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Introduction
The interaction of elliptic operators and multiplication by functions on manifolds was
studied by Atiyah in [Ati70] through the concept of abstract elliptic operators. Let X be
a compact Hausdorff space and denote by C(X) the complex-valued continuous functions
on X. Moreover, let H1, H2 be Hilbert spaces which are unital C(X)-modules in the
sense that we have unital ∗-algebra homomorphisms πi : C(X) → L(Hi). A bounded
linear operator P : H1 → H2 is called an (abstract) elliptic operator on X if

1. The commutator Pπ1(f) − π2(f)P lies in K(H1, H2), the compact operators H1 →
H2, for any f ∈ C(X);

2. P is a Fredholm operator.

Atiyah showed that every elliptic operator on X induces a cycle in the K-homology group
K0(X) of X and that every element of K0(X) can be constructed in this way.1 More
generally, we have the concept of a Fredholm module:

Definition. Let A be a complex unital Banach ∗-algebra. An odd Fredholm module over
A is a triple (H, π, F ) where

1. π : A → L(H) is a continuous unital ∗-representation of A on a Hilbert space H;

2. F is a bounded self-adjoint operator on H such that

F 2 = 1 and [F, π(a)] ∈ K(H) ∀a ∈ A.

If H is Z2-graded, then (H, π, F ) is an even Fredholm module over A if in addition π
maps to L+(H), the even operators on H, and F is odd.

If A is a C∗-algebra, this definition essentially coincides with KK(A,C) which is Kas-
parov’s analytic model K0(A) of the K-homology of A in the sense that KK(C(X),C) =
K0(X), the higher K-homology groups being defined through a suspension construction,
see [Kas75]. The connection to abstract elliptic operators is as follows: let X be a
compact Riemannian manifold and set A := C(X). Consider smooth Hermitian vector
bundles E1, E2 over X and let P : ΓC∞(X, E1) → ΓC∞(X, E2) be an elliptic pseudodif-
ferential operator of order 0. By general theory, this extends to a bounded operator
ΓL2(X, E1) → ΓL2(X, E2) between the spaces of square integrable sections and the met-
rics can be chosen in such a way that P is unitary modulo compact operators. Since

1By abstract homotopy theory, this is the generalized homology theory K∗(X) which is “dual” to the
ordinary K-theory K∗(X) of X.
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P is elliptic, there exists a pseudodifferential operator Q, a parametrix for P , such
that PQ − 1 and QP − 1 are smoothing operators (in particular, they are compact as
operators between square integrable sections). Hence, P is Fredholm and by elementary
symbol estimates, the commutators PπE1(f) − πE2(f)P are compact operators for all
f ∈ C(X), where πEi

denotes the obvious representation of C(X) on ΓL2(X, Ei) as
multiplication operators. Define H := ΓL2(X, E1) ⊕ ΓL2(X, E2) with Z2-grading given by
H+ := ΓL2(X, E1) ⊕ {0} and H− := {0} ⊕ ΓL2(X, E2) as well as the representation π on
H via

π(f) :=
(

πE1(f) 0
0 πE2(f)

)
for f ∈ C(X) and let

F :=
(

0 Q
P 0

)
.

Then [F, π(f)] ∈ K(H) for all f ∈ C(X) and

F − F ∗ ∈ K(H), F 2 − 1 ∈ K(H),

so that up to some normalization we get an even Fredholm module over C(X). It turns
out that Fredholm modules are the right framework to formulate abstract index theorems.
Indeed, if (H, π, F ) is an even Fredholm module over a Banach ∗-algebra A, we may
define an associated even Fredholm module (Hn, πn, Fn) over Matn(A) by letting πn act
entrywise and F act diagonally on Hn. Given a self-adjoint projection p ∈ Matn(A), the
twisted operator Fn,p := πn(p)Fπn(p) is Fredholm and we have an additive map

K0(A) → Z, [p] 7→ indZ2(Fn,p) (1)

where K∗(A) denotes the (operator) K-theory of A and indZ2 the Z2-graded Fredholm
index. If A = C(X) is a commutative unital C∗-algebra, we have K∗(C(X)) = K∗(X)
and there is an associated Chern character

Ch∗ : K∗(C(X)) → H∗(X,Q)

which is dual to the usual Chern character. Moreover, the above index map depends
only on the K-homology class of (H, π, F ). In this case, the index map Equation (1) can
be written as a pairing

indZ2(Fn,p) = ⟨Ch∗(H, π, F ), Ch∗(p)⟩ (2)

for all p ∈ K∗(C(X)) = K∗(X) where Ch∗(p) ∈ H∗(X,Q) is the usual Chern character;
in particular, the well-known index theorems can be seen as a special case of this formula.
Motivated by the above considerations, Connes looked for a noncommutative analogue of
the Chern character to formulate an abstract index theorem as above for noncommutative
C∗-algebras for which the definition of K-homology still makes sense. Through the use
of quantized calculus, Connes defined the Chern character Ch∗(H, π, F ) of a p-summable
Fredholm module2 as a cyclic cocycle in the cyclic cohomology of A ([Con85]).

2This is the same as an ordinary Fredholm module with the additional assumption that [F, π(a)] is in
the p-th Schatten class for some fixed p ∈ [1, ∞) and all a ∈ A.
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However, in applications one is often confronted with unbounded Fredholm operators.
The main example is the following: let X be a compact smooth Riemannian manifold
with spin structure and denote by Σ the corresponding spinor bundle over X. Moreover,
consider the associated Dirac operator D: ΓC∞(X, Σ) → ΓC∞(X, Σ) which extends to an
unbounded self-adjoint operator on H := ΓL2(X, Σ) which we will call D again. Since
the principal symbol of D is given by Clifford multiplication, the commutator [D, π(f)] is
a bounded operator on H for every f ∈ A := C∞(X) where C∞(X) is represented by π
on H as multiplication operators. Also, by Sobolev theory, the resolvent (D2 + 1)−1 is
compact. Hence, the triple (H, π, D) is an example of the following

Definition ([CM95]). An unbounded odd Fredholm module or spectral triple over a unital
∗-algebra A is a triple (H, π, D) where

1. π : A → L(H) is a unital ∗-representation of A on a Hilbert space H;

2. D is an unbounded self-adjoint operator on H such that [D, π(a)] ∈ L(H) for all
a ∈ A and (D2 + 1)−1 is compact.

If H is Z2-graded, then (H, π, D) is an even unbounded Fredholm module or spectral triple
over A if in addition π maps to L+(H) and D is odd.

For p ∈ [1, ∞), a spectral triple is called p-summable if (D2 + 1)−1/2 is in the p-th
Schatten class of H.

Spectral triples encode topological and metric information of spaces in an algebraic
way. Indeed, in the above example one recovers X as a topological space by applying the
Gelfand transform to the C∗-algebra π(A) ⊂ L(H), and the geodesic distance d on X
can be computed via

d(x, y) = sup{|f(x) − f(y)| : f ∈ A, ∥[D, π(f)]∥ ≤ 1}.

By imposing extra conditions, one can show that spectral triples of commutative C∗-
algebras give a spectral characterization of spin manifolds and this can be used to define
abstract noncommutative spin geometries, see [Con13].

So far, we have only considered finite-dimensional spaces and finite summability
conditions on our (unbounded) Fredholm modules. However, applications in quantum
field theory naturally lead to infinite-dimensional spaces. For such spaces it turned out
that the summability condition on D has to be weakened:

Definition ([Con89]). An odd ϑ-summable Fredholm module over a unital Banach ∗-
algebra A is an odd spectral triple (H, π, D) over A such that e−T D2 is trace-class for all
T > 0.

If H is Z2-graded, then (H, π, D) is an even ϑ-summable Fredholm module over A if in
addition π maps to L+(H) and D is odd.

Connes showed that the construction of the Chern character of p-summable Fredholm
modules may be extended to ϑ-summable Fredholm modules ([Con88]). For this, it was
necessary to extend cyclic cohomology to entire cyclic cohomology, meaning that the
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Chern character of a ϑ-summable Fredholm module is an infinite cyclic cochain whose
components satisfy certain growth conditions which are modeled on the behaviour of
entire complex functions. Furthermore, there is an analogue of the pairing with K-theory
which yields a noncommutative index theorem of the form Equation (2) for the Chern
character. Another version of the Chern character, which is cohomologous to Connes’
Chern character, for ϑ-summable Fredholm modules was given by Jaffe, Lesniewski and
Osterwalder in [JLO88] and is also known as the JLO cocycle. It has the advantage of
being defined by a much simpler formula which can be interpreted in a general setting
of algebra cochains and superconnections as introduced by Quillen in [Qui88]. Finally,
Getzler and Szenes gave a simplification of Connes’ noncommutative index theorem by
using the JLO cocycle, see [GS89].

Going back to infinite-dimensional examples, it was discovered by Alvarez-Gaumé
(based on unpublished work by Witten) that the N = 1

2 supersymmetric σ-models of
quantum field theory encode interesting topological information about manifolds. In
particular, using path integral representations for certain heat kernels of Hamiltonians,
he gave a short proof of the Atiyah-Singer index theorem, see [Alv83]. However, to a
large extent the arguments remained heuristic in nature. Finally, after 35 years, a mathe-
matically rigorous account was given by Güneysu and Ludewig in [GL22] which provides
a general algebraic framework in which the definition of the N = 1

2 supersymmetric path
integral, satisfying a certain localization property, can be given. To explain their results,
we first introduce the necessary concepts. To this end, let X be an even-dimensional
compact Riemannian manifold (with Riemannian metric g) with spin structure and
denote by LX the free loop space on X which is the infinite-dimensional Fréchet manifold
C∞(S1, X) of smooth loops on X which is modeled on the Fréchet space C∞(S1,Rn)
where n = dim(X). For γ ∈ LX the tangent space TγLX is given by ΓC∞(S1, γ∗TX), i.
e. the smooth sections of the pullback of TX along γ. To define differential l-forms on
LX for l ∈ N0, we first denote by Ll

alt(TLX,R) the vector bundle over LX whose fiber
at a loop γ ∈ LX is the space of bounded, alternating multilinear functionals on TγLX.
With this notion, we set

Ωl(LX) := ΓC∞(LX, Ll
alt(TLX,R))

where we use the notion of convenient smoothness, i. e. that smooth curves are mapped
to smooth curves, as described in [KM97]. With this definition in place, all concepts
familiar from the finite-dimensional case such as the exterior differential, wedge products,
pullbacks and Lie derivatives can be transferred to differential forms on LX. Thus, we
may define the differential Z2-graded algebra of differential forms on LX via

Ω̂(LX) :=
∞∏

l=0
Ωl(LX).

We define the energy functional E ∈ Ω0(LX) = C∞(LX) via

Eγ := 1
2

∫
S1

g(γ̇(t), γ̇(t)) dt

iv



and the presymplectic form ω ∈ Ω2(LX) via

ωγ(V, W ) :=
∫

S1
g(∇γ̇V (t), W (t)) dt

where V, W ∈ TγLX and we used the identification S1 = [0, 1]/{0 ∼ 1}. Formally, the
N = 1

2 supersymmetric path integral is then defined as the integration functional

I : Ω̂(LX) → C, η 7→
∫

LX
e−(E+ω) ∧ η.

To formulate the supersymmetric property of I, we first observe that LX admits a
canonical S1-action by rotation of loops, i. e.

(s.γ)(t) = γ(t + s) (3)

for γ ∈ LX and s, t ∈ S1. The infinitesimal generator K of this action is the vector field
on LX given by

Kγ = γ̇

for γ ∈ LX. This defines the equivariant differential d − ιK on Ω̂(LX)S1 , the differential
forms on LX which are invariant with respect to the S1-action, where ιK denotes insertion
of the vector field K. This gives a supercomplex

Ω̂(LX)S1
+ Ω̂(LX)S1

−

d−ιK

d−ιK

and thus the dual supercomplex

Ω̂∨(LX)S1
+ Ω̂∨(LX)S1

−

(d−ιK)∨

(d−ιK)∨

.

The supersymmetry of I can now be stated as (d − ιK)∨I = 0. Finally, the path integral
is supposed to satisfy a localization formula,

I(η) = (2π)− dim(X)/2
∫

X
Â(X) ∧ η|X ,

for all η ∈ Ω̂(LX) such that (d − ιK)η = 0, where Â(X) denotes the Â-genus of X
and η|X is the restriction to constant loops which we identify with points of X. Such
a localization principle follows by analogy with the Duistermaat-Heckman formula in
the finite-dimensional setting ([DH82]) and holds in the odd-dimensional case as well
as shown by Shen in [She]. Also, we would like to point out that, to a certain degree,
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localization phenomena are reflected in the usage of Bismut’s hypoelliptic operators, see
[Bis08] as well as the work of Nier and Shen [NS21].

