do
Compute [ := (m @ k) - zemod M.
Set gi == g1 + ax/2%/(}")?.

end for
Compute a :=DCT_I ((§)/%,), i.e. ar(zx;) = Zl]\io(séw)le cos(jlm/M) for j =0,..., M.
Output: a:= (a](xj))jj\io function values of a; at rank-1 Chebyshev lattice

nodes x; := cos(jmz/M), j=0,...,.M
Complexity:  O(M log M + d24|1|)

3.2 Fast reconstruction for known frequency index sets

In this section, we consider the fast and exact reconstruction of a multivariate algebraic poly-
nomial in Chebyshev form a; from (3.1) with arbitrary frequency index set I C N&, |I| < oo.
In subsection 3.2.1, we describe a method for reconstructing the Chebyshev coefficients ay,
k € I, of the multivariate algebraic polynomial in Chebyshev form a; from samples taken at
the nodes x; of a reconstructing rank-1 Chebyshev lattice CL(z, M, I). In subsection 3.2.2, we
discuss strategies for obtaining such a reconstructing rank-1 Chebyshev lattice CL(z, M, I).

3.2.1 Reconstruction method based on rank-1 Chebyshev lattices

Similar to the fast evaluation, our approach for the fast reconstruction is based on applying
a one-dimensional DCT-I on the sampling values ar(x;) at the nodes x; := cos(jmz/M),
j = 0,...,M, of a rank-1 Chebyshev lattice CL(z, M) fulfilling a certain property. The
presented approach was first published in [PV15, Section III.B]. Formally, we compute the
coefficients

. ﬁ(g]M 12 () cos (Xh) (3.19)

7=0
S T (i jl

= Z(ejw)Q Z ag (H cos <7r ky zt>) oS <7r>
j=0 kel t=1 M M

for I € {0,..., M} by a DCT-I of length M + 1. Inserting formula (3.15), this yields

alzz‘;’; 3 i(eé‘/l)gcos<]‘\7.47T(m®k)-z>cos<}7\27r>

kel me{-1,1}¢ =0
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for 1 € {0,..., M}. We remark that the orthogonality relation

2 o n N, 2 Jkm L
- EkER Z(sj) Ccos <) cos <n =0ki, kK €40,...,n} (3.20)

n
3=0

holds, where 6y, 5 is Kronecker’s delta, see e.g. [RY90, Section 2.4], and that
{m@ k:m e {-1, 1}d} = M({k}) for k € I.

We consider the indices [ := k - zemod M for frequencies k € I and consequently, we obtain

M . .
- a
a; = Z Uhl" ’|hd| (H 20150 ) Z 5?4)2 cos <]\J/[7rh . z) cos (AZTrk : z) . (3.21)

heM(1) Jj=0

Using the orthogonality relation (3.20), we obtain that the summands of each coefficient a,
[ =k - zemod M for frequencies k € I, consist solely of the Chebyshev coefficient a, if and
only if

k-zemod M # h-zemod M for all k € I and h € M(I), k # (|h1],...,|ha])T.  (3.22)

For example, all the rank-1 Chebyshev lattices CL(z, M) in Figure 3.2 fulfill property (3.22)
for the ¢;-ball frequency index set I = Ii’s_ °?in Figure 3.4 and the rank-1 Chebyshev lat-
tice CL(z, M) in Figure 3.3 fulfills this property for the frequency index set I depicted therein.

Due to the symmetry of the emod operator, we can reduce the number of frequencies h
in condition (3.22) by a factor of (about) two.

Lemma 3.1. ([PV15, Lemma III.1]). For M € Ny and | € Z, we have lemod M =
(—1)emod M.

Proof. We consider the two different cases in the definition of the emod operator and addition-
ally treat the case [ = 0. For 0 < [ mod (2M) < M, we have M < (—I) mod (2M) <2M —1
and this means (—l)emod M = 2M — ((—1) mod (2M)) = 2M — (2M — (I mod (2M))) =
lemod M. Otherwise, for M < [ mod (2M) < 2M, we obtain 0 < (—I) mod (2M) < M
and this yields (—!)emod M = (—I) mod (2M) = 2M — (Il mod (2M)) = lemod M. For
the remaining cases [ mod (2M) = 0 and ! mod (2M) = M, we also obtain (—/)emod M =
lemod M. [ |

Lemma 3.2. ([PV15, Lemma II.2]). For a given arbitrary index set I C N¢ of finite
cardinality, [I| < oo, let I C Z be an arbitrary index set with the property M(I) =
I'U{—h: h € I}. Then, condition (3.22) is equivalent to

k-zemod M # h-zemod M for allk € I and h € I, k # (|h,...,|ha])". (3.23)
Proof. Due to (—h) -z = —(h - z) for h € Z%, we obtain
(=h) - zemod M = h - zemod M for h € Z¢ (3.24)

from Lemma 3.1 and the assertion follows. [ |
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Corollary 3.3. ([PV15, Corollary II11.3]). For any v € {1,...,d}, condition (3.22) is equiv-
alent to

k- zemod M # h - zemod M for all k € I and h € M, (I), k # (|h1|,...,|ha])". (3.25)

If the equivalent conditions (3.22), (3.23) or (3.25) are fulfilled, we can reconstruct the
Chebyshev coefficients ag, k € I, in the following way. We apply a DCT-I to the sampling val-
ues ar(x;) = az(cos(jmz/M)), j = 0,..., M, which yields the coefficients a;, I € {0,..., M},
in (3.19). Then, we obtain the Chebyshev coefficients ag, k € I, of the multivariate algebraic
polynomial in Chebyshev form a; by
2d(6{\/[)2 (:ll

M |[{me M,({1}9): (m O k) zemod M = l}|

Al —

(3.26)

with [ := k - zemod M for all frequencies k € I and any v € {1,...,d}. Using a fast algo-
rithm for the DCT-I, this computation can be performed in O(M log M + d 2%|I|) arithmetic
operations.

Analogously to the periodic case, we will name a rank-1 Chebyshev lattice CL(z, M)
which fulfills the equivalent reconstruction properties (3.22), (3.23) and (3.25) for a given
frequency index set I C N¢ reconstructing rank-1 Chebyshev lattice for I and this will be
denoted by CL(z, M, I). We stress the fact that throughout the discussions in this section,
the frequency index set I C N& was arbitrarily chosen of finite cardinality, |I| < oco.

In Algorithm 3.2, we summarize the fast and exact reconstruction of the Chebyshev
coefficients ag, k € I, based on samples of the multivariate algebraic polynomial in Chebyshev
form ay at nodes x; := cos(jmz/M) of a reconstructing rank-1 Chebyshev lattice CL(z, M, I).
The realization requires only few lines of Octave / MATLAB code,

a_hat_tilde = dct_I( (ar(z;))}lq);
a_hat_tilde(1) = a_hat_tilde(1) / 2;
if M > 0; a_hat_tilde(end) = a_hat_tilde(end) / 2; end;
for ik = 1:size(/,1)
k_m = repmat(/(ik,:),2°(d-1),1) .x* A4V({1}d);
factor(ik) = length(find(emod(k_m*z’,M)==emod (] (ik,:)*z’,M)));
end
(ag)ker = 2°d / M ./ factor .* a_hat_tilde(emod([*z’,M)+1);

cf. [Vol16a], and has an arithmetic complexity of O(M log M + d2?|I|). We can rewrite the
computation in (3.26) and in the for loop in Algorithm 3.2 as
40U _ 2klot ()2 ay

k M {h € M({k}): h-zemod M = [}|’

l:=k-zemod M, kel,

and we obtain an arithmetic complexity of O(M log M + d |M(I)|), which may be distinctly
smaller if only a small amount of components of the frequencies k € I are non-zero.

3.2.2 Building reconstructing rank-1 Chebyshev lattices

For an arbitrary frequency index set I C Ng of finite cardinality, |I| < oo, we just discussed
how to obtain the Chebyshev coefficients ax, k € I, from samples of a multivariate alge-
braic polynomial in Chebyshev form a; at nodes x; of a reconstructing rank-1 Chebyshev
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Algorithm 3.2 Fast and exact reconstruction of a multivariate algebraic polynomial

in Chebyshev form a; from sampling values on a reconstructing rank-1 Chebyshev lat-
tice CL(z, M, I).

Input: IcNd frequency index set of finite cardinality, |I| < co
CL(z,M,1I) reconstructing rank-1 Chebyshev lattice for I with
size parameter M € N and generating vector z € Ng
a:= (aI(:cj))j]Vio sampling values of ar at nodes x; := cos(jmz/M)
of CL(z, M, I)

Compute @ := DCT_I(a), i.e. Zj\/fo( M)2 ay (cos(jmz/M)) cos(jlm /M) for [ =0,..., M.
for each k € I do

Compute [ := k - zemod M. B
oL . 2(e")? ay

Qe = M |[{me M, ({1}9): (mo k) zemod M = 1}|
end for
Output: a = (a,SL) kel exact Chebyshev coefficients of a

Complexity: O(M log M + d2¢|I|)

lattice CL(z, M, I), which fulfills the reconstruction properties (3.22), (3.23) and (3.25) by
definition. Next, we present two approaches for the easy construction.

The first construction method will be based on the search strategy from the periodic case
in Section 2.2.1, cf. Algorithm 2.2 and 2.3. For this, we show the relation to reconstructing
rank-1 lattices A(z, M, I ), |f | < 0o, of multivariate trigonometric polynomials p;, where we
denote the frequency index set C Z% from the periodic case by I and the rank-1 lattice size
by M. This relation also leads to an upper bound in the non-periodic case on the size param-
eter M for the existence of a reconstructing rank-1 Chebyshev lattice CL(z, M, I) in Corol-
lary 3.6. We remark, that such a relation has already been considered for tent-transformed
rank-1 lattices in [SNC16] in a different non-periodic setting, see also Section 3.3.2.

Theorem 3.4. ([PV15, Theorem IV.2]). Let I C N¢ be an arbitrary mdex _set of finite
cardinality, |I| < oco. Moreover, let A(z, M,I) := {J zmod1l:j = 0,. — 1} be a

reconstructing rank-1 lattice with generating vector z € Nd and even rank 1 lattice size
M € 2N for the extended symmetric index set I := M(I), i.e.,

h-z#h' z (mod M) for all h,h' € M(I), h # h'. (3.27)

Then, the rank-1 Chebyshev lattice CL(z, M = %) fulfills the equivalent conditions (3.22),
(3.23) and (3.25), i.e., we are able to exactly reconstruct all the Chebyshev coefficients ag,
k € I, of a multivariate algebraic polynomial in C’hebyshev form aj from (3.1) based on

samples of a; at the nodes x; = cos(jwz/%), j=0,..M
Chebyshev lattice CL(z, 2 T).

, %5, of the reconstructing rank-1

Z, 5

Proof. For h € M(I), we consider the values

h -z mod M, h-szdM§%7

M — (h-zmod M) else.

M
h'zemod2—{

We remark that h -z emod % € {o,..., %} Due to property (3.27), all values h -z mod M e
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{0,..., M — 1} are distinct for h € M(I) and we obtain for each I € {0,..., M/2} that one
of the following three cases may occur: Either

1. exactly two distinct frequencies h,h’ € M(I) exist such that h - zemod% = h'.

zemod% =1, or

2. exactly one frequency h € M(I) exists such that
h - zemod% =1, or

3. such a frequency does not exist for .

In the first case, h’ = —h follows, since for each h € M(I)\ {0}, also the frequency —h €
M(I)\ {0} and we have (3.24) with M := %, i.e., (—h)- zemod % = h - zemod % =1.
The second case can only occur for h = 0, since otherwise the (non-zero) frequency —h €
M(I)\ {0}, —h # h, and this would yield (—h) - z emod % = h - zemod % which would be
in contradiction to the assumed uniqueness of case 2.

In total, we obtain h - zemod & # h’- zemod & for all h,h' € M(I), (|h1],...,|ha])" #
(|R4], .- |hy) T, implying condition (3.22) since I C M(I). u

Remark 3.5. ([PV15, Remark IV.3]). Condition (3.22) and (3.27) with M = 2M are not
equivalent in general. For instance, the generating vector z := (8,9) and size parameter
M := 72 from Fig. 3.2a fulfill condition (3.22) for I = Ii’S_OO but not condition (3.27) with

~

M = 2M. Clearly, there exist cases where both the conditions (3.22) and (3.27) are fulfilled,
see e.g. the examples in Fig. 3.2b and 3.2¢, which fulfill both conditions for I = Ii’g_ <. O

Corollary 3.6. (see [PV15, Remark IV.4]). For a given frequency index set I C N¢, 1 <
|I| < oo, and any prime size parameter

Mzmax{’”/”g””’, rga}d!k!o@—kl}, (3.28)
(S

there always exists a generating vector z € Ng such that the rank-1 Chebyshev lat-
tice CL(z, M) is a reconstructing rank-1 Chebyshev lattice CL(z, M, I), which is suitable
for the reconstruction of multivariate algebraic polynomials in Chebyshev form ay from (3.1).
Moreover, there always exists a reconstructing rank-1 Chebyshev lattice A(z, M, I) for the
frequency index set I with prime size parameter

2
M < max {(|/\/l(I)|2 — |M(I)| + 8), max3||k:||oo} .
3 kel

For such prime size parameter M, the generating vector z € Ng can be constructed using the
component-by-component approach in Algorithm 2.2 with Iinpy = M(I) and Mgiay := 2M.

Proof. We apply Theorem 2.4 on the index set I := M(I). This yields that for any prime M >

ax { IDMD)+3

m , maxger 2|/ k||oo + 1}, there exists a reconstructing rank-1 lattice A(z, M)

for M(I) and the generating vector z can be constructed component-by-component. If
A(z, M) is a reconstructing rank-1 lattice for M(I), this is also true for A(z,2M). Applying
Theorem 3.4 yields that the rank-1 lattice fulfills condition (3.22) and we have the lower
bound (3.28). The upper bound follows correspondingly. [ |
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Remark 3.7. If the reconstructing rank-1 Chebyshev lattice CL(z,M,I) fulfills condi-
tion (3.27) with M = 2M, then we may rewrite formula (3.26) as

max(2, 2/kl0) ()2

i a,, l:=k-zemodM, kecl,

A =

i.e., we do not need to compute the cardinalities [{m € M, ({1}9): (m ©k)-zemod M = [}|
in the denominator of (3.26). O

Alternatively to building a reconstructing rank-1 Chebyshev lattice CL(z, M,I) by ap-
plying Algorithm 2.2 in combination with Theorem 3.4, one may use a direct component-
by-component approach which tests for condition (3.25) of the non-periodic case, see also
[PV15, Fig. 5]. This means, we split the search for a reconstructing rank-1 Chebyshev lat-
tice CL(z, M, I) into two phases. First, given a size parameter M which is large enough,
we perform a component-by-component search for a generating vector z € Ng which fulfills
the equivalent conditions (3.22), (3.23) and (3.25). Second, we determine the smallest size
parameter M for this generating vector z. This approach is described as Algorithm 3.3.

Algorithm 3.3 ([PV15, Fig. 5]). Construction of reconstructing rank-1 Chebyshev lat-
tice CL(z, M, Iinpyt) suitable for reconstruction of multivariate algebraic polynomials in
Chebyshev form a; from (3.1) supported on the index set I := Iipput-

Input: index set linput C N¢, parameter v € {1,...,d}.
1: Determine initial size parameter Mgiat, see e.g. Corollary 3.6.
2: fort:=1,...,ddo
3:  for z; :=0,..., Mgt do

4: if condition (3.25) is valid for I := {(kl,...,kt)T: k € Lnput}, 2 := (zl,...,zt)T,
M = Mgiart then

5: break

6: end if

7. end for

8 if 2 = My and condition (3.25) is not valid for I := {(k1,...,k) : k € Tinput }+
z:=(21,...,2)", M := Myar; then

9: increase Mgart and goto line 2.

10:  end if

11: end for

12: for M := |Lipput| — 1, ..., Mstary do

13:  if condition (3.25) is valid for I := Lisput, 2 := (21, . .. ,24) ", M then

14: break

15:  end if

16: end for
Output: generating vector z € Ng and size parameter M € Ny fulfilling condition (3.22),
(3.23), (3.25) for index set I := Iinput.

3.3 Relations to other non-periodic approaches

In this section, we shortly discuss relations of rank-1 Chebyshev lattices CL(z, M ) with Padua
points and nodes on Lissajous curves as well as tent-transformed rank-1 lattices.
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3.3.1 Nodes on Lissajous curves

As mentioned in the introduction of this chapter, the nodes x; =
(cos(%wzl),...,cos(%wzd))T, j = 0,...,M, of a rank-1 Chebyshev lattice CL(z, M)
are equispaced points on a Lissajous curve LC,(t) = (cos(z1t),...,cos(zqt))" € [~1,1]4,
t € [0, 7], having t := jn /M, see e.g. [ BDMV16, DE15].

In two dimensions for a parameter n € N, choosing the generating vector z :=
(n,n + 1) and the size parameter M := n(n + 1) yields the so-called Padua points
x; = (cos(jm/(n+ 1)),cos(jm/n))" = cos(jmz/M), j = 0,..., M, of the rank-1 Cheby-
shev lattice PP(n) := CL(z, M), cf. [BCDT06]. As discussed in [BCD'06, Section 2], the
Padua point set PP(n) only consists of |12, *| = ("JZFQ) = ”72 +2n+1 distinct points, whereas
the size parameter M = n? + n, and PP(n) is a reconstructing rank-1 Chebyshev lattice for
the £1-ball frequency index set Ii’{ °° as the following lemma states.

Lemma 3.8. ([PV15, Lemma IV.1]). Let the frequency index set I = Ii’;m ={k €
N%: k1 + k2 < n} be the two-dimensional ¢1-ball of refinement n € N. Then, the Padua point
set PP(n) is a reconstructing rank-1 Chebyshev lattice CL(z, M, Ii’n_oo) and we can exactly
reconstruct any two-variate algebraic polynomial of total degree < n from sampling values
at the nodes x; of the Padua point set PP(n) using Algorithm 3.2.

Proof. The assertion follows from the Lagrange interpolation formula [CDVO0S, (7¢)]. Alter-
natively, condition (3.25) from Corollary 3.3 can be verified. [ ]

Explicit choices of the generating vector z and size parameter M of a reconstructing
rank-1 Chebyshev lattice CL(z, M, IS;{ ) for the three-dimensional ¢1-ball index set Ig’,’; e
are also known, see e.g. [CP11, BDMV16, BDMV15], or for certain subsets of d-dimensional
{1-ball frequency index I;l;,; °° cf. [DE15]. We remark that the obtained results yield a so-
called hyperinterpolation for dimensions d > 3 and that any cubature formula which exactly
integrates a multivariate algebraic polynomial of total degree < 2n may be used for the exact
reconstruction of a polynomial of total degree < n, cf. [Slo95, CP11].

3.3.2 Tent transformed rank-1 lattices

Point sets where the tent transform (or baker’s transform)
¢: [071]%[071]7 ¢(90) ::1_’2‘7:_1’7

is applied component-wise to (shifted) lattices were introduced in [Hic02], and tent-
transformed rank-1 lattices

Py(z, M) :={¢(jz/Mmod1): j =0,...,M — 1}

were considered in [DNP14] for the (approximate) integration of functions from smooth
subspaces of L([0,1]4). Functions g € Ls([0,1]¢) are expanded into a cosine series
g(x) = ZkeNg Jkdk(x), gk € R, of half-periodic cosine functions

d
or(x) == H \/55%5 cos(mkszs), k€ NG,

s=1

where the latter form an orthonormal basis of Ly([0,1]%). In [SNC16], the reconstruction of
truncated series expansions

gr() == drdr()

kel



100 3 MULTIVARIATE ALGEBRAIC POLYNOMIALS IN CHEBYSHEV FORM

was considered for weighted hyperbolic cross frequency index sets I C Ng using special tent-
transformed rank-1 lattices Py (2, M). We remark that the functions g; are not algebraic
polynomials in general. It was discussed in [SNC16] that the reconstruction is possible if
property (3.27) is fulfilled. This means, if the generating vector z and rank-1 lattice size M
belong to a reconstructing rank-1 lattice A(z, M, M(I)) for the extended symmetric index
set M(I), then the CBC construction method from [K&m13| can be used, cf. Figure 3.6 for
a two-dimensional example. Moreover, the reconstruction can be performed by applying a
single one-dimensional FFT on the function samples followed by index transforms and requires
O(M log M+d | M(I)|) arithmetic operations, which corresponds to the arithmetic complexity
of our method in Section 3.2.1. The method in [SNC16] is applied to the fast approximation
of functions f from (non-periodic) weighted Korobov spaces C Ls([0,1]%). In [CKNS16],
the utilization of fast CBC construction methods from [Nuy07] for tent-transformed rank-1
lattices Py (2, M) is considered for the integration and approximation of functions f using
samples, where the generating vector z and rank-1 lattice size M do not necessarily belong to
a reconstructing rank-1 lattice A(z, M, I). Moreover, an extensive theory is developed with
error estimates for tent transformed rank-1 lattice sampling in non-periodic weighted Korobov
spaces and very good tractability results are shown. The sampling rates are comparable to
those obtained for the periodic case in Section 2.3.3.5.

1

g 16 [

16 [1= [ S ...,..,...'_
um ::‘ e '::::‘ o
i R
: : ...:...'~."..:.:o .:o..'~.
i 0r e,
T '~s;?{}i;'-.~s;?{
RS RGOS
S Teralizialetelsls

0 —TIIIIIIIIIIIIIIIT— _16 _| 'i' |_ 0 :.:. oee O _T L] L] . L] |_
0 16 —16 0 16 0 1 0

2,0 20, _ 72,0,1 2,0
I3 M(Ia,la) = Ijg A(%MaM(Ia,m)) Py(z, M)

Figure 3.6: From left to right: hyperbolic cross index set 127’(136, extended symmetric index

set M(Ii’?(j) = Iféo’l, reconstructing rank-1 lattice A(z, M ,M(Ii’?ﬁ)) and tent-transformed
rank-1 lattice Py (z, M) with generating vector z := (1,33) and size M := 579.

3.4 Approximation of non-periodic signals by rank-1 Chebyshev
lattice sampling

In this section, we consider the approximation of multivariate non-periodic signals
f:[-1,1]¢ = R from certain function spaces by multivariate algebraic polynomials in Cheby-
shev form a; from (3.1). The corresponding function spaces are characterized by the decay
of the Chebyshev coefficients fk, k € Ng, of a function f as defined in (3.5). In this section,
we assume that we (approximately) know the corresponding function spaces and we choose
the frequency index set I C N&, |I| < oo, accordingly. As mentioned in the introduction of
this chapter, we consider subspaces A%?([—1,1]¢) as defined in (3.6) of the analogon of the
Wiener algebra A([—1,1]%) = A%%([-1,1]%) and Sobolev-type spaces of generalized mixed
smoothness H*?([—1,1]¢) as defined in (3.7) for dominating mixed smoothness 3 > 0 and
isotropic smoothness a > —f.

Since the exact Chebyshev coefficients fk, ke Ng, are not known in general, we compute
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the approximated Chebyshev coefficients f,C & fy, of a function f € A([-1,1]%)NC([-1,1]%)
by using the methods from Section 3.2. This means we apply a DCT-I on the samples f(x;)
taken at the nodes x; := cos(jmz/M), j =0,..., M, of a rank-1 Chebyshev lattice CL(z, M)
and compute index transforms,

M .
X Jl
a = 420(5?/[)2 f(x;) cos <M7T> , 1=0,...,M,
J:
and for any v € {1,...,d}
29(l")? ay
M |{meM,({1}9): (m O k) -zemod M = 1}|

l:=k-zemod M, ke 1.

(3.29)
This requires O(M log M +d 2¢ |I]) arithmetic operations. As in Section 3.2.1, we may rewrite
formula (3.29) as

ACL
T =

y
M {h € M({k}): h- zemod M = [}|’

9lklo+1 (8{\4)2

kaL l:=k-zemod M, kecl,

and we obtain an arithmetic complexity of O(M log M +d |M(I)|). We define an approxima-
tion of the function f by the approximated Chebyshev partial sum S % f as defined in (3.9)
which is a multivariate algebraic polynomial in Chebyshev form a; with frequencies supported
on the index set I C Ng.

In the next lemma, we state embeddings between different function spaces which are
analogous to Lemma 2.11 from the periodic case.

Lemma 3.9. Let a function f € A*P([~1,1]%) be given, where the dominating mixed
smoothness 3 > 0 and the isotropic smoothness a > —f3. Then, we have || f|H*?([-1,1]%)| <
| £|A%P([=1,1]9)|. For f € HYPHA([~1,1]¢) with A\ > 1/2, we have

d (0%
LFASP (=1, 0D < (14 2¢2N) 2 [LFH*PA(=1, 9], (3.30)
where ( denotes the Riemann zeta function. Therefore, we have the continuous embeddings
HOPN([=1,1]7) = AP ([=1,1]%) = A([-1,1]%) = Law([~1,1]9).

Proof. Analogously to the proof of [KPV15a, Lemma 2.2], we infer

2

IFHP (=L DIP = D0 wP E)? 1Sl < | D wP k) il | = IFIAP (=1 1)

keNd keNd

and applying the Cauchy-Schwarz inequality for arbitrary A > 1/2 yields

0,A\,1
A L] = Y L @ [
keNd
Y N\
= Z SONT ()2 Z WP ()2 | fi,
keNg keNg

= (142C2N) 7 [ FIHP (=1, 119
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The first embedding is due to (3.30) and the second one follows since the weights w®% (k)
are bounded from below for fixed dimension d. The third embedding follows from Parseval’s
identity, since we have

11 L2 ([~ 1, 1)) =

> Q\kb!fk\?wd” > el = 72| LA 1,109

keNd keNg
for f € A([—1,1]¢) due to (3.5). [ ]

As in Remark 2.15 of the periodic case, the considered parameter choices yield the exis-
tence of a continuous representative.

Remark 3.10. Since the Chebyshev coefficients fk of functions f from (subspaces
A%B([-1,1]%), B > 0, @ > —f3, of) the analogon of the Wiener algebra A([—1,1]%) are
absolutely summable, they have continuous representatives, A([—1,1]%) — C([-1,1]%). As
we are going to construct the approximant S ICL f based on function values of the original
function f, we usually identify a function f € A([—1,1]¢) by its continuous representative
given by its Chebyshev series ZkeNg fi T (o) and denote this by f € A([—1,1]%)NC([—1,1]%).