For the rigorous construction of I, Güneysu and Ludewig considered the subset of
Ω̂(LX) consisting of Chen’s iterated integrals which provide a combinatorial model for
differential forms on LX and encompass many integrands for I which are of interest
([GJP91; CG21]). More precisely, these are the forms which lie in the image of the
(extended) Chen iterated integral map

ρ : Cϵ(Ω(X)T) → Ω̂(LX)

which is a morphism of supercomplexes first considered in [Che73a] where Cϵ(Ω(X)T) is
the entire (reduced) cyclic complex associated to the acyclic extension Ω(X)T of Ω(X).3
Instead of defining a functional Ω̂(LX) → C, the idea is now to define a functional
Cϵ(Ω(X)T) → C which vanishes on the kernel of ρ so that it can be pushed forward to a
map on the image of ρ which has all the desired properties of the path integral I. The
supersymmetric property is then translated into the functional Cϵ(Ω(X)T) → C being
coclosed with respect to the differential on the entire cyclic complex. The advantage
of this construction is that the map Cϵ(Ω(X)T) → C can be interpreted as a Chern
character in the more general algebraic framework of ϑ-summable Fredholm modules over
locally convex differential graded algebras introduced in [GL22]. If Ω is a locally convex
differential graded algebra, such a Fredholm module consists of a triple M = (H, c, Q)
where H is a Z2-graded Hilbert space, Q is an unbounded self-adjoint operator (satisfying
certain analytic requirements) on H and c is a parity preserving map Ω → L(H) such
that

[Q, c(f)] = c(df) and c(fθ) = c(f)c(θ), c(θf) = c(θ)c(f),

for all f ∈ Ω0 and θ ∈ Ω. In particular, c is not a representation on all of Ω but only
on Ω0. The prototypical example is given by our spin manifold X where Ω = Ω(X),
H = ΓL2(X, Σ), Q is the Dirac operator on H and c is the quantization map which is
induced by Clifford multiplication on the spinor bundle. Given a ϑ-summable Fredholm
module M over a locally convex differential graded algebra Ω, Güneysu and Ludewig
defined a Chern character ChM : Cϵ(Ω) → C which has many desirable analytic and
homological properties. The functional ChM is a refinement of the JLO cocycle from
algebras to differential graded algebras which in the trivial case reduces to the JLO
cocycle. In particular, all the previous results can be seen as a special case of the more
general theory. Finally, we would like to remark that another definition of the path
integral using stochastic analysis and a careful inspection of the, a priori ill-defined,
integrand in Equation (3) was recently given by Hanisch and Ludewig in [HL22] and
shown to coincide with the functional defined by Güneysu and Ludewig on a subset of
Chen’s iterated integrals satisfying certain degree assumptions.

In this thesis, we will present a generalization of the above concepts. In [GL22] the
authors only consider the case of even ϑ-summable Fredholm modules. By leaving out all

3This is a differential graded algebra obtained by adjoining a formal variable which is needed for
technical reasons.
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Z2-gradings, one may define odd ϑ-summable Fredholm modules as well and construct
the associated Chern character and prove its properties. However, both even and odd
Fredholm modules can be seen as a special case of ϑ-summable Cq-Fredholm modules
where we allow for an additional action of the complex Clifford algebra Cq on q generators
on H. After stating the necessary definitions, we will give a detailed and self-contained
account of the theory; in particular, we will spend considerable time on the algebraic
preliminaries and provide all calculations which to the knowledge of the author are not
to be found in the literature. As an application of the theory, we will give a formula
for the spectral flow of an odd ϑ-summable Fredholm module by calculating the pairing
between ChM and the odd Chern character Ch(g) of an element g ∈ Matm(Ω0) whose
definition was recently given by Cacciatori and Güneysu in [CG21] in the special case of
Ω = Ω(X).

This thesis will be organized as follows:

• Chapter 1: After reviewing the most important facts and examples concerning
differential graded algebras in Section 1.1, we will provide detailed formulas for
the differentials and their anticommutation relations on the cyclic complex in
Section 1.2 which were left out in [GL22]. In Section 1.3 we will review the bar
construction and algebras of bar cochains and prove that they are differential
Z2-graded. Section 1.4 will be concerned with growth conditions on cochains and
the entire cyclic complex which is a suitable completion of the cyclic complex.
Finally, we will give the definition of the Chen normalized complex, which is a
quotient of the cyclic complex, in Section 1.5. Our definition differs from the one
given in [GL22] since the space DT(Ω) defined there is actually not a subcomplex.

• Chapter 2: Generalizing the definition given by Güneysu and Ludewig, we will
introduce ϑ-summable Cq-Fredholm modules over locally convex differential graded
algebras where Cq is the complex Clifford algebra on q generators acting on the
Hilbert space of our module. In Section 2.1 we will work out several examples of
Fredholm modules in detail, in particular for the case of an even-dimensional spin
manifold. Next, in Section 2.2 we will give the construction of the quantization
map associated to a Cq-Fredholm module. This will be similar to [GL22], however
we will present all calculations which were left out, especially in the proof of the
Bianchi identity.

• Chapter 3: In Section 3.1 we will first introduce a suitable refinement of the
supertrace of operators taking into account the extra structure provided by the
Clifford action. After that, we define the Chern character of a Cq-Fredholm module
generalizing the definition from [GL22]. Section 3.2 will be concerned with proving
coclosedness of the Chern character. We follow the proof of Güneysu and Ludewig
with the necessary changes for our setting. Moreover, we will provide detailed
calculations for the interaction of the differentials with the map α relating the
cyclic complex with the bar complex. In Section 3.3 we show in detail that the
Chern character vanishes on the subcomplex defined in Section 1.5. Finally, we
define homotopies of Cq-Fredholm modules in Section 3.4. Our definition essentially
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coincides with the one given in [GL22] with the exception that we had to add
another uniformity assumption on the seminorms which was missing before. After
that, following Güneysu and Ludewig, we will prove that the Chern character
is homotopy invariant. Great care will be taken to prove the necessary analytic
estimates and formulas for derivatives which were left out.

• Chapter 4: Reducing to the even case, we will present the proof of the noncom-
mutative index theorem for even Fredholm modules as given in [GL22]. To this end,
we will provide detailed calculations in Section 4.1 which were left out by Güneysu
and Ludewig, in particular Lemma 4.1.9, and give a slightly simplified proof of the
transgression formula for the Bismut-Chern character. Lastly, we will prove the
noncommutative index theorem in Section 4.2. We will give detailed calculations
for the perturbation series and provide careful arguments for relating the Fredholm
modules over H and Hn.

• Chapter 5: As an application of our more general theory of Cq-Fredhom modules,
we will use Clifford algebras on one generator to prove a noncommutative index
theorem for odd Fredholm modules. To this end, in Section 5.1, we define the odd
Chern character of an invertible matrix with entries in a locally convex differential
graded algebra and prove its properties. This generalizes the constructions given
by Cacciatori and Güneysu in [CG21]. In Section 5.2 we will define the spectral
flow of an odd Fredholm module via a perturbation series. Finally, in Sections 5.3
and 5.3.1, we will prove that pairing the Chern character of an odd Fredholm
module with the odd Chern character of a matrix yields the spectral flow of the
Fredholm module thus generalizing a result obtained by Getzler in [Get93].

viii



Contents
Introduction i

1 Algebraic preliminaries 1
1.1 Differential graded algebras . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 The (reduced) cyclic complex . . . . . . . . . . . . . . . . . . . . . . . . 3

1.2.1 The Connes operator B . . . . . . . . . . . . . . . . . . . . . . . 4
1.2.2 The differential d . . . . . . . . . . . . . . . . . . . . . . . . . . . 4
1.2.3 The Hochschild operator b . . . . . . . . . . . . . . . . . . . . . . 5
1.2.4 d and b anti-commute . . . . . . . . . . . . . . . . . . . . . . . . . 9
1.2.5 b and B anti-commute . . . . . . . . . . . . . . . . . . . . . . . . 12
1.2.6 d and B anti-commute . . . . . . . . . . . . . . . . . . . . . . . . 15
1.2.7 The Z2-graded (reduced) cyclic complex . . . . . . . . . . . . . . 16

1.3 The bar construction . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.3.1 Bar chains . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 16
1.3.2 Algebra valued bar cochains . . . . . . . . . . . . . . . . . . . . . 17

1.4 Analytic cochains and entire chains . . . . . . . . . . . . . . . . . . . . . 20
1.5 Chen normalization . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 21

2 ϑ-summable Cq-Fredholm modules 23
2.1 Examples . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 24
2.2 The quantization map . . . . . . . . . . . . . . . . . . . . . . . . . . . . 29

2.2.1 The curvature of a ϑ-summable Cq-Fredholm module . . . . . . . 29
2.2.2 Definition of the quantization map . . . . . . . . . . . . . . . . . 30
2.2.3 The Bianchi identity . . . . . . . . . . . . . . . . . . . . . . . . . 35

3 The Chern character 41
3.1 Definition and basic properties . . . . . . . . . . . . . . . . . . . . . . . . 41
3.2 Closedness of ChM . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 43
3.3 ChMT is Chen normalized . . . . . . . . . . . . . . . . . . . . . . . . . . . 52
3.4 Homotopy invariance of ChMT . . . . . . . . . . . . . . . . . . . . . . . . 55

4 Even Fredholm modules and the index theorem 63
4.1 Idempotents and the Bismut-Chern character . . . . . . . . . . . . . . . 63
4.2 The index theorem . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 74

5 The Chern character and spectral flow 81
5.1 Definition of Ch(g) . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 81
5.2 The spectral flow of an odd Fredholm module . . . . . . . . . . . . . . . 86

ix



Contents

5.3 The pairing ⟨ChMT , Ch(g)⟩ . . . . . . . . . . . . . . . . . . . . . . . . . . 87
5.3.1 Relating the spectral flow to the pairing . . . . . . . . . . . . . . 89

Bibliography 93

x



1 Algebraic preliminaries
All vector spaces and algebras will be assumed to be over C, and we always work with
graded vector spaces unless specified otherwise. On a Z-graded vector space we will use
the canonical Z2-grading determined by the even and odd elements and correspondingly,
tensor products and direct sums of Z-graded vector spaces are canonically Z-graded and
thereby Z2-graded. The degree of an element c will be denoted by |c|. If a vector space
carries no specified grading, we turn it into a Z-graded (and therefore Z2-graded) vector
space by letting all elements have degree zero.

Given Z2-graded vector spaces V and W , the vector space Hom(V, W ) is Z2-graded
as usual. Any A ∈ End(V ) gives rise to a Z2-graded dual map A∨ : Hom(V, W ) →
Hom(V, W ) with values in W given by

(A∨l)(v) := (−1)|A||l|l(A(v)), l ∈ Hom(V, W ), v ∈ V.

We use this definition of the dual map instead of the usual one unless specified otherwise.
For A, B ∈ End(V ) we will denote by [A, B] ∈ End(V ) the graded commutator (or
supercommutator), i. e.

[A, B] := AB − (−1)|A||B|BA.

1.1 Differential graded algebras
Definition 1.1.1. A differential graded algebra (“dg algebra”) Ω is an associative, Z-
graded algebra with unit 1 equipped with a degree +1 differential d which satisfies the
graded Leibniz rule

d(ab) = (da)b + (−1)|a|adb

for homogeneous elements a, b ∈ Ω.
If Ω carries a locally convex topology1 such that d is continuous, multiplication is

jointly continuous and Ω is the topological direct sum of its homogeneous subspaces,
then Ω is a locally convex dg algebra.

Example 1.1.2. Let X be a smooth manifold and Ω := Ω(X) be the space of differential
forms on X. Together with the exterior differential and the wedge product, Ω is a dg
algebra which carries a canonical Fréchet topology turning it into a locally convex dg
algebra.

The following construction will be important later on:
1We always assume locally convex topologies to be Hausdorff.
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1 Algebraic preliminaries

Example 1.1.3 ([GL22, Example 2.5]). Let Ω be a locally convex dg algebra. Denote by

ΩT := Ω[σ]

the Z-graded unital algebra obtained by adjoining the formal variable σ of degree −1
with σ2 = 0 and supercommuting with elements of Ω. By definition, θ ∈ ΩT can be
uniquely written as θ = θ′ + σθ′′ where θ′, θ′′ ∈ Ω. We define a differential dT via

dT := d − ι where dθ := dθ′ − σdθ′′ and ιθ := θ′′.

Using the isomorphism of graded vector spaces ΩT ≃ Ω ⊕ Ω[1] (where Ω[1] is equal to Ω
with degrees shifted upwards by one), it follows that ΩT becomes a locally convex dg
algebra which we will call the acyclic extension of Ω.

Remark 1.1.4. Viewing (ΩT, dT) as a complex, let θ = θ′ + σθ′′ be a closed element, i. e.
assume that dTθ = 0. By definition, this means that

dθ′ − σdθ′′ − θ′′ = 0 ⇐⇒ θ′′ = dθ′ and dθ′′ = 0 ⇐⇒ θ′′ = dθ′,

i. e. θ = θ′ + σdθ′ = −dT(σθ′). Hence, all closed elements are exact and thus, the
complex is indeed acyclic.

Example 1.1.5. Let A be an ungraded locally convex unital algebra. We associate to
A a locally convex dg algebra ΩA as follows:

First of all, set Ω0
A := A. Writing elementary tensors in the projective tensor product

Ω1
A := A ⊗ A as a0da1 where a0, a1 ∈ A, it is easy to check that Ω1

A becomes a locally
convex (A, A)-bimodule via

a(a0da1) = aa0da1

(a0da1)a = a0d(a1a) − a0a1da. (1.1)

For n ≥ 2, set
Ωn

A := Ω1
A ⊗A . . . ⊗A Ω1

A︸ ︷︷ ︸
n

and finally, ΩA := ⊕∞
n=0 Ωn

A. We may turn ΩA into a locally convex dg algebra by using
the product induced by the tensor algebra as well as the differential d determined by

d(a0da1 . . . dan) := da0da1 . . . dan.

Note that d is indeed well-defined since repeated application of Equation (1.1) shows
that any element in Ωn

A can be written as sum of elements of the form a0da1 . . . dan for
a0, . . . , an ∈ A. We call ΩA the universal dg algebra of non-commutative differential
forms over A.

Remark 1.1.6. If A from the previous example is commutative, one usually considers a
slightly different universal dg algebra over A. To this end, we set Ω0

A,ab := A and Ω1
A,ab

as Ω1
A from above with the relation

a0da1 = da1a0

2
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factored out for a0, a1 ∈ A. Finally, ΩA,ab := ⊕∞
n=0 Ωn

A,ab where Ωn
A,ab := ∧n

A Ω1
A,ab for

n ≥ 2, the exterior product being taken over A and not C. Every element in Ωn
A,ab may

be written as a sum of elements of the form

a0da1 ∧ . . . ∧ dan

and we set
d(a0da1 ∧ . . . ∧ dan) := da0 ∧ da1 ∧ . . . ∧ dan

and call ΩA,ab the universal dg algebra of differential forms over A.
Throughout the rest of this chapter, let Ω be a locally convex dg algebra.

1.2 The (reduced) cyclic complex
The (reduced) cyclic complex associated to Ω is the graded vector space

C(Ω) :=
∞⊕

N=0
Ω ⊗ Ω[1]⊗N

with grading determined by

Cn(Ω) =
∞⊕

N=0

⊕
l0+...+lN =n+N

Ωl0 ⊗ Ωl1 ⊗ . . . ⊗ ΩlN

for n ∈ Z where Ω := Ω/C1 is the quotient vector space. We will usually denote elements
of C(Ω) by (θ0, . . . , θN) instead of θ0 ⊗ . . . ⊗ θN . We define two degree +1 differentials
on C(Ω) via

d(θ0, . . . , θN) := (dθ0, θ1, . . . , θN) −
N∑

k=1
(−1)mk−1(θ0, . . . , dθk, . . . , θN)

b(θ0, . . . , θN) := −
N−1∑
k=0

(−1)mk(θ0, . . . , θkθk+1, . . . , θN)

+ (−1)(|θN |−1)mN−1(θNθ0, . . . , θN−1)
(1.2)

where mk := |θ0| + . . . + |θk| − k.
The Connes operator on C(Ω) is the degree −1 differential defined via

B(θ0, . . . , θN) :=
N∑

k=0
(−1)(mk−1+1)(mN −mk−1)(1, θk, . . . , θN , θ0, . . . , θk−1)

where m−1 = 1. Of course, using that m−1 + 1 = 0 = mN − mN modulo two and shifting
indices we have

B(θ0, . . . , θN) :=
N∑

k=0
(−1)(mk+1)(mN −mk)(1, θk+1, . . . , θN , θ0, . . . , θk).

3



1 Algebraic preliminaries

Remark 1.2.1. The sign conventions for d, b and B coincide with the ones in [GJP91].
Note that since we are working on the reduced complex (i. e. with Ω instead of Ω), the
formula for B is less complicated. In the ungraded case, our b is equal to −b whereas the
sign in B does not reduce to the one in B as defined in [Con88] and [Lod98].

In the following subsections, we will prove:

Theorem 1.2.2. The maps d, b and B are well-defined, pairwise anticommuting differ-
entials.

Notation. For brevity, we set

Tk := (θ0, . . . , dθk, . . . , θN) for 0 ≤ k ≤ N,

Sk := (θ0, . . . , θkθk+1, . . . , θN) for 0 ≤ k ≤ N − 1,

SN := (θNθ0, . . . , θN−1),
Rk := (1, θk, . . . , θN , θ0, . . . , θk−1) for 0 ≤ k ≤ N.

1.2.1 The Connes operator B

Applying B twice yields sums of terms containing 1 in a slot different then the first one.
Since Ω = Ω/C · 1, it follows that B2 = 0.

1.2.2 The differential d

d is well-defined

We have to check that d(θ0, . . . , θN) = 0 in Ω ⊗ Ω[1]⊗N if θk = 1 for some 1 ≤ k ≤ N .
Indeed, since 1 ∈ Ω0, we have

d(1) = d(1 · 1) = d(1)1 + (−1)|1|1d(1) = d(1) + d(1)

and therefore, d(1) = 0 from which the claim follows.

d satisfies d2 = 0

We start by computing d(T0):

d(T0) = d(dθ0, θ1, . . . , θN) = (d2θ0, θ1, . . . , θN) −
N∑

j=1
(−1)mj−1+1(dθ0, θ1, . . . , dθj, . . . , θN)

=
N∑

j=1
(−1)mj−1(dθ0, θ1, . . . , dθj, . . . , θN).

For 1 ≤ k ≤ N , we have

d(Tk) = d(θ0, . . . , dθk, . . . , θN)
= (dθ0, θ1, . . . , dθk, . . . , θN) − (−1)m′

k−1(θ0, . . . , d2θk, . . . , θN)
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−
N∑

j=1
j ̸=k

(−1)m′
j−1(θ0, . . . , dθk, . . . , dθj, . . . , θN)

= (dθ0, θ1, . . . , dθk, . . . , θN)

−
N∑

j=1
j ̸=k

(−1)m′
j−1(θ0, . . . , dθk, . . . , dθj, . . . , θN),

where we set

m′
j := m(j, k) :=

mj, 1 ≤ j ≤ k − 1
mj + 1, k ≤ j ≤ N.

First of all, (dθ0, θ1, . . . , dθj, . . . , θN) appears in d(T0) with sign

(−1)(−1)m′
j−1 = (−1)m(j−1,0)+1 = (−1)mj−1+2 = (−1)mj−1

for 1 ≤ j ≤ N and with sign

(−1)(−1)mj−1 = (−1)1+mj−1

in d(Tj) and hence, the terms cancel out.
The remaining terms appear twice with different signs. To be explicit: it holds that

N∑
k=1

N∑
j=1
j ̸=k

(−1)mk−1(−1)m(j−1,k)(θ0, . . . , dθk, . . . , dθj, . . . , θN) = 0.

Lemma 1.2.3. For k ∈ {1, . . . , N} and j ∈ {1, . . . , N} \ {k} we have

mk−1 + m(j − 1, k) = 1 + mj−1 + m(k − 1, j)

modulo two.

Proof. (i) For 1 ≤ j ≤ k we have m(j − 1, k) = mj−1. Since j ̸= k, we have 1 ≤ j ≤ k − 1
and therefore, j ≤ k − 1 ≤ N so that m(k − 1, j) = mk−1 + 1.

(ii) For k+1 ≤ j ≤ N we have m(j−1, k) = mj−1+1 as well as m(k−1, j) = mk−1.

1.2.3 The Hochschild operator b

b is well-defined

We have to check that b(θ0, . . . , θN ) = 0 in Ω ⊗ Ω[1]⊗(N−1) if θk = 1 for some 1 ≤ k ≤ N .
Consider the case 1 ≤ k ≤ N − 1:

b(θ0, . . . , θk−1, 1, θk+1, . . . , θN) = −
k−2∑
j=0

(−1)mj (θ0, . . . , θjθj+1, . . . , θk−1, 1, θk+1, . . . , θN)

− (−1)mk−1(θ0, . . . , θk−1, θk+1, . . . , θN)

5
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− (−1)mk−1−1(θ0, . . . , θk−1, θk+1, . . . , θN)

−
N−1∑

j=k+1
(−1)mj (θ0, . . . , θk−1, 1, θk+1, . . . , θjθj+1, . . . , θN)

+ (−1)(|θN |−1)mN−1(θNθ0, θ1, . . . , θk−1, 1, θk+1, . . . , θN−1)
= 0.

For k = N , we have

b(θ0, . . . , θN−1, 1) = −
N−2∑
j=0

(−1)mj (θ0, . . . , θjθj+1, . . . , 1)

− (−1)mN−1(θ0, . . . , θN−1)
+ (−1)(|1|−1)mN−1(θ0, . . . , θN−1)

= 0.

b satisfies b2 = 0

To verify the equation b2 = 0, we will first calculate b(Sk) = 0 and b(SN) = 0 separately.
We have

b(SN) = b(θNθ0, . . . , θN−1)

= −
N−2∑
k=1

(−1)m′
k(θNθ0, θ1, . . . , θkθk+1, . . . , θN−1)

− (−1)|θN |+|θ0|(θNθ0θ1, θ2, . . . , θN−1)
+ (−1)(|θN−1|−1)m′

N−2(θN−1θNθ0, θ1, . . . , θN−2)

= −
N−2∑
k=1

(−1)|θN |+mk(θNθ0, θ1, . . . , θkθk+1, . . . , θN−1)

−(−1)|θN |+|θ0|(θNθ0θ1, θ2, . . . , θN−1)
+(−1)(|θN−1|−1)(|θN |+mN−2)(θN−1θNθ0, θ1, . . . , θN−2)

as well as

b(Sk) = b(θ0, . . . , θkθk+1, . . . , θN)

= −
k−2∑
j=0

(−1)m′′
j (θ0, . . . , θjθj+1, . . . , θkθk+1, . . . , θN)

− (−1)m′′
k−1(θ0, . . . , θk−1θkθk+1, . . . , θN)

− (−1)m′′
k (θ0, . . . , θkθk+1θk+2, . . . , θN)

−
N−2∑

j=k+1
(−1)m′′

j (θ0, . . . , θkθk+1, . . . , θj+1θj+2, . . . , θN)
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+(−1)(|θN |−1)m′′
N−2(θNθ0, . . . , θkθk+1, . . . , θN−1)

for 1 ≤ k ≤ N − 2 and

b(S0) = b(θ0θ1, θ2, . . . , θN)

= −
N−2∑
j=1

(−1)m′′
j (θ0θ1, . . . , θj+1θj+2, . . . , θN)

− (−1)m′′
0 (θ0θ1θ2, θ3, . . . , θN)

+(−1)(|θN |−1)m′′
N−2(θNθ0θ1, θ2, . . . , θN−1)

and finally

b(SN−1) = b(θ0, . . . , θN−2, θN−1θN)

= −
N−3∑
j=0

(−1)m′′
j (θ0, . . . , θjθj+1, . . . , θN−1θN)

− (−1)m′′
N−2(θ0, . . . , θN−3, θN−2θN−1θN)

+(−1)(|θN |+|θN−1|−1)m′′
N−2(θN−1θNθ0, θ1, . . . , θN−2)

where we set

m′′
j := m(j, k) :=

mj, 0 ≤ j ≤ k − 1
mj+1 + 1, k ≤ j ≤ N − 2.

The red term −(−1)|θN |+mk(θNθ0, θ1, . . . , θkθk+1, . . . , θN−1) from b(SN) appears as

(−1)(−1)(|θN |−1)mN−1(−1)|θN |+mk(θNθ0, θ1, . . . , θkθk+1, . . . , θN−1)

in b2(θ0, . . . , θN) and (−1)(|θN |−1)m′′
N−2(θNθ0, . . . , θkθk+1, . . . , θN−1) from b(Sk) appears in

b2(θ0, . . . , θN) as

(−1)(−1)(|θN |−1)m′′
N−2(−1)mk(θNθ0, . . . , θkθk+1, . . . , θN−1)

for 1 ≤ k ≤ N − 2. Hence, we have to check that the corresponding signs add up to zero.
First of all,

(−1)(−1)(|θN |−1)mN−1(−1)|θN |+mk = (−1)(|θN |−1)mN−1+|θN |+mk+1

and
(−1)(−1)(|θN |−1)m′′

N−2(−1)mk = (−1)(|θN |−1)(mN−1+1)+mk+1.

Thus, we have

(−1)(−1)(|θN |−1)mN−1(−1)|θN |+mk + (−1)(−1)(|θN |−1)m′′
N−2(−1)mk

= (−1)(|θN |−1)mN−1+mk+1 ·
(
(−1)|θN | + (−1)|θN |−1

)
︸ ︷︷ ︸

=0

= 0.
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The blue term −(−1)|θN |+|θ0|(θNθ0θ1, θ2, . . . , θN−1) from b(SN) appears in b2(θ0, . . . , θN)
as

(−1)(−1)(|θN |−1)mN−1(−1)|θN |+|θ0|(θNθ0θ1, θ2, . . . , θN−1)
and (−1)(|θN |−1)m′′

N−2(θNθ0θ1, θ2, . . . , θN−1) from b(S0) appears as
(−1)(−1)(|θN |−1)m′′

N−2(−1)m0(θNθ0θ1, θ2, . . . , θN−1).
Calculating the signs, we have

(−1)(−1)(|θN |−1)mN−1(−1)|θN |+|θ0| = (−1)(|θN |−1)mN−1+|θN |+|θ0|+1

and
(−1)(−1)(|θN |−1)m′′

N−2(−1)m0 = (−1)(|θN |−1)(mN−1+1)+|θ0|+1.

Therefore,
(−1)(−1)(|θN |−1)mN−1(−1)|θN |+|θ0| + (−1)(−1)(|θN |−1)m′′

N−2(−1)m0

= (−1)(|θN |−1)mN−1+|θ0|+1
(
(−1)|θN | + (−1)|θN |−1

)
︸ ︷︷ ︸

=0

= 0.