0

Next, we show an analogon of the aliasing formula from Lemma 2.23 in the non-periodic
case for arbitrary rank-1 Chebyshev lattices CL(z, M).

Lemma 3.11. Let a function f € A([—1,1]%) NC([~1,1]%), an arbitrary frequency index set
I C N¢ of finite cardinality, |I| < oo, and an arbitrary rank-1 Chebyshev lattice CL(z, M) C
[~1,1]? be given. Then, for any v € {1,...,d}, the aliasing formula of the approximated
Chebyshev coefficients kaL from (3.29) is given by

Z f' {m e M,({1}): (m O K’) - zemod M = k - zemod M}|
k {m e M,({1}): (m© k) -zemod M =k - zemod M }|

= fx + (3.31)
k'eNg\{k}
for frequencies k € I, where 1:= (1,...,1)" € N%,

Proof. For the computation of the approximated Chebyshev coefficients kaL, k € I, we use
formula (3.29),

FCL _ Qd(E%z emod M)2 ék-z emod M
k M {m e M,({1}): (m©k)-zemod M =k - zemod M }|’
where
. M
a = Z(sjw)Q f(x;) cos <M7r>
7=0
M il
M2
= Z(gj ) Z fk, Hcos ( k) zt) cos <M7r)
Jj=0 Ek’eNd

M 2 . .
.40 Z(aﬁw)Q Z 2{51 Z cos <]‘\7/I7r (mok)- z) cos <Xj7r>

j=0 k’eNg meM, ({1})

. 2{;1’1 T Z cos<7r(m®k') >cos<ﬁw>

k’eNd meM, ({1}) j=0
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for [ =0,..., M. Due to orthogonality relation (3.20), we infer

- (3.20) i M
a = Z 9d—1 Z 2 (eM)2
Kk’ cNg meM, ({1}) !
(mOk’) -z emod M=l

_ Z fk/M {m € My({l})2d(r(r€zl]‘?);c’) -zemod M = l}| (3.32)

k’eNd

Due to the choice [ := k- zemod M and together with (3.26), this yields the aliasing formula

F Sl [{m € M, ({1}): (mOK) - zemod M =k-zemod M}|
£ = ime M({1)): (mok) - zemod M = k- zemod M| '
€Ng
and the assertion follows. [ |

As we see in the aliasing formula (3.31), the approximated Chebyshev coefficients kaL
may contain original Chebyshev coefficients f,SL, k' € Nd\ {k}, of the function f, which are
amplified or damped by factors 0(z, M, k, k') € {219,224 2d-2 2d-1}

_{meM,({1}): (m@K') - zemod M = k - zemod M}|

AN
oMb K ) = o e My ((1]): (m @ k) - zemod M = k -z emod M}|

depending on the used rank-1 Chebyshev lattice CL(z, M). Such a behavior can be observed
in the following example.

Example 3.12. We consider the two-dimensional ¢1-ball frequency index set of refinement
n =2,
[=15%={0,07,0,1)",02)",1L07, 1D 20}

Then, the 2-dimensional rank-1 Chebyshev lattice CL(z, M) with generating vector z :=
(1,4)T and size parameter M := 7 is a reconstructing rank-1 Chebyshev lattice CL(z, M, I).
For the test function f: [—1,1]2 = R, f(x) := fir T (), frr € R\ {0}, k' := (5,0)7, we
compute the approximated Chebyshev coefficients kaL, k € I, from sampling values of f at
the nodes x; of the reconstructing rank-1 Chebyshev lattice CL(z, M, I) and we obtain one
non-zero coefficient f(?,II)T =2 f(570)T. The reason for this is that we have with the frequency

k:=(1,1)7 the relations

H{m e Mi(1):(m ©K')-zemod M = k- zemod M = 5}| {1, -} 2

H{m e Mi(1):(m©k) -zemod M =k -zemod M =5} {(1,1) T} 1

for the case v =1 and

H{m e Ma(1):(m ©K') - zemod M = k- zemod M = 5}| {@,DT, (-, 1)} 2

Hm € M3(1):(m®k)-zemodM =k-zemod M =5} {(1,1) T} 1

for the case v = 2 in the aliasing formula (3.31), but k- zemod M # 5 for all remaining
frequencies k € I\ {(1,1)"}. R )
If we consider the test function f: [~1,1]> = R, f(x) = fi Tir(x), fir € R\ {0} with

k' := (2,1) instead, we obtain the two non-zero coefficients f(gyg)T = f(g%)T = %f(Q,l)T'
Setting k := (0,2)" and I := (2,0) ", this is due to
{m e Mi(1):(m O K')-zemod M = k- zemod M = 6}| {1, 1)} 1

Hm e Mi(1):(m®k)-zemod M =k-zemod M =6}  |[{(1,1)T,(1,—1)T}| T2
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and
Hm e Mi(1):(m O k') - zemod M =1-zemod M = 2}| |{(1,—1)T}‘ 1
{m e Mi(1):(mel)-zemod M =1-zemod M =2}  [{(1,1)T,(1,-1)T} 2
for the case v =1 as well as
H{m e My(1):(m ©K')-zemod M =k - zemod M = 6}| {(1,1)T} 1
H{m e My(1):(m®k)-zemod M =k-zemod M =6}  [{(1,1)T,(=1,1)T} 2

and
Hm e My(1):(m ©K')-zemod M =1-zemod M = 2}| {(=1,1)T}] 1

{m e My(1):(mol) -zemod M =1-zemod M =2} |[{(LD)T, (=L, )7} 2

for the case v = 2 in the aliasing formula (3.31), but k - zemod M ¢ {2,6} for all remaining
frequencies k € T\ {(0,2)7,(2,0)"}. O

Since we do not want to have aliasing within the frequency index set I C Ng, we use recon-
structing rank-1 Chebyshev lattices CL(z, M, I) as sampling sets. This yields Algorithm 3.4,
which can be realized using few lines of Octave / MATLAB code,

a_hat_tilde = dct_I( (f(w;))));
a_hat_tilde(1) = a_hat_tilde(1l) / 2;
if M > 0; a_hat_tilde(end) = a_hat_tilde(end) / 2; end;
for ik = 1:size(],1)
k_m = repmat(I(ik,:),2°(d-1),1) .* M, ({1}%);
factor(ik) = length(find(emod(k_m*z’,M)==emod ([ (ik,:)*z’ ,M)));
end

Ak kel = 2°d / M ./ factor .*x a_hat_tilde(emod(/*z’,M)+1);
€

in O(M log M + d2¢|I|) arithmetic operations. As in Section 3.2.1, we can rewrite the com-
putation in the for loop over k € I in Algorithm 3.4 as

FoL . 2lklo+1 (M2 a

koo M {h e M({k}): h-zemod M = }|’
and we obtain an arithmetic complexity of O(M log M +d |M(I)]). Again, we may not need
to compute the cardinalities in the denominator in certain cases, cf. Remark 3.7.
Using the aliasing formula (3.31) from Lemma 3.11, we obtain the following results for
the truncation error f —S;f and sampling error f — 5 ICL f of a function f from the analogon
of the Wiener algebra A([—1,1]¢) or its continuous representative, see Remark 3.10.

Theorem 3.13. Let a function f € A([—1,1]%) N C([~1,1]?) and an arbitrary frequency
index set I C N¢ of finite cardinality, |I| < oo, be given. Then, the truncation error f — St f
is bounded by

l:=k-zemod M,

If = SrflLoc(=L YN < Y il = 1If = StfIA(=1,1]9)].

keNd\1

Additionally, let CL(z, M, I) be a reconstructing rank-1 Chebyshev lattice for the frequency
index set I. Then, the sampling error f — SICLf is bounded by

1f =S flLoo((FL D < (14271 > |fel = @427 || £ = SefIA(-1, 1) (3.33)
keNdA\I
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Algorithm 3.4 Approximate reconstruction of a function f € A([—1,1]%)NC([-1,1]¢) from
sampling values on a reconstructing rank-1 Chebyshev lattice CL(z, M, I) for frequency index
set I, i.e., application of Algorithm 3.2 on a function f € A([-1,1]4) NC([-1,1]9).

Input: IcNd frequency index set of finite cardinality
CL(z,M,1I) reconstructing rank-1 Chebyshev lattice for I with
size parameter M and generating vector z € Ng
f= (f(azj))j]\io function values f(x;), x; := cos (%7&), of

f e A([-1, 1% ne(-1,1]9)
Compute @ := DCT_I(f), i.e. Z;‘io(ayﬁ [ (cos(jmz/M)) cos(jlm /M) for I =0,..., M.
for each k € I do

Compute [ := k - zemod M. B
_ 2% ay

¢ CL
T M |[{meM,({1}%): (mo k) zemod M =1}|
end for
Output: f b = ( AkCL>k ; approximated Chebyshev coefficients of

f € A(l-1,1]%) ne((-1,1]%)
Complexity: O(Mlog M + d2¢|I])

Proof. For the truncation error f — Sy f, we obtain
1f = SrflLoo([=1, )| = esssupgepa e | > feTe(@)| < D [fl (3.34)
keNI\T keNI\ T

We apply inequality (3.10) on the sampling error f—SC L f. For the aliasing error Sy f — Sl £,
we use aliasing formula (3.31) and this yields

1S2.f = S fILoe (=1, 1))

> (i

= ess supme[,m]d

<[ i
kel

fe"
(3.31) s {meM,({1}): (mOFK') - zemod M =k - zemod M }|
B Z a Z T {m e M,({1}): (m @ k) - zemod M = k - zemod M }|

}
. |{m€M ({1}): (m @k’) zemod M =k - zemod M }|
Z Z [ H{m e M,({1}): (m©k)-zemod M = k- zemod M}|"

kel K/ eNg\{k}

kel |\ KeNg\{k}

IN

For each k € I, there does not exist any frequency k’ € I\ {k} such that the numerator is
non-zero due to reconstruction property (3.22) and we continue by interchanging both sums

(3.22) Z Z’fk | {m e M,({1}): (m O Kk')- zemod M = k - zemod M }|

- K eNi\T kel {m e M,({1}): (m O k) -zemod M =k - zemod M }|

Due to condition (3.22), we have k - z emod M # k - zemod M for all frequencies k,k € I,
k # k. This means for fixed frequency k’ € N\ I and for each m € M, ({1}) that there
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exists at most one frequency k € I such that (m ® k’) - zemod M = k- zemod M. Since the
cardinality | M, ({1})| = 297!, we obtain

18 = SEFILao(=LUD < 3 o= A <2070 7 il (3.35)
kel KNI\
for the aliasing error and this yields the assertion. |

The factor 297! in the estimates (3.35) and (3.33) of Theorem 3.13 for the aliasing error
Srf—S ICL f and sampling error f—S ICL f, respectively, may occur in practice as the following
example illustrates.

Example 3.14. We consider the three-dimensional ¢1-ball index set I := I O of refinement
n := 4. Then, the 3-dimensional rank-1 Chebyshev lattice CL(z, M) Wlth generatlng vector
= (1,8,36)" and size parameter M := 83 is a reconstructing rank-1 Chebyshev lattice
CL(z,M I). For the test function f: [-1,1]3 — R, f(z) := fk: Ty (x), fr € R, k'
(46,0,0) ", we compute the approximated Chebyshev coefficients f,c CL ke I, from samphng
values of f at the nodes x; of the reconstructing rank-1 Chebyshev lattlce CL(z,M,I) and
we obtain one non-zero coefficient f(g,IfJ)T =4 f(4670,0)r. This means with the frequency

k:=(2,1,1)" and the node 3’ := (—1,1,—1)", we have
1f = ST flLoo((FLUN| = esssupger_1yo |for T (@) = fi™ Tk(w)’
‘fk' T (y') = fi" T(y ’fk’ T (y") = fii " Te(y')
(a5 =51l = (14 22) o = (1427 | i

which corresponds to the upper bound in Theorem 3.13 for the case d = 3. We remark
that the considered rank-1 Chebyshev lattice CL(z, M) is a reconstructing one fulfilling con-
dition (3.22) according to Theorem 3.4, since the rank-1 lattice A(z, M) with generating
vector z := (1,8,36)" and size M := 166 is a reconstructing rank-1 lattice for the extended
symmetric index set M (1> y )= 1ot O

Next, we consider functlons f from general subspaces of the analogon of the Wiener
algebra A([—1,1]¢), where these subspaces are defined similar to the weighted function
spaces A, (T9) in [Kim14b, Theorem 3.11]. Let @: N¢ — [¢,00), ¢ > 0, be a weight func-
tion, such that the frequency index set Igﬁ ={k € Ng: @(k) < n} is of finite cardinality,
|Id’,w

A% ([-1,1)%) = q f € Low (=19 ALY = Y @) il < 00
keNgd

An upper bound for the sampling error f — S f of functions f from A®([—1,1]%) is given
in the next theorem.

Theorem 3.15. Let f € A®([~1,1]9) N C([~1,1]%) be a function and let a refinement pa-
rameter n € R, n > 1 be given. Moreover, let CL(z,M,I) be a reconstructing rank-1
Chebyshev lattice for the frequency index set I := Igﬁ . We approximate the function f by
the approximated partial sum S ICL f. Then, the sampling error is bounded by

d—1 R d—1
TR RS RIUTERCA Cl AEs a Y F VL U]

n A
keNA\Iy
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Proof. We apply Theorem 3.13 and use the weights @(k). This yields

(3.33) . w(k)
— S s f|Loo([—1,1]¢ < (14241 = (14241
IF = Sppe Il (SLUNI < (1427 30 =042t 3 2
keNG\ 132 keNA\ 1L

< (1+2d1)< max_~1> > ak) |l

d,
keNi\ 122 w(k) gy
o \a,n

and the assertion follows. [ |

For functions f € A%%([—1,1]¢), we obtain analogous results as in Theorem 2.17 and 2.24.
Correspondingly to the periodic case in (2.14), we use the frequency index sets I, :i I as defined

n (3.11). These frequency index sets are constructed differently compared to the frequency
mdex sets Ia’n from above, since we do not include the smoothness parameters «, 8 directly
but only use their ratio via the shape parameter 7T'.

Theorem 3.16. Let a function f € A%P([-1,1]4) N C([-1,1]%) and a frequency index set
I:= Igjg be given, where the refinement n > 1, the dominating mixed smoothness 5 > 0, the
isotropic smoothness o > —f3 and the shape parameter T := —% with T := —oco for f = 0.
Then, the truncation error f — S Jrs f is bounded by

If = Spar flLoo([=1, U < [If = Spar fIA(=1, D] < 0= | 1A% (=1, 1]9)]
and the operator norm of Id —S, & is bounded by
(n+ 1)) < 11 =80 AP (1, 1Y) = Loo([~1.11%) | < n=+? (3.36)

where Id denotes the embedding operator from A%8([—1,1]?) into L. ([—1,1]9).
Additionally, let CL(z, M, I) be a reconstructing rank-1 Chebyshev lattice for the frequency
index set I := 13;3 . Then, the sampling error is bounded by

If -5 deIL (~LUH) < @427 @D AP (=1, (3.37)
Proof. We apply Theorem 3.13 and we obtain for the truncation error
If = Spar flLoc(=LUN < > |fal = 1f = Spar fFIAI=1,1]9)]
keNA\ 1T

1 ~
< max  ————e > Wk | fi

weng\1d w7 (k) keNd\ 12T
o \a,n
< @ LA (-1, 1))

For the lower bound in (3.36), we proceed analogously to the proof of Theorem 2.17. We
define the d-variate algebraic polynomial g(z) := T}/ (x) with k/ := (n 4+ 1,0,...,0)" € N&
and we conclude that the norm of Id —S,4.r is bounded from below by (3.36) since

lg = Sjargl Loo (=1, 1N = llglLoo ([=1, 1| = esssupge(y 114 [T ()] = 1

= lglA(=1, )| = w™* P K) 0K [ fir] = (0 + 1) g AP (=1, 1))
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Moreover, we estimate the sampling error by

(3.33) R
IF = S flLoc (=L <™ (a2 30 1l
’ keNd\ 1T
SRS e Ll S (SR

which completes the proof. |

As in Theorem 2.26 in the periodic case, we also show estimates for the sampling error
- Sﬁé% f with respect to Hilbert space norms and we obtain analog results.
Theorem 3.17. Let smoothness parameters r,t, o, € R with 8 >t > 0 and o + 3 >
r+t >0, afunction f € H*P([—1,1]%) — A*F([—1,1]%) and a frequency index set I := I%;
of refinement n > 1 with shape parameter T := — 3=} € [—00,1) be given with T := —oc for
B8 =t. Then, the truncation error is bounded by

If = Spar I (=1, 0D < 0”@+ | P (-1, 19|

and the operator norm of 1d —Sld,T is bounded by
(0 + 1)~ < |[1d =S, HOF([-1,1]%) — HO([1, 1)) < n=@ 570 (3.38)

where Id denotes the embedding operator from H*?([—1,1]%) into H"*([—1,1]%).
We restrict the shape parameter T := —%:; € [—%,—%] with —% = —oo for t = 0 and
—% := —oo for B = 0 as well as let the function f € A*?([~1,1]%) N C([-1,1]%). Moreover,

let CL(z,M,I) be a reconstructing rank-1 Chebyshev lattice for the frequency index set

1= I;{E . Then, the sampling error is bounded by
If = S fIHP (=1, 1))
< 0@ (| A (1 )|+ 207 f AP (-1, 10)]) (3.39)

and for functions f € (H*PHA([—1,1]%) nC([-1,1]%)) C A*P([-1,1]%), A > 1/2, this can be
estimated by

< (14277 (1 20@N)F ) @D et (-1, 1), A > b, (3.40)

Proof. We apply inequality (3.10) and proceed analogously to the proof of Theorem 2.26
from the periodic case. For the truncation error, we have f — S;f = ZkeNg\ 1 f&Tk(o) and
thus,

wr,t,l (k)Q woz,ﬁ,l

If = Sar fHH(SLUDIP = Y0 ™M R = Y P ()2 (k)? | fil?

kENG\Ln keNI\ 1%L
1 .
1021 7 |2
< max _— wa767 k
- (k Nt g1 A= Bt L (k)2 > (k)* | f|
€ 0\ an kENd\]d’T
o0 \la,n

< 72O Fle P (-1, .
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For the lower bound in (3.38), we use the example from the proof of Theorem 3.16. We define
the algebraic polynomial g(zx) := Ty () with k’ := (n 4+ 1,0,...,0)" € N¢ and we conclude
that the norm of Id -5, 4T is bounded from below by (3. 38) since

lg = SparglH™ (=1, 1) = llglH™ (=1, 1)) = \/w"*“’t*“(k')2 WS (k)2 | fio]?
= (n+ 1) g HP (=1, 1] 7).

For the aliasing error SId rf— S f of a function f € A%P([-1,1]%) NC([~1,1]%), we have

the aliasing formula (3.31) and, in consequence of the concaveness of the square root function,
we conclude

L a2
ISrf = STRIH=L D] = | D W k) | f— A (3.41)
kerd!
< Y Wk fe A (3.42)
kerd!
< max wr,t,l (k) Z ‘fk_ “kCL‘
kEIa,n keli’,?
(229) J(Tt+r)/(1=T), r+t  9d—1 Z "Bl(k)mc’
(3.35) ar woB1(k)
keNd\I3,
Tt+'r 1
< dTTam 2t max ——— || f]AYP([—1,1]¢
s, e LA (L)
L. 2.16
< 20t | plA P (-1, )Y
and we obtain (3.39). For functions f € 7—[“75+/\([ L1 nce(-1,1%, X > 1/2, we use
inequality (3.30) and the inequality || FIH®?([~1,114)| < ||f[Ho#H([~1,1]9)], which yield
the estimate (3.40). [ |

Since we have relation (3.13), we obtain the asymptotic bounds (2.33) from Lemma 2.5 on

the cardinalities |I ;l Z | of the frequency index sets I;l;,? from the non-periodic case. This yields
upper bounds on the sampling errors f — S L. f with respect to the degrees of freedom |, a1

an

Corollary 3.18. Let a function f € A%?([-1,1]%) N C([~1,1]%), a frequency index set I :=

Igj;‘f and a reconstructing rank-1 Chebyshev lattice CL(z, M, I) be given, where the refinement

n > 1, the dominating mixed smoothness 5 > 0, the isotropic smoothness a > —f and the
o

shape parameter T := -3 with T := —oco for § = 0. Then, for fixed dimension d, the
sampling error is bounded by

18T |~ (B+a/d) for T € [—00,0),
1f =S i FlLoo ([ 1, U S IAIAP (=1, 0D 4 20| =P (log [IER])@-D8 for T = 0,
’ 18T |~ (o4h) for T € (0,1).

Proof. Using estimate (3.37) from Theorem 3.16 and proceeding similar to the proof of Corol-
lary 2.21 together with relation (3.13), we obtain the assertion. [ ]
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Corollary 3.19. Let smoothness parameters r,t, o, 3 € R with 3 >t > 0and a+8 > r+t >
0, a function f € H*PTM[=1,1]%) N C([~1,1]%), A > 1/2, a frequency index set I := IS} of
refinement n > 1 and a reconstructing rank-1 Chebyshev lattice CL(z, M, I) be given, where
the shape parameter T := —%:; € [-7, —%] with —% := —oo for t = 0 and —% ‘= —o0 for
8 = 0. Then, for fixed dimension d, the sampling error is bounded by

1 = S (=1 0] S I (=1, 100

|- P
|0~ B0 (log | IER ) 4=D B for T = 0,
Iy | (e +5-0) for T € (0,1).

Proof. Using estimate (3.40) from Theorem 3.17 and proceeding similar to the proof of Corol-
lary 2.21 together with relation (3.13), we obtain the assertion. [ ]

3.5 Numerical examples

In this section, we present numerical results for the considerations in Section 3.2 and 3.4.
All numerical tests were performed in IEEE 754 double precision arithmetic using MATLAB
R2015b on a computer with Intel Xeon E7-4880 2.50 GHz CPU.

We start with the reconstruction of random multivariate algebraic polynomials in Cheby-
shev form a; from samples along reconstructing rank-1 Chebyshev lattices CL(z, M, I).

Example 3.20. For each dimension d € {2,...,5}, we randomly generate 100 multivariate
algebraic polynomials in Chebyshev form a; with 1000 frequencies k € I, |I| = 1000, chosen
uniformly at random from G‘bg :={0,1,...,128}%, and with corresponding Chebyshev coeffi-
cients ag, k € I, chosen uniformly at random from [—1, 1]. For these polynomials ay, we build
reconstructing rank-1 Chebyshev lattices CL(z, M, I') using the two approaches discussed in
Section 3.2.2. The first approach for obtaining reconstructing rank-1 Chebyshev lattices
is based on Theorem 3.4, i.e., we construct a reconstructing rank-1 lattice A(z, M, M(I))
from the periodic case for the extended symmetric index set M(I) with even rank-1 lattice

size M € 2N and we obtain the reconstructing rank-1 Chebyshev lattice CL(z, M = %,I )
for I. In doing so, we first apply Algorithm 2.2 on the extended symmetric index set M([)
and obtain reconstructing rank-1 lattices A(z, M, M(I)). If the corresponding rank-1 lattice
size M is not even, we search for a larger (even) one. This yields a reconstructing rank-1

Chebyshev lattice CL(z, M = %, I) for each frequency index set I. The second approach
directly builds a reconstructing rank-1 Chebyshev lattice CL(z, M, I) using Algorithm 3.3.
Having a reconstructing rank-1 Chebyshev lattice CL(z, M, I), we sample the multivariate
algebraic polynomials in Chebyshev form a; at the corresponding nodes x; := cos(ﬁﬂz),
j=0,..., M, and reconstruct the Chebyshev coefficients ag, k € I, using Algorithm 3.2. We
determine the relative 1 error ) . ; |ag — agl/ > ker lax|, where ax denote the numerically
reconstructed Chebyshev coefficients from Algorithm 3.2. The obtained relative ¢; errors
are up to 4.8e-11 in IEEE 754 double precision arithmetic if the sampling values as(x;) are
generated by a direct computation of formula (3.12). When we use Algorithm 3.1 with a fast
version of the DCT instead for generating sampling values aj(x;), we obtain a maximal rel-
ative f1 error of 1.1e-15. In Table 3.1, we present the numerical results. In the columns 3-5,
we show the results for reconstructing rank-1 Chebyshev lattices CL(z, M, I) generated by
Algorithm 2.2 in combination with Theorem 3.4 and in columns 6-8 the results when gener-
ated by Algorithm 3.3. In both cases, we give the minimal and maximal size parameter M
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and the maximal relative ¢; error, where the maximum is computed over the 100 multivari-
ate algebraic polynomials in Chebyshev form a; for each dimension d. We observe that the
errors for both construction methods behave similarly and are at most 1.1e-15. The recon-
struction using Algorithm 3.2 succeeded in all considered cases. For dimensions d > 3, the
direct construction approach of Algorithm 3.3 yields distinctly smaller size parameters M
compared the method based on Theorem 3.4 which first builds a reconstructing rank-1 lat-
tice A(z, M, M(I)) for the extended symmetric index set M(I). Moreover, we observe that
the maximal size parameters M are roughly the same for dimension d = 4 and d = 5 when
using the direct construction approach of Algorithm 3.3. For the construction approach via
a reconstructing rank-1 lattice A(z, M, M(I)) based on Theorem 3.4, the maximal size pa-
rameters M grow for increasing dimension d by a factor of about 3.5 starting from d > 3.
For the considered test cases, already the first three or four components of the generating
vector z € N¢ of a reconstructing rank-1 Chebyshev lattice CL(z, M, I) often suffice to have
the reconstruction property (3.22) fulfilled and the remaining components of z (except the
t-th) may be set to zero due to the large numbers of possible frequencies \G?QSI = 1299
and the small cardinality |I| = 1000 of the used frequency index sets I. However, if we
use the construction approach via a reconstructing rank-1 lattice A(z, M, M(I)) based on
Theorem 3.4, the cardinalities |[M(I)] < 2%|I| of the extended symmetric index sets M ()
grow for increasing dimension d and the rank-1 lattice sizes M grow since we have neces-
sarily M > |M(I)| due to reconstruction property (2.27) compared to M > |I| caused by

reconstruction property (3.22) of the direct construction approach of Algorithm 3.3. O
parameters CL(z,M = %,I) CL(z,M,1I)
Algorithm 2.2, Theorem 3.4 Algorithm 3.3

d || min M | max M | maxerr || min M | max M | max_err
2| 1000 15239 18076 | 7.5e-16 15982 17781 6.2e-16
3| 1000 336475 | 508623 | 7.8e-16 || 151998 | 238070 9.6e-16
4| 1000 1253573 | 1793631 | 1.1e-15 || 145074 | 473323 9.7¢-16
51 1000 4559243 | 6371833 | 1.1e-15 || 156237 | 452740 9.6e-16

Table 3.1: Minimal and maximal size parameters M of reconstructing rank-1 Chebyshev
lattices CL(z, M, I) for 100 random frequency index sets I C G"fzg :={0,1,...,128}¢ as well
as maximal relative /1 errors when using Algorithm 3.2 for the reconstruction of multivariate
algebraic polynomials in Chebyshev form a; with random Chebyshev coefficients ag € [—1, 1].