Analogously, for the green term we have sign
(−1)(|θN |−1)mN−1+(|θN−1|−1)(|θN |+mN−2)

from b(SN) in b2(θ0, . . . , θN) as well as
(−1)(−1)mN−1(−1)(|θN |+|θN−1|−1)m′′

N−2 = (−1)1+mN−1+(|θN |+|θN−1|−1)mN−2

= (−1)1+mN−1+(|θN−1|−1)mN−2+|θN |(mN−1−|θN−1|+1)

= (−1)1+(|θN |+1)mN−1+(|θN−1|−1)mN−2−|θN |(|θN−1|−1)

= (−1)1+(|θN |−1)mN−1+(|θN−1|−1)mN−2+|θN |(|θN−1|−1)

= (−1)1+(|θN |−1)mN−1+(|θN−1|−1)(|θN |+mN−2)

and hence the green terms cancel. In total, we have seen that the terms containing b(SN )
in b2(θ0, . . . , θN) cancel with terms contained in

−
N−1∑
k=0

(−1)mkb(Sk). (1.3)

All the remaining terms in Equation (1.3) appear twice with different signs. Hence, it
suffices to prove that the corresponding signs cancel:
Lemma 1.2.4. For 0 ≤ k ≤ N − 1 and 0 ≤ j ≤ N − 2 we have

(−1)mk(−1)m(j,k) = −(−1)mj (−1)m(k−1,j), 0 ≤ j ≤ k − 1
(−1)mk(−1)m(j,k) = −(−1)mj+1(−1)m(k,j+1), j = k

(−1)mk(−1)m(j,k) = −(−1)mj+1(−1)m(k,j+1), k + 1 ≤ j ≤ N − 2.

Proof. (i) First, we assume that 0 ≤ j ≤ k − 1. It follows that m(j, k) = mj and
m(k − 1, j) = mk + 1.

(ii) For j = k we have m(j, k) = mk+1 + 1 and m(k, j + 1) = mk.
(iii) For k + 1 ≤ j ≤ N − 2 we have m(j, k) = mj+1 + 1 and m(k, j + 1) = mk.
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1.2.4 d and b anti-commute
We will first calculate d ◦ b and b ◦ d separately. Using linearity of the differentials, we
have

d ◦ b(θ0, . . . , θN) = −
N−1∑
k=0

(−1)mkd(Sk) + (−1)(|θN |−1)mN−1d(SN).

We start with calculating d(S0):

d(S0) = d(θ0θ1, θ2, . . . , θN)

= (d(θ0θ1), θ2, . . . , θN) −
N−1∑
j=1

(−1)m′
j−1(θ0θ1, θ2, . . . , dθj+1, θj+2, . . . , θN)

= (dθ0θ1, θ2, . . . , θN) + (−1)|θ0|(θ0dθ1, θ2, . . . , θN)

−
N−1∑
j=1

(−1)m′
j−1(θ0θ1, θ2, . . . , dθj+1, θj+2, . . . , θN)

where we set

m′
j := m(j, k) :=

mj, 1 ≤ j ≤ k − 1
mj+1 + 1, k ≤ j ≤ N − 2.

Similarly, we have

d(Sk) = d(θ0, . . . , θkθk+1, . . . , θN)
= (dθ0, θ1, . . . , θkθk+1, . . . , θN)

−
k−1∑
j=1

(−1)m′
j−1(θ0, . . . , dθj, θj+1, . . . , θkθk+1, . . . , θN)

− (−1)m′
k−1(θ0, . . . , dθkθk+1, θk+2, . . . , θN)

− (−1)m′
k−1+|θk|(θ0, . . . , θkdθk+1, θk+2, . . . , θN)

−
N−1∑

j=k+1
(−1)m′

j−1(θ0, . . . , θkθk+1, . . . , dθj+1, θj+2, . . . , θN)

for 1 ≤ k ≤ N − 1 and finally,

d(SN) = d(θNθ0, θ1, . . . , θN−1)
= (dθNθ0, θ1, . . . , θN−1) + (−1)|θN |(θNdθ0, θ1, . . . , θN−1)

−
N−1∑
j=1

(−1)mj−1+|θN |(θNθ0, θ1, . . . , dθj, θj+1, . . . , θN−1).

On the other hand,

b ◦ d(θ0, . . . , θN) = b(T0) −
N∑

k=1
(−1)mk−1b(Tk).
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To start with,

b(T0) = −(−1)|θ0|+1(dθ0θ1, θ2, . . . , θN)

−
N−1∑
j=1

(−1)mj+1(dθ0, θ1, . . . , θjθj+1, . . . , θN)

+(−1)(|θN |−1)(mN−1+1)(θNdθ0, . . . , θN−1).

For 1 ≤ k ≤ N − 1, it holds that

b(Tk) = b(θ0, . . . , dθk, . . . , θN)

= −
N−1∑
j=0

j ̸=k−1,k

(−1)m′′
j (θ0, . . . , θjθj+1, . . . , dθk, . . . , θN)

−(−1)m′′
k−1(θ0, . . . , θk−1dθk, θk+1, . . . , θN)

− (−1)m′′
k (θ0, . . . , dθkθk+1, θk+2, . . . , θN)

+(−1)(|θN |−1)m′′
N−1(θNθ0, . . . , dθk, . . . , θN−1)

with

m′′
j := m̃(j, k) :=

mj, 0 ≤ j ≤ k − 1
mj + 1, k ≤ j ≤ N − 1.

Finally,

b(TN) = b(θ0, . . . , θN−1, dθN)

= −
N−2∑
j=0

(−1)m′′
j (θ0, . . . , θjθj+1, . . . , dθN)

− (−1)m′′
N−1(θ0, . . . , θN−2, θN−1dθN)

+(−1)|θN |m′′
N−1(dθNθ0, θ1, . . . , θN−1).

Calculating the signs of the red terms in d◦b(θ0, . . . , θN ) and b◦d(θ0, . . . , θN ) respectively,
we get

(−1)(−1)m0 = (−1)1+|θ0|

and (−1)(−1)|θ0|+1 and hence the red terms cancel.
The blue term from d(S0) cancels with the blue term from b(T1) since

(−1)(−1)|θ0|(−1)m0 − (−1)(−1)m0(−1)m′′
0 = −(−1)2|θ0| + (−1)2|θ0| = 0.

For 1 ≤ j ≤ N − 1, the summands from the green term in d(S0) appear with sign

(−1)(−1)(−1)m0(−1)m′
j−1 = (−1)m0+mj+1

whereas the zeroth summands from the green term in b(Tj+1) have sign equal to

(−1)(−1)(−1)mj (−1)m′′
0 = (−1)mj+m̃(0,j+1) = (−1)mj+m0

10



1.2 The (reduced) cyclic complex

so they cancel as well.
The yellow term from d(SN) appears with sign

(−1)(|θN |−1)mN−1

and the corresponding yellow term from b(TN) with sign

(−1)(−1)mN−1(−1)|θN |m′′
N−1 = (−1)1+mN−1+|θN |mN−1 = (−1)(|θN |−1)mN−1+1

which implies cancellation.
The pink term from d(SN) has sign equal to

(−1)(|θN |−1)mN−1(−1)|θN | = (−1)(|θN |−1)mN−1+|θN |

whereas the correspoding term from b(T0) appears with sign

(−1)(|θN |−1)(mN−1+1) = (−1)(|θN |−1)mN−1+|θN |−1 = (−1)(|θN |−1)mN−1+|θN |+1

and thus, they cancel.
For 1 ≤ j ≤ N − 1, the j-th summand in the brown term appearing in d(SN) cancels

with the brown term in b(Tj) since

(−1)(−1)(|θN |−1)mN−1(−1)mj−1+|θN | + (−1)(−1)mj−1(−1)(|θN |−1)m′′
N−1

= (−1)(|θN |−1)mN−1+mj−1+|θN |+1 + (−1)1+mj−1+(|θN |−1)(mN−1+1) = 0.

The black terms from d(Sk) for 1 ≤ k ≤ N − 1 have sign −(−1)mk whereas the
corresponding summands in b(T0) have sign (−1)mk so that they cancel.

For 1 ≤ k ≤ N − 1, the term (θ0, . . . , dθkθk+1, θk+2, . . . , θN) from d(Sk) appears with
sign

(−1)(−1)(−1)mk(−1)m′
k−1 = (−1)mk+m(k−1,k) = (−1)mk+mk−1

in d ◦ b(θ0, . . . , θN), and from b(Tk) with sign

(−1)(−1)(−1)mk−1(−1)m′′
k = (−1)mk−1+m̃(k,k) = (−1)mk−1+mk+1

in b ◦ d(θ0, . . . , θN) which implies cancellation.
For 1 ≤ k ≤ N − 1 we have that (θ0, . . . , θkdθk+1, θk+2, . . . , θN) from d(Sk) appears

with sign

(−1)(−1)(−1)mk(−1)m′
k−1+|θk| = (−1)m(k−1,k)+mk+|θk| = (−1)mk−1+mk+|θk|

in d ◦ b(θ0, . . . , θN ). The corresponding terms from b(Tk+1) in b ◦ d(θ0, . . . , θN ) have sign
equal to

(−1)(−1)(−1)mk(−1)m′′
k = (−1)mk+m̃(k,k+1) = (−1)mk+mk = (−1)mk−1+|θk|−1+mk

= (−1)1+mk−1+mk+|θk|

and hence cancel out.
All the remaining terms from d(Sk) for 1 ≤ k ≤ N − 1 (namely: the two sums) appear

in b ◦ d(θ0, . . . , θN) with different signs. We will see that they cancel as well:

11
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Lemma 1.2.5. For 1 ≤ k ≤ N − 1 and 1 ≤ j ≤ N − 1, j ̸= k, we have(−1)mk(−1)m(j−1,k) = (−1)(−1)mj−1(−1)m̃(k,j), 1 ≤ j ≤ k − 1
(−1)mk(−1)m(j−1,k) = (−1)(−1)mj (−1)m̃(k,j+1), k + 1 ≤ j ≤ N − 1.

Proof. (i) We have m(j − 1, k) = mj−1 as well as m̃(k, j) = mk + 1.
(ii) We have m(j − 1, k) = mj + 1 and m̃(k, j + 1) = mk.

1.2.5 b and B anti-commute
First of all,

b ◦ B(θ0, . . . , θN) = b

(
N∑

k=0
(−1)(mk−1+1)(mN −mk−1)(1, θk, . . . , θN , θ0, . . . , θk−1)

)

=
N∑

k=0
(−1)(mk−1+1)(mN −mk−1)b(Rk).

For 0 ≤ k ≤ N we have

b(Rk) = b(1, θk, . . . , θN , θ0, . . . , θk−1)
= −(−1)m′

0(θk, . . . , θN , θ0, . . . , θk−1)

−
N∑

j=1
(−1)m′

j (1, θk, . . . , θk+j−1(mod N+1)θk+j(mod N+1), . . . , θN , θ0, . . . , θk−1)

+(−1)(|θk−1|−1)m′
N (θk−1, . . . , θN , θ0, . . . , θk−2)

where we set
m′

j := m(j, k) := |θk| + . . . + |θk+j−1| − j

for 0 ≤ j ≤ N .
On the other hand,

B ◦ b(θ0, . . . , θN) = −
N−1∑
k=0

(−1)mkB(θ0, . . . , θkθk+1, . . . , θN)

+ (−1)(|θN |−1)mN−1B(θNθ0, θ1, . . . , θN−1)

= −
N−1∑
k=0

(−1)mkB(Sk) + (−1)(|θN |−1)mN−1B(SN).

For 0 ≤ k ≤ N − 1 we have

B(Sk) =
N−1∑
j=0

(−1)(m′′
j−1+1)(m′′

N−1−m′′
j−1)(1, θj, . . . , θkθk+1, . . . , θN , θ0, . . . , θj−1)

with

m′′
j := m̃(j, k) :=

mj, 0 ≤ j ≤ k − 1
mj+1 + 1, k ≤ j ≤ N − 1.
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Finally,

B(SN) =
N−1∑
j=0

(−1)(mj−1+|θN |+1)(mN−1−mj−1)(1, θj, . . . , θN−1, θNθ0, . . . , θj−1).