Next, we determine reconstructing rank-1 Chebyshev lattices CL(z, M, 15;2) for hyperbolic
cross frequency index sets I := 12;2 using the methods from Section 3.2.2. These will be used
in later examples.

Example 3.21. We build reconstructing rank-1 Chebyshev lattices CL(z, M, 13;2) for hy-
perbolic cross frequency index sets [ := Ig,’,? of dimensions d = 2,3,4,5,6 and various re-
finements n € N using the two approaches discussed in Section 3.2.2. In Table 3.2, we
give the cardinalities |I| of the considered hyperbolic crosses as well as the cardinalities of
the mirrored frequency index sets M;(I) and extended symmetric index sets M(I). We
observe almost a constant ratio |[M(I)|/|I] for increasing refinement n and fixed dimen-
sion d € {3,4,5,6} as well as approximately |[M(I)|/|I| < 1.6 for increasing dimension d
and fixed refinement n € {32,64,128}. In the 6th and 7th column of Table 3.2, the size
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parameters M = M /2 and oversampling factors (M /2 + 1)/ |I§l,’2| of reconstructing rank-1

Chebyshev lattices CL(z, M = M/2,1) = A(z, M, M(I)) constructed by Algorithm 2.2 in
combination with Theorem 3.4 are given. Additionally, we directly build the reconstructing
rank-1 Chebyshev lattices CL(z, M, I') using Algorithm 3.3. The corresponding size param-
eters M and oversampling factors (M + 1)/ |Ig7’2| are shown in the 8th and 9th column of
Table 3.2. We observe that the obtained size parameters M for both construction approaches
coincide in the considered cases for dimension d = 2 and almost coincide for dimension d = 3.
However, for dimension d = 4, 5,6, the obtained values differ distinctly in several cases, the
resulting size parameters M may be considerably lower when using Algorithm 3.3. For in-
stance for refinement n = 128 and dimension d = 6, there is a factor of about 1.6 between
both approaches.

In Figure 3.7, we compare the oversampling factors M/
lattices A(z, M, Iff’o’l) for hyperbolic cross frequency index sets 1201 from Table 2.5 and
(M+1)/ |I§ljg| of the reconstructing rank-1 Chebyshev lattices CL(z, M, 15;2) for hyperbolic
cross frequency index sets Igjg from Table 3.2. In Figure 3.7a, we visualize the oversampling

factors for fixed dimension d € {3,4,6}. Due to the theoretical results for hyperbolic cross
I;LZ,O,I

Ifq,l’o’1| of the reconstructing rank-1

frequency index sets in Table 2.3, the oversampling factors should behave approxi-
mately like < n/logn and this behavior should transfer to the non-periodic case, since we
have Corollary 3.6 and since we numerically observe approximately 1.6¢ =< \M(Igg)\ / 11;1;2\ =
\IZ’O / ]I;ijg . We obtain that the oversampling factors grow approximately like this upper
bound for the considered refinements n € N, or slightly larger which may be because of
the relatively small values of the refinement n. Moreover, the constants for the reconstruct-
ing rank-1 Chebyshev lattices CL(z, M, I;l;,?) are higher than the ones for the reconstructing

rank-1 lattices A(z, M, I;‘f"]’l). In Figure 3.7b, we consider the growth of the oversampling

factors with respect to the dimension d for fixed refinement n € {32,64,128}. We observe that

Ig,O,l

the oversampling factors M/ of the reconstructing rank-1 lattices A(z, M, I&%) grow

approximately like = 1.62%. Moreover, the oversampling factors (M + 1)/|I35| of the recon-

structing rank-1 Chebyshev lattices CL(z, M, 13;2) increase approximately between = 2.05%
and = 2.2%. L]

Based on the reconstructing rank-1 Chebyshev lattices CL(z, M, 1;1;2) for hyperbolic cross
frequency index sets I := 15;2 from Table 3.2, we generate random Chebyshev coeflicients ag,
k € I, which yield multivariate algebraic polynomials in Chebyshev form a;, and we recon-

struct ay from samples using Algorithm 3.2.

Example 3.22. We perform reconstruction tests similar to the ones in Example 3.20 for
multivariate algebraic polynomials in Chebyshev form a; for hyperbolic cross frequency in-
dex sets I := I& of refinements n € {16,32, 64,128,256} and dimensions d € {3,4,5} with
Chebyshev coefficients ag, chosen uniformly at random from [—1, 1]. We use the reconstruct-
ing rank-1 Chebyshev lattices CL(z, M, I) from Table 3.2. We sample at the corresponding
nodes x;, j = 0,..., M, and apply Algorithm 3.2 for the reconstruction of the Chebyshev
coefficients ag, k € I. For each hyperbolic cross frequency index set [ := IS;,?, we repeat the
tests 10 times with different random Chebyshev coefficients ag and determine the maximal
relative £1 error of the Chebyshev coefficients ag. We observe that the reconstruction suc-
ceeded in all considered cases. The observed maximal relative ¢, error was 7.4 - 10716, In
Table 3.3, we show the obtained results. O

Next, we approximately reconstruct Chebyshev coefficients fk of test functions f using
the results from Section 3.4. We define the shifted, scaled and dilated B-Spline Bo: R — R
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param- cardinalities for CL(z,M = %,I) CL(z,M,1I)
eters hyperbolic cross index set Algorithm 2.2,
I:= I;i;,? Theorem 3.4 Algorithm 3.3
M(I, |
a| no | | M) Ml ALY, | MAL
11301 2 Ian | Tan|
2 8 37 65 113 82 2.24 82 2.24
2| 16 83 149 265 290 3.51 290 3.51
2| 32 184 335 605 1090 5.93 1090 5.93
2| 64 409 753 1377 4226 10.33 4226 10.33
2| 128 902 1675 3093 16 642 18.45 16 642 18.45
2 | 256 1979 3701 6889 66050 | 33.38 66050 | 33.38
2 | 512 4305 8097 15169 263170 | 61.13 263170 | 61.13
3 8 123 353 593 518 4.22 518 4.22
3| 16 309 921 1577 1814 5.87 1814 5.87
3| 32 754 2313 4021 6222 8.25 5859 7.7
3 64 1829 5745 10113 26 501 14.49 18473 10.10
31128 4365 13981 24 869 94755 | 21.71 89198 20.44
3| 256 10303 33553 60217 359075 | 34.85 302883 29.40
3| 512 23976 79197 143225 1424662 | 59.42 1424613 59.42
4 8 368 1681 2769 2864 7.79 2181 5.93
41 16 1009 4845 8113 13656 13.54 8492 8.42
41 32 2665 13343 22 665 52079 19.54 44000 16.51
4] 64 6945 36001 61 889 249837 | 35.97 176948 25.48
41128 17700 94503 164 137 1083747 | 61.23 860284 | 48.60
4 | 256 44403 243205 426 193 4355469 | 98.09 3136383 70.63
4 | 512 || 109395 612765 1082305 19550612 | 178.72 || 14659035 | 134.00
5 8 1032 7401 12033 18245 17.68 12691 12.30
5| 16 3042 23153 38193 89911 29.56 57985 19.06
51 32 8603 69 025 115385 376606 | 43.78 288 785 33.57
5| 64 23853 200097 338305 1703741 71.43 1382832 57.97
51128 64373 561241 958 345 9138634 | 141.96 6843471 | 106.31
51256 || 170299 | 1535585 2644977 41255293 | 242.25 || 31997990 | 187.89
6 8 2768 30897 49761 95904 | 34.65 65849 23.79
6| 16 8684 103701 169209 557773 | 64.23 303396 | 34.94
6| 32 26 088 331423 547461 2867903 | 109.93 1751513 | 67.14
6| 64 76433 | 1024081 1709857 13603339 | 177.98 8979932 | 117.49
6| 128 || 217113 | 3048067 5137789 83435553 | 384.30 || 51662221 | 237.95
Table 3.2: Cardinalities of hyperbolic cross frequency index sets I := I, ;l;,?, mirrored in-

d,0

dex sets Mj(lyn) and extended symmetric index sets M(Ig,’g) = Ig’o’l as well as size pa-
rameters M and oversampling factors (M + 1)/|I| of reconstructing rank-1 Chebyshev lat-
tices CL(z, M, I), when using Algorithm 2.2 in combination with Theorem 3.4 as well as
Algorithm 3.3.
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Figure 3.7:

[lustration of oversampling factors M/|

d,0,1
In77

4 5 6
dimension d

(b) with respect to the dimension d for
fixed refinement n € {32,64,128}

| of reconstructing rank-1 lat-

tices A(z, M, I#®) from Table 2.5 (solid lines with marks) and (M + 1)/\Ig7’2| of recon-
structing rank-1 Chebyshev lattices CL(z, M, I&) from Table 3.2 (dashed lines with marks).

parameters CL(z,M = %,I) CL(z,M,1I)
Algorithm 2.2, Theorem 3.4 Algorithm 3.3
d| n | M max_err M max_err
3] 16 309 1814 3.7e-16 1814 | 3.7e-16
3| 32 754 6222 3.0e-16 5859 | 2.4e-16
3| 64 1829 26 501 5.0e-16 18473 | 2.1e-16
3] 128 4365 94755 3.4e-16 89189 | 7.4e-16
31256 | 10303 359075 6.7e-16 302883 | 6.0e-16
41 16 1009 13656 4.4e-16 8492 | 3.8e-16
41 32 2665 52079 3.1e-16 44000 | 2.1e-16
41 64 6945 249837 2.9e-16 176948 | 3.6e-16
41128 | 17700 1083747 3.1e-16 860284 | 3.4e-16
41256 | 44403 4355469 3.7e-16 3136383 | 4.le-16
5| 16 3042 89911 3.9e-16 57985 | 6.4e-16
5| 32 8603 376 606 3.1e-16 288785 | 6.9e-16
5| 64| 23853 1703741 2.9e-16 1382832 | 3.7e-16
o | 128 | 64373 9138634 2.4e-16 6843471 | 4.8e-16
5| 256 | 170299 41255293 3.0e-16 31997990 | 3.5e-16

Table 3.3: Size parameters M of reconstructing rank-1 Chebyshev lattices CL(z, M, I) for
. . . d,0 . .
symmetric hyperbolic cross frequency index sets [ := I, as well as maximal relative ¢;
errors of the Chebyshev coefficients ag when using Algorithm 3.2 for the reconstruction of
10 multivariate algebraic polynomials in Chebyshev form a; with random Chebyshev coeffi-

cients ai € [—1,1], k € I;’;,?.
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of order 2 by

2?/8 +9x/8 +81/32 for —9/2 <z < —5/2,
—22/4 —3x/4+3/16 for —5/2<x< —1/2,
r2/8 —3x/8+9/32  for —1/2 <z < 3/2,

0 otherwise.

BQ(]}) = (343)

Using tensorization, we define the d-variate version B§(zx) := H?:l By(z). We restrict our
consideration on the function Bg to the box [~1,1]¢ and we are going to approximate f :=
BY € Ly w([—1,1]%) by the truncated Chebyshev series S;BS(z) := > jc; feTw(z). Due to the
tensor product structure, we use hyperbolic cross frequency index sets I := I, 5;2. In Figure 3.8,
we visualize the one-dimensional function By as well as the two-dimensional hyperbolic cross
frequency index set Ii’fﬁ and a reconstructing rank-1 Chebyshev lattice CL(z, M, I, i’?ﬁ).

6 ] f

EEEEEEEN
IIIIIIIT— —1 -
0 8 16 ~1
2,0 2,0
e CL((1,33)7,290, I;7)

Figure 3.8: Visualization of shifted, scaled and dilated B-Spline Bs of order 2 as well as
hyperbolic cross frequency index set [ i?ﬁ and corresponding reconstructing rank-1 Chebyshev

lattice CL(z, M, Ii’%) with generating vector z := (1,33)" and size parameter M := 290.

The Chebyshev coefficients fk, k € Ny, of By are given by

9v/3k cos(2km/3) — 9(—2 + k?) sin(2k7/3)

8k(4 — 5k% + k)r for k23,

£ = 4 9V/3/(128) for k =2, (3.44)
—1/2 +9v/3/(32m) for k =1,
1/4 4 9v/3/(64n) for k =0,

which yields [fi| <

First, we investigate the truncation errors BY —

ment n € N.

k=3.  Consequently, we have BY € A%2¢([-1,1]9) and BY ¢
HO5/2=¢([—~1,1]%) for any € > 0.

S Id,OBg with respect to the refine-

Example 3.23. For d € {2,3,4,5,6} and refinements n € {1,2%,2% ...,2°}, the relative

truncation errors

1BS — a0 B3| A(I=1, )I/I1BS A= 1, 1]%)]

are depicted in Figure 3.9a. From Theorem 3.16 with dominating mixed smoothness g = 2—e,
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€ > 0, and isotropic smoothness a = 0, we obtain the upper bound

135 8y B3I Lol =1, U _ 118§ — 00 BYIA(-1, 1)
IBIACLUDT — BlA(-L 19
o 1B (=1, 1)
8 |BIIAQ-1, 119

and the observed decay rates correspond roughly to the estimates. In this upper bound, the
factor || BY|A%2=¢([—1, 1])||/ I BY|A([—1,1]%)|| may be large, for instance > 4.19¢ for ¢ = 0.05.
Additionally, the relative truncation error measured in the Lg ., ([—1,1]?) norm is shown in
Figure 3.9b. Theorem 3.17 with § =5/2 — € and r =t = a = 0 yields the upper bound

1BS — 8,0 B3| Law([-1,1]9)]| 4 sjae [BYHOY (=1, 1)
1B | Lo ([~ 1, 1]4)] 188 Law (-1, 1]9)]

IN

We observe that the rates of the measured errors approximately decay as the theoretical upper
bounds suggest. Especially for higher dimensions d, the observed decay rate is slightly smaller,
which most likely is caused by the relatively small values of the refinement n and the large con-
stants (increasing with d). For instance, the factor || B|H*>/2=¢([~1,1]%)/|| B$| Lo ([~1,1]9)]

is greater than 1.65¢ for € = 0.05. O
---02-n"?-@-d=2-—8 d=3 4 d=4 ---0.1-n"%2% -0 d=2 = d=3 4 d=4
——d=5 = ——d=6-+4.190 .19 ——d=5 e d=6 - 1.656 - n=247
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< S 1072
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= 10—6
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(a) relative A([—1,1]%) truncation errors (b) relative La ,,([—1,1]?) truncation errors

Figure 3.9 Relative  A([—1,1]?)  truncation errors  rel_trunc_err A =

|1BS — SiBYA(-L,UH|/IBIA(-1,1]Y)|| and  Lo,([—1,1]9)  truncation errors

rel trunc_err 12w := ||BY — S;BY|La.([—1, 1) /|1BY| Low([~1,1]%)| for B§ with re-

spect to the refinement n of the hyperbolic cross I := Iﬁ;ﬁ.

Next, we consider the approximation of the test function B2d based on samples along
reconstructing rank-1 Chebyshev lattices CL(z, M, I).
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Example 3.24. We use the reconstructing rank-1 Chebyshev lattices CL(z, M, I) built by
Algorithm 3.3 in Example 3.21 for hyperbolic cross frequency index sets I := I;’;S, where the
obtained size parameters M are shown in the 8th column of Table 3.2, and we additionally
build reconstructing rank-1 Chebyshev lattices CL(z, M, I) for dimensions d € {7,8,...,11}.
Then, we sample the test functions f := Bg at the corresponding nodes and apply Algo-
rithm 3.4. The resulting sampling errors BY — S B¢ measured in the relative A([—1,1]%)
and La,([—1,1]%) norm are only slightly larger than the corresponding truncation errors
- S 1B§l, the obtained results are visualized in Figure 3.10a and 3.10b, respectively. For
the considered test function BY, we do not see the factor (1 4 297!) from the estimates in
Theorem 3.16 and 3.17. However, as we have seen in Example 3.14 of Section 3.4, this factor
may occur in principle. For the relative A([—1,1]¢) sampling errors BS — SFVBY, we obtain
that the error decays like < n=2%€ from Theorem 3.16 and this corresponds approximately
to the observed behavior. For the relative Lo, ([—1,1]%) sampling error B — SSBY, we
obtain an error decay like < n=2%¢ from Theorem 3.17 due to the factor A > 1/2. However,
we do not observe this factor here and the obtained errors nearly decay approximately like
- n—2.5+€‘
In addition to the error plots with respect to the refinement n, we also depict the relative
sampling errors with respect to the number \13;,3| of approximated Chebyshev coefficients in
Figure 3.11 for dimensions d € {2,3,...,6}. These plots behave like in the periodic case
since the cardinalities |I§lj,9| = nlog?~! n for fixed dimension d. In Figure 3.11a, we depict the
relative A([—1, 1]%) sampling errors and lines =< \I;{’S ~2 (log 115;2 )2(@=1) which decay (asymp-
totically) slightly faster than the theoretical upper bounds |1, 5;2|*2+6 (log |[I2:0))2=9(@=1)  The
observed errors nearly decay as the upper bounds suggest. For the relative sampling errors
in the Lo w([ 1,1]%) norm, we show the corresponding errors in Figure 3.11b as well as lines
]Ian]_’ (log [Ian 4, 0 3(d-1) (approximately) corresponding to the suspected (asymptotic) up-
per bounds without the factor A > 1/2. Again, the observed errors nearly decay as the lines
suggest. L]

Example 3.25. Additionally, we use the test functions f{: R — R, f{(x) := Hle fa(xy),
consisting of univariate dilated B-Splines of order 4,

% — % 2+ 5612854l‘4 for |z| < %,

fa(w) = + farlel — e + slel® — fagat for % <o <3,
%(M —3)4 for < |z| < 3,
0 otherw1se.

We only consider the functions f¢ within the box [~1,1]¢ and obtain that the corresponding
Chebyshev coefficients fj,, k € No, of the univariate function fa(x) restricted to the inter-
val [—1,1] behave like ]fk| < k%, Consequently, we have f§ € H*9/2=¢([-1,1]%) for any
e > 0. Moreover, all Chebyshev coefficients fk belonging to odd frequencies k € (2Ng+ 1) are
zero. This means, we can use frequency index sets “with holes” I = Ig 2 even ‘= Ig (2No)d
analogously to Example 2.50 in the periodic case. We sample the functions f4 along re-
constructing rank-1 Chebyshev lattices CL(z, M, IS;B,even), which are constructed based on
Theorem 3.4 via the reconstructing rank-1 lattices A(z, M, Iﬁf:g{,}m) used in Example 2.50.
We visualize the obtained relative Lo, ([—1,1]?) sampling errors f{ — S L f{ for dimensions
d € {5,10,15,20,25} in Figure 3.12 and we observe that the errors decrease fast for in-
creasing refinements n. We remark that the obtained relative Ly, ([—1,1]?) sampling errors
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Figure  3.10: Relative  A([-1,1]%)  sampling errors  rel_sampl_err_A =
1B — SPEBSLA(=1, 1Y)/ IIBSLA(=1,1]%)||  and  Ly([~1,1]%) sampling errors
rel sampl_err 12w = [|BS — SFEBY|Low([—1, UD||/II1BY|Low([~1,1]%)|| for BY with

respect to the refinement n of the hyperbolic cross I := 15;2.

ff -8 ]CL ff are only slightly larger than the corresponding truncation errors fjf — St fjf and
we may still observe pre-asymptotic behavior since the observed error decay rate is lower
than n=9/2tetA X > 1 /2, for the considered refinements n and dimensions d. ]

As we have seen in this chapter and in the numerical examples, we were able to trans-
fer methods and results from the periodic case of Chapter 2 to the non-periodic case. We
can reconstruct multivariate algebraic polynomials in Chebyshev form a; in a fast and exact
way from samples along reconstructing rank-1 Chebyshev lattices CL(z, M, I). These meth-
ods can be applied in approximately reconstructing a sufficiently smooth high-dimensional
non-periodic function f € A([-1,1]%) N C([~1,1]¢) and the obtained errors decay fast if
the frequency index sets I are chosen correspondingly to the decay of the Chebyshev coeffi-
cients fk of the function f or to the assumed decay given by a suitable function class. The
computation of approximated Chebyshev coefficients kaL = fk, k € I, can be performed fast
in O(Mlog M + d2%I|) arithmetic operations using Algorithm 3.4, which can be realized
using few lines of Octave / MATLAB code. Using a modified version of Algorithm 3.4 as
discussed in Section 3.4, we require O(M log M + d |M(I)|) arithmetic operations.
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Figure  3.11: Relative  A([-1,1]9)  sampling errors  rel sampl err A =
1B — SPUBA(-LUD/IBIIA(=1,1)| and  Low([~1,1]%) sampling errors
rel sampl err 12w = ||BY — SFUBY|Low([—1, U/ BY|Low([~1,1]%)|| for BY with

respect to the cardinality |I| of hyperbolic cross frequency index sets I := I;‘;S for increasing
refinements n and fixed dimension d.
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Figure 3.12: Relative Lo, ([—1, 1]9) sampling errors rel samplerr L2w = || fjf —

SEVF Lo ([ 1, U /|| fE| Lo ([—1, 1]%)|| for f§ with respect to the refinement n and the
cardinality |I| of hyperbolic cross frequency index sets “with holes” I := I;i;,?,even for increas-
ing refinements n and fixed dimension d.






Chapter

High-Dimensional Sparse FFT

In the previous chapters, we discussed the fast evaluation and reconstruction of multivariate
trigonometric and algebraic polynomials as well as the fast approximation of high-dimensional
functions. In Chapter 2, we considered the fast reconstruction of arbitrary high-dimensional
trigonometric polynomials p; as defined in (2.2) with frequencies supported on arbitrary
known index sets I C Z? of finite cardinality, |I| < oo. As sampling sets we used re-
constructing rank-1 lattices A(z, M, I) and we were able to exactly reconstruct all Fourier
coefficients py, k € I, from samples pr(x;) at rank-1 lattice nodes x;, j = 0,..., M —1, using
a single one-dimensional FFT and a simple index transform. We successfully applied this
approach for the approximate reconstruction of Fourier coefficients fk of high-dimensional
periodic functions f € A(T%) based on function samples f(x;). In Chapter 3, we transferred
these results to the non-periodic case, where we considered the reconstruction of arbitrary
multivariate algebraic polynomials in Chebyshev form a; as defined in (3.1) with frequencies
supported on arbitrary known index sets I C N&, |I| < oo, from samples a;(z;) taken at the
nodes xj, j = 0,..., M, of a reconstructing rank-1 Chebyshev lattice CL(z, M, I). The recon-
struction can be performed using a single one-dimensional DCT and easy-to-compute index
transforms. We applied this method for the approximation of high-dimensional non-periodic
functions f € A([-1,1]%).

We stress the fact that we assumed for both the periodic and non-periodic case that we
know the corresponding frequency index sets I of the Fourier coefficients pi or Chebyshev
coefficients ag, k € I, for the reconstruction of a multivariate trigonometric polynomial p;
or multivariate algebraic polynomial in Chebyshev form aj, respectively. Similarly, in case of
approximation of a multivariate function f, we assumed that we know the frequencies k € I
belonging to the (approximately) largest Fourier or Chebyshev coefficients fk For instance,
one may know a suitable function class for such a function f and corresponding frequency
index sets I.

In this chapter, we assume that we do not have this knowledge and that the frequency
index set I is unknown. This means, we need strategies to additionally search for the lo-
cations suppp := {k € I: pp # 0} C Z% of the non-zero Fourier coefficients pj, # 0 of a
multivariate trigonometric polynomial p; or the locations suppa := {k € I: a # 0} of the
non-zero Chebyshev coefficients ag # 0 of a multivariate algebraic polynomial in Chebyshev
form a;. Similarly, we want to search for the locations of the (approximately) largest Fourier
or Chebyshev coefficients fk of a multivariate function f. The parts of this chapter dealing
with the periodic case have already been presented in [PV16].

121
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In practice, it may not be feasible to consider all possible integer frequencies k € Z¢
or k € N¢ in a numerical algorithm. Instead, we restrict the consideration to a (possibly
very large) search domain I' ¢ Z% or I’ C Ng, for example a full grid G’ﬁ{, in d dimensions
of refinement N € N with integer frequencies ||k|cc < N. A method which allows for
the efficient determination of a suitable frequency index set I C I' and the corresponding
Fourier coefficients pg or Chebyshev coefficients ag, k € I, from samples will be denoted by
sparse FFT in this chapter.

We start our considerations with the periodic case. When the search domain I' ¢ Z¢ is
the full grid éﬁl\, = {k € Z: ||k|lsxc < N}, one may use the simple approach of computing a
d-dimensional FFT of length (2N +1,...,2N +1)T to obtain Fourier coefficients P, kel
and determine the non-zero ones. Clearly, we have pr, = pr, k € supp p, if suppp C I := @‘fv
However, as discussed in the introduction of Chapter 2, this approach suffers heavily from the
curse of dimensionality and an alternative approach is required for practical computations.

Various methods for multivariate sparse FFT exist which are based on different con-
cepts and approaches, like e.g. compressed sensing [Don06, Can06, FR13|, randomized sub-
sampling and filters [IK14], Chinese Remainder Theorem [Iwel3], randomized Kronecker
substitution [AR14, AGR16|, Zippel’s algorithm [Zip79], Ben-Or/Tiwari algorithm [KLO03,
CsL08, JM10], or Prony’s method [PT13, PPS15, KPRv16, PTV16], see also [PV16]. How-
ever, many of the mentioned methods may have one or several of the following issues. Some
of the algorithms use randomized sampling and the obtained results are only “with high
probability”. Moreover, the constants in the number of samples or arithmetic complexity
may be unknown due to missing implementations or severely grow with the dimension d.
Some of the methods may not be numerically stable if used on problems with large sparsity,
e.g. thousands or more of non-zero Fourier coefficients py # 0, arbitrary (e.g. clustered) lo-
cations supp p, very large search domain I or if the samples are perturbed by noise. In the
following, we give an overview for some of the mentioned methods.

One approach, which requires a relatively small amount of samples, is applying random
sampling in compressed sensing [Don06, Can06, FR13]. If a so-called restricted isometry
condition is fulfilled, ¢; minimization can be applied, cf. [CT05, Rau07, Rau08a, Rau08b,
NV09, KRO8]. The restricted isometry condition is fulfilled with probability at least 1 — 7
if the number of samples L > C'|supp p| log*(|T|) log?(1/n), where C is an absolute con-
stant independent of the dimension d, see also [KRO08] and the references therein. However,
the number of required arithmetic operations contains the cardinality |I'| of the search do-
main T, see e.g. [FR13, KKM™"14], and therefore typically suffers heavily from the curse of
dimensionality.

In [IK14], a multivariate sparse FFT method was discussed which uses randomized sub-
sampling and filters. The method is based on the one-dimensional versions from [HIKP12b,
HIKP12a, IKP14]. As search domain I', a full grid Gﬁl\, is used and the number of re-
quired samples is O(|supp p| log N) for constant dimension d and the arithmetic complex-
ity is O(N?1og®Y) N). We remark that the sample complexity O(|supp p| log N') contains a
factor of d9@), cf. [TK14, Section IV].

In [Iwel3], a deterministic multivariate sparse FFT algorithm was presented, which uses
the Chinese Remainder Theorem and which requires O(d* |supp p|? log*(dN)) samples and
arithmetic operations. This means there is neither exponential/super-exponential depen-
dency on the dimension d € N nor a dependency on a failure probability in the asymptotics of
the number of samples and arithmetic operations for this method. Besides this deterministic
algorithm, there also exists a randomized version which only requires O(d* |supp p|log*(dN))
samples and arithmetic operations.
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Alternatively, one may combine sub-sampling on a reconstructing rank-1 lat-
tice A(z, M,T") and a one-dimensional sparse FFT method. If we consider the evaluation
of a multivariate trigonometric polynomial pr(x) := > pc; Pk e2rike Ziﬂl Py e?mkrT gt
the nodes x; = ﬁ‘z mod 1 of a reconstructing rank-1 lattice A(z, M,T") for the search do-
main I' D I, we obtain

1 ]

pr (X/[z mod 1) = ;ﬁz o2mi(ky-z) j/M _ ;ﬁl e2mifii/M _ Pi (]{4) ,i=0,...,M —1,

where the one-dimensional frequencies f; := k; - zmod M € I = {0,1,...,M — 1}. This
means we may regard the evaluation of a multivariate trigonometric polynomial p;: T¢ — C
at the nodes x;, j = 0,...,M — 1, of a reconstructing rank-1 lattice A(z,M,I") as the
evaluation of a one-dimensional trigonometric polynomial p;: T — C at the nodes j/M and
we have an injective mapping of multi-dimensional frequencies k; € I to one-dimensional
frequencies f; € I given by

D —1:={0,1,....,.M -1}, ky—~k;-zmod M =: f;, | =1,...,|I|,

see also [PTV16]. Consequently, we may apply a one-dimensional sparse FFT method
on (parts of the) samples p;(j/M) to determine the unknown one-dimensional frequen-
cies f; € I belonging to non-zero Fourier coefficients p; # 0 and compute its d-dimensional
counterparts k; € I using the relation f; = k; - z mod M. For one-dimensional sparse
FFTs, very efficient methods are available, for instance randomized algorithms based on fil-
ters [HIKP12b, HIKP12a, IKP14] or shifted sampling [CLW16] as well as deterministic meth-
ods based on Chinese Remainder Theorem [Iwel0], splitting approaches [PW16a, PW16b] or
Prony’s method [PP13, PTV16]. However, many methods have certain restrictions for the un-
known one-dimensional frequencies f;. For instance, approaches based on filters may require
the one-dimensional frequencies f; to be well-distributed or the approach [PW16a] requires
all one-dimensional frequencies f; to be within a certain small interval. Another approach
presented in [PTV16] is based on shifted sampling, see e.g. [CLW16], reconstructing rank-1
lattices A(z, M,T) as well as a version of Prony’s method and the approach requires for
numerical stability that there is a certain minimum distance between the one-dimensional
frequencies f;, which also depends on the rank-1 lattice size M and the numbers of samples.
In general, such properties may be hard to guarantee for the one-dimensional frequencies fi,
which are the combination of unknown d-dimensional frequencies k; € I ¢ T' ¢ Z% and a
reconstructing rank-1 lattice A(z, M,T") of (potentially) very large size M > |['|.

In this work, we are interested in developing a sparse FF'T method based on rank-1 lattice
sampling which works well for the reconstruction of high-dimensional trigonometric polyno-
mials p; with thousands and more non-zero Fourier coefficients pg # 0 at unknown frequency
locations supp p within a certain (possibly) very large search domain I' C Z¢ without ad-
ditional restrictions on the frequencies k. The method should also work when samples are
perturbed by noise and be applicable for the approximation of multivariate periodic func-
tions f having infinitely many non-zero Fourier coefficients fk Moreover, the approach is
transferred to the non-periodic case obtaining a method based on rank-1 Chebyshev lat-
tice sampling for the reconstruction of high-dimensional algebraic polynomials in Chebyshev
form a; and for the approximation of multivariate non-periodic functions f.

This chapter is structured as follows.

In Section 4.1, we discuss an approach for the dimension-incremental reconstruction of
multivariate trigonometric polynomials p; from samples, see also [PV16]. Similar to the
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component-by-component search for reconstructing rank-1 lattices A(z, M, I), we adaptively
construct the index set of frequencies belonging to the non-zero Fourier coefficients pg # 0
in a dimension-incremental way. We remark that a similar idea was used in [PT13], where a
dimension-incremental method for anharmonic trigonometric polynomials based on Prony’s
method was presented, and similar concepts already occurred in [Zip79]. In Section 4.1.1,
we describe the general approach of dimension-incremental reconstruction based on projec-
tions parallel to the coordinate axes and we present the general approach as Algorithm 4.1.
Moreover, we explain each step of Algorithm 4.1 for the reconstruction of a three-dimensional
trigonometric polynomial p; using rank-1 lattice sampling and we illustrate the computation
steps in Figure 4.1. In Section 4.1.2, we describe two realizations of Algorithm 4.1 indicated
in Algorithm 4.2 and 4.3, which partially use random values for the sampling nodes. Both
algorithms are based on sampling along reconstructing rank-1 lattices A(z, M, T) and only
differ in the way how these lattices are constructed. Algorithm 4.2 performs a search as in
Algorithm 2.2 for a relatively large index set of frequency candidates in step 2b, whereas Algo-
rithm 4.3 uses the explicit construction from Theorem 2.7. This yields possible improvements
in the runtime for Algorithm 4.3 at the price of possibly more samples. In Section 4.1.3, we
discuss when the detection of all non-zero Fourier coefficients pg # 0 succeeds and possible
cases where the detection may fail. In Section 4.1.4, we discuss the sampling and arithmetic
complexity of Algorithm 4.2 and 4.3, which depend on the sparsity parameter s. This sparsity
parameter s is an input parameter of both algorithms and is used to truncate the number of
detected frequencies in the dimension-incremental steps. Assuming that the search domain I’
is the d-dimensional full grid G’jlv of refinement N € N and VN < s < N? for sparsity pa-
rameter s € N, we require O(d s> N) many samples for both algorithms as well as O(d s> N?)
arithmetic operations for Algorithm 4.2 and O(d s + d s2N log(s N)) arithmetic operations
for Algorithm 4.3. In the case s < /N, we require O(d N?) many samples for both algorithms
as well as O(ds N3) and O(d N?log N) arithmetic operations for Algorithm 4.2 and 4.3, re-
spectively. If the detection steps of Algorithm 4.2 or 4.3 succeed, we can replace the sparsity
parameter s in the stated sampling and arithmetic complexities by the number |[suppp| of
non-zero Fourier coefficients pr # 0. In Section 4.1.5, we describe a deterministic version
of Algorithm 4.2 and 4.3, which can be used when the Fourier coefficients py fulfill certain
properties, e.g. if all Fourier coefficients pg are non-negative or non-positive. In Section 4.1.6,
we present results of numerical tests for Algorithm 4.2 and 4.3 in up to 30 dimensions. We
successfully apply both methods on random sparse trigonometric polynomials p; and compare
the required numbers of samples and the runtime. We observe that Algorithm 4.3 requires
slightly more samples for the considered test cases but has distinctly less runtime. Moreover,
we consider the case of noisy samples and also successfully reconstruct the considered multi-
variate trigonometric polynomials p; in this case. Afterwards, we numerically compute the
(approximately) largest Fourier coefficients fk and the corresponding frequency locations [
of a 10-dimensional test function f.

In Section 4.2, we transfer the method for the dimension-incremental reconstruction from
the periodic case with rank-1 lattice sampling to the non-periodic case using rank-1 Chebyshev
lattice sampling. In Section 4.2.1, we discuss the modifications to the approach from Sec-
tion 4.1 for the reconstruction of multivariate algebraic polynomials in Chebyshev form aj
from samples taken at the nodes of reconstructing rank-1 Chebyshev lattices CL(z, M, I ).
We give two algorithms which are adapted versions of Algorithm 4.2. In Algorithm 4.4,
the reconstructing rank-1 Chebyshev lattices CL(z, M, I ) are built via reconstructing rank-1
lattices CL(z, M, M(I)) from the periodic case, cf. Theorem 3.4 and Corollary 3.6. In Algo-
rithm 4.5, the reconstructing rank-1 Chebyshev lattices CL(z, M, I ) are directly built using a
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CBC approach with reconstruction property (3.22) fulfilled. In Section 4.2.2, we evaluate the
proposed methods in numerical tests in up to 15 dimensions. We successfully reconstruct all
non-zero Chebyshev coefficients ag # 0 and the corresponding frequency locations supp a of
random sparse algebraic polynomials in Chebyshev form a;. We observe that Algorithm 4.5
requires distinctly less samples compared to Algorithm 4.4 in several cases. Moreover, we suc-

cessfully reconstruct approximate Chebyshev coefficients fk and the corresponding frequency
locations I of a 9-dimensional test function f.

4.1 Periodic case — rank-1 lattice sampling

This section has already been presented in [PV16]. In Section 4.1.1, we discuss the general
approach of a high-dimensional sparse FFT based on dimension-incremental projection. We
explain the method on the example of the reconstruction of a three-dimensional trigonometric
polynomial p; based on rank-1 lattice sampling and visualize the involved computation steps
in detail. In Section 4.1.2, we describe two specific realizations of the approach which use re-
constructing rank-1 lattices A(z, M, I ) for the lower components and randomly chosen values
for the higher components of the sampling nodes. In Section 4.1.3, we describe cases where
the proposed method may fail to detect all the frequencies k belonging to non-zero Fourier
coefficients pg, # 0. In Section 4.1.4, we discuss the sampling and arithmetic complexity of the
proposed methods. In Section 4.1.5, we describe a completely deterministic version, which
can be applied if the Fourier coefficients py of the multivariate trigonometric polynomials pr
fulfill certain properties. In Section 4.1.6, we present numerical examples in up to 30 dimen-
sions. Especially, we deal with the case where we determine the frequency locations I of the
approximately largest Fourier coefficients fk of a 10-dimensional test function f: T — R
with infinitely many non-zero Fourier coefficients fi, # 0.

4.1.1 Dimension-incremental projection

The proposed method is based on reconstructing rank-1 lattices A(z, M, I ) and the com-
putation of projected Fourier coefficients. For the explanations, we introduce some ad-
ditional notation from [PV16]. As mentioned in the introduction of this chapter, we as-
sume that the unknown support of the trigonometric polynomial p; in frequency domain,
suppp = {k € I: pp # 0} C 7%, lies within a certain superset I' C Z? of finite cardinality,
II'| < oco. This superset I' may be very large, for instance a d-dimensional full grid @5{, of
refinement N € N. The elements of the set supp p are those frequencies k € Z¢ which belong
to the non-zero Fourier coefficients pg, # 0 of the multivariate trigonometric polynomial p;.
In this context, I will also be denoted as the search domain of frequencies k. Examples
for those search domains I' are a d-dimensional full grid G"fv or (generalized) hyperbolic
crosses I]%,’T”V. Moreover, we denote the projection of a frequency k = (ki,..., kd)T e 74
to the components 4 := (iy,...,in) € {1,...,d}™ by Ps(k) := (kiy,..., ki) € Z™. Corre-
spondingly, we define the projection of a frequency index set I C Z% to the components % by
Pz(f) = {(k‘il,...,k‘im)i k e I}

Using this notation, we present the general strategy of the proposed method in Algo-
rithm 4.1. Since the description in Algorithm 4.1 is rather general, we illustrate the approach
in more detail on a three-dimensional trigonometric polynomial p; with 10 non-zero Fourier
coeflicients pr with frequencies k within the search domain I' = G‘g when using rank-1 lattice
sampling, cf. Figure 4.1. The frequency locations supp p of the three-dimensional trigono-
metric polynomial p; are shown in Figure 4.1a.
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Algorithm 4.1 ([PV16, Section 2.2.1]). General approach for dimension-incremental recon-
struction of multivariate trigonometric polynomial p; from samples for unknown frequency
index set I ¢ T' € Z% and known (possibly very large) search domain I' O 1.

1. Determine a frequency index set (1) C P(1)(I') which should be identical to the projec-

tion P(1)(supp p) or contain this projection, IM > P1y(suppp). This means we try to
detect the first component of the locations supp p of those frequencies k which belong to
the non-zero Fourier coefficients pg, # 0 of the multivariate trigonometric polynomial p;.

2. For dimension increment step t =2,...,d

(a)

Determine a frequency index set I(*) C P()(I') which should be identical to the
projection Py (suppp) or contain this projection, I ® > P (suppp). In other
words, we try to detect the ¢-th component of the frequency locations supp p
belonging to the non-zero Fourier coefficients pg # 0.

Determine a suitable sampling set X1 < T4 |x (LY | <« |I'|, which allows to
determine the first ¢ components from the index set (1(3t=1) x 1) N Pa,..p ()
of those frequencies k belonging to non-zero Fourier coefficients pg # 0.

Sample the multivariate trigonometric polynomial p; at the nodes of the sampling
set A(Lot),

Compute the (projected) Fourier coefficients ]5(17.__7@7,@, k € (I(l""vt_l) X I(t)) N
Pa,..oD).

Determine the non-zero (projected) Fourier coefficients from 5(1,...,15),1(:7 k €
(Tt =1) 5 7)) NPq,..+ (), and obtain the index set I(t) of the first ¢ compo-
nents of the frequency locations. The frequency index set (1) should be equal
to the projection Py, (suppp). In simplified terms, we should have detected

the first ¢ components of the frequency locations supp p belonging to the non-zero
Fourier coefficients pg # 0 of the multivariate trigonometric polynomial p;.

3]

3. Use the frequency index set I+ and the computed Fourier coefficients 15(1,” d).k>

kel (Ld) " ag an approximation for the support in frequency domain supp p and
the corresponding Fourier coefficients pg, k € supp p, of the multivariate trigonometric
polynomial py.
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(a) Frequencies k € suppp C I' (b) Sample in first direction at (c) 1d-FFT along first direction,
belonging to non-zero Fourier x| x| =17. determine /") C Py)(T).
coefficients pr, # 0 of multi- (step 1) (step 1)
variate trigonometric polyno-
mial py, pr is only given as

black-box.
1
=
8 >
Tl o
Q 1 /././"0'..; SW 8
T ky 0 > )
10 -8 8 -8
(d) Sample in second direction (e) 1d-FFT along 2nd direction, (f) Build index set 1) x 1(2)
at X2 | X?)| =17, determine /(?) C Py (). [T % 1?)] = 49.
(t =2, step 2a) (t =2, step 2a) (t =2, step 2b)

< >
-8 -y = 8
by O >0,
8 -8
(g) Build reconstructing rank-1 lattice A(z, M,IM) x (h) Compute 1d-FFT and a simple
I®) € T? in first two directions, z = (1,9)", M = 99. index transform (Algorithm 2.1
Choose 24 € T and set X(12) := A(z, M) x {x}}. along first two directions).
(t =2, step 2b) (t =2, step 2d)
Sample along first two directions at X' (1), Determine /1?) C Py 9)(T).
(t = 2, step 2¢) (t =2, step 2e)

Figure 4.1: ([PV16, Figure 2.1]). Reconstruction of a 3-dimensional trigonometric polyno-
mial p; based on Algorithm 4.1.
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1 8 Lks
g
0
) 1
10 -8
(i) Sample in third direction at (j) 1d-FFT along 3rd direction, (k) Build index set (2 x [(3)
xG) x| =17 determine ®) C P3)(T). 111:2) % 1G)| = 70.
(t = 3, step 2a). (t = 3, step 2a). (t = 3, step 2b).
1
<
o 0
g
-8
Q 1 8 8
1 9 ki 0O 0 Ky
10 8 -8
(1) Build reconstructing rank-1 lattice (m) Compute 1d-FFT and a simple
X123 = Az, M, T2 x G)), index transform (Algorithm 2.1).
2= (1,4,23)T, M = 276. (t =2, step 2d)
(t = 2, step 2b) Determine 7(1:2%) C T.
Sample at x'(1:2:3), (t = 3, step 2e)
(t = 3, step 2c) We have I(1:23) = supp p.

Figure 4.1: (continued) ([PV16, Figure 2.1]). Reconstruction of a 3-dimensional trigonometric
polynomial p; based on Algorithm 4.1.

In the first step, we choose a suitable sampling set to determine the first components
of the frequency locations supp p. Since the search domain I' has 17 successive frequencies
in the first coordinate direction, P()(I') = {-8,~7,...,8}, we use a set XM e T3 of 17
equispaced sampling nodes along the first coordinate direction, see Figure 4.1b, where we fix
the second and third component of the sampling nodes. We sample p; at the nodes from
the sampling set XM and apply a one-dimensional FFT on these sampling values. From the
resulting Fourier coefficients, we search for the non-zero ones (or the ones above a certain
threshold) and put the corresponding frequencies into the index set I (1), This index set
M c Py(I') C Z contains (possibly a subset of) the first components of the frequency
locations of those frequencies k which belong to the non-zero Fourier coefficients pg of the
multivariate trigonometric polynomial p; under consideration. In our example, all seven
frequency components are successfully detected, see Figure 4.1c,

At the beginning of the second step (¢t = 2), we proceed analogously for the second
coordinate direction. This means we use a set X2 of 17 equispaced sampling nodes along
the second coordinate direction where we fix the first and third component of the sampling
nodes, cf. Figure 4.1d. We sample the multivariate trigonometric polynomial p; at the nodes
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from the sampling set X(?) € T? and apply a one-dimensional FFT on these sampling values.
From the resulting Fourier coefficients, we search for the non-zero ones (or the ones above a
certain threshold) and put the corresponding frequencies into the index set I (2). This index
set 1) P(2)(I') C Z contains (possibly a subset of ) the second components of the frequency
locations of those frequencies k which belong to the non-zero Fourier coefficients pyg # 0 of the
multivariate trigonometric polynomial p; and all seven frequency components are successfully
detected in our example as depicted in Figure 4.1e. Next, we build the frequency index
set 1M x 1) ¢ 72, which acts as a (reduced) search domain for the first two components
of the frequency locations in suppp and which contains 49 elements in our example, see
Figure 4.1f. We build a reconstructing rank-1 lattice A(z, M,I1) x I?)) ¢ T2, choose a
fixed third component x4 € T, obtain the set X2 := A(z, M) x {24} € T? of sampling
nodes, see Figure 4.1g, and we sample the multivariate trigonometric polynomial p; at these
nodes. Then, we apply a rank-1 lattice FFT, i.e., a one-dimensional FFT followed by a
simple index transform, cf. Algorithm 2.1. Now, we obtain (projected) Fourier coefficients
and we search for the non-zero ones (or the ones above a certain threshold) and put the
corresponding frequencies into the index set 12 < 1) x 12 < Paa)(l) C 72, which
contains (possibly a subset of) the first two components of the frequency locations of those
frequencies k which belong to the non-zero Fourier coefficients pp, # 0 of the multivariate
trigonometric polynomial py, cf. Figure 4.1h.

Afterwards, we deal with the third component (¢t = 3). We use a set X () of 17 equis-
paced sampling nodes along the third coordinate direction where we fix the first and second
component of the sampling nodes, cf. Figure 4.1i. We sample the multivariate trigonometric
polynomial p; at the nodes from the sampling set X®) € T3 and apply a one-dimensional
FFT on these sampling values. From the resulting (projected) Fourier coefficients, we search
for the non-zero ones (or the ones above a certain threshold) and put the corresponding fre-
quencies into the index set I3, This frequency index set I®) ¢ P(3)(I') contains (possibly a
subset of ) the third components of the frequency locations of those frequencies k which belong
to the non-zero Fourier coefficients py # 0 of the multivariate trigonometric polynomial p;
and all seven frequency components are successfully detected in our example as depicted in
Figure 4.1j. Next, we build the index set (12 x I®) ¢ I ¢ Z3, which now acts as a (reduced)
search domain for the frequency locations in suppp and which contains 70 elements in our
example, see Figure 4.1k. We build a reconstructing rank-1 lattice A(z, M, I1(12) I(B)) c T
and use this as the set X(1:23) of sampling nodes, see Figure 4.11. Again, we apply a rank-1
lattice FFT, i.e., a one-dimensional FFT followed by a simple index transform, cf. Algo-
rithm 2.1. Now, we obtain Fourier coefficients and we search for the non-zero ones (or the
ones above a certain threshold) and put the corresponding frequencies into the index set
10:23) < 10:2) » 1) ¢ T ¢ 73, which contains (possibly a subset of) the frequency lo-
cations of those frequencies k which belong to the non-zero Fourier coefficients pi # 0 of
the multivariate trigonometric polynomial py, cf. Figure 4.1m. Finally, this frequency index
set I(123) © T ¢ Z? and the corresponding Fourier coefficients 15(1,2,3),k» ke 1123 are used
as an approximation for the frequency locations suppp and for the corresponding Fourier
coefficients pg, of the multivariate trigonometric polynomial py, respectively. If all prior steps
succeeded, we have successfully detected all frequencies k, I (1.23) — supp p, and the corre-
sponding Fourier coefficients 1177(1’273)7,c = Pg, k € suppp, of the multivariate trigonometric
polynomial py.



130 4 Hi1GH-DIMENSIONAL SPARSE FFT

4.1.2 Randomized version
4.1.2.1 Dimension-incremental reconstruction algorithm

Here, we present Algorithm 4.2 ([PV16, Algorithm 1]) as a realization of the general
approach in Algorithm 4.1, which uses reconstructing rank-1 lattices as sampling sets and
rank-1 lattice FFTs (Algorithm 2.1) for the computation of (projected) Fourier coefficients.
Besides the search domain I' D suppp and the multivariate trigonometric polynomial pr
(as black box), Algorithm 4.2 has three additional input parameters, which are the relative
threshold 6 € (0, 1), the sparsity parameter s € N and the number of detection iterations
r € N. The relative threshold parameter 6 € (0, 1) is used to determine the “non-zero” Fourier
coefficients from ﬁl,kl for k1 € P1(T') in step 1, th,kt for ky € Pi(T') in step 2a, t € {2,...,d}, as
well as Z:)(l,...,t),k for k € (IH-+=1 x 1) N P, () in step 2e. Since numerical algorithms
are used to compute the Fourier coefficients ;5(1’.“@7,6, the actual computed values of “zero”
Fourier coefficients may be larger than zero but are smaller than a certain (relative) threshold.
The sparsity parameter s € N may be used to truncate the number of detected frequencies
and corresponding Fourier coefficients. Last, the input parameter r € N for the number of
detection iterations controls how many times the sampling and frequency detection in the
step 2 is performed for each dimension increment step ¢ € {2,...,d}. Repetitions in these
computations r times may be necessary to ensure a successful exact reconstruction of the
multivariate trigonometric polynomial p;, as we describe in this section and in Section 4.1.3.

First in step 1, we determine the index set of detected frequency locations for the first
component 1Y) € Py (supp p). For this, we set the last d—1 components in & := (z1,...,24) "
to fixed randomly chosen values 5, ..., 2!, € T. We sample the multivariate trigonometric
polynomial p; at the nodes of the sampling set X1 := {(Lil, a2l l=0,..., L1 — 1},
where L1 := max(P1(I')) —min(P;(T"))+1, and we compute one-dimensional projected Fourier
coefficients for the first component

. 1 ! l T .
P =g D b ((m’fé, ’ fd) ) e TIIE, i € PA(T),
=0

using a one-dimensional FFT of length L. Due to the definition of the multivariate trigono-
metric polynomial py, we obtain

517’{1 _ ‘gllil Z Ph e2ﬂ'i(h2xl2+.,.+hdl’il) e27ri(h1—k1)l/L1
=0 h:=(h1,...,hq) T Esuppp
Li1—1
_ Z pp, e2milhazht . +harl) 1 Z o2mi(ha—k1)l/ Ly
héesupp p Ll =0
_ Z Ph e27ri(h2:v’2+...+hdm:i)
hesupp p

hi=ki (mod L)
for k1 € P1(I"). We define the index set of detected frequency locations for the first component
I = {k e P|(I): §17k1 # 0}. In practice, we do not test if the Fourier coefficients 151,161 £0,
but use a threshold 6 € (0,1) relative to the largest absolute value of the computed Fourier
coefficients ﬁuﬁ in numerical computations and we restrict the number of detected frequencies
to the sparsity parameter s, i.e.,

IW = 1M U ky € Py(T): (up to) s-largest values |py g, | > 6 - max ]51 il (41)
kieP1(T) .
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Algorithm 4.2 ([PV16, Algorithm 1]). Dimension-incremental reconstruction of a multivari-
ate trigonometric polynomial p; from samples for unknown frequency index set I ¢ T’ C Z9.

Input: I czd search domain for frequencies k, superset for supp p
pr(o) multivariate trigonometric polynomial p; as black box
(function handle)
6 € (0,1) relative threshold
seN sparsity parameter
reN number of detection iterations
(step 1)
Set L; := max(Py(I")) — min(Py(T)) 4 1, IV := 0.
fori:=1,...,r do
Choose ), ..., 2; € T uniformly at random.
Li—1
Compute 1517;?1 = L% IZ pI(L%,a:’Q, ceTh) e 2milki/Ly | e P(T), with 1-dim. FFT.