For 0 ≤ k ≤ N − 1 and 0 ≤ j ≤ k − 1, the term (1, θj, . . . , θkθk+1, . . . , θN , θ0, . . . , θj−1)
from B(Sk) appears with sign

(−1)(−1)mk(−1)(m̃(j−1,k)+1)(m̃(N−1,k)−m̃(j−1,k)) = (−1)1+mk+(mj−1+1)(mN +1−mj−1)

in B ◦ b(θ0, . . . , θN) and with sign

(−1)(mj−1+1)(mN −mj−1)(−1)(−1)m(k−j+1,j)

= (−1)(mj−1+1)(mN −mj−1)+|θj |+...+|θk|−(k−j+1)+1

= (−1)(mj−1+1)(mN −mj−1)+mk−mj−1+1

= (−1)1+mk+(mj−1+1)(mN −mj−1)+mj−1

in b ◦ B(θ0, . . . , θN) so they cancel.
For j = k we have

(−1)(−1)mk(−1)(m̃(j−1,k)+1)(m̃(N−1,k)−m̃(j−1,k)) = (−1)1+mk+(mj−1+1)(mN +1−mj−1)

and

(−1)(mj−1+1)(mN −mj−1)(−1)(−1)m(k−j+1,j) = (−1)1+(mj−1+1)(mN −mj−1)+|θj |−1

= (−1)1+(mj−1+1)(mN −mj−1)+mj−mj−1

= (−1)mk+(mj−1+1)(mN +1−mj−1)

and hence we have cancellation.
For k + 2 ≤ j ≤ N − 1, the term (1, θj, . . . , θN , θ0, . . . , θkθk+1, . . . , θj−1) from B(Sk)

appears with sign

(−1)(−1)mk(−1)(m̃(j−2,k)+1)(m̃(N−1,k)−m̃(j−2,k)) = (−1)1+mk+mj−1(mN −mj−1)

in B ◦ b(θ0, . . . , θN) whereas it appears with sign

(−1)(mj−1+1)(mN −mj−1)(−1)(−1)m(N−j+k+2,j)

= (−1)1+(mj−1+1)(mN −mj−1)+|θj |+...+|θN |+|θ0|+...+|θk|−(N−j+k+2)

= (−1)1+mk+(mj−1+1)(mN −mj−1)+mN −mj−1+1

= (−1)mk+mj−1(mN −mj−1)

in b ◦ B(θ0, . . . , θN) so they cancel out.
For j = k + 1, the term (1, θj+1, . . . , θN , θ0, . . . , θj−1θj) from B(Sk) appears with sign

(−1)(−1)mk(−1)(m̃(j−1,k)+1)(m̃(N−1,k)−m̃(j−1,k)) = (−1)1+mk+mj(mN −mj)

13
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in B ◦ b(θ0, . . . , θN) and with opposite sign

(−1)(mj+1)(mN −mj)(−1)(−1)m(N−j+k+1,j+1)

= (−1)1+(mj+1)(mN −mj)+|θj+1|+...+|θN |+|θ0|+...+|θk|−(N−j+k+1)

= (−1)1+(mj+1)(mN −mj)+mN −mj+mk−1

= (−1)mk+mj(mN −mj)

in b ◦ B(θ0, . . . , θN).
For k = N , the term (1, θj, . . . , θN−1, θNθ0, . . . , θj−1) from B(SN) has sign equal to

(−1)(|θN |−1)mN−1(−1)(mj−1+|θN |+1)(mN−1−mj−1)

= (−1)(mN −mN−1)mN−1+(mj−1+mN −mN−1)(mN−1−mj−1)

= (−1)mj−1mN−1−(mN −mN−1)mj−1−m2
j−1

= (−1)mj−1(mN −mj−1)

in B ◦ b(θ0, . . . , θN). On the other hand, it has sign

(−1)(mj−1+1)(mN −mj−1)(−1)(−1)m(N−j+1,j)

= (−1)1+(mj−1+1)(mN −mj−1)+|θj |+...+|θN |−(N−j+1)

= (−1)1+mj−1(mN −mj−1)

in b ◦ B(θ0, . . . , θN) which implies cancellation of the terms.
Finally, the red terms in b(Rk) cancel out in b ◦ B(θ0, . . . , θN) when summing over

0 ≤ k ≤ N . Indeed, on the one hand (for 1 ≤ k ≤ N − 1), we have

(−1)(−1)m′
0(−1)(mk−1+1)(mN −mk−1) = (−1)1+(mk−1+1)(mN −mk−1)

and on the other hand, we have

(−1)(|θk|−1)m′
N (−1)(mk+1)(mN −mk)

= (−1)(|θk|−1)m(N,k+1)+(mk+1)(mN −mk)

= (−1)(|θk|−1)(|θk+1|+...+|θk+N |−N)+(mk+1)(mN −mk)

= (−1)(mk−mk−1)(mN −mk+mk−1+1)+(mk+1)(mN −mk)

= (−1)(mk−mk−1)(mN −mk−1)+(mk−mk−1)(mk+1)+(mk+1)(mN −mk)

= (−1)(mk−mk−1)(mN −mk−1)+(mk+1)(mN −mk−1)

= (−1)(mk−1+1)(mN −mk−1).

Moreover, the first red term for k = N cancels with the second red term for k = 0.
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1.2.6 d and B anti-commute
We start with d ◦ B:

d ◦ B(θ0, . . . , θN) =
N∑

k=0
(−1)(mk−1+1)(mN −mk−1)d(1, θk, . . . , θN , θ0, . . . , θk−1)

=
N∑

k=0
(−1)(mk−1+1)(mN −mk−1)d(Rk).

Now, for 0 ≤ k ≤ N , we compute

d(Rk) = (d1, θk, . . . , θN , θ0, . . . , θk−1)

−
N+1∑
j=1

(−1)m′
j−1(1, θk, . . . , dθk+j−1(mod N+1), . . . , θN , θ0, . . . , θk−1)

where m′
j := m(j, k) := |θk| + . . . + |θk+j−1| − j.

On the other hand,

B ◦ d(θ0, . . . , θN) = B(dθ0, θ1, . . . , θN) −
N∑

k=1
(−1)mk−1B(θ0, . . . , dθk, . . . , θN)

= B(T0) −
N∑

k=1
(−1)mk−1B(Tk).

For 0 ≤ k ≤ N we have

B(Tk) =
N∑

j=0
(−1)(m′′

j−1+1)(m′′
N −m′′

j−1)(1, θj, . . . , dθk, . . . , θN , θ0, . . . , θj−1)

with

m′′
j := m̃(j, k) :=

mj, 0 ≤ j ≤ k − 1
mj + 1, k ≤ j ≤ N.

Let 0 ≤ k ≤ N and 0 ≤ j ≤ k. Then (1, θj, . . . , dθk, . . . , θN , θ0, . . . , θj−1) appears with
sign

(−1)(−1)mk−1(−1)(m̃(j−1,k)+1)(m̃(N,k)−m̃(j−1,k)) = (−1)1+mk−1+(mj−1+1)(mN +1−mj−1)

in B ◦ d(θ0, . . . , θN). On the other hand, it appears with sign

(−1)(−1)(mj−1+1)(mN −mj−1)(−1)m(k−j+1−1,j)

= (−1)1+(mj−1+1)(mN −mj−1)+|θj |+...+|θk−1|−(k−j)

= (−1)1+(mj−1+1)(mN −mj−1)+mk−1−mj−1

= (−1)mk−1+(mj−1+1)(mN +1−mj−1)

15



1 Algebraic preliminaries

in d ◦ B(θ0, . . . , θN) so that they cancel out.
Now, let 0 ≤ k < j ≤ N . Then (1, θj, . . . , θN , θ0, . . . , dθk, . . . , θk−1) appears in B ◦

d(θ0, . . . , θN) with sign as above, i. e.

(−1)1+mk−1+(mj−1+1+1)(mN +1−mj−1−1) = (−1)1+mk−1+mj−1(mN −mj−1).

In d ◦ B(θ0, . . . , θN) it has sign

(−1)1+(mj−1+1)(mN −mj−1)(−1)m(N−j+2+k−1,j)

= (−1)1+(mj−1+1)(mN −mj−1)+|θj |+...+|θN |+|θ0|+...+|θk−1|−(N−j+k+1)

= (−1)1+mk−1+(mj−1+1)(mN −mj−1)+mN −mj−1−1

= (−1)mk−1+mj−1(mN −mj−1)

which is opposite and hence cancels.

1.2.7 The Z2-graded (reduced) cyclic complex
We have seen that d, b and B pairwise anti-commute. Define the spaces C±(Ω) by
reducing the Z-grading of C(Ω) modulo two, i. e. C+(Ω) contains the even parts and
C−(Ω) the odd parts. It follows that we have a Z2-graded complex

C+(Ω) C−(Ω)

d+b−B

d+b−B

.

1.3 The bar construction
1.3.1 Bar chains
The bar construction for Ω is defined as the graded vector space

B(Ω) :=
∞⊕

N=0
Ω[1]⊗N (1.4)

with grading given by

Bn(Ω) =
∞⊕

N=0

⊕
l1+...+lN =n+N

Ωl1 ⊗ . . . ⊗ ΩlN

for n ∈ Z. We will usually denote elements of B(Ω) by (θ1, . . . , θN ) instead of θ1 ⊗ . . .⊗θN .
On B(Ω) we have two differentials of degree +1 given by

d(θ1, . . . , θN) := −
N∑

k=1
(−1)nk−1(θ1, . . . , dθk, . . . , θN)
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b′(θ1, . . . , θN) := −
N−1∑
k=1

(−1)nk(θ1, . . . , θkθk+1, . . . , θN)

where nk := |θ1| + . . . + |θk| − k.
Remark 1.3.1. The sign conventions for d and b′ coincide with the ones in [Tan83]. In
the ungraded case, the sign in b′ coincides with the one given in [Qui88].

A calculation similar to the one for the (reduced) cyclic complex shows that d and b′

are anti-commuting differentials turning B(Ω) into a Z2-graded complex with differential
d + b′ if we reduce the grading modulo two.

1.3.2 Algebra valued bar cochains
For a Z2-graded algebra L we define the space of L-valued bar cochains on Ω as
Hom(B(Ω), L), the space of linear maps from B(Ω) to L. By the universal property of
the tensor product, every L-valued bar cochain l is given by a sequence (l(N))N∈N0 of
multilinear maps

l(N) : Ω[1] × . . . × Ω[1]︸ ︷︷ ︸
N

→ L

where for N = 0 we may identify l(0) with an element of L. We turn the space of L-valued
bar cochains into a Z2-graded algebra with product

l1l2(θ1, . . . , θN) :=
N∑

k=0
(−1)|l2|nk l1(θ1, . . . , θk)l2(θk+1, . . . , θN) (1.5)

and Z2-grading given by the usual grading on Hom(V, W ) for Z2-graded vector spaces V
and W . The codifferential δ on Hom(B(Ω), L) is defined via

δ := −(d + b′)∨ : Hom(B(Ω), L) → Hom(B(Ω), L)

where explicitly, we have

((d + b′)∨l)(θ1, . . . , θN) = (−1)|l|l((d + b′)(θ1, . . . , θN))

for l ∈ Hom(B(Ω), L) and (θ1, . . . , θN) ∈ B(Ω) since d and b′ have degree +1 so that
|d + b′| = 1 in the Z2-grading of End(B(Ω)).

Lemma 1.3.2. δ satisfies the graded Leibniz rule, i. e.

δ(l1l2) = (δl1)l2 + (−1)|l1|l1(δl2). (1.6)

In particular, Hom(B(Ω), L) is a differential Z2-graded algebra.

Proof. First of all,

δ(l1l2)(θ1, . . . , θN) = −(−1)|l1l2|(l1l2)
(
(d + b′)(θ1, . . . , θN)

)
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= (−1)|l1|+|l2|+1(l1l2)
(
(d + b′)(θ1, . . . , θN)

)
.

We have

(d + b′)(θ1, . . . , θN) = −
N∑

k=1
(−1)nk−1(θ1, . . . , dθk, . . . , θN)

−
N−1∑
k=1

(−1)nk(θ1, . . . , θkθk+1, . . . , θN)

and we set

Tk := (θ1, . . . , dθk, . . . , θN) for 1 ≤ k ≤ N,

Sk := (θ1, . . . , θkθk+1, . . . , θN) for 1 ≤ k ≤ N − 1.

For 1 ≤ k ≤ N :

(−1)|l1|+|l2|+1(l1l2)((−1)nk−1Tk)

=
N∑

j=0
(−1)|l2|(n′

j+1)+nk−1+|l1|+1l1(θ1, . . . , θj)l2(θj+1, . . . , dθk, . . . , θN)

where

n′
j := n(j, k) :=

nj, 0 ≤ j ≤ k − 1
nj + 1, k ≤ j ≤ N.

For 1 ≤ k ≤ N − 1:

(−1)|l1|+|l2|+1(l1l2)((−1)nkSk)

=
N−1∑
j=0

(−1)|l2|(n′′
j +1)+nk+|l1|+1l1(θ1, . . . , θj)l2(θj+1, . . . , θkθk+1, . . . , θN)

with

n′′
j := ñ(j, k) :=

nj, 0 ≤ j ≤ k − 1
nj+1 + 1, k ≤ j ≤ N − 1.

Starting with the first summand on the right-hand side of Equation (1.6), we have

(δl1)l2(θ1, . . . , θN)

=
N∑

k=0
(−1)|l2|nk(δl1)(θ1, . . . , θk)l2(θk+1, . . . , θN)

=
N∑

k=0
(−1)|l2|nk

−
k∑

j=1
(−1)1+|l1|+nj−1l1(Tj,k) −

k−1∑
j=1

(−1)1+|l1|+nj l1(Sj,k)


· l2(θk+1, . . . , θN).
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For 1 ≤ j ≤ k we have that l1(Tj,k)l2(θk+1, . . . , θN) appears with sign

(−1)(−1)|l2|nk+1+|l1|+nj−1

in the first summand on the right-hand side of Equation (1.6) and with the same sign

(−1)(−1)|l2|(n(k,j)+1)+nj−1+|l1|+1 = (−1)|l2|(nk+1+1)+nj−1+|l1| = (−1)|l2|nk+|l1|+nj−1

on the left-hand side.
For 1 ≤ j ≤ k − 1 the term l1(Sj,k)l2(θk+1, . . . , θN) appears with sign

(−1)(−1)|l2|nk+1+|l1|+nj = (−1)|l2|nk+|l1|+nj

in the first summand on the right-hand side and with the same sign

(−1)(−1)|l2|(ñ(k−1,j)+1)+nj+|l1|+1 = (−1)|l2|(nk+1+1)+nj+|l1|+2 = (−1)|l2|nk+|l1|+nj

on the left-hand side.
For the second summand on the right-hand side, we have

l1(δl2)(θ1, . . . , θN)

=
N∑

k=0
(−1)(|l2|+1)nk l1(θ1, . . . , θk)(δl2)(θk+1, . . . , θN)

=
N∑

k=0
(−1)(|l2|+1)nk l1(θ1, . . . , θk)

−
N−k∑
j=1

(−1)1+|l2|+nk+j−1−nk l2(T̃j,k)

−
N−k−1∑

j=1
(−1)1+|l2|+nk+j−nk l2(S̃j,k)


where we set

T̃j,k = (θk+1, . . . , dθk+j, . . . , θN), 0 ≤ k ≤ N, 1 ≤ j ≤ N − k

S̃j,k = (θk+1, . . . , θk+jθk+j+1, . . . , θN), 0 ≤ k ≤ N, 1 ≤ j ≤ N − k − 1

We see that l1(θ0, . . . , θk)l2(T̃j,k) appears in (−1)|l1|l1(δl2) with sign

(−1)(−1)|l1|(−1)(|l2|+1)nk(−1)1+|l2|+nk+j−1−nk = (−1)|l2|(nk+1)+|l1|+nk+j−1

and with the same sign

(−1)(−1)|l2|(n(k,j+k)+1)+nk+j−1+|l1|+1 = (−1)|l2|(nk+1)+|l1|+nk+j−1

in δ(l1l2).
Finally, l1(θ0, . . . , θk)l2(S̃j,k) has sign

(−1)(−1)|l1|(−1)(|l2|+1)nk(−1)1+|l2|+nk+j−nk = (−1)|l2|(nk+1)+|l1|+nk+j

in (−1)|l1|l1(δl2) and the same sign

(−1)(−1)|l2|(n(k,k+j)+1)+nk+j+|l1|+1 = (−1)|l2|(nk+1)+|l1|+nk+j

in δ(l1l2). Hence, Equation (1.6) holds.
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1.4 Analytic cochains and entire chains
Similarly to the previous section, we define the space of cyclic complex valued cochains
to be the space Hom(C(Ω),C) of linear maps from C(Ω) to C. For fixed arity we may
identify each cyclic cochain with a sequence (l(N))N∈N0 of multilinear maps

l(N) : Ω × Ω[1] × . . . × Ω[1]︸ ︷︷ ︸
N

→ C.