1=0
I = TW U {ky € P1(T): (up to) s-largest values |py g, | > 6 - maxy cp ) Py j, 1}
end for i
Determine S := min {m € N: [{k1 mod m: ky € IW}| = [IW|}. Set M; := Sy, 21 := 1.
(step 2) for t:=2,...,d do
(step 2a) Set Ly := max(P(I")) — min(P,(T)) + 1, I := (.
fori:=1,...,r do
Choose 2, ..., 2y_1, Ty 4q,- .-, 2 € T uniformly at random.
- Li—1 .
i, = 2 pr(h,....xj_q, LLN Tyyqse . Th) e~ 2mitki/Li . € Py(T'), using 1-dim. FFT.
=0

Set 1) := 1) U {k; € Py(T): (up to) s-largest values |ps,| > 6 - Maxy, <p, 1) ]ﬁt e
end for ¢
r fort < d,

tep 2b) Set 7 :=
(step 2b) Set 7 {1 for t =d.

Determine S, := min {m € N: |{k; mod m: k, € IO} = [I®)|}. Set I(11) := ().
Build reconstructing rank-1 lattice A(z, My, I) for T = (I(-t=D x 1)) n Pa,..p(D),
zeZh:
Set initial My := M;_1 - S, cf. Theorem 2.7.
Search for z; € {0,..., M; — 1} such that reconstruction property (2.27) is fulfilled.
Reduce rank-1 lattice size M; with reconstruction property (2.27) fulfilled.
fori:=1,...,7 do

Choose w4, ..., ), € T uniformly at random.

Set X (Lot) = {z; = (%217 ol ﬁtzt,azbrl, e ,x&)—r mod1: j=0,...,M; —1}.
(step 2¢) Sample p; at the nodes of the sampling set X1t
(step 2d)

Compute ;5(17__7”7,(, = ﬁt Zy:to_lpf(:cj) e 2mkz; for e (It=1) x 1) N Pa,..p(T)
with inverse rank-1 lattice FFT based on a single 1-dim. FFT, see Algorithm 2.1.
(step 2e)

,,,,,
,,,,,

Set 1000) :— [0en) U (ks € (1041 x [0) APy (D):
(up to) s-largest values ]5(17._707,@] > absolute_threshold}.
end for i
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Algorithm 4.2 continued.
(additional step 2f)

If t < d, build (possibly) smaller reconstructing rank-1 lattice A(z, My, I) for I := I(L-1).
Search for new z; € {0, ..., M; — 1} where reconstruction property (2.27) is fulfilled.
Reduce rank-1 lattice size M; with reconstruction property (2.27) fulfilled.

end for ¢
Output: IAnd) 74 index set of detected frequencies

-

Since this frequency detection may fail, see Section 4.1.3 for details, we repeatedly perform
the sampling, the computation of the projected Fourier coefficients ;517;“, ki € P(T'), and
the determination of the index set I(!) in totally » € N detection iterations with different
randomly chosen values zf,...,2), € T. Then, we use the union of the obtained index
sets 11, We determine Sy := min {m € N: [{k; mod m: k; € IM}| =|IM|} and obtain a
reconstructing rank-1 lattice A(zy, My, I (1)) for the index set of detected frequency locations
for the first component I by setting z; := 1 and M; := 5;.

Then, we continue with step 2 in Algorithm 4.2 for ¢t = 2,...,d. In step 2a, we randomly
choose values x,...,2;_;, 2}, ..., 2} € T, we determine L; := max(P(I")) —min(P(I')) +1
and we compute the one-dimensional projected Fourier coefficients for the t-th component

5 1 el I T .
ﬁtkt = L—t Z PI <<$/1,$£_1,Lt,$2+1,...,1‘21> > e_27r1lk;t/Lt (4_2)

_ § : ﬁh e27ri(h1:):’1+...+ht,1x;_1+ht+1:p£+l+...+hd:p:i) (43)

hEsupp p
ht = kt (mod Lt)

|nt
S

1,...,d . . .
(17,”7d)7k) e corresponding Fourier coefficients

for k; € P(I"), using a one-dimensional FFT of length L;. Similarly as in step 1, we
obtain r € N many index sets of detected frequency locations for the ¢-th component
{kt € Py(): (up to) s-largest values |psz,| > 6 - Maxp cp, (1) \@jﬁ]} in 7 € N detection it-
erations with different randomly chosen values 2, ...,2;_y,..., 2 ,..., 2} € T and we set
the union of these sets as the index set 1),

Afterwards in step 2b, we determine Sy := min {m € N: |{k; mod m: k; € = |I(t)|} and
we search for a reconstructing rank-1 lattice A(z, M;, I) for the index set [ := (I(-t=1) x
Iy N Pa,....)(I'). For this, the initial rank-1 lattice size M; is set to M;—1 - Sy, cf. Theo-
rem 2.7. The components z1, ..., z;_1 of the generating vector z from the previous dimension
increment steps 1,...,t — 1 are re-used and only one component z; € {0,..., My — 1} is
searched for, such that reconstruction property (2.27) is fulfilled. Next, the rank-1 lattice
size M, is reduced with reconstruction property (2.27) fulfilled. We set the sampling set
ALt o= L= (I\%zl’ e J\%Zﬁv )1, 2h) T mod 1: j =0,...,M; — 1} containing the
sampling nodes x; with fixed randomly chosen values z}_ ,..., 2/, € T. Then, we sample the
multivariate trigonometric polynomial p; at these nodes x; in step 2c. Next, we compute
t-dimensional projected Fourier coefficients for the first ¢ components

Mi—1

P,k = g D Pilwy) e TR (4.4)
=0

= gk-(z’h...,Zt)T mod My for k € (I(l’m’t_l) X I(t)) N P(l,...,t) (F)
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in step 2d using a rank-1 lattice FFT, see Algorithm 2.1, where

| M . T N
g = 7 Z DI <<J\]4t(217 oyz)mod 1,24, 4, ... ,x&) > e~ 2migl/Ms (4.5)
§=0

This means, we use only a single one-dimensional FFT and a simple index transform. Note
that we have

=
= N : T . (! IN\T (b ).
Pk = Z <ph 2t 1y ha) T (@) enns)y) ) o Z o27ij(h—k)-z/M;
hesupp p b =0
- > P @2mihes 1 ha) (@) (4.6)

hesupp p
((h1,.he) T=k)-2=0 (mod M)

If the conditions J(1-t=1) = P,....—1)(suppp) and I) = P, (supp p) are fulfilled, then

~ 2mi(hip1x) ,  +...4+hqx’
> Pk, ks hestyosha) T € (o414 )t < d,
Y _ (ht415e0ha) TE€P(141,...,a) (SUPP P)
PQ,...0k (k1 yeskit B4 150 ha) T ESUPD D
ﬁk? t = d,

for k € (I0t=D x IOy NPy (suppp) and pir,_pyp = 0 for k € (ILt=1 x 1) N
(P(l,...,t) )\ Pa,.0 (Suppﬁ))-

In step 2e, we determine the index set of detected frequency locations for the
first ¢ components It = {k e (IL-t=D x 1) N Pa,..p(): |15(1,...,t),k| > 0 -

,,,,,
.....

sity parameter s, s > \Supp p|, we restrict the index set in I o frequencies k belonging

to the s-largest values \13(17_”@’,@ . We repeatedly perform the sampling, the computation

of the projected Fourier coefficients p(; ;)5 and the determination of the frequency index

sets I(-1) in total for » € N detection iterations if ¢ < d and r = 1 detection iteration
if t = d. Afterwards, we use the union of the obtained index sets I(1+1) ag J(1t).
In the additional step 2f if ¢+ < d, we build a reconstructing rank-1 lattice A(z, My, I(H-1)
for the index set It Ag initial rank-1 lattice size, we use the value M; from step 2b. We
only search for the component z; of the generating vector z as in step 2b and then reduce
the rank-1 lattice size M; with reconstruction property (2.27) fulfilled.

Finally, we obtain the frequency index set I(:+@ < I' ¢ Z%. If all frequency detections

were successful, i.e.,

I® = Py (supp p) fort=1,...,d and
Jent) = P,...)(suppp) fort=1,...,d—1,
then we have
10D = supp p,
Pi..dyk = Dr # 0 for all k € 1(d) and

~ 2mik-o = 2rik-o
pr = E Pr € = E Pa,...d),k®€ .
kesupp p kel(l,...d)
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Note that we do not necessarily have I(1+% C supp p, i.e., the algorithm may wrongly yield
frequencies k € I' where the true Fourier coefficients pg are zero, see case iv in Section 4.1.3
and the discussion concerning this case. However, this only happens if a previous detection
step fails.

Note that the illustrated example in Figure 4.1 corresponds to one run of Algorithm 4.2
with » = 1 detection iteration.

4.1.2.2 Modified Algorithm with less rank-1 lattice searches

Algorithm 4.3 ([PV16, Algorithm 2]). Dimension-incremental reconstruction of a multivari-
ate trigonometric polynomial p; from samples for unknown frequency index set I ¢ I' C Z¢

with less rank-1 lattice searches.
Modifications of Algorithm 4.2:

(step 2b) Set 7 := {T for ¢ < d,
1 fort=d.
Determine S, := min {m € N: |[{k; mod m: k, € IV} = [IV|}. Set I(+1) := (.
Build reconstructing rank-1 lattice A(z, M;, (I0-+=1 0 Pa,..—1)(I)) x I® N Py(I))):
Set M; := M;_1 - Sy and 2z := M;_1, ie., z = (21,...,2_1, My_1) ", cf. Theorem 2.7.
fori:=1,...,7 do

Algorithm 4.3 is another realization for the dimension-incremental method. The approach
is based on Algorithm 4.2. However, in step 2b, we do not search for a reconstructing rank-1
lattice for the frequency index set I(h-t=1) x 1) but we explicitly build one using the
construction from Theorem 2.7 in Section 2.2.1. The other steps of Algorithm 4.2 remain
unchanged in Algorithm 4.3.

The arithmetic complexity for Algorithm 4.3 is distinctly lower than for Algorithm 4.2, see
Section 4.1.4, and the upper bound for the number of samples is asymptotically the same for
both algorithms. However, in practice, the number of samples when using Algorithm 4.3 may
be larger because we do not search for a preferably small rank-1 lattice size M;. Especially, if
the search domain I' is distinctly smaller than the full grid G’ﬁl\, and I' is not a tensor product
grid, then Algorithm 4.2 should be better suited with respect to the number of samples. We
observe this behavior in the numerical results in Section 4.1.6. For our small example from
Figure 4.1, Algorithm 4.3 yields the identical index sets and reconstructing rank-1 lattices
A(z, My, (I01=D 0Py (1) x (IO NPy (L)) as Algorithm 4.2.

4.1.3 Successful and failed detection

As mentioned in the previous sections, the successful detection of all non-zero Fourier co-
efficients pr, # 0 of a multivariate trigonometric polynomial p; and the corresponding fre-
quencies k, i.e., obtaining I(}+% = supp p, is not guaranteed. In the following, we discuss
conditions for the successful detection and we address the question if it is possible to notice
that not all frequencies were detected successfully during the incremental detection process
in Section 4.1. We remark that the computations in (4.2) are responsible for the correct fre-
quency detection, which belong to the computation steps 1 and 2a of Algorithm 4.2 and 4.3,
as well as the computations in (4.4), which belong to the computation step 2d.
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In [PV16, Theorem 5.2], the probability that the detection fails for a frequency location
in step 1, 2a and 2d is estimated by the upper bound

i ~on] — 0 - 5y )2 . .
C(p, ) = exp _Q(mlnhGSUPpp [Pn| — 0 zA:hG;uppﬁ |Pnl) <1 for < MiNgesupp p |Aph|
(Zhesuppﬁ |ph‘) ZhESuppﬁ |ph|

Since we use r € N many detection iterations with new values #,...,x;_y, 2} {,..., 24 € T
independently chosen uniformly at random, the frequency detection succeeds if we find the
frequency locations in at least one detection iteration ¢ € {1,...,r}, and we obtain the

probability P(k; € 1)) > 1—(C(p))" for each k; € P;(supp p) in step 1 and 2a of Algorithm 4.2
and 4.3 for the index set I(*), assuming that the sparsity parameter s > |suppp| and the
search domain I' O suppp. Note that this probability can be arbitrarily close to 1 if the
number r of detection iterations is sufficiently large. Similarly, the frequency detection for
ke (1(ht=1) 5 1) NP(,....t) (supp p) succeeds with probability P(k € Ity > 1—(C(p)”
for each k € (It~ x 1) N P(.,....t)(supp p), assuming that the sparsity parameter s >
lsupp p|, the search domain I' O suppp, I(7) = P (suppp) for 7 € {1,...,t} and I(»7) =
Pa,...ry(suppp) for 7 € {2,...,t —1}.

Finally, all non-zero Fourier coefficients pp # 0 of the multivariate trigonometric poly-
nomial p; and the corresponding frequencies k are successfully detected if the frequency
detections in the dimension increment steps t € {1,...,d} succeed. During the computations
in step 2 of Algorithm 4.2 and 4.3, the following cases may occur.

i. For a frequency k € (I(L-t=1 x 1)) N Pa,..p(T), we have 15(17,”7,5),,c # 0 and k €
P(,...t)(suppp), i.e., the detection of the frequency k was successful.

ii. For a frequency k € (I(h-t=1 x 1)) Pa,...p(T), we have ]5(17“_@7,6 = 0 but k €
P(.,....t)(suppp), i.e., the frequency k was considered but not recognized, and the detection
of the frequency k failed.

iii. For a frequency k € Py, 4 (suppp), we have k ¢ (1Lt =1) 5 10 NPa,..[T), ie., the
frequency k was not considered. This means the detection of the frequency k failed.

(a) For a frequency I € {0,..., M;—1}, we have ¢ # 0in (4.5) but Ak € I(L1=1) x 1)
such that k- (z1,...,2)" =1 (mod M,).

iv. For a frequency k € (It~ x 1)) N Pa,..p(I), we have 15(1,...,t),k # 0 but k ¢
P(,...,)(suppp), i.e., the frequency k was falsely detected.

As discussed before, we do not test the Fourier coefficients for zero/non-zero but if their
absolute values are below or above a certain threshold. Correspondingly, p(;,.. )k 7# 0 means

|Z§(1,...,t),k| > threshold_value and 13(1,...,1‘,),1@ = 0 means |Z§(1,...,t),k| < threshold_value.

et —1) 5

Case i is the optimal case where the frequency k was in the candidate list (I (
IM)N Pa,..1) (') and detected correctly.

In contrast, case ii means that the frequency also was in the candidate list but was wrongly
not included in the index set 11 of detected frequency locations. Similar to the discussion
for the computation (4.2), the fixed values x;_ , ..., 2}, € T influence the successful frequency
detection, see the aliasing formula (4.6). Again, we suggest to repeatedly evaluate (4.4) with
different randomly chosen values ;,;, ..., 2/, € T and compare the obtained index sets I (Lt)

of detected frequency locations. If all of them coincide, it is very likely that the case ii did
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not occur. Otherwise, we suggest to use the union of the obtained index sets It for the
computations that follow.

In case iii, at least one frequency k € Py, (supp p) is already missing in the candidate
list (I(-t=1) % 10y N P,...)(T'). Possibly, we will not be able to even notice this. If we
encounter case iiia, which is a special variant of case iii, we know that there exists at least one
frequency k := (l’j,',) € Pa.,...)(supp p) for which k ¢ (Tt =1) 5 (1) NPa,..»(T), but we do
not exactly know which and how many frequencies are affected by this. However, we know
that these frequencies are from the set {h € Py (I): h-(21,... ,z) " =1 (mod M)} for
Algorithm 4.2.

Furthermore, case iv may occur and is a consequence of having [ ® 2 Pi(suppp) in the
current (¢-th) dimension increment step or case iii in one of the preceding dimension increment
steps 1,...,t — 1. This means, in the current or one of the previous dimension increment
steps, at least one frequency was not detected. Moreover, we have (11 ¢ Pa,...t)(supp p).
However, we may not be able to notice that this case has occurred.

4.1.4 Number of samples and arithmetic complexity

In this section, we give upper bounds for the number of samples and for the arithmetic
complexity of Algorithm 4.2 and 4.3 in the case where the search domain I is the full grid CAJ?V,
see also [PV16, Section 2.2.3]. For computing the index set of detected frequencies for the ¢-th
component I®, ¢ =1,...,d, in the steps 1 and 2a of Algorithm 4.3, (2N +1) function samples
are taken and the one-dimensional FFT requires at most C; N log N arithmetic operations
in each detection iteration i € {1,...,r} for each ¢t € {1,...,d}, where the constant C; > 1
does not depend on N. This yields rd|GY| = rd (2N + 1) function samples and at most
CrdNlogN arithmetic operations for determining the frequency index sets 1), ... (4,
where C' > 1 is an absolute constant.

In step 2 of Algorithm 4.2 and 4.3 for dimension increment step ¢, the index sets I(H-t=1)
and I® consist of at most rs many frequencies. This yields that the index set I(1-t=1) x ()
consists of [I(1t=1) % TO| < r g ]é}\,] frequency candidates. The sampling set X' (1! con-
structed in step 2b of Algorithm 4.2 and 4.3 has the size |X(1)| = M;, where the rank-1
lattice size M; < max{2r?s?,3N} (2N + 1) due to Corollary 2.8. Calling Algorithm 2.1 in
step 2d requires no more than C7M;log M; + 2t!I(1""’t*1) X I(t)\ arithmetic operations for
each detection iteration i € {1,...,7} and each dimension increment step ¢t € {2,...,d}.

For each detection iteration ¢ € {1,...,r} and each dimension increment step ¢ € {2,...,d}
when searching for the next component z; of the generating vector z in step 2b in Al-
gorithm 4.2, the number of arithmetic operations is bounded by 3 |[I(0-t=1) x 1| M, <
375 (2N +1) max{2r2s?, 3N} (2N + 1), see the proof of Theorem 2.4. Moreover, reducing the
rank-1 lattice size My, e.g. by using [Kdm14b, Algorithm 3.5], requires no more arithmetic
operations.

At the end of step 2e, the index set I consists of no more than [I(10] <
rs frequencies. Consequently, when searching for the new reconstructing rank-1 lat-
tice A((z1,...,2)", My, I in the additional step 2f of Algorithm 4.2 and 4.3 for each
t €{2,...,d— 1}, the new rank-1 lattice size M; is bounded by max{2r?s?,3N} due to The-
orem 2.4. The number of arithmetic operations for the search of the next component z; of
the generating vector z is bounded by 3|I(h+8| M; < 375 max{2r2s?, 3N}, see the proof of
Theorem 2.4. Reducing the rank-1 lattice size M; requires no more than 37 s max{2r2s? 3N}
arithmetic operations.
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In total, this yields no more than
r(d — 1) max{2r?s* 3N} 2(N +1) +rd (2N + 1)
many samples for Algorithm 4.2 and 4.3 as well as
cd- (max{rgsgNQ, rs N3} + max{r3s>N,r N?} log(max{r?sN, NQ}))
arithmetic operations for Algorithm 4.2 and
Cd - (max{r’s®,r s N} + max{r®s>N,r N?} log(max{r’s*N, N*}))

arithmetic operations for Algorithm 4.3, where C' > 1 is an absolute constant. We remark
that a large contribution to the arithmetic complexity comes from the rank-1 lattice search,
in particular for Algorithm 4.2 in step 2b. Moreover, we have no exponential dependence in
the dimension d, neither for the number of samples nor the arithmetic complexity. Assuming
VN <5 < N? we require O(d s2N) many samples for both algorithms as well as O(d s> N?)
and O(d s + ds?Nlog(s N)) arithmetic operations for Algorithm 4.2 and 4.3, respectively.
In the case s < VN, we need O(d N?) many samples for both algorithms as well as O(d s N?)
and O(d N?log N) arithmetic operations for Algorithm 4.2 and 4.3, respectively.

Remark 4.1. If all detection steps in Algorithm 4.2 or 4.3 succeed, see also Section 4.1.3,
we can replace the sparsity parameter s in the sampling and arithmetic complexities by
the number |supp p| of non-zero Fourier coefficients pp # 0 of a multivariate trigonometric
polynomial p;. Assuming v N < [supp p| < N9, we require O(d [supp p|>N) many samples for
both algorithms as well as O(d |supp p|>N?) and O(d |supp p|> + d |supp|?N log(|supp p| N))
arithmetic operations for Algorithm 4.2 and 4.3, respectively. ]

4.1.5 Deterministic version

As described in [PV16], we do not need to use random sampling if the Fourier coefficients py,
k € supp p, of the multivariate trigonometric polynomial p; fulfill the property that the signs
of the real part Re(pg) of all Fourier coefficients pg are identical # 0 or that the signs of
the imaginary part Im(pg) are identical # 0. Then, we may set the number of detection
iterations r := 1, the sparsity parameter s := suppp as well as the (random) components
o, ..., 2! of the sampling nodes always to zero in Algorithm 4.2 and 4.3, by which both
algorithms become deterministic.

Because of the above choice of the components z,...,2/, := 0, the aliasing formula
in (4.3) simplifies to

ﬁt7kt = Z ﬁ(hl,‘..,ht_1,kt,ht_,_l,.‘.,hd)—r7
héeEsupp p
ht Ekt (mod Lt)
which means the one-dimensional projected Fourier coefficients for the ¢-th component are
simply sums of the corresponding Fourier coefficients pg of the multivariate trigonometric
polynomial p;, as well as the aliasing formula in (4.6) simplifies to

Pt = Z Dh.-

hEsupp p
((h1,eht) T—=k)-2=0 (mod My)
Consequently, if the Fourier coefficients py, fulfill the above assumptions, then aliasing Fourier
coefficients P, h, 1 ki hei1,hy)T OF Ph do not sum up to zero or very small values below
a certain threshold and the detection succeeds. However, for arbitrary Fourier coefficients
P € C, we rely on random sampling in both algorithms.
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4.1.6 Numerical results

The numerical results of this section were published in [PV16, Section 3]. An implementa-
tion of Algorithm 4.2 and 4.3 as well as MATLAB code for performing tests are available
online [Vol15]. Most of the numerical tests of this section were run on a computer with Intel
Xeon CPU E5-4640 CPU in MATLAB R2015b using IEEE 754 double precision arithmetic.
Time measurements were taken on a computer with Intel i7-970 CPU (3.2 GHz) using only
one thread.

4.1.6.1 Random sparse trigonometric polynomial in the noiseless case

We set the refinement N := 32 and construct random multivariate trigonometric polynomi-
als pr with frequencies supported within the full grid Gng. This means, we choose |supp p|
many frequencies uniformly at random from Gg2 C Z% and corresponding Fourier coefficients
P € [-1,1) + [=1,1)i, |px| > 107%, k € I = suppp. For the reconstruction of the multi-
variate trigonometric polynomials py, we choose the search domain I' := GgQ. We do not
truncate the frequency index sets of detected frequencies [ (Lot) ¢ e {2,...,d} here, i.e., we
set the sparsity parameter s := |I'| for Algorithm 4.2 and 4.3. The truncation of detected
frequencies may only be required if the samples are perturbed by noise, see Section 4.1.6.2,
or if we have infinitely many non-zero Fourier coefficients, see the 10-dimensional test func-
tion in Section 4.1.6.4. Alternatively, choosing the sparsity parameter s := |suppp| gives
the same results in the examples of this section. Moreover, we set the number of detection
iterations r := 1. All tests are repeated 10 times with newly chosen frequencies k and Fourier
coefficients pr. We start with tests for Algorithm 4.2.

Example 4.2. ([PV16, Example 3.1|, reconstruction of random sparse trigonometric poly-
nomials using Algorithm 4.2). We set the threshold parameter 6 := 10~'2. For the spar-
sities [suppp| € {1000,10000}, we applied Algorithm 4.2. In the cases [suppp| = 1000
and [suppp| = 10000, we ran the tests for dimensions d € {3,4,...,10,15,20,25,30} and
d € {3,4,5,6,7}, respectively. In each test, all frequencies were successfully detected,
IMd) = supp p. The used parameters and results are presented in Table 4.1. The column
“max cand.” shows the maximal number max;—s 4|/ (Lot=1) 5 1 (t)\ of frequency candidates
of all 10 repetitions and “max M” the overall maximal rank-1 lattice size used. Furthermore,
the total number of samples for each repetition was computed and the maximum of these
numbers for the 10 repetitions can be found in the column “#samples”. The relative {o-error
|(Pr)ker — (Pr)rerll2/|| (Pr)kerl|2 of the computed Fourier coefficients (P)gera.....a) was de-
termined for each repetition, where I := suppp U I(19 and ;5k =0for kel I(nd)
and the column “rel. fo-error” contains the maximal value of the 10 repetitions. In all tests,
the relative fy-error is smaller than 1.4 - 10~ and is caused by the utilized IEEE 754 dou-
ble precision arithmetic. The numbers of used samples “#samples” increase for increasing
dimensions d and sparsities |supp p| of the trigonometric polynomials p;. Compared to the
cardinality of the full grids |T'| = \G‘fv|, the observed numbers of samples are still moder-
ate. For sparsity |[suppp| = 1000, the largest increase of the maximal rank-1 lattice size
“max M7 is from dimension d = 3 to d = 4. For dimensions d > 5, the maximal number of
frequency candidates “max cand.” is 65000 and the maximal rank-1 lattice size “max M” is
between about 2.6 and 3.0 million. This is caused by the relatively large numbers of possible
frequencies |I'| = |G4,| = 65¢ and the small sparsity |suppp| = 1000, which cause that all
1000 non-zero Fourier coefficients pg # 0 are already detected in dimension-incremental step
t =4 or t =5 and that higher components z;, 5 < 7 < t, (except the highest component z)
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of the generating vector z := (z1,...,%)  of the reconstructing rank-1 lattices A(z, M,I)
are zero in most cases. Consequently, the numbers of used samples “#samples” increase by
about 2.6 to 3.0 million per additional dimension. Moreover, we have a similar behavior
for sparsity |suppp| = 10000 at dimensions d > 6, where the maximal rank-1 lattice size
“max M” is about 160 million and the numbers of used samples “#samples” increase corre-
spondingly per additional dimension. We remark that we may have found all non-zero Fourier
coefficients pr # 0 in a dimension-incremental step ¢ < 5, but we still need to continue with
remaining dimension-incremental steps ¢ > 6 in order to determine the higher components k;,

t € {6,...,d}, of the frequencies k. O

’ d ‘ |supp p| H IT| = |G4 | H max cand. max M H #samples H rel. ly-error
3 1000 274625 53 365 142870 145275 4.5e-16

4 1000 || 17850625 64 870 2331030 2472145 8.3e-16

5 1000 1.16e4-09 65000 2935419 4979314 8.9e-16

6 1000 7.54e+10 65000 2655816 7479265 7.0e-16

7 1000 4.90e+12 65 000 2685234 9905 378 6.2e-16

8 1000 3.19e+14 65000 2665578 11820279 7.8e-16

9 1000 2.07e+16 65 000 2690118 14 531 442 6.1e-16
10 1000 1.35e+18 65 000 2714623 16 986 369 1.3e-15
15 1000 1.56e+4-27 65 000 2827045 30461941 5.0e-16
20 1000 1.81e+36 65 000 2836998 42580 486 7.6e-16
25 1000 2.10e+45 65 000 2978 356 56 432 050 5.5e-16
30 1000 2.44e+54 65 000 2920928 68237645 4.3e-16
3| 10000 274625 143585 147810 150 280 5.0¢-16

4] 10000 || 17850625 | 629200 | 9023625 | 9165390 6.7¢-16

5 10000 1.16e4-09 649 740 | 137285053 || 146 360 548 1.3e-15

6 10000 7.54e+10 650000 | 162562853 || 309453235 1.1e-15

7 10000 4.90e+12 650000 | 159449641 || 453175172 9.7e-16

Table 4.1: ([PV16, Table 3.1]). Results for random sparse multivariate trigonometric poly-
nomials py, I C G4y, using reconstructing rank-1 lattices A(z, M, I) and Algorithm 4.2 when
considering frequencies within the search domain I' = G4,.

Next, we run tests for Algoritth 4.3, which internally performs less searches for recon-
structing rank-1 lattices A(z, M, I).

Example 4.3. ([PV16, Example 3.2], reconstruction of random sparse trigonometric poly-
nomials using Algorithm 4.3). We set the threshold parameter 6 := 10712, For the sparsities
|suppp| € {1000,10000} and dimensions d € {3,4,...,10,15,20,25,30}, we applied Al-
gorithm 4.3. In each test, all frequencies were successfully detected, 149 = suppp. The
numerical results are presented in Table 4.2, where the column names have the same meaning
as described in Example 4.2. The relative ¢y errors are similar to the ones for Algorithm 4.2
in Table 4.1. In this example, the maximal rank-1 lattice sizes M are larger compared to the
results for Algorithm 4.2 in Table 4.1, since the reconstructing rank-1 lattices A(z, M, I ) are
reduced by an additional search in step 2b of Algorithm 4.2 whereas they are explicitly con-
structed in Algorithm 4.3 without the reduction step, cf. Theorem 2.7. Correspondingly, the
total numbers of samples are slightly higher in this example compared to the results when
using Algorithm 4.2 for identical refinement N, dimension d and sparsity [suppp|. How-
ever, the runtime of the algorithms can differ significantly due to the additional search in
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Algorithm 4.2, see Example 4.4. As in Example 4.2, the maximal number of frequency candi-
dates “max cand.” is 65000 for sparsity |suppp| = 1000 and the maximal rank-1 lattice size
“max M” is now between about 2.7 and 3.1 million. Again, this is caused by the relatively
large numbers of possible frequencies |I'| = ]égg\ = 65¢ and the small sparsity |supp p| = 1000,
which cause that all 1000 non-zero Fourier coefficients pg # 0 are already detected in a
dimension-incremental step ¢t < 5 and higher components z,, 6 < 7 < ¢, (except the highest
component z) of the generating vector z of the reconstructing rank-1 lattices A(z, M, I) to
be zero in most cases. Consequently, the numbers of used samples “#samples” increase by
about 2.7 to 3.1 million per additional dimension. For sparsity [suppp| = 10000, we have
analogously 650000 maximal frequency candidates “max cand.” and the maximal rank-1
lattice size “max M” is now between about 192 and 204 million. Correspondly, the numbers

of samples increase by this for each additional dimension. O

’ d ‘ |supp p| H max cand. max M H #samples H rel. /o-error
6 1000 65 000 2761655 8139560 6.4e-16

7 1000 65 000 2795390 10953 150 4.8e-16

8 1000 65 000 3052335 13145275 9.1e-16

9 1000 65 000 2932085 16339115 8.0e-16
10 1000 65 000 3056 560 18674565 4.5e-16
20 1000 65 000 3056 560 46 572 500 4.4e-16
30 1000 65 000 3068000 73665475 6.2e-16
6 10000 650000 | 192287810 392 345 005 8.9e-16

7 10000 650000 | 194595570 572814190 6.8¢e-16

8 10000 650000 | 197127645 745706 455 8.9e-16

9 10000 650000 | 203 536 385 967031 390 5.8e-16
10 10000 650000 | 200068050 || 1132939795 9.0e-16
20 10000 650000 | 200385055 || 2959435895 7.4e-16
30 10000 650000 | 203592740 || 4924539 100 6.9e-16

Table 4.2: ([PV16, Table 3.2]). Results for random sparse trigonometric polynomials using
reconstructing rank-1 lattices A(z, M,I) and Algorithm 4.3 when considering frequencies
within the search domain I' = G4,.

Next, we compare the runtimes of both algorithms for certain parameter choices.

Example 4.4. ([PV16, Example 3.6], runtimes of Algorithm 4.2 and 4.3). In Table 4.3,
we compare the runtimes for Algorithm 4.2 and 4.3. For both algorithms, we consider the
runtimes for the reconstruction of multivariate trigonometric polynomials p; with sparsity
|suppp| = 1000} and frequencies k supported within the d-dimensional full grid G’ﬁl\, of
refinement N = 32 and dimensions d € {6,10}. For Algorithm 4.3, we additionally consider
the sparsity |supp p| = 10000. The tests for each method and set of parameters were repeated
10 times. We present the results in Table 4.3. The “total runtime” was measured without the
time required for sampling the multivariate trigonometric polynomials p;. We observe that
the total runtimes when using Algorithm 4.3 are dramatically smaller by about two orders of
magnitude compared to Algorithm 4.2. The reason for this behavior is that in Algorithm 4.3
only one reconstructing rank-1 lattice A(z, M, I ) for the index set of detected frequencies
I = 10et) | 1(hb)| < 5 s searched for in the additional step 2f in each dimension increment
step t € {2,...,d}, whereas an additional reconstructing rank-1 lattice for the index set of
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frequency candidates I(1-'=1) x () ig searched for in step 2b of Algorithm 4.2. This is
apparent from the runtimes required for the rank-1 lattice constructions in column “time

lattice search” in Table 4.3. L]
time lattice search total runtime
(in s) (in s)
method d | |suppp| || min max ‘ avg || min max ‘ avg

Algorithm 4.2 | 6 1000 || 191 247 215 || 193 249 | 217
Algorithm 4.3 | 6 1000 0.3 04 0.4 20 26| 2.2

Algorithm 4.2 | 10 1000 || 608 746 662 || 612 751 | 667
Algorithm 4.3 | 10 1000 | 0.6 0.8 0.71 3.8 49| 44
Algorithm 4.3 | 6 10000 63 215 133 || 168 324 | 231
Algorithm 4.3 | 10 10000 || 137 359 263 || 430 652 | 566

Table 4.3: Runtimes for random sparse multivariate trigonometric polynomial p; using Al-
gorithm 4.2 and 4.3.

In all our examples, the frequency detections succeeded and the Fourier coefficients py
were reconstructed exactly up to a small error caused by the used IEEE 754 double precision
arithmetic. Algorithm 4.2 and 4.3 worked very well for the reconstruction of sparse high-
dimensional trigonometric polynomials py.

4.1.6.2 Random sparse trigonometric polynomial with complex Gaussian noise

Next, we test the robustness of our method from Section 4.1.2 to noisy samples. We construct
random multivariate trigonometric polynomials p; with frequencies supported within the d-
dimensional full grids C;’?V C Z% of refinement N € N and dimension d € N. In doing so,
we randomly choose |supp p| many frequencies k € G"Ji\, and we set the corresponding Fourier
coefficients py, 1= 2™k € C, |pg| = 1, k € I = supp p, where the angles ¢, € [0, 1) are chosen
uniformly at random. For the reconstruction of multivariate trigonometric polynomials py,
we only assume suppp C I' := C;‘ﬁlv We perturb the samples pr(x;) taken at nodes x; € T¢,
7=0,...,M — 1, of the multivariate trigonometric polynomial p; by additive complex white
Gaussian noise 7; € C with zero mean and standard deviation o, i.e., we have measurements
f(x;) = pr(x;) + n;. Then, we may approximately compute the signal-to-noise ratio (SNR)
in our case by

M-—1 ~ ~
Zj:o ’p[(wj)’2/M - Zkesuppﬁ‘pk‘Z B ‘Suppp|

SNR ~ ~
S my2 /M o’ o

Correspondingly, we choose o := +/|supp p|/VSNR for a targeted SNR value. For our nu-
merical tests in MATLAB, we generate the noise by n; := 0/v/2 * (randn + li*randn),
j=0,...,M—1. The SNR is often measured using the logarithmic decibel scale (dB), where
SNRgp = 10log;; SNR and SNR = 105NRas/10 i o a linear SNR = 10® corresponds to a
logarithmic SNRgg = 80dB and SNR = 1 corresponds to SNRgg = 0dB.

Example 4.5. ([PV16, Example 3.15|, reconstruction of random sparse trigonometric poly-
nomials using Algorithm 4.3, where the samples are perturbed by additive complex Gaus-
sian noise). We choose the dimension d := 10, the refinement N := 32 and the sparsity
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SNRgg | noise o | #detect. #samples | min #freq. success rate rel.

iter. r correct (all freq. correct) | fa-error

80 3.2e-03 1 22216 155 998 0.995 4.5e-02
70 1.0e-02 1 23004475 998 0.986 4.5e-02
60 3.2e-02 1 22 381905 998 0.974 5.5e-02
50 1.0e-01 1 22533615 996 0.893 7.1e-02
40 3.2e-01 1 22434 295 994 0.722 8.4e-02
30 1.0e+00 1 22662 055 988 0.319 1.2e-01
20 3.2e+00 1 22646 975 979 0.032 1.5e-01
50 1.0e-01 2 49597 275 1000 1.000 7.5e-05
40 3.2e-01 2 55243 565 998 0.998 4.5e-02
30 1.0e+00 2 41881645 998 0.994 5.5e-02
20 3.2e+00 2 42064 815 996 0.933 7.7e-02
10 1.0e+4-01 2 41512185 990 0.465 1.1e-01
0 3.2e+401 2 43322695 942 0.000 2.5e-01
40 3.2e-01 3 61 300 655 1000 1.000 2.3e-04
30 1.0e+00 3 61847 825 1000 1.000 7.1e-04
20 3.2e+00 3 61477195 998 0.998 4.5e-02
10 1.0e+01 3 60 542 365 996 0.936 6.4e-02
0 3.2e401 3 61832225 984 0.015 1.4e-01
20 3.2e+00 4 82104 165 1000 1.000 2.4e-03
10 1.0e+01 4 80312115 998 0.997 4.5e-02
0 3.2e+01 4 81618 355 994 0.442 9.1e-02
20 3.2e+00 5 101 459 605 1000 1.000 2.3e-03
10 1.0e+01 5 99610745 1000 1.000 7.3e-03
0 3.2e4+01 5 98 090 005 997 0.869 7.4e-02

Table 4.4: ([PV16, Table 3.18]). Results for random sparse multivariate trigonometric poly-
nomials p; with sparsity |supp p| = 1000 perturbed by additive white Gaussian noise, when
using reconstructing rank-1 lattices A(z, M, I) and Algorithm 4.3.

|supp p| = 1000. We apply Algorithm 4.3 and we set the search domain I' := G%g, the spar-
sity parameter s := 1000 as well as the threshold parameter § := 10~'2. The algorithm is
run setting the number of detection iterations to r := 1,2,3,4,5 and using the SNR values
SNRgp := 80,70,...,10,0 (which corresponds to SNR = 10%,107,...,10,1). For each of
these 45 test settings, Algorithm 4.3 is repeatedly run 1 000 times. In each of the total 45000
test runs, new random frequencies k and Fourier coefficients py are drawn. A selection of the
test results is presented in Table 4.4. The total number of samples for each of the 1000 repe-
titions was computed and the maximum of these numbers for each test setting can be found
in the column “#samples”. In the column “min #freq. correct”, the minimal number of cor-
rectly detected frequencies |1 (1-510) A supp p| for the 1000 repetitions is shown, where supp p
denotes the set of true (input) frequencies of a trigonometric polynomial p; and I (1,--510) the
frequencies returned by the detection algorithm. The column “success rate (all freq. correct)”
represents the relative number of the 1000 repetitions where all frequencies were successfully
detected, I(-19) = supp p. Moreover, the relative lo-error ||(pr)rer — (Br)kerll2/ || (Pr)rerll2

,,,,,



4.1 PERIODIC CASE — RANK-1 LATTICE SAMPLING 143

I :=supp pUI®--10) and py, := 0 for k € [\[(17---,10)’ and the column “rel. fo-error” contains
the maximal value of the 1000 repetitions. For test settings with larger SNR values, which
are not shown in Table 4.4, all frequencies in all 1000 repetitions where correctly detected,
i.e., the column “min #freq. correct”=1000 and “success rate”=1.000. In general, we ob-
serve that for decreasing SNR values, the minimal numbers of correctly detected frequencies
and the success rates decrease. When using » = 1 test iterations, there were always some
(of the 1000 test runs), where one or two frequencies were incorrect. However, in all test
runs of all test settings, more than 77 percent of the frequencies were correctly detected, even
for the case SNRgp = 0 (SNR = 1) where the signal level may approximately correspond to
the noise level. When we increased the number of detection iterations r, the SNR level at
which all frequencies in all of the 1000 test runs were correctly detected also decreased. For
instance for r = 5 detection iterations, the success rate was at 100 percent including the case
SNRgg = SNR = 10. However, we require about 5 times of the samples for r = 5 detection
iterations compared to the test settings with » = 1 detection iteration. O

4.1.6.3 Symmetric weighted hyperbolic cross

Next, we reconstruct multivariate trigonometric polynomials p; with frequencies supported
on weighted hyperbolic crosses I = IX,’O"Y, where we only assume that the search domain I' is
the d-dimensional full grid CAJ‘I{, of refinement N.

Example 4.6. ([PV16, Example 3.7], reconstruction of hyperbolic cross trigonometric poly-
nomials using Algorithm 4.2 and 4.3). All tests are repeated 10 times with different randomly
chosen Fourier coefficients pg, € [—1,1) +[—1,1)i, |pr| > 107°, k € I, for weighted hyperbolic
cross frequency index sets I = Ij'f,’o"y. We set the number of detection iterations r := 1 and
the threshold parameter @ := 10~'2. Moreover, we set the sparsity parameter s := [['|, i.e.,
we do not truncate the frequency index sets of detected frequencies I(11) t {2,...,d}.
The considered refinements N, dimensions d and weight parameters ~ are shown in Table 4.5.
We apply Algorithm 4.2 and 4.3 on these test cases. In all tests, all the frequencies were suc-

cessfully detected, I(hd) = []%’077, and the Fourier coefficients (P ), 4.0~ Were computed
N

correctly up to small numerical errors caused by the used IEEE 754 double precision arith-
metic. We depict the results for Algorithm 4.3 in Table 4.5, where the columns have the same
meaning as in Example 4.2. When using Algorithm 4.2, we obtain almost identical results
with about 5 to 10 percent smaller maximal rank-1 lattice sizes “max M” and total number
of samples “#samples”. O

4.1.6.4 Tensor-product function

Next, we apply our method from Section 4.1.2 to a multivariate periodic function f: T¢ — C,
which is not sparse in frequency domain. In doing so, we consider the function f: T'® — R,

. mo)) = [ M)+ [ M@)o+ [ Ne), (4.7)
t{1,3,8} t€{2,5,6,10} te{4,7,9}
where N,,, : T — R is the B-Spline of order m € N,

Nm($) =C, Cos(ﬂ'k;) sinc Ek m e27rikac’
2 (")

{Sin(y)/y for y # 0,

sinc =
) 1 for y =0,
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N| d| 7 |I]C\l,’()"y max cand. | max M || #samples || rel. fo-error
32| 6080 | 11593 173397 | 990990 1745779 2.1e-16
32| 81080 | 15477 197081 | 1338974 4360512 5.0e-16
32 110 | 0.80 || 16871 197081 | 1430231 6961062 5.5e-16
16 | 10 | 0.87 || 22953 200541 | 1358148 5032 864 6.3e-16
16 | 15 | 0.87 || 25963 200541 | 1358148 || 10175387 7.3e-16
16 | 20 | 0.87 || 26185 200541 | 1358148 || 12687242 7.6e-16
32 | 10 | 0.84 || 40387 531145 | 5337879 || 23712165 3.4e-16
32 | 15| 0.84 || 44201 531145 | 5337879 || 41732585 2.6e-16
32 120 | 0.84 || 44433 531145 | 5337879 || 49777589 2.7e-16

Table 4.5: ([PV16, Table 3.8]). Results for trigonometric polynomials with frequencies sup-
ported on symmetric weighted hyperbolic crossfﬁ;oﬁ with weights v = (1,7v2,73, - . . ,'yg_l)T
using reconstructing rank-1 lattices A(z,M,I) and Algorithm 4.3 with search domain

I =GYg.

and Cy, > 0is a constant such that || V,,|L2(T)|| = 1. We remark that the factor cos(mk) sim-
ply causes a shift by 1/2 and consequently N, has its maximum at x = 1/2. We approximate
the function f by multivariate trigonometric polynomials p;.

First, we compute reference results with Algorithm 2.4 using rank-1 lattice sampling.

Example 4.7. ([PV16, Example 3.12], s-sparse approzimation using Algorithm 2.4). In this
example, we compute reference results which we compare with the dimension-incremental
method from this chapter in a later example. For this, we have to choose frequency index
sets I which contain the (approximately) largest Fourier coefficients fk of the test function f.
Due to the tensor product structure of our test function f as defined in (4.7), we use hyperbolic
cross index sets I = I}\?’O’l = {k c 7% 1‘[,}21 max(1, |k:|) < N}, of refinement N = 4,8, 16,
and the corresponding reconstructing rank-1 lattices A(z, M, I}\?’O’l) from Table 2.5. We
sample the function f at the rank-1 lattice nodes x; and compute all approximated Fourier
coefficients ka, k € I}VO’O’I. Then, we use sparsity s = 1000, 2000, 3000, 4000 many of the
largest of these approximated Fourier coefficients ka and obtain the approximated Fourier
partial sums S/ f of the function f. We compute the relative Lo(T'?) sampling errors || f —
SAFILo(TYO)||/1| £|L2(T10)|| and the results are shown in Table 4.6. We observe that the
relative Ly(T'%) sampling errors do not decrease further when we use sparsity s = 3000
instead of s = 2000 for the considered refinement N = 4,8,16. The reason for this is that
the number of non-zero Fourier coefficients fk # 0 is small and the sampling error f — S IA f
is limited by the truncation error f — S;f. Moreover, the number of used samples is already
larger than 2 billion for refinement N = 16. 0

Next, we determine a frequency index set I = I(-10)  T' and compute approximated

Fourier coefficients pg, k € I, from sampling values of f using Algorithm 4.2, where the search
space I is chosen as the 10-dimensional full grid é}g of refinement N. For numerical results
with Algorithm 4.3, we refer to [PV16, Section 3.3]. We expect the frequency index set I to
“consist of” three manifolds, a three-dimensional hyperbolic cross like structure in the dimen-
sions 1, 3, 8, a four-dimensional hyperbolic cross like structure in the dimensions 2, 5,6, 10 and
a three-dimensional hyperbolic cross like structure in the dimensions 4, 7,9. Furthermore, the
cardinality |I| should be O(N log® N) and the largest rank-1 lattice of size M = O(N?log? N).
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N | sparsity |7 ]1\?’0’1 | || M = #samples || rel. Lg-error
4 1000 2421009 30780958 3.8e-02
41 2000 2421009 30780958 3.8e-02
8 1000 10819089 194144 634 1.4e-02
8 2000 10819089 194144634 1.1e-02
8 3000 10819089 194144 634 1.1e-02

16 1000 45548 649 2040484044 1.2e-02

16 2000 45548 649 2040484044 4.3e-03

16 | 3000 45 548 649 2040484044 3.6e-03

16 4000 45548 649 2040484044 3.6e-03

Table 4.6: ([PV16, Table 3.14]). Relative Lo(T'?) sampling errors for function f: T!® — R
from (4.7) for Algorithm 2.4 when only considering frequencies k within the hyperbolic cross
r— 7001

N

All tests were run 10 times and the relative Ly(T!) approximation error

kel kel

1 = Sr LTI/ FILa(TO)]| = \/||er2 (T10)2 = 37 1 ful2 + 3 1o — fal?/ 1 F1L2(T20)]

is computed, where the approximated Fourier partial sum S; [ =2 ker ﬁk e2mik-o

Example 4.8. (See also [PV16, Example 3.13], approzimation of a function using Algo-
rithm 4.2 and 4.3 with minor modifications). We describe minor modifications to Algo-
rithm 4.2 and 4.3 to handle functions with infinitely many non-zero Fourier coefficients f #0
better. For the truncation of the one-dimensional index sets I®) of frequency candidates for
component t, t € {1,...,d}, the relative threshold parameter 6 :=“threshold” /10 is used,
whereas 0 :=“threshold” is used for all other truncations. We apply this modified version of
Algorithm 4.2 on our test function f from (4.7). We choose the search domain I' = G64 as
the full 10-dimensional grid of refinement N = 64, which consists of || = |G| ~ 1.276- 102!
frequency candidates. We set the number of detection iterations r := 10. Moreover, the spar-
sity parameter s € N is set to |['|, i.e., we do not additionally truncate the frequency index
sets I(1-1) in Algorithm 4.2. The results for “threshold” values € {1072,1073,...,107%} are
shown in Table 4.7. We observe that the numbers of used frequencies || and the numbers of
used samples “#samples” are distinctly lower for similar Ly(T!?) approximation errors com-
pared with the results of rank-1 lattice sampling in Table 4.6. We successfully determined

about 7400 approximated Fourier coefficients fk of out about 1.276 - 102! possible ones using
about 132 million samples of the function f and we achieve a relative Ly(T!?) approximation
error which is about one order of magnitude lower than using rank-1 lattice sampling as in
Example 4.7 with about 2 billion samples. Additionally, we apply the modified version of
Algorithm 4.3 and the results are shown in Table 4.8. We observe that the obtained Lo(T!Y)
approximation errors and total numbers of samples are similar. O

Until now, we have only assumed that the search domain I' is a large 10-dimensional full
grid Glo If we restrict the search domain I' to a hyperbolic cross I 10,0.1 , we can reduce the
numbers of required samples distinctly.
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’ N ‘ threshold H || H max cand. max M H #samples H rel. Lo-error
64 1.0e-02 493 3885 19201 327689 1.3e-01
64 1.0e-03 1109 25039 191 307 2551143 1.1e-02
64 1.0e-04 3009 135321 966 241 17198 228 2.0e-03
64 1.0e-05 7435 285735 | 10633082 || 132285922 4.8e-04
64 1.0e-06 || 20721 1187379 | 104739006 | 949519 196 4.1e-04

Table 4.7: Results for approximation of function f: T — R from (4.7) using Algorithm 4.2
when considering frequencies k within I' = G]l\([). “#samples” means worst case number of
function evaluations for 1 test run (out of the 10 runs).

N | threshold || || max cand. max M #samples || rel. L%-error
64 1.0e-02 493 3885 21047 338630 6.8e-02
64 1.0e-03 || 1113 24893 224589 3079656 1.1e-02
64 1.0e-04 3013 127839 | 1119994 17437584 2.0e-03
64 1.0e-05 7405 290895 | 10409782 || 155282274 4.8e-04
64 1.0e-06 || 20637 1178955 | 98868166 | 980232256 4.1e-04

Table 4.8: Results for approximation of function f: T'® — R from (4.7) using Algorithm 4.3
when considering frequencies k within I' = G}@. “#samples” means worst case number of
function evaluations for 1 test run (out of the 10 runs).

Example 4.9. (See also [PV16, Example 3.14], approzimation of a function using Algo-
rithm 4.2 with minor modifications and restricting the search domain I' = Ij'\l,’o’l). We apply
Algorithm 4.2 with the minor modifications described in Example 4.8 on the test function f
from (4.7). As search domain I', we use the symmetric hyperbolic cross frequency index
of refinement N := 64. The used parameters and obtained results are presented
in Table 4.9. We observe that the number of used samples is distinctly lower for comparable

numbers |I| of used approximated Fourier coefficients fi, and comparable relative Ly(T%) ap-
proximation errors compared to the results in Table 4.7. For instance for “threshold”= 107,
we only require about 22 million samples to obtain about 6900 approximated Fourier coef-

ficients fk yielding a relative Lo(T¢) approximation error of 5.1 - 10™* compared to about

132 million samples to obtain about 7400 approximated Fourier coefficients fk yielding a

relative Lo(T?) approximation error of 4.8 - 1074, O
N | threshold |1 ]1\,0’0’1 | |I| || max cand. | max M || #samples || rel. Lo-error
64 1.0e-02 || 696 036 321 493 3613 17222 316 144 6.5e-02
64 1.0e-03 || 696036321 | 1111 10407 99815 || 1653252 1.1e-02
64 1.0e-04 || 696036321 | 3009 27567 598 638 7794193 1.7e-03
64 1.0e-05 || 696036321 | 6925 46435 | 2465161 || 22479540 5.1e-04
64 1.0e-06 || 696036321 | 14179 67497 | 5062313 || 49241549 4.2e-04

Table 4.9: Results for function f: T — R from (4.7) for Algorithm 4.2 when only consid-
ering frequencies k within I' = 111\9’0’1. “#samples” means worst case number of function
evaluations for 1 test run (out of the 10 runs).
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As we have seen in the numerical examples of Section 4.1.6, we can easily apply the
methods from Section 4.1.2 for the exact reconstruction of multivariate trigonometric poly-
nomials p; from samples along reconstructing rank-1 lattices A(z, M, I ) when the frequency
index set I C Z¢ is unknown and only a (possibly very large) superset I' O I is known. These
methods were also applied to the approximation of a 10-dimensional periodic function f by

an approximated Fourier partial sum with its largest approximated Fourier coefficients fk.