Definition 1.4.1 ([GL22, Definition 3.1]). We call a cochain l ∈ Hom(C(Ω),C) analytic
if there exists a continuous seminorm ν on Ω and a constant C > 0 such that for all
N ∈ N0 and θ0, . . . , θN ∈ Ω we have

|l(N)(θ0, . . . , θN)| ≤ C

⌊N/2⌋! ν(θ0) · . . . · ν(θN).

We denote the space of analytic cochains by Cα(Ω).

Recall that for a continuous seminorm ν on Ω there exists the N -th induced projective
tensor seminorm πν,N on Ω ⊗ Ω[1]⊗N given by

πν,N(cN) = inf
{∑

γ

ν(θ(γ)
0 ) · . . . · ν(θ(γ)

N ) : cN =
∑

γ

θ
(γ)
0 ⊗ . . . ⊗ θ

(γ)
N

}
,

the infimum being taken over all realizations of cN ∈ C(Ω) as a finite sum of elementary
tensors.2 If l is an analytic cochain, it follows immediately from the definition above
that all induced linear maps l(N) are continuous with respect to the projective tensor
product topology on Ω ⊗ Ω[1]⊗N . Moreover, since multiplication and the differential d
are assumed to be continuous on Ω, it follows that the codifferentials d∨, b∨ and B∨

preserve the space Cα(Ω).
Remark 1.4.2. The term analytic is justified in the following sense: if l is an analytic
cochain and ν a continuous seminorm on Ω such that the required estimates hold, then

θ 7→
∞∑

N=0
⌊N/2⌋! l(N)(θ, . . . , θ)

defines an analytic function in the sense of [Din99] on some small ν-ball around zero in
Ω.

Definition 1.4.3 ([GL22, Definition 3.2]). Given a continuous seminorm ν on Ω, we
define the seminorm ϵν on C(Ω) by

ϵν(c) :=
∞∑

N=0

πν,N(cN)
⌊N/2⌋! , c =

∞∑
N=0

cN ∈ C(Ω), where cN ∈ Ω ⊗ Ω[1]⊗N . (1.7)

Note that this is well-defined since c is a finite sum. Then, the space Cϵ(Ω) of entire
chains is defined as the completion of C(Ω) with respect to the seminorms ϵν .

2Note that we have to consider the quotient seminorm ν̄ on Ω in the above display. However, we will
surpress this in our notation.
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1.5 Chen normalization

Remark 1.4.4. If c is an entire chain and ν some continuous seminorm on Ω, it follows
from the definition that the power series

z 7→
∞∑

N=0
πν,N(cN) zn

⌊N/2⌋!

has infinite radius of convergence and thus defines an entire function.
Note that there are other growth conditions used in the literature: in his seminal paper

on cyclic cohomology of Banach algebras A ([Con88]), Connes uses the factor 1
N ! to define

entire cochains on C(A) whereas Getzler and Szenes use the factor 1√
N ! to define entire

chains in C(A). Our normalization aligns with the one in [Mey07].
If l is an analytic cochain, it follows from the definitions that it is continuous with

respect to the seminorms ϵν and hence extends to a continuous functional on Cϵ(Ω). Also,
since d, b and B are continuous on C(Ω) with respect to the seminorms ϵν , they extend
to differentials on Cϵ(Ω) which are odd with respect to the induced Z2-grading.3 Hence,
we have defined the entire (reduced) cyclic complex of Ω.

1.5 Chen normalization
Similarly to [GJP91], one often considers a quotient of the reduced cyclic complex C(ΩT)
by some subcomplex DT(Ω) since some of the chains which are of interest are not closed
in the larger complex.

To define the subcomplex DT(Ω) of C(ΩT), consider for all f ∈ Ω0 and i ∈ N0 the
continuous linear map

S
(f)
i : C(ΩT) → C(ΩT)

given by

S
(f)
i (θ0, . . . , θN) =


(−1)mi(θ0, . . . , θi, f, θi+1, . . . , θN), 0 ≤ i ≤ N − 1
(−1)mN (θ0, . . . , θN , f), i = N

0, otherwise,

(1.8)

as well as the continuous linear map

T
(f)
i : C(ΩT) → C(ΩT)

defined via

T
(f)
i (θ0, . . . , θN) =



(θ0, . . . , θi, fθi+1, . . . , θN)
− (θ0, . . . , θif, θi+1, . . . , θN)
− (θ0, . . . , θi, df, θi+1, . . . , θN), 0 ≤ i ≤ N − 1

(fθ0, . . . , θN)
− (θ0, . . . , θNf)
− (θ0, . . . , θN , df), i = N.

3See [CG21, Lemma 2.3] for further reference.
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1 Algebraic preliminaries

Note that we only consider f ∈ Ω0 ⊆ Ω0
T, which is a proper subset in general. Consider

further the maps

S : C(ΩT) → C(ΩT), (θ0, . . . , θN) 7→
N∑

k=0
(θ0, . . . , θk, σ, θk+1, . . . , θN), (1.9)

R : C(ΩT) → C(ΩT), (θ0, . . . , θN) 7→ (σθ0, . . . , θN). (1.10)

Finally, we define DT(Ω) ⊆ C(ΩT) to be the smallest subcomplex with respect to the
differential dT + b − B containing the images of the operators

S + 1, R, S
(f)
i , T

(f)
i (1.11)

for all i ∈ N0 and f ∈ Ω0.
Remark. Note that the above definition is a correction of [GL22, Eq. (3.14)] which was
necessary to ensure that DT(Ω) is indeed a subcomplex.

Definition 1.5.1 ([GL22, Definition 3.4]). The Chen normalized entire complex is the
quotient complex

NT,ϵ(Ω) := Cϵ(ΩT)/DT(Ω),
where we take the closure inside Cϵ(ΩT). The space of extended Chen normalized analytic
cochains is the space NT,α(Ω) of analytic cochains vanishing on DT(Ω). We obtain the
Z2-graded complexes

NT,ϵ
+ (Ω) NT,ϵ

− (Ω),

dT+b−B

dT+b−B

and N+
T,α(Ω) N−

T,α(Ω).

(dT+b−B)∨

(dT+b−B)∨
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2 ϑ-summable Cq-Fredholm modules
For q ∈ N0 we denote by Cq the complex Clifford algebra with generators e1, . . . , eq

subject to the relations
eiej + ejei = −2δij.

We turn Cq into a ∗-algebra by setting e∗
i := −ei for each i. Moreover, Cq becomes a

Z2-graded algebra by declaring the generators ei to be odd. Note that for q = 0 we have
Cq = C.

Given a Z2-graded Hilbert space H we denote by L(H) the Z2-graded C∗-algebra of
bounded operators on H where the involution is given by the Hilbert space adjoint.

Definition 2.0.1. A Hilbert module over Cq is a Z2-graded Hilbert space H together
with a Z2-graded unital ∗-representation Cq → L(H).

Remark 2.0.2. 1. Note that for q = 0 this is nothing but a Z2-graded Hilbert space.

2. If H is a Hilbert module over Cq, this canonically induces a Hilbert module structure
on Hm for m ∈ N by letting Cq act diagonally.

Notation. If H is a Hilbert module over Cq, we denote by LCq(H) the subalgebra of L(H)
consisting of operators on H supercommuting with the Cq-action. Furthermore, we define
L1

Cq
(H) to be the subalgebra of trace-class operators supercommuting with the Cq-action.

Definition 2.0.3. A ϑ-summable Cq-Fredholm module over a locally convex dg algebra Ω
is a triple M = (H, c, Q), where

(i) H is a Hilbert module over Cq;

(ii) c : Ω → LCq(H) is a parity-preserving, continuous linear map such that c(1) = 1,
the identity operator;

(iii) Q is an odd, self-adjoint (possibly) unbounded operator on H supercommuting
with Cq,

such that we have

[Q, c(f)] = c(df), and c(fθ) = c(f)c(θ), c(θf) = c(θ)c(f) (2.1)

for all f ∈ Ω0 and all θ ∈ Ω. Moreover, we have the following analytic requirements:

(A1) For each θ ∈ Ω the operators C±(θ) := ∆±1/2c(θ)∆∓1/2 are densely defined and
bounded, where ∆ := Q2 + 1; moreover, the assignment θ 7→ C±(θ) is continuous
from Ω to LCq(H);
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2 ϑ-summable Cq-Fredholm modules

(A2) For each T > 0 one has e−T Q2 ∈ L1
Cq

(H).

If M satisfies all the above assumptions except (2.1), we call M a ϑ-summable weak
Cq-Fredholm module.

Definition 2.0.4. An isomorphism between two ϑ-summable weak Cq-Fredholm modules
M1 = (H1, c1, Q1) and M2 = (H2, c2, Q2) over a locally convex dg algebra Ω consists of a
unitary isomorphism U : H1 → H2 of Z2-graded Hilbert spaces intertwining all structure
maps, i. e.

U(qv) = q(Uv) ∀q ∈ Cq, v ∈ H1, and U(c1(θ)v) = c2(θ)(Uv) ∀θ ∈ Ω, v ∈ H1,

and U(Q1v) = Q2(Uv) for all v ∈ dom(Q1) with the implicit assumption that U maps
dom(Q1) onto dom(Q2).

2.1 Examples
In this subsection, we will see how the classical even and odd ϑ-summable Fredholm
modules fit into our framework.

Definition 2.1.1 ([GL22, Definition 2.1]). An even ϑ-summable Fredholm module over
a locally convex dg algebra Ω is a triple M = (H, c, Q), where

(i) H is a Z2-graded Hilbert space;

(ii) c : Ω → L(H) is a parity-preserving, continuous linear map such that c(1) = 1;

(iii) Q is an odd self-adjoint unbounded operator on H,

such that we have

[Q, c(f)] = c(df), and c(fθ) = c(f)c(θ), c(θf) = c(θ)c(f)

for all f ∈ Ω0 and all θ ∈ Ω. Moreover, we have the following analytic requirements:

(A1) For each θ ∈ Ω the operators C±(θ) := ∆±1/2c(θ)∆∓1/2 are densely defined and
bounded, where ∆ := Q2 + 1; moreover, the assignment θ 7→ C±(θ) is continuous
from Ω to L(H);

(A2) For each T > 0 the operator e−T Q2 ∈ L(H) is trace-class.

Clearly, an even ϑ-summable Fredholm module M = (H, c, Q) is nothing else but a
C0-Fredholm module. We will work out a few examples for the above definition given in
[GL22] and fill in the missing details:
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2.1 Examples

Example 2.1.2 ([GL22, Example 2.3]). Let X be a compact oriented Riemannian
manifold of dimension n = 2k. Assume that X admits a spin structure PSpinn

, i. e. a
lift of the oriented orthonormal frame bundle PSOn

1 to a principal Spinn-bundle along
the double cover ϱ : Spinn → SOn where Spinn ⊆ Cn,R ⊆ Cn denotes the real spin group
inside the Clifford algebra Cn,R of the standard n-dimensional Euclidean space. The
induced double cover PSpinn

→ PSOn will be denoted by ϱ̄. Let us quickly recall the main
steps of the construction of the complex spinor bundle over X and its associated spin
Dirac operator. For details, we refer to [BGV04, Chapter 3] and [Nic20, Chapter 12].

Up to equivalence, there exists a unique irreducible representation c : Cn → End(S) of
Cn and there exists an Hermitian inner product (·, ·) on S with respect to which we have

(c(v)s, s′) = −(s, c(v)s′) ∀s, s′ ∈ S, v ∈ R2k

which is unique up to a multiplicative constant. By restriction, we obtain the spin
representation πS : Spinn → GL(S) which is unitary with respect to the above inner
product. Since the complex volume element γC := ike1 · . . . · e2k, where e1, . . . , e2k is a
positively oriented orthonormal basis of R2k, satisfies γ2

C = 1, the spin representation
S splits into a direct sum S+ ⊕ S− and one can check that the spaces S+ and S− are
orthogonal.2 Also, since γC anti-commutes with vectors v ∈ Cn ⊆ Cn, the endomorphism
c(v) of S is odd with respect to this Z2-grading. The complex spinor bundle Σ is then
defined as the associated vector bundle

Σ := PSpinn
×πS

S → X.