In the next section, we transfer these results from the periodic case to the non-periodic
case using the approach from Chapter 3.

4.2 Non-periodic case — rank-1 Chebyshev lattice sampling

Next, we adapt our dimension-incremental reconstruction method from Section 4.1 for the re-
construction of multivariate algebraic polynomials in Chebyshev form a; from samples along
rank-1 Chebyshev lattices CL(z, M). In the non-periodic case, we proceed analogously to
the periodic case. In principle, we replace one-dimensional FFTs by DCTs, rank-1 lattice
sampling by rank-1 Chebyshev lattice sampling and Algorithm 2.1 by Algorithm 3.2. In Sec-
tion 4.2.1, we describe the changes in detail and obtain Algorithms 4.4 and 4.5 as non-periodic
versions of the periodic dimension-incremental reconstruction methods from Section 4.1. In
Section 4.2.2, we present numerical results which demonstrate the effectiveness and possibili-
ties of the proposed non-periodic dimension-incremental reconstruction method for the exact
reconstruction of sparse multivariate algebraic polynomials in Chebyshev form a; and the
approximation of a 9-dimensional test function f: [~1,1]° — R.

4.2.1 Method

As mentioned above, we are going to adapt the dimension-incremental projection method
from Algorithm 4.1 in Section 4.1.1 for the non-periodic case. In detail, we modify the
steps of the dimension-incremental reconstruction Algorithm 4.2 to be able to reconstruct
multivariate algebraic polynomials in Chebyshev form a; from samples along reconstructing
rank-1 Chebyshev lattices CL(z, M, I ). This yields Algorithm 4.4. In the following, we
describe the adaption step-by-step.

Analogously to applying a one-dimensional FFT for the computation of one-dimensional
projected Fourier coefficients for the ¢-th component (4.2) in step 1 and 2a in Algo-
rithm 4.2, we apply a one-dimensional DCT-I in Algorithm 4.4. In detail, we choose values
o, 2, ..., 2l € [—1,1] uniformly at random and compute the one-dimensional
projected Chebyshev coefficients for the ¢-th component

- 2(ep')? &

- T Ik
gy, = Z(let)2 ar (m’l, AR cos(Liﬂ), Tyiq,- - ,:cél) cos | —m (4.8)
Ly i Ly

=0
9(cLty2 Lt d
= (lfjt) Z(elLt)2 Z ap, Hcos(hT arccos(x”.))
t =0 hesupp a

T=1
TH#L

lk
- cos (ht arccos(cos(ﬁw))) cos (Ltw) , ke € P(D).
t
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Algorithm 4.4 Dimension-incremental reconstruction of a multivariate algebraic polynomial
in Chebyshev form a; from samples for unknown frequency index set I C I' C Ng.

Input: I'c Ng search domain for frequencies k, superset for supp a
ar(o) multivariate algebraic polynomial in Chebyshev form a; as
black box (function handle)
0 e (0,1) relative threshold
seN sparsity parameter
reN number of detection iterations
(step 1)
Set Ly := max(Py(T")), IV := 0, 2 :== 1.
fori:=1,...,r do
Choose /. € [—1, 1] uniformly at random for 7 = 2,...,d.
Liy2
Compute a j, := 2(6]2) o(ei)? ag <COS(LL17T),.%/2,...,Q?&> cos <lk1 ) ki € Pi(I),

with 1d DCT-I.
IW = 1O Y {ky € P1(T): (up to) s-largest values |ai x| > 0 - Maxy cp, | 1k1]}
end for i
Determine Sy := min {m € N: |{k; mod m: k; € M(IM)}| = 1MW)}
Set M := 5.

(step 2) for t:=2,...,d do
(step 2a) Set L; := max(P(T)), I) := 0.

fori:=1,...,r do
Choose /. € [—1,1] uniformly at random for 7 =1,...,t —1,t+1,....d.
~ Q(ELt)Q Ly L
Compute arp, = —7— > (g 2ar <x’1, o ,xi_l,cos(iﬂ),:ngﬂ, . ,x&) cos (%7‘(‘),

ks € Pt(F), using 1d DCT-I.
Set 1) := 1) U {k;, € Py(T): (up to) s-largest values |asp,| > 0 - mMaxp cp, (1) \ét AN
end for i 7
r fort <d,

tep 2b) Set 7 :=
(step 2b) Set 7 {1 for t — d.

Determine S, := min {m € N: |{k; mod m: k, € M(IV)}| = \}
Build reconstructing rank-1 Chebyshev lattice CL(z, M;, I) for I = (I0t=1) 5 1Y 0
P,...)(T') via reconstructing rank-1 lattice A(z,2M;, M(1 [)), cf. Theorem 3.4 and Corol-
lary 3.6:

Set initial M, := 2 - M;_; - S, cf. Theorem 2.7.

Search for z; € {0,..., M; — 1} such that property (2.27) is fulfilled for M(I).

Reduce rank-1 lattice size M; € 2N with reconstruction property (2.27) fulfilled.

Set size parameter M; := Mt/Q.

fori:=1,...,7do
Choose . € [~1,1] uniformly at random for 7 =¢+1,...,d.
Set X(1t) = (g 1= (cos(§m21), - - - s COS(FET2t) Tpyy,s - - - )i =0, M}

(step 2¢) Sample multivariate algebraic polynomial in Chebyshev form a; at the nodes of the
sampling set X1,
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Algorithm 4.4 continued.
(step 2d)
Compute a; := 2?42150<€Mt)2 ar(x;) cos ( ) l=0,...,M;, with 1d DCT-L.
27(e)"t)? él
My |[{me M,({1}t): (m© k) - zemod M; =1}’
(IG5 IOy APy (T) with 1=k - zemod M.
(step 2e)

Compute (:1(17...7t)’k = for k €

77777 NPa.. () |a(1,...,t),fc|-
Set [t := L) Y {k € (IG1) x IOY APy (T):
(up to) s-largest values ’é(l,...,t),k| > absolute_threshold}.
end for i
(additional step 2f)
If t < d, build (possibly) smaller reconstructing rank-1 Chebyshev lattice CL(z, M, I(H-1)
via reconstructing rank-1 lattice A(z, 2M;, M(I0-1)) for I(t):
Search for new z € {0, ..., M, — 1} where property (2.27) is fulfilled for M (I(-1)).
Reduce rank-1 lattice size M; € 2N with reconstruction property (2.27) fulfilled.
Set size parameter M; := Mt/2.
end for ¢
Output: 1) Ng index set of detected frequencies

a = (6(17...,d),k) e R corresponding Chebyshev coefficients

Using orthogonality relation (3.20), we continue

B 2ekt)2 L Ih Ik
g, = Z an HTh ( kt) Z(ElLt)2 cos (Ltt >COS (L:TF>

. t
heEsupp a =0
pp T;ﬁt

5(ht emod L¢),k¢

A / / / T
= Z ah T(hl7---7ht—17ht+17---7hd)T ((.f]_7 “ e 7xt_17xt+17 “ e 7m'd) ) fOI" kt € Pt(F).

hesupp a
ht emod Lt = kt

(4.9)

Similar to the aliasing formula (4.6) from the periodic case, we may regard each coeffi-
cient a, k, as the evaluation of a (d — 1)-dimensional algebraic polynomial in Chebyshev form
ark, =y, (%) at the node & := (2,...,2,_, 2}, 1,...,2) " € [~1,1]%"L.

Analogously to applying Algorithm 2.1 in step 2d of Algorithm 4.2 for the computation
of t-dimensional projected Fourier coefficients for the first ¢ components (4.4), we apply
Algorithm 3.2 in step 2d of Algorithm 4.4 and compute t-dimensional projected Chebyshev
coefficients for the first ¢ components

X 2d( lMt)Q C:Lkhzemoth =

= kel
HL,et) b M;  |[{me M,({1}t): (m O k) - zemod M; = k - zemod M;}|’ ©

Here, the coefficients a; := ijto( M’f)2 ar(x;) cos (M 7T) l=0,..., M, result from a one-
dimensional DCT-I applied to samples of the multivariate algebralc polynomial a; at the
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nodes x; = (Tj1,..., %4 Tyyq,...,2y) ", where (zj1,...,2;,)" are the nodes of a recon-
structing rank-1 Chebyshev lattice CL(z, My, I) for I := (I0-t=1) x 1®) N Pa,...p(I) and
ve{l,...,d}.
Since we have
M i
= . M,
a; = Z(sj 92 ay(x;) cos (MTF>
7=0
My t d ]l
_ M2 ~ j /
= Z(gj ") Z Aah (H cos(h”\f[thT)> ( H ThT(SL'T)> cos <M7T>
7=0 hesupp a T=1 T=t+1
d M t jl
B N / M2 J
= Z Aah ( H ThT(xT)> Z(gj 5 <H cos(hTMtﬂ'zT)> cos (MW>
héEesupp a T=t+1 7=0 =1
d
3.32 .
2 Y. ( I1 Th7($9)>
heEsupp a T=t+1
'Mt ‘{m e M, ({1}Y): (m@ (hq, .. .,ht)T) - zemod M; = l}‘
9d (glMt)Q
for [ =0,..., My, the aliasing formula
X ~ T
a(lv“'vt)vk = Z ah T(ht+17---7hd)T ((x;»"v‘l’ e 7x:1) )

hesupp a
}{m e M,({1}): (m ©® (hi,y. .., ht)T) -zemod M; =k - zemoth}‘
' {m e M,({1}): (m ® k) - zemod M; = k - zemod M, }|

follows for k € (I0-t=1) x 1M) N P,...)(I'), which corresponds to aliasing formula (3.31)
) when setting k’ := (hy,..., h)". If
the conditions /(=1 =P, ;) (suppa) and I() = Py(supp a) are fulfilled, this simplifies
to

with the additional term T{p,, ., )7 (@41, -5 7))

X N T
a,..t),k — Z ah T(ht+1,...,hd)T ((95:&+1a e 73321) ) :

hesupp a
(h1yesht) T=k

For building the reconstructing rank-1 Chebyshev lattices CL(z, M,I) in Algorithm 4.4,
we use Theorem 3.4 and Algorithm 2.2, i.e., we build a reconstructing rank-1 lat-
tice A(z,2M, M(I)) for the extended symmetric index set M(I). Alternatively, one may
use the direct CBC construction method from Algorithm 3.3 for building a reconstructing
rank-1 Chebyshev lattices CL(z, M, ). This approach is described as Algorithm 4.5.

Remark 4.10. As discussed in Section 4.1.5 for the periodic case, we may use a deterministic
version of Algorithm 4.4 or 4.5, when all Chebyshev coefficients ag, k € I, of a multivariate
algebraic polynomial in Chebyshev form aj are either non-negative or non-positive. We obtain
this deterministic dimension-incremental reconstruction method by setting the number of
detection iterations r := 1 and choosing the nodes /. := 1 in the steps 1, 2a and 2b. 0
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Algorithm 4.5 Dimension-incremental reconstruction of a multivariate algebraic polynomial
in Chebyshev form a; from samples for unknown frequency index set I C I' C Ng with direct

search for reconstructing rank-1 Chebyshev lattices CL(z, My, I).
Modifications of Algorithm 4.4:

Set Si := min {m € N: |[{k; mod (2m): k1 € M(IM)}| = IM(IW)|}. Set M; := Sy.
(step 2) for t:=2,...,d do

fort <d
(step 2b) Set 7 := no ’
1 fort=d.

Set Sy := min {m € N: [{k; mod (2m): ky € M(IV)}| = |M(I®)[}. Set (1) := (.
Build reconstructing rank-1 Chebyshev lattice CL(z, M, I)
for T := (1041 x [0) APy (D), = € N
Set initial My :=4 - M;_q - S;.
Search for z; € {0, ..., M;} such that reconstruction property (3.22) is fulfilled,
increase size parameter M; if necessary.
Reduce size parameter M; with reconstruction property (3.22) fulfilled.
fori:=1,...,7 do
(additional step 2f)
If ¢ <( d, b)uild (possibly) smaller reconstructing rank-1 Chebyshev lattice CL(z, M;, I(1-1)
for I(1mb).
Search for new z; € {0, ..., M; — 1} where reconstruction property (3.23) is fulfilled.

Reduce size parameter M; with reconstruction property (3.23) fulfilled.
end for ¢
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4.2.2 Numerical results

An implementation of Algorithm 4.4 and 4.5 as well as MATLAB code for performing tests
are available online [Voll6a]. The numerical tests of this section were run on a computer with
Intel Xeon E7-4880 CPU in MATLAB R2015b using IEEE 754 double precision arithmetic.

We set the refinement n := 32 and construct random multivariate algebraic polynomials
in Chebyshev form a; with frequencies supported within the d-dimensional full grid G’gg.
This means, we choose |supp | many frequencies uniformly at random from GgQ C Ng and
corresponding Chebyshev coefficients ap € [~1,1], |ag| > 1076, k € I = suppa. For the
reconstruction of the multivariate algebraic polynomials in Chebyshev form a;, we choose
the search domain I' := @gQ. We do not truncate the frequency index sets of detected
frequencies 111 ¢t € {2,...,d}, i.e., we set the sparsity parameter s := || in Algorithm 4.4
and 4.5. As discussed in Section 4.1.6.1, we may alternatively set the sparsity parameter
s := |supp a| and obtain the same results. Moreover, we set the number of detection iterations
r := 1. All tests are repeated 10 times with newly chosen frequencies k and Chebyshev
coefficients ag. First, we test Algorithm 4.4.

Example 4.11. (Sampling along reconstructing rank-1 Chebyshev lattices constructed via
reconstructing rank-1 lattices using Algorithm 4.4). We set the threshold parameter 6 :=
10~'2. For dimensions d € {3,4,...,8} and sparsity |suppa| = 100, we apply Algorithm 4.4.
In each test, all frequencies were successfully detected, I (L) — gupp G. The used parameters
and results are presented in Table 4.10. The column “max cand.” shows the maximal number
maxi—y g |[I0t71) x T of frequency candidates of all 10 repetitions and “max M” the
overall maximal size parameter used. Furthermore, the total number of samples for each
repetition was computed and the maximum of these numbers for the 10 repetitions can be
found in the column “#samples”. The relative fo-error ||(ax)wer — (ax)werll2/||(Gr)kerl|2
of the computed Chebyshev coefficients (ék)ke 7a1,...a) was determined for each repetition,
where I := suppa U I0+9 and ag =0forkel \ IT0d) and the column “rel. fy-error”
contains the maximal value of the 10 repetitions. In all tests, the relative fo-error is smaller
than 7.2 - 107'¢ and is caused by the utilized IEEE 754 double precision arithmetic. The
numbers of used samples “#samples” increase for increasing dimensions d. For dimensions
d > 4, Algorithm 4.4 required less samples than there are possible frequencies in the search
domain I' = égQ. In the case d = 8, only about 1/19 000 of the samples are required compared

to the utilization of a tensor Chebyshev grid and a d-dimensional DCT. O
’ n ‘ d ‘ |supp a| H T = |G H max cand. ‘ max M H #samples H rel. y-error
32 |3 100 35937 3168 115119 117336 6.76e-16
32| 4 100 1185921 3300 452247 540429 4.72e-16
32 |5 100 39135393 3300 | 1502107 || 2002277 6.64e-16
32 | 6 100 1291467 969 3300 | 4619745 || 6409969 4.73e-16
32| 7 100 || 42618442977 3300 | 15620108 || 21770762 6.80e-16
32 |8 100 || 1.406e+12 3300 | 54705235 || 74598 246 7.16e-16

Table 4.10: Results for random sparse multivariate algebraic polynomials in Chebyshev
form ay, I C @g27 using reconstructing rank-1 Chebyshev lattices CL(z, M, I ) built via re-
constructing rank-1 lattices A(z,2M, M(I)) and Algorithm 4.4 when considering frequencies
within the search domain I' = G’gQ.

We can reduce the numbers of required samples distinctly if we directly search for re-
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constructing rank-1 Chebyshev lattices CL(z, M, I) via a CBC construction method as the
following example demonstrates.

Example 4.12. (Sampling along reconstructing rank-1 Chebyshev lattices using Algo-
rithm 4.5). Again, we set the threshold parameter § := 107'2. For dimensions d €
{3,4,...,9,10,15} and sparsity |suppa| = 100, we apply Algorithm 4.5. In each test, all
frequencies were successfully detected, I (L4 — suppa. The used parameters and results
are presented in Table 4.11 and the columns have the same meaning as in Example 4.11. In
all tests, the relative fo-error is smaller than 1.2-107! and is caused by the utilized IEEE 754
double precision arithmetic. The numbers of used samples “#samples” increase for increas-
ing dimensions d. For dimensions d > 4, Algorithm 4.5 required less samples than there are
possible frequencies in the search domain I' = égz. The numbers of used samples “#samples”
are dramatically lower than for the results of Algorithm 4.4 in Table 4.10. We remark that
we observed a similar behavior in Example 3.20. For instance, in the case d = 6, only about
1/1600 of the samples are required compared to the usage of a full-tensor Chebyshev grid and
1/8 of the samples compared to Algorithm 4.4. Similar to Example 4.2, the maximal number
of frequency candidates “max cand.” is 3300 and the maximal size parameter “max M” is
between about about 220 000 and 460 000 in Table 4.11 for dimensions d > 4. This is caused
by the relatively large numbers of possible frequencies |I'| = \Gg2| = 33% and the small spar-
sity |suppa| = 100, which cause that all 100 non-zero Chebyshev coefficients ag # 0 are
already detected in dimension-incremental steps ¢ < 4 and higher components z,, 5 <7 < t,
(except the highest component z;) of the generating vector z := (21,...,%)' of the recon-
structing rank-1 Chebyshev lattices A(z, M, I ) to be zero in most cases. Consequently, the
numbers of used samples “#samples” increase by about 220000 to 460000 per additional
dimension. We remark that we may have found all non-zero Chebyshev coefficients dg # 0 in
a dimension-incremental step ¢ < 4, but we still need to continue with remaining dimension-
incremental steps ¢t > 5 in order to determine the higher components k;, t € {5,...,d}, of
the frequencies k € supp a.

Additionally, we apply Algorithm 4.5 for dimensions d € {3,4,...,8} and higher sparsity
|supp @] = 1000. In each test, all frequencies were successfully detected, I%) = supp a.
We observe for dimensions d = 3,4 that we require more samples than we have possible
frequencies in the search domain I" = @ﬁ For dimension d = 5, Algorithm 4.5 yields less
samples and for dimensions d > 6 distinctly less samples than there are frequencies in the
search domain I = G’ﬁ For dimension d = 6, we have seven test runs where all 1 000 non-zero
Chebyshev coefficients ag # 0 are already found in dimension increment step t = 5 yielding
size parameters M of about 21 million and numbers of used samples of about 50 million.
However, we still have three test runs, where all 1000 non-zero Chebyshev coefficients a # 0
are found not until the last dimension increment step ¢ = 6 yielding the maximal size param-
eter “max M” of about 45 million and the numbers of used samples “#samples” of about
74 million in Table 4.11. In dimensions d > 7, all 1 000 non-zero Chebyshev coefficients ag # 0
are already found in dimension increment steps ¢ < 6 for all ten test runs. Analogously to
the behavior for sparsity [supp a| = 100, we expect the numbers of used samples “#samples”
to increase by about 20 to 45 million per additional dimension for dimensions d > 6. L

Remark 4.13. The large difference in the maximal size parameters “max M” and the
numbers of used samples when utilizing Algorithm 4.4 and 4.5 is caused by the fol-
lowing issue, which corresponds to the one observed and discussed in Example 3.20.
In the additional step 2f of Algorithm 4.4, the reconstructing rank-1 Chebyshev lat-
tice CL(z, My, I(l""’t)) for the frequency index set T8 ig built via a reconstructing rank-1
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’ n ‘ d ‘ |supp a| H IT| = |G| H max cand. max M H #samples H rel. {y-error
32| 3 100 35937 3168 81642 83 826 4.92e-16
32| 4 100 1185921 3300 221260 295118 7.17e-16
32| 5 100 39135393 3300 234 655 537964 5.45e-16
32| 6 100 1291467969 3300 241391 785671 1.17e-15
32| 7 100 || 42618442977 3300 456119 1614677 9.37e-16
32| 8 100 || 1.406e+12 3300 392251 1828842 6.43e-16
32 9 100 || 4.641e+13 3300 386490 2195804 7.30e-16
32|10 100 || 1.532e+15 3300 414611 2710158 1.78e-15
32 | 15 100 || 5.994e+-22 3300 380502 4439451 4.20e-14
32| 3 1000 35937 15873 73856 75080 5.53e-16
321 4] 1000 1185921 32604 | 6490663 | 6630162 6.74e-16
32| 5 1000 39135393 33000 | 27021660 || 34116319 7.44e-16
32| 6 1000 1291467969 33000 | 44791174 74215472 1.48e-15
32 7 1000 || 42618442977 33000 | 42401071 || 113804504 8.03e-16
32| 8 1000 || 1.406e+12 33000 | 43799177 || 161481230 1.49e-15

Table 4.11: Results for random sparse multivariate algebraic polynomials in Chebyshev
form a;, I C GY,, using reconstructing rank-1 Chebyshev lattices CL(z,M ,I) and Algo-
rithm 4.5 when considering frequencies within the search domain I' = GgQ.

lattice A(z,2M;, M(I(--1D)) for the extended symmetric index set M(I(1)) for each
t=2,...,d—1, and we have for the size parameter M; > |M(I(11))|/2 since reconstruction
property (2.27) needs to be fulfilled with I := M (1)), Even if the cardinality [I(11)|
of the frequency index sets |I (1"“’t)\ does not increase for dimension increment steps t > t/,
the extended symmetric index sets M (I (1""”5)) still grow in general and may contain up
to 2! |supp a| many frequencies. On the contrary, the reconstructing rank-1 Chebyshev lat-
tice CL(z, My, I(lv'“’t)) built in the additional step 2f of Algorithm 4.5 is obtained by testing
the reconstruction property (3.22) with [ := T (L) which requires for the size parameter
M; > [I(9)] and consequently has a possibly much lower bound. O

Next, we apply our method for the non-periodic dimension-incremental reconstruction to
a multivariate function f: [~1,1]% — C, which is not sparse in frequency domain. In doing
so, we consider the 9-dimensional test function f: [-1,1]° — R,

f@im)T) = T Ba@o+ [I B, (4.10)

te{1,3,4,7} te{2,5,6,8,9}

where Bj is the shifted, scaled and dilated B-Spline of order 2 as defined in (3.43) with
Chebyshev coefficients as given in (3.44) and Bs: R — R is the shifted, scaled and dilated
B-Spline of order 4,

(22 + 15)%/6144 for —15/2 <z < —11/2,

—3085 _ 25y B2 B3 — Lot for —11/2 <2< -T7/2,
Ba(z) = %—i—%x—&—;%%ﬁ—l—l%f?'—i—ﬁ%ﬁ for —7/2 <z < -3/2,

iea6 — 2L+ gL  — 5T for —3/2<z<1/2,

(22 — 5)%/6144 for 1/2 <z <5/2,

0 otherwise,




4.2 NON-PERIODIC CASE — RANK-1 CHEBYSHEV LATTICE SAMPLING 155

with Chebyshev coefficients Be4’k, k € Ny, given by
(900v/3k(—9 + k) (—1)*/3) + 90(152 — 75k? 4 3k?) sin(k7/3)

T68k(—16 + k2) (=9 + %) (—4 + ) (—1 + K2)m for k 2 5,

—7/9216 — 93v/3/(1146887) for k = 4,

By = { 5(=70+ (27v/3)/7) /32256 for k = 3,
181/4608 — 39+/3/(40967) for k =2,
—(95/576) + 33v/3/(20487) for k =1,
(2603,/18432 — 75+/3/(81927) for k = 0.

We approximate the test function f from (4.10) by multivariate algebraic polynomials in
Chebyshev form a;. For this, we determine a frequency index set I = I(1-9) ¢ T := @2 C Ng
and compute approximated Chebyshev coefficients ak, k € I, from sampling values of f using
Algorithm 4.4 and 4.5. We expect the frequency index set I to “consist of” two manifolds,
a four-dimensional hyperbolic cross like structure in the dimensions 1,3,4,7, and a five-
dimensional hyperbolic cross like structure in the dimensions 2,5,6,8,9. All tests were run
10 times and the relative Lg,,([—1,1]°) approximation errors

1 = S flLaw (=119 VML (=112 = Sy Ll iy + Ser lan — ful? iy
Lo (1,09 11 Law (=1, 1)

are computed, where the approximated Chebyshev partial sum S7f := 3 kel ke Tk(o).

Example 4.14. (Approzimation of a function using Algorithm 4.4 and 4.5 with minor mod-
ifications). We describe minor modifications to Algorithm 4.4 and 4.5 to handle functions
with infinitely many non-zero Chebyshev coefficients fi, # 0 better. For the truncation of the
one-dimensional index sets I() of frequency candidates for component ¢, t € {1,...,d}, the
relative threshold parameter 6 :=“threshold” /100 is used. Otherwise, the relative threshold
parameter 6 :=“threshold” is used. We apply this modified version of Algorithm 4.4 and 4.5
on our test function f from (4.10). We choose the search domain I'" = GgQ C N¢ as the full
9-dimensional grid of refinement n = 32, which consists of || = |G| ~ 4.641-10'3 frequency
candidates. We set the number of detection iterations r := 5. Moreover, the sparsity param-
eter s € N is set to |['], i.e., we do not additionally truncate the frequency index sets IT@t),
The results for “threshold” values € {1072,1073,107%,107°} are shown in Table 4.12 for Al-
gorithm 4.4. For instance for “threshold”=10"%, we obtain a maximal relative Lo, ([—1,1]°)
approximation error of 4.0 - 10~* using 1434 Chebyshev coefficients ax, and about 8 million
samples were taken. We require lower numbers of samples when using Algorithm 4.5, between
about 10 and 50 percent less in the considered cases, and we obtain similar errors. The corre-
sponding results are given in Table 4.13. We may reduce the numbers of samples further by
restricting the search domain I', e.g. to a hyperbolic cross I;%’QO , and still obtain comparable
maximal relative Lo, ([—1,1]%) approximation errors, see Table 4.14 for Algorithm 4.5. For
instance for “threshold”=10"%, we only required about half the number of samples. ]

As we have seen in the numerical examples of this section, we can easily apply the meth-
ods from Section 4.2.1 for the exact reconstruction of multivariate algebraic polynomials in
Chebyshev form a; from samples along reconstructing rank-1 Chebyshev lattices A(z, M, I )
when the frequency index set I C Z? is unknown and only a (possibly very large) superset
I' D I is known. These methods were also successfully applied to the approximation of a
9-dimensional non-periodic test function f.
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’ n ‘ threshold H | H max cand. max M H #samples H rel. Ly -error
32 1.0e-02 145 1080 12896 145331 1.5e-02
32 1.0e-03 493 4920 176 604 1439846 6.1e-03
32 1.0e-04 || 1434 16497 | 1852309 || 7957720 4.0e-04
32 1.0e-05 || 3483 65780 | 14307770 || 53735836 1.0e-04

Table 4.12: Results for approximation of function f: [—}, 1] — R from (4.10) using Algo-
rithm 4.4 when considering frequencies k within I' = G%. “#samples” means worst case
number of function evaluations for 1 test run (out of the 10 runs).