It inherits a Z2-grading Σ = Σ+ ⊕ Σ− from S and the Hermitian inner product on S
induces an Hermitian metric h on Σ with respect to which the bundles Σ+ and Σ− are
orthogonal. The map c induces a bundle homomorphism c1 : TX → End(Σ). Indeed,
since X is oriented, the standard representation λst : SOn → GLn(R) provides a bundle
isomorphism

PSOn ×λst Rn → TX, H.v 7→ Hv

where H.v denotes the equivalence class of (H, v) in PSOn ×λst Rn. Thus, we may define
c1 on fibers via

TxX → End(Σx), ϱ̄(H).v 7→ [Σx → Σx, H.φ 7→ H.c(v)φ]

which in turn gives rise to the quantization map

c : Ω(X) → End(Σ),

where Ω(X) is the dg algebra of differential forms on X, which is given by

c(θ1 ∧ . . . ∧ θl) = 1
l!
∑
σ∈Sl

sgn(σ)c1(θ♯
σ1) · . . . · c1(θ♯

σl
)

1This is the fiber bundle over X whose fiber at a point x is given by all H : Rn → TxX which are
orientation preserving isometries.

2In fact, S+ and S− are inequivalent irreducible Spinn-representations and it can be shown that up to
equivalence these are the only irreducible complex Spinn-representations.
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2 ϑ-summable Cq-Fredholm modules

for θ1, . . . , θl ∈ Ω1(X). Here ♯ : T ∗X → TX denotes the cotangent-tangent isomorphism
induced by the Riemannian metric.3 There exists a unique connection ∇Σ on Σ, the spin
connection, which is compatible with the metric h and satisfies

∇Σ
Y (c(α)s) = c(∇T ∗X

Y α)s + c(α)(∇Σ
Y s)

for all α ∈ Ω1(X), Y ∈ ΓC∞(X, TX), s ∈ ΓC∞(X, Σ) where ∇T ∗X denotes the Levi-Civita
connection on T ∗X. The spin Dirac operator associated to the Dirac bundle (Σ, h, ∇Σ)
is the odd first-order differential operator

D := c ◦ ∇Σ : ΓC∞(X, Σ) ∇Σ−−→ ΓC∞(X, T ∗X ⊗ Σ) c−→ ΓC∞(X, Σ).

The above data canonically define an even ϑ-summable Fredholm module MX = (H, Q, c)
over the nuclear Fréchet algebra Ω(X) as follows: let H := ΓL2(X, Σ) be the Z2-graded
Hilbert space of square integrable sections in Σ, and consider the spin Dirac operator
D as an unbounded operator on ΓL2(X, Σ) with domain ΓC∞(X, Σ). In this way, D is
symmetric and its closure D is self-adjoint4 ([LM89, Proposition 5.3], [Che73b, Theorem
2.2]). On the other hand, we may let D act on ΓL2(X, Σ) in the distributional sense and
call this operator Q. It is obvious that Q = D∗ if we consider the Hilbert space adjoint
of D on the right-hand side. Hence,

Q = D∗ = (D)∗ = D

is an odd self-adjoint unbounded operator on ΓL2(X, Σ). Finally, we consider c as
multiplication operators acting on ΓL2(X, Σ). The formulas in Equation (2.1) follow
immediately from the definitions ([LM89, Remark 5.6]). Moreover, it is well-known
([Gün17, Theorem II.1]) that e−T Q2 has a smooth integral kernel for T > 0 so that in
particular, e−T Q2 is Hilbert-Schmidt for all T > 0 as X is compact so that∫

M

∫
M

|e−T Q2(x, y)|2dx dy < ∞.

However, this implies that e−T Q2 = e−T Q2/2e−T Q2/2 is trace-class, i. e. (A2) is satisfied.
Since D2 + 1 is an invertible elliptic differential operator of order two, the operators
∆±1/2 are pseudodifferential operators of order ≤ ±1 ([See67]) so that

C±(θ) = ∆±1/2c(θ)∆∓1/2

is a pseudodifferential operator of order ≤ 0 for any θ ∈ Ω(X). In particular, C±(θ) is
defined on ΓC∞(X, Σ), which is dense in ΓL2(X, Σ), and extends to a bounded operator
on ΓL2(X, Σ) by elementary theory of pseudodifferential operators. This implies (A1).

Example 2.1.3 ([GL22, Example 2.2]). Let A be an ungraded locally convex algebra
and M0 = (H, c0, Q) be a ϑ-summable Fredholm module over A in the sense of [Con89,

3We immediately see that c is not a representation (since it is not multiplicative) for k ≥ 1.
4Here it is used that X is complete (being compact).
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Definition 23], i. e. H is a Z2-graded Hilbert space, Q an odd unbounded self-adjoint
operator on H such that e−T Q2 is trace-class for each T > 0 and c0 : A → L+(H) is a
unital representation such that [Q, c0(a)] is densely defined and bounded for all a ∈ A
and there exists a continuous seminorm ν on A such that

∥c0(a)∥ + ∥[Q, c0(a)]∥ ≤ ν(a) (2.2)

for all a ∈ A. If we assume further that

∆−1/2[Q, c0(a)]∆1/2 and ∆−1/2[Q, c0(a)∗]∆1/2

are densely defined and bounded for each a ∈ A and that there exists a continuous
seminorm ν ′ on A such that

∥∆−1/2[Q, c0(a)]∆1/2∥ + ∥∆−1/2[Q, c0(a)∗]∆1/2∥ ≤ ν ′(a) (2.3)

for all a ∈ A5, where ∆ = Q2 + 1, then we may extend M0 to an even ϑ-summable
Fredholm module M = (H, c, Q) over ΩA, the universal dg algebra of non-commutative
differential forms over A as defined in Example 1.1.5, by setting

c(a0da1 . . . dan) := c0(a0)[Q, c0(a1)] . . . [Q, c0(an)]

for a0, . . . , an ∈ A. Clearly, c(1) = 1 and c is a continuous map ΩA → L(H) due to
Equation (2.2). Since Q is odd, it follows that c is parity preserving by definition of the
grading on ΩA. The first two identities from Equation (2.1) follow immediately from the
definition. Repeated use of the Leibniz rule shows that

(a0da1 . . . dan)a = (−1)na0a1da2 . . . danda +
n∑

j=1
(−1)n−ja0da1 . . . d(ajaj+1) . . . danda.

Together with the fact that

[Q, c0(ajaj+1)] = [Q, c0(aj)]c0(aj+1) + c0(aj)[Q, c0(aj+1)]

for 1 ≤ j ≤ n, the third identity from Equation (2.1) follows. For the analytic requirement
(A1), we notice that

∆±1/2c(a0da1 . . . dan)∆∓1/2 = (∆±1/2c0(a0)∆∓1/2)
n∏

j=1
(∆±1/2[Q, c0(aj)]∆∓1/2)

is densely defined and bounded and depends continuously on a0da1 . . . dan since Equa-
tion (2.3) holds.

Remark 2.1.4. Suppose that A from the previous example is commutative. We can
repeat the same construction to get an even ϑ-summable Fredholm module over ΩA,ab,
see Remark 1.1.6, if we define c as follows:

c(a0da1 ∧ . . . ∧ an) := 1
n!

∑
σ∈Sn

sgn(σ)c0(a0)[Q, c0(aσ1)] . . . [Q, c0(aσn)].

5Taking adjoints, the same is true if we swap the roles of −1/2 and 1/2.
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2 ϑ-summable Cq-Fredholm modules

Definition 2.1.5. An odd ϑ-summable Fredholm module over a locally convex dg algebra
Ω is a triple M = (H, c, Q) where

1. H is a Hilbert space;

2. c : Ω → L(H) is a continuous linear map such that c(1) = 1;

3. Q is an unbounded, self-adjoint operator on H,

such that the following holds for all f ∈ Ω0 and θ ∈ Ω:

[Q, c(f)] = c(df), c(fθ) = c(f)c(θ), c(θf) = c(θ)c(f).

Moreover, the above data are subject to the following analytic requirements:

(A1) For each θ ∈ Ω the operators C±(θ) := ∆±1/2c(θ)∆∓1/2 are densely defined and
bounded where ∆ := Q2 + 1 and the map θ 7→ C±(θ) is continuous from Ω to L(H);

(A2) For each T > 0 the operator e−T Q2 ∈ L(H) is trace-class.

Example 2.1.6. Let X be a spin manifold of dimension n = 2k + 1. Recall that up to
equivalence there exist two irreducible representations Cn → End(S±) and they restrict to
isomorphic irreducible representations of Spinn so that we may call πS : Spinn → GL(S+)
the spin representation. Then, we may repeat the construction from Example 2.1.2
(without the Z2-gradings) to see that the spin Dirac operator induces an odd ϑ-summable
Fredholm module over Ω(X).

Remark 2.1.7. Odd ϑ-summable Fredholm modules fit into our general framework as well:
Given an odd ϑ-summable Fredholm module M = (H, c, Q), we may define a ϑ-summable
C1-Fredholm module M̃ := (H̃, c̃, Q̃) as follows:

1. Let H̃ := H ⊕ H with Z2-grading determined by H̃+ := H ⊕ {0}, H̃− := {0} ⊕ H;

2. Let C1 act on H̃ by letting the generator e1 act on H̃ via

γ :=
(

0 1
−1 0

)
;

3.

c̃(θ) :=



c(θ) 0
0 c(θ)

 , θ even
 0 c(θ)

c(θ) 0

 , θ odd
for θ ∈ Ω;

4.
Q̃ :=

(
0 Q
Q 0

)
.
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2.2 The quantization map

Definition 2.1.8. Let M = (H, c, Q) be a weak ϑ-summable Cq-Fredholm module over a
locally convex dg algebra Ω. We extend M to a weak ϑ-summable Cq-Fredholm module
MT = (H, cT, Q) over ΩT, the acyclic extension of Ω (Example 1.1.3), via

cT(θ′ + σθ′′) := c(θ′).

We call this the acyclic extension of M.

Remark 2.1.9. Note that for an odd weak ϑ-summable Fredholm module M over Ω in
the sense of Definition 2.1.5, defining MT as above again yields an odd weak ϑ-summable
Fredholm module over ΩT in the sense of Definition 2.1.5. However, we trivially have

M̃T = M̃T

where M̃ was defined in Remark 2.1.7.

2.2 The quantization map
2.2.1 The curvature of a ϑ-summable Cq-Fredholm module
Let M := (H, c, Q) be a ϑ-summable weak Cq-Fredholm module. Similarly to [GL22,
Equation (4.1)], we define an LCq(H)-valued bar cochain ωM via

ω
(0)
M := Q, ω

(1)
M (θ) := c(θ), ω

(N)
M (θ1, . . . , θN) := 0, N ≥ 2.

The cochain ωM is odd in the Z2-grading of Hom(B(Ω), LCq(H)). Note that since Q may
be unbounded in general (hence not actually an element of LCq(H)), the above display is
only formal. We may interpret ωM as a (super-)connection form of the (super-)connection
∇ := δ + ωM and define its curvature via

FM := δωM + ω2
M.

For brevity, we will sometimes write F instead of FM if the Fredholm module is clear
from the context.

Let us work out the components of FM explicitly. To this end, we first compute ω2
M.

In arity 0, we have
(ω2

M)(0) = Q2.

In arity 1, we have

ω2
M(θ1) =

1∑
k=0

(−1)|ωM|nkωM(θ1, . . . , θk)ωM(θk+1, . . . , θ1)

= (−1)1·0Qc(θ1) + (−1)1·(|θ1|−1)c(θ1)Q
= (−1)1·0Qc(θ1) − (−1)1·|θ1|c(θ1)Q
= [Q, c(θ1)].
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2 ϑ-summable Cq-Fredholm modules

In arity 2, we have

ω2
M(θ1, θ2) =

2∑
k=0

(−1)|ωM|nkωM(θ1, . . . , θk)ωM(θk+1, . . . , θ2)

= (−1)|ωM|n1ωM(θ1)ωM(θ2)
= (−1)1·(|θ1|−1)ωM(θ1)ωM(θ2) = −(−1)|θ1|c(θ1)c(θ2)

where we used that ωM vanishes in arity 2 or higher for the second line.
Now we compute δωM. By definition,

(δωM)(0) = 0.

In arity 1, we have

(δωM)(θ1) = −(−1)|d+b′||ωM|ωM((d + b′)(θ1))
= −(−1)1·1ωM(−dθ1)
= −c(dθ1).

In arity 2, we have

δωM(θ1, θ2) = −(−1)|d+b′||ωM|ωM((d + b′)(θ1, θ2))
= ωM(−(dθ1, θ2) − (−1)|θ1|−1(θ1, dθ2) − (−1)|θ1|−1θ1θ2)
= (−1)|θ1|c(θ1θ2).

Hence, FM is given by

F
(0)
M = Q2,

F
(1)
M (θ1) = [Q, c(θ1)] − c(dθ1), (2.4)

F
(2)
M (θ1, θ2) = (−1)|θ1|(c(θ1θ2) − c(θ1)c(θ2)),

with all higher arities being zero.