’ n ‘ threshold H || H max cand. | max M H #samples H rel. Ly -error
32 1.0e-02 149 1116 14 391 135216 1.7e-02
32 1.0e-03 485 4710 95 522 898310 6.7e-03
32 1.0e-04 || 1431 18200 753373 5662 360 4.7e-04
32 1.0e-05 || 3465 63800 | 5629313 || 27009528 9.4e-05

Table 4.13: Results for approximation of function f: [~1,1]° — R from (4.10) using Algo-
rithm 4.5 when considering frequencies k within I' = G%. “#samples” means worst case
number of function evaluations for 1 test run (out of the 10 runs).

’ n ‘ threshold H‘ || H max cand. | max M H #samples H rel. Ly q-error
32 1.0e-02 147 851 9080 99181 1.7e-02
32 1.0e-03 486 2979 101449 586 317 5.6e-03
32 1.0e-04 ||| 1438 6038 506963 || 2802539 4.1e-04
32 1.0e-05 ||| 2784 9656 | 2368670 8340927 1.3e-04

Table 4.14: Results for approximation of function f: [~1,1]° — R from (4.10) using Algo-

rithm 4.5 when only considering frequencies k within I' = 13;2. “#samples” means worst

case number of function evaluations for 1 test run (out of the 10 runs).



Chapter

Conclusion

In this work, the approximation of multivariate smooth periodic functions f: T¢ — C by
multivariate trigonometric polynomials was considered. The smoothness of functions f was
characterized via the decay of their Fourier coefficients f, := Jpa fx) e 2™F® dg k€ 79,

A fast method for the evaluation of multivariate trigonometric polynomials p; with fre-
quencies supported on arbitrary index sets I C Z?, |I| < oo, at all nodes x; of an arbitrary
rank-1 lattice A(z, M) was recapitulated, which only uses a simple index transform and a sin-
gle one-dimensional FFT. Moreover, reconstruction properties were repeated, which allow for
the exact reconstruction from samples py(x;) using only a single one-dimensional FFT and a
simple index transform. Additionally, simple component-by-component (CBC) construction
methods for obtaining such reconstructing rank-1 lattices A(z, M, I) were given.

The reconstruction method was successfully applied to multivariate smooth periodic
functions f from subspaces of the Wiener algebra A(T¢) and approximated Fourier coef-
ficients ka = ﬁ Zj]\ial f(z;)e 2™k ke I, were computed from samples f(z;), yielding
approximants py = S IA [ =2 ker ka e?mk°  The computations can be performed using only
a single one-dimensional FFT and a simple index transform, which require O(M log M +d |I|)
arithmetic operations in total. For specific function classes and suitable frequency index
sets I, an extensive theory for estimating the sampling errors f — .5 IA f was developed. To
this end, the sampling error f — .5 IA f was split into the truncation error f —.S7f and aliasing
error S7f — SIAf, where Srf == > .cr fr 2™k is the truncated Fourier series. With the
help of suitable proof techniques, estimates for aliasing errors S;f — S IA f were shown and
error rates were obtained which are comparable to the ones of corresponding truncation er-
rors f — S7f. Numerical tests for up to 25 dimensions confirmed the effectiveness and high
performance of the proposed method.

Moreover, an approximate method for the fast evaluation of multivariate trigonometric
polynomials p; at perturbed rank-1 lattice nodes y; was introduced, which is based on Taylor
expansion and one-dimensional FFTs. When the nodes y; are perturbed versions of the
nodes x; of a reconstructing rank-1 lattice A(z,M,I) and the perturbations are not too
large, multivariate trigonometric polynomials p; with frequencies supported on arbitrary
known index sets I C Z¢, |I| < oo, can be approximately reconstructed in a fast way using
an iterative method. This approach was also applied to the fast approximation of multivariate
periodic functions f € A(T?). The corresponding sampling errors are estimated by terms
similar to those from the unperturbed case.

The method for the fast evaluation and reconstruction of multivariate trigonometric poly-
nomials p; as well as fast approximation of functions f € A(T?) from samples along a re-
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constructing rank-1 lattice A(z, M, I) was transferred to the non-periodic case. For many
of the concepts and results from the periodic case, a non-periodic counterpart was devel-
oped. Multivariate algebraic polynomials in Chebyshev form aj(x) 1= > ;7 ax T(x) were
used as ansatz functions for the approximation of multivariate smooth non-periodic func-
tions f: [~1,1]7 — R. Rank-1 Chebyshev lattices CL(z, M), characterized by a generating
vector z € Ng and size parameter M € Ny, were used as corresponding spatial discretiza-
tions. Multivariate algebraic polynomials in Chebyshev form a; with frequencies supported
on arbitrary index sets I C N¢, |I | < o0, can be evaluated in a fast and exact way at
the corresponding nodes x; := cos({y72), j = 0,..., M, in O(Mlog M + d|M(I)|) arith-
metic operations by using easy-to-compute index transforms and a single one-dimensional
discrete cosine transform (DCT). Analogously to the reconstruction properties of reconstruct-
ing rank-1 lattices A(z, M, I) in the periodic case, similar reconstruction properties were
derived in this work for the non-periodic case and the term reconstructing rank-1 Cheby-
shev lattice CL(z, M, I) was introduced. The fast and exact reconstruction of all Chebyshev
coeflicients ag, k € I, can be performed by applying a single one-dimensional DCT to the
samples ay(x;) along a reconstructing rank-1 Chebyshev lattice CL(z, M, I) followed by easy-
to-compute index transforms. This reconstruction requires O(M log M +d |M(I)|) arithmetic
operations in total. For determining reconstructing rank-1 Chebyshev lattices CL(z, M, I),
simple CBC construction approaches were presented.

The reconstruction method was successfully applied to the approximation of multivari-
ate smooth non-periodic functions f from subspaces of the analogon of the Wiener al-
gebra A([—1,1]?) and an error theory analogously to the periodic case was developed,
where functions f are characterized by the decay of their Chebyshev coefficients fk =
olklo /7rd f[fl,l]d fl®) Te(z)/(T1%, /1 - 22)dx, k € NJ. Numerical tests for up to 25 di-
mensions were successfully performed.

An additional important contribution of this work is the development of methods for
the exact reconstruction of high-dimensional sparse trigonometric polynomials p; and high-
dimensional sparse algebraic polynomials in Chebyshev form a; with unknown frequency in-
dex sets I from samples. The proposed methods can also be applied in determining unknown
frequency locations I of the approximately largest Fourier or Chebyshev coefficients fk of a
function f, which may be non-sparse in frequency domain. A suitable frequency index set I
is searched for in a dimension-incremental way with the help of projections parallel to the co-
ordinate axes and samples along reconstructing rank-1 (Chebyshev) lattices. Components of
frequency locations belonging to non-zero or the approximately largest Fourier or Chebyshev
coeflicients fk are efficiently determined within a search domain I', which may be extremely
large, for instance a d-dimensional full grid. In each dimension increment step t = 1,...,d,
the t-th component of the unknown frequency locations is detected, i.e., one component at
a time starting with the first one. For high-dimensional sparse polynomials and functions
with arbitrary Fourier or Chebyshev coefficients fk, a randomized approach was proposed,
which performs repeated sampling in each dimension increment step ¢t with different ran-
domly chosen higher components ;;1,...,2;4 of the sampling nodes x;. Numerical tests
performed for up to 30 dimensions confirmed high reliability for the exact reconstruction
of high-dimensional sparse polynomials. For a 10-dimensional periodic and 9-dimensional
non-periodic test function, the frequency locations I belonging to the approximately largest
Fourier and Chebyshev coefficients fk were successfully determined, respectively. Moreover,
the method was successfully applied to 10-dimensional sparse trigonometric polynomials py,
where the samples were perturbed by noise. Additional requirements on the Fourier or
Chebyshev coefficients fk even allow for a deterministic version of the dimension-incremental
approach.
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[AIX = Y|
ar

Aa,ﬁ,w(Td)
A*P([-1,1]9)

A(T9)
A([-1,1]%)
CL(z, M)

CL(z, M, I)

cos(x)

Notations

Usual Euclidian scalar product.
Component-wise product of two vectors.
Vector 1 :=(1,...,1) € N°, where s € N depends on the context.

Usual p norm of a vector, |||, := (Zle | [P)1/P
for  := (z1,...,74) € C?and 1 < p < oo, ||z, := max;—1__q |74

Number of nonzero components of a vector k € R?, |k|y := Zle Oky 0
Norm of an element z of a normed vector space X.

Operator norm of linear operator A: X — Y between normed vector spaces

X and Y, |AIX — Y| = AV _ LAS[Y| for X # {0}
rex\ioy IFIXI px =1

Algebraic polynomial in Chebyshev basis with Chebyshev coefficients
ar € R, keI, cf. (3.1).

Subspaces of the Wiener algebra A(T%) = A%0:1(T%)
for 5> 0and o > —f, cf. (2.13).

Subspaces of the mnon-periodic analogon of the Wiener algebra
A([-1,1]%) = A%0([~1,1]) for B> 0 and a > —f, cf. (3.6).

Wiener algebra, cf. (2.4).
Analogon of the Wiener algebra A(T?), cf. (3.4).

Rank-1 Chebyshev lattice of size M with generating vector z € Ng,
cf. (3.3).

Reconstructing rank-1 Chebyshev lattice, which is a rank-1 Chebyshev
lattice CL(z, M) fulfilling the equivalent reconstruction properties (3.22),
(3.23) and (3.25) for a given frequency index set I € N.

Complex numbers.

Continuous embedding between normed vector spaces. X — Y <= X CY
and 3 constant C' > 0: ||z|Y|| < C ||| X|| for all z € X.

Component-wise cosine of a vector x € RY, ie. cos((z1,...,24)) =
(cos(z1),...,cos(xq)).
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ess sup

~

Jr

kaL

/Ha,ﬁ,'y(Td)
HOP([-1,1))

d,T
Ia n

)

5
A(z, M)
Az, M)+
Az, M, T)

Kronecker’s delta, 0y, = 1 for k = k" and 6y, = 0 for k # k'
Difference set of frequency index set I CZ%, D(I):={h:=k—k': k, k' €I}.

Spatial dimension.

v-th derivative of a function f, DY f(x) := 62:}'1 . % (x), v € Nd.
I mod (2M lmod (2M) < M
lemod M = { (2M), mod (2M) < M, for M € N and

2M — (I mod (2M)) else,
lemod 0 := 0.

el = 1/v/2 for j € {0,n} and et =1forje{l,...,n—1}, n € Ny.
Essential supremum.

Fourier coefficient of a function f € Li(T9), cf. (2.5), or
Chebyshev coefficient of a function f € L, (T9), cf. (3.5).

Approximated Chebyshev coefficient ~ fk computed by using the rank-1
Chebyshev lattice CL(z, M), cf. (3.29).

Approximated Fourier coefficient ~ fk computed by using the rank-1 lat-
tice A(z, M), cf. (2.7).

Search domain C Z% or C Ng for frequency locations.

d-dimensional full grid of refinement N € N,
G4 ={k € Z%: |k|oo < N} or G4 := {k € N¢: ||k|s < N}.

Periodic Sobolev spaces of generalized mixed smoothness, cf. (2.11).
Sobolev-type spaces of generalized mixed smoothness, cf. (3.7).
Identity matrix.

Frequency index set, I C Z¢ in the periodic case and I C Ng in the non-
periodic case.

Frequency index set C N¢ as defined in (3.11).

Weighted frequency index set C Z? as defined in (2.14).

Rank-1 lattice of size M with generating vector z € Z9, cf. (2.3).
Integer dual lattice of rank-1 lattice A(z, M), cf. (2.29).

Reconstructing rank-1 lattice, which is a rank-1 lattice A(z, M) fulfill-
ing the equivalent reconstruction properties (2.25), (2.26), (2.27), (2.28)
and (2.30) for a given frequency index set I € Z.

9(x) S hz) < g(x) € O(h()),
g(x) < h(z) & g(x) € O(h(x)), cf. [Knu76|.

Space of all measurable functions f: T¢ — C with
norm || f|Ly(T4)|| == (Ja | f(2)|P d2)V/P < 00 for 1 < p < 00
and || f|Loo(T?)|| := esssupgeqa | ()| < 0o for p = oco.
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Ly([-1.1]%)

Low([~1,1]9)

Q(h(x))
wo B (k)

Srf

Space of all measurable functions f: [~1,1]¢ — R with

norm || f|L,([—1, 1]d)|| = (f[le]d |f(x)|P dm)l/P <ooforl<p<oo

and || f|Loo([1, 1]9)|| = esssupge( g yja |/ ()] < 00 for p = co.

Weighted Hilbert space of all square integrable functions f: [~1,1]9 — R
with respect to the (product) Chebyshev weight w(x) := Hle 1/y/1 —a?
with norm ||| Lz.u([=1, )] :=  /fi_y ya | f @) w(@) dz.

Size € N of rank-1 lattice A(z, M) or size parameter € Ny of rank-1 Cheby-
shev lattice CL(z, M).

Extended symmetric index set M(I) := {h € Z%: (|h1|,...,|hq))T € I}
C Z% of frequency index set I C Z<.

Frequency index set M, (I) :={h € M(I): h, >0} C Z% v € {1,...,d}.

Component-wise modulo of a vector € RY,
@ mod 1 = (z; — |2])_,, © mod M = (z; — Lmt/MjM)le for M e N.

Refinement of frequency index set I]C\l;T”Y or I,

Positive integers.
Non-negative integers.

Denotes the set of all functions ¢g: R% — R such that there exist positive
constants Cyy , € R and ny € N? with |g(z)| < C,p h(z) for all z > ny,
where the constant Cjj, may depend on the function g and additional
parameters p € R? but does not depend on the variables x, cf. [Knu76].
Especially, we may have h(x) = h(x, p). Whether a symbol belongs to the
parameters p or variables & depends on the context.

g € Qh(x)) & heO(g(x)), cf. [Knu76).

Weights w®#7 (k) := max(1, || k||1)* 1%, max(1,~; *|k|)?
for frequency k := (ki1,...,kq)" € Z9, cf. (2.12).

Trigonometric polynomial with Fourier coefficients py, € C, k € I, cf. (2.2).

Space of trigonometric polynomials with frequencies supported on I,
cf. (2.1).

Projection of a frequency k € Z% to the components 4 := (i1y.. .y im) €
{1,...,d}", Piy(k) := (ki,,...,ki,)T € Z™, or of a frequency index set
Iczé Pi(I) = {(kiy,... ki, ): keTI}

Real numbers.
Sparsity parameter s € N of Algorithm 4.2, 4.3, 4.4 and 4.5 in Chapter 4.

Fourier partial sum S;f := zke] fk p2miko (.
Chebyshev partial sum S7f =3, ; Fr Ti(0).
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SICL f
Sif

Sm

supp a

supp p

N

Approximated Chebyshev partial sum S ICL [ = ker kaL Tk (o)
using approximated Chebyshev coefficients kaL, keI cCNg from (3.29).

Approximated Fourier partial sum S IA J =2 ker ka g2mik-o
using approximated Fourier coefficients ka, kclcZzZ? from (2.7).
Taylor expansion of total degree m (excluding m-th derivatives), cf. (2.17).

Location suppa := {k € I: ax # 0} C Ng of non-zero Chebyshev coeffi-
cients ag # 0 of a multivariate algebraic polynomial in Chebyshev form a;.

Location suppp = {k € I: pp # 0} C Z% of non-zero Fourier coeffi-
cients P, # 0 of a multivariate trigonometric polynomial py.

One-dimensional torus ~ [0,1).
= Q(h(x)) N O(h(x)), cf. [Knu76].

Tensor product of Chebyshev polynomials of the first kind,
T: [-1,1)% = [<1,1], Tr(x) := [1%, Ti, (2;) for frequency k € N¢,
Ty, (z¢) := cos(ky arccos zy).

Sampling scheme on the d-dimensional torus T or box [—1,1]%.
Integers.
Riemann zeta function ((§) = 3°°°, n~¢, £ € C, Re(€) > 1.

Generating vector € Z¢ of rank-1 lattice A(z, M) or € N& of rank-1 Cheby-
shev lattice CL(z, M).

The most frequently used notations are listed above. However, the table is not comprehensive.
Several necessary additional notations appear locally throughout the whole work.



Theses

1. The utilization of multivariate trigonometric polynomials pr(x) := > . ; Dk e2rika

P € C, is a suitable approach for the approximation of multivariate smooth periodic
functions f: T? — C, where the frequency index set I C Z¢, |I| < oo, is chosen
appropriately. The characterization of the smoothness of functions f via the decay of
their Fourier coefficients fk = de f(x) e 2k 4, k € Z9, provides a good starting
point for error considerations in weighted norms. Relatively thin frequency index sets I,
like hyperbolic crosses, may be used without distinctly deteriorating the approximation
error compared to full grid frequency index sets, when the considered functions f are
sufficiently smooth, for instance, if they have bounded mixed derivatives. A truncated
Fourier series S7f = > pc; fk e?mik° i e, the Fourier partial sum consisting of the
Fourier coefficients fk, k € I, of a function f, may be used as an approximant in practice
if the Fourier coefficients fk are explicitly known. In general, this approximation causes
an error, the truncation error f — S;f, and asymptotically best possible truncation
errors f — S7f are shown in this work for functions f from periodic Sobolev spaces of
generalized mixed smoothness

B (Td) = d F e Ly(T9): |LFIHeB (1)) —\/ S we B (k)2 fl2 < o0

kezd

where the weights w®%7 (k) := max(1, ||k 1)® H‘Sizl max(1,7; ![ks|)® with dominating
mixed smoothness 8 > 0, isotropic smoothness o > —f and weight parameter v €
(0,1]%. Moreover, asymptotically best possible truncation errors f — Sy f are shown for
functions f from weighted subspaces

A%BA(TY) = { f € Ly(TY): | fJAYPY (T = Y w7 (k)| fi| < o0

kezd
of the Wiener algebra A(T%) = A%0:1(T9),

2. Approximated Fourier partial sums of smooth periodic functions f: T¢ — C, where
approximated Fourier coefficients are numerically computed from sampling values of f,
are considered in this work. In particular, we use the nodes x; := ﬁz mod 1, j =
0,...,M — 1, of a rank-1 lattice A(z, M) as sampling nodes, where z € Z% is the gen-
erating vector and M € N is the rank-1 lattice size. Rank-1 lattices A(z, M) are well
suited due to their good constructibility as a consequence of their simple structure and
due to the existence of a fast Fourier transform (FFT) for the computation of approxi-
mated Fourier coefficients f := & ZjMzgl f(z;)e 2™k € I, from samples f(x;),

j=0,....,M — 1. The computation of these approximated Fourier coefficients ka,
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k € I, can be performed using only a single one-dimensional FFT and a simple in-
dex transform, which require O(M log M + d |I|) arithmetic operations in total. Spe-
cial rank-1 lattices fulfilling a certain reconstruction property, so-called reconstructing
rank-1 lattices A(z, M, I), allow for the fast and exact reconstruction of arbitrary mul-
tivariate trigonometric polynomials p; with frequencies supported on arbitrary known
index sets I C Z4, |I| < oo, from samples pr(x;), j =0,..., M — 1. The approximation
of smooth periodic functions f: T — C by partial sums SIAf =D ker ka e2mik-o ig
considered, where the approximated Fourier coefficients ka are computed from sam-
ples along a reconstructing rank-1 lattice A(z, M, I), and an extensive error theory is
developed for suitable frequency index sets I. Splitting the sampling error f —.5 IA f into
the truncation error f — S7f and aliasing error S;f — S IA f yields a practical approach
for obtaining error estimates. With the help of suitable proof techniques, estimates for
aliasing errors Sy f — S IA f are shown and error rates are obtained which are comparable
to the ones of corresponding truncation errors f — Srf. Numerical tests for up to 25
dimensions confirm the effectiveness and high performance of the proposed method.

Perturbed rank-1 lattice nodes y; can be used instead of exact rank-1 lattice nodes x;
if the perturbations are sufficiently small. Then, multivariate trigonometric polynomi-
als pr can be fast evaluated by an approximate method based on Taylor expansion and
one-dimensional FFTs. When the nodes y,; are perturbed versions of the nodes x; of a
reconstructing rank-1 lattice A(z, M, I), multivariate trigonometric polynomials p; with
frequencies supported on arbitrary known index sets I C Z4, |I| < oo, can be approx-
imately reconstructed in a fast way using an iterative method. This approach can be
applied to the fast approximation of multivariate smooth periodic functions f: T¢ — C
yielding similar error estimates as in the unperturbed case for reconstructing rank-1
lattices A(z, M, I).

. The method for the fast reconstruction of multivariate trigonometric polynomials p;

and fast approximation of multivariate smooth periodic functions f: T¢ — C from
samples along reconstructing rank-1 lattices A(z, M, I) can be transferred to the non-
periodic case. For many of the concepts and results from the periodic case, a non-
periodic counterpart can be used or established. Multivariate algebraic polynomials
in Chebyshev form aj(x) := >, ax Tk(x) represent adequate ansatz functions for
the approximation of multivariate smooth non-periodic functions f: [—1,1]d — R.
Rank-1 Chebyshev lattices CL(z, M), characterized by generating vector z € Ng and
size parameter M € N, are used as corresponding spatial discretizations. Multivari-
ate algebraic polynomials in Chebyshev form a; with frequencies supported on ar-
bitrary index sets I C Nd, |[I| < oo, can be evaluated in a fast and exact way at
the corresponding nodes x; := cos(ﬁﬁrz), j=20,...,M, in O(Mlog M + d|M(I)])
arithmetic operations by using easy-to-compute index transforms and a single one-
dimensional discrete cosine transform (DCT). Analogously to the reconstruction prop-
erties of reconstructing rank-1 lattices A(z, M,I) in the periodic case, similar recon-
struction properties are derived in this work for the non-periodic case and the term
reconstructing rank-1 Chebyshev lattice CL(z, M, I) is introduced. The fast and exact
reconstruction of arbitrary multivariate algebraic polynomials in Chebyshev form ar
with frequencies supported on arbitrary known index sets I C Ng, |I| < oo, can be
performed by applying a single one-dimensional DCT to the samples ar(x;), j =
0,...,M, along a reconstructing rank-1 Chebyshev lattice CL(z, M, I) followed by
easy-to-compute index transforms. This reconstruction requires O(M log M +d |M(I)])
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arithmetic operations in total. The construction of reconstructing rank-1 Chebyshev
lattices CL(z, M, I) can be performed using a simple component-by-component (CBC)
approach. Reconstructing rank-1 Chebyshev lattices CL(z, M, I) are well-suited as
sampling sets for the approximation of multivariate smooth non-periodic functions
f:[-1,1] — R and an error theory analogously to the periodic case is developed
in this work, where functions f are characterized by the decay of their Chebyshev
coefficients fj, := 2lklo /7d f:ce[—l,l]d f(x) Tk(SL’)/(ngl V1—22)dz, k € N¢. Analo-
gously to the periodic case, we consider subspaces H®? (-1, l]d) of the Hilbert space
L2.,([—1,1]%) with Chebyshev product weight w(z) := 1/(]_[‘::1 V1 —22) and sub-
spaces AP ([—1,1]%) of the analogon of the Wiener algebra A([—1,1]%) = A%0([—1,1]%).
Numerical tests for up to 25 dimensions confirm the effectiveness and high performance
of the proposed method.

5. The exact reconstruction of high-dimensional sparse trigonometric polynomials p; and
high-dimensional sparse algebraic polynomials in Chebyshev form a; as well as the ap-
proximation of multivariate periodic and non-periodic functions f can be realized based
on samples without exact knowledge of the frequency index sets I containing the non-
zero or largest coefficients. Methods performing a dimension-incremental determination
of frequency index sets I with the help of projections parallel to the coordinate axes are
suggested as reconstruction approaches. Components of frequency locations belonging
to non-zero or the approximately largest Fourier or Chebyshev coefficients can be effi-
ciently determined within a search domain I', which may be very large, for instance a
d-dimensional full grid. In each dimension increment step ¢t = 1,...,d, the t-th compo-
nent of the unknown frequency locations is considered, i.e., one component at a time
starting with the first one. The utilization of reconstructing rank-1 lattices A(z, M, I )
in the periodic case and reconstructing rank-1 Chebyshev lattices CL(z, M, ) in the
non-periodic case enables the easy, fast and robust computation of projected Fourier
or Chebyshev coefficients and, based on these, the determination of relevant compo-
nents of a frequency index set I. For the case where high-dimensional sparse poly-
nomials and functions have arbitrary Fourier or Chebyshev coefficients, a randomized
approach is proposed, which performs repeated sampling in each dimension increment
step ¢ with different randomly chosen higher components x;;1,...,x;q of the sampling
nodes x;. Numerical tests performed for up to 30 dimensions in this work confirm high
reliability for the exact reconstruction of high-dimensional sparse polynomials. For a
10-dimensional periodic and 9-dimensional non-periodic test function, the frequency lo-
cations I belonging to the approximately largest Fourier and Chebyshev coefficients fk
were successfully determined, respectively. The case where the samples are perturbed
by noise is considered for 10-dimensional sparse trigonometric polynomials p; and the
frequency locations belonging to the non-zero Fourier coefficients are successfully recon-
structed. A deterministic version of the dimension-incremental approach is proposed,
which may be applied when the Fourier coefficients fulfill certain properties. Cor-
respondingly, this result is transferred to the non-periodic case and a deterministic
version is described.
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