2.2.2 Definition of the quantization map
In the spirit of Chern-Weil theory one would like to define the Chern character of a
ϑ-summable weak Cq-Fredholm module as StrCq(e−FM) where e−FM is some appropriate
notion of the exponential of the curvature FM in the algebra Hom(B(Ω), LCq(H)) and
StrCq resembles the (super-)trace of operators on H in our more general setting of
Hilbert modules. Since we are dealing with unbounded operators (and hence not actual
elements of LCq(H)), this imposes analytical difficulties. However, through a formal
perturbation argument, one may define e−T FM for T > 0 using Duhamel’s formula:
writing FM = Q2 + F ≥1

M , where F ≥1
M denotes FM with (FM)(0) set to zero, one may expand

e−T FM = e−T (Q2+F ≥1
M

)
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2.2 The quantization map

into a perturbation series with respect to the semigroup e−T Q2 by rewriting the differential
equation

d

dT
e−T (Q2+F ≥1

M
) = −(Q2 + F ≥1

M )e−T (Q2+F ≥1
M

)

into the integral equation

e−T (Q2+F ≥1
M

) = e−T Q2 −
∫ T

0
e−(T −s)Q2

F ≥1
M e−s(Q2+F ≥1

M
) ds

which may be solved through successive approximation, see [Kat95, Chapter Nine, §2.1
Theorem 2.1] for details. Apart from providing missing calculations and adapting the
proofs to our more general setting, this (and the next) subsection will follow [GL22,
Section 4].

For a rigorous implementation of the above equations, we introduce the following
Notation. Let H be a non-negative self-adjoint operator and A1, . . . , AN suitable operators
on a Hilbert space H. Define

{A1, . . . , AN}H :=
∫

∆N

e−τ1HA1e
−(τ2−τ1)HA2 · . . . · e−(τN −τN−1)HANe−(1−τN )H dτ

where ∆N := {τ ∈ RN : 0 ≤ τ1 ≤ . . . ≤ τN ≤ 1} is the (time ordered) standard simplex.
For N = 0, we define the empty bracket {}H to be e−H which is consistent with the
above display if we define the zero-simplex ∆0 as the set {1}.

The following estimate enables us to put unbounded operators Aj into the bracket
above:

Lemma 2.2.1 ([GL22, Lemma 4.2]). For 0 ≤ a0, . . . , aN < 1 let A0, . . . , AN be densely
defined operators on H such that Aj(H +1)−aj is densely defined and extends to a bounded
operator on H. Then, for each T > 0, A0{A1, . . . , AN}T H is a well-defined trace-class
operator, and we have the estimate

∥A0{A1, . . . , AN}T H∥1

≤
eT/2 Tr

(
e−T H/2

)
Γ (N + 1 − (a0 + . . . + aN))

N∏
j=0

∥∥∥Aj(H + 1)−aj

∥∥∥(2ajΓ(1 − aj)
eT

)aj

,

for its trace-class norm, where Γ denotes the gamma function.

Proof. We will make use of the following auxiliary statement:
Claim. For every 0 ≤ a < 1 and τ > 0, the function

f : [−1, ∞) → R, x 7→ (x + 1)ae−τx/2

is bounded and attains its global maximum in

f
(−τ + 2a

τ

)
=
(2a

τ

)a

eτ/2−a.
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2 ϑ-summable Cq-Fredholm modules

Proof of Claim. The statement is obvious for a = 0, so we may assume 0 < a < 1.
Clearly, f is continuous on [−1, ∞) and smooth on (−1, ∞) and its derivative is given by

f ′(x) = −1
2(x + 1)a−1(τx + τ − 2a)e−τx/2.

The function f ′ has exactly one zero in (−1, ∞) at x∗ = − τ−2a
τ

and from the explicit
formula for f ′ this can be seen to be a local maximum which is > 0 = f(−1). Since f ↓ 0
as x → ∞, it follows that f is maximal at x∗ with

f(x∗) =
(2a

τ

)a

eτ/2−a

which proves the claim.

By assumption, for each 0 ≤ j ≤ N the operator Aj(H + 1)−aj extends to a bounded
operator on H. Since H is non-negative and self-adjoint, its spectrum is contained in
[0, ∞) so that we may employ functional calculus to define the bounded operator

(H + 1)aj e−εH/2.

Since e−ε/2H is trace-class, it follows that

Aje
−εH = (Aj(H + 1)−aj )((H + 1)aj e−εH/2)e−εH/2

is trace-class so that for every fixed τ ∈ ∆N the integrand appearing in the definition
of the bracket is trace-class provided τj − τj−1 > 0 for all j. Since, equipped with the
trace norm, the space of trace-class operators forms a Banach space, the bracket defines
a trace-class operator if the trace norm of the integrand is integrable as a function of τ .

Setting sj := τj+1 − τj for 0 ≤ j ≤ N where we understand τN+1 to be 1 and τ0 to be
zero, we have ∑N

j=0 sj = 1 so that according to Hölder’s inequality for Schatten norms,
we have∥∥∥∥∥∥

N∏
j=0

Aje
−T sjH

∥∥∥∥∥∥
1

≤
N∏

j=0
∥Aj(H + 1)−aj ∥·∥(H + 1)aj e−T sjH∥1/sj

≤
N∏

j=0
∥Aj(H + 1)−aj ∥ ·

N∏
j=0

∥(H + 1)aj e−T sjH/2∥ ·
N∏

j=0
∥e−T sjH/2∥1/sj

.

If λk, k ∈ N, denote the eigenvalues of H (with multiplicity), the last product may be
written as

N∏
j=0

∥e−T sjH/2∥1/sj
=

N∏
j=0

( ∞∑
k=1

(e−T sjλk/2)1/sj

)sj

=
N∏

j=0
Tr(e−T H/2)sj = Tr(e−T H/2).

Using the claim from the beginning, we obtain the estimate
N∏

j=0
∥(H + 1)aj e−T sjH/2∥ ≤ eT/2

N∏
j=0

(2aj

eT

)aj

(τj+1 − τj)−aj .
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2.2 The quantization map

Applying Selberg’s integral formula, we find that∫
∆N

τ−a0
1 (τ2 − τ1)−a1 · . . . · (1 − τN)−aN dτ = Γ(1 − a0) · . . . · Γ(1 − aN)

Γ(N + 1 − (a0 + . . . + aN))

which proves the lemma.

The following lemma shows that the components of FM which are of arity 1 or higher
satisfy the conditions from above:

Lemma 2.2.2. Let A = FM(θ) or A = FM(θ1, θ2) for some θ; θ1, θ2 ∈ Ω of pure degree.
Then A(Q2 + 1)−1/2 is densely defined and extends to an operator in LCq(H).

Proof. Since (Q2 + 1)−1/2 is an everywhere defined bounded operator and c maps to
bounded operators, the claim is obvious for A = FM(θ1, θ2).

Similarly, for A = FM(θ) it suffices to consider the graded commutator [Q, c(θ)]. Note
that the domain of c(θ)Q(Q2 + 1)− 1

2 is H so that we have a closed operator which is
defined everywhere and hence bounded by the closed graph theorem. For the other part
of the graded commutator we use that Q2 ≤ Q2 + 1 implies Q =

√
Q2 ≤ (Q2 + 1) 1

2 and
hence

∥Qc(θ)(Q2 + 1)− 1
2 f∥ ≤∥(Q2 + 1) 1

2 c(θ)(Q2 + 1)− 1
2 f∥

for f in the domain of (Q2 + 1) 1
2 c(θ)(Q2 + 1)− 1

2 . Due to the analytic requirement (A1)
this operator is densely defined and bounded.

Definition 2.2.3. For fixed T > 0, the quantization map ΦM
T is the even LCq(H)-valued

bar cochain defined by the formula

ΦM
T :=

∞∑
N=0

(−T )N
{
F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
N

}
T Q2

.

Notation. Denote by PM,N the set of ordered partitions of length M of the set {1, . . . , N},
i. e. collections of nonempty subsets I = (I1, . . . , IM ) such that I1 ∪ . . .∪IM = {1, . . . , N}
and such that each element of Ia is smaller than any element of Ib whenever a < b.

With this notation, for N ≥ 1 we have the formula

ΦM
T (θ1, . . . , θN) =

N∑
M=1

(−T )M
∑

I∈PM,N

{
F ≥1
M (θI1), . . . , F ≥1

M (θIM
)
}

T Q2
, (2.5)

where θIa
:= (θi+1, . . . , θi+m) if Ia = {j : i < j ≤ i + m} for some i, m. For N = 0, we

have (ΦM
T )(0) = e−T Q2 .

Remark 2.2.4. 1. Lemma 2.2.2 shows that ΦM
T is well-defined.

2. Since FM is even (because ω is odd), it follows that Φ ∈ Hom+(B(Ω), LCq(H)), i. e.
it maps even elements of B(Ω) to even operators on H and odd elements to odd
operators.
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2 ϑ-summable Cq-Fredholm modules

3. If U : M1 → M2 is an isomorphism of ϑ-summable weak Cq-Fredholm modules, it
is easy to check that

UΦM1
T (θ) = ΦM2

T (θ)U
for all θ ∈ B(Ω).

The following estimate will be frequently needed:

Theorem 2.2.5. For T > 0 and all θ1, . . . , θN ∈ Ω the operator ΦM
T (θ1, . . . , θN) is well-

defined and trace-class. There exists a continuous seminorm ν on Ω, which is independent
of T , such that

∥ΦM
T (θ1, . . . , θN)∥1 ≤ eT/2 Tr(e−T Q2/2) T N/2

⌊N/2⌋!ν(θ1) · . . . · ν(θN).

Moreover, the same is true for QΦM
T and ΦM

T Q instead of ΦM
T if we replace T N/2 with

T (N−1)/2 and ⌊N/2⌋! with ⌊(N − 1)/2⌋! on the right-hand side.

Proof. We have already seen that ΦM
T (θ1, . . . , θN) is a well-defined trace-class operator.

Using Lemma 2.2.1 with A0 = Q proves that the same is true for QΦM
T (θ1, . . . , θN ). Since

trace-class operators are stable under taking the adjoint, the statement for ΦM
T Q follows

as well.
We start with the estimate for ΦM

T . Due to Equation (2.5), the operator ΦM
T (θ1, . . . , θN )

is a sum of operators of the form A0{A1, . . . , AM}T Q2 for some 1 ≤ M ≤ N where A0 = 1
and each Aj is equal to the second or third line in Equation (2.4). Since multiplication
in Ω is jointly continuous and using the analytical assumption (A1) (with a view on the
proof of Lemma 2.2.1), it follows that there exists a seminorm ν on Ω satisfying

∥FM(θ)∆−1/2∥ ≤ ν(θ) and ∥FM(θ1, θ2)∥ ≤ ν(θ1)ν(θ2). (2.6)

By definition, FM vanishes in arity three or higher which implies

{FM(θI1), . . . , FM(θIM
)}T Q2 = 0

for any partition I ∈ PM,N containing a subset Ij with |Ij| ≥ 3. Otherwise, we necessarily
have |Ij| = 2 for N − M indices j and |Ij| = 1 for 2M − N indices j. Application of
the estimate in Lemma 2.2.1 with aj = 0 for N − M indices j and aj = 1

2 for 2M − N
indices j in combination with Equation (2.6) yields

∥{FM(θI1), . . . , FM(θIM
)}T Q2∥1 ≤ eT/2 Tr(e−T Q2/2)

Γ(N
2 + 1)

(√
π

eT

)(2M−N)/2

ν(θ1) · . . . · ν(θN)

since Γ(1/2) =
√

π. Together with Equation (2.5) we get

∥ΦM
T (θ1, . . . , θN)∥1

≤
N∑

M=⌈N/2⌉
T M

∑
I∈PM,N

eT/2 Tr(e−T Q2/2)
Γ(N

2 + 1)

(√
π

eT

)(2M−N)/2

ν(θ1) · . . . · ν(θN)
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2.2 The quantization map

≤ T N/2 · eT/2 Tr(e−T Q2/2)
⌊N/2⌋!

N∑
M=⌈N/2⌉

∑
I∈PM,N

(√
π

e

)(2M−N)/2

ν(θ1) · . . . · ν(θN)

where we used that Γ
(

N
2 + 1

)
≥ Γ (⌊N/2⌋ + 1) = ⌊N/2⌋! in the last line. Since e >

√
π

we have (
√

π/e)(2M−N)/2 < 1 for M ≥ ⌈N/2⌉. Moreover, the sum

N∑
M=⌈N/2⌉

∑
I∈PM,N

1

is bounded above by the number of compositions of the integer N which is 2N−1 ≤ 2N .
Since we may absorb the constant 2N into the seminorm (replacing it with a larger one),
we finally get

∥ΦM
T (θ1, . . . , θN)∥1 ≤ eT/2 Tr(e−T Q2/2) T N/2

⌊N/2⌋!ν(θ1) · . . . · ν(θN)

as claimed. The proof for QΦM
T and ΦM

T Q is similar.

2.2.3 The Bianchi identity
Recall that we interpret ωM as a (super-)connection form and FM = δωM+ω2

M as its curva-
ture. In this case, reasoning by analogy with differential geometry, one expects a Bianchi
type identity. Note that the (super-)connection ∇ = δ + ωM acts on Hom(B(Ω), LCq(H))
via

∇l = δl + ωM · l

for l ∈ Hom(B(Ω), LCq(H)). Thus, the graded Leibniz rule implies

∇2 = (δ + ωM)2 = ωMδ + ω2
M + δ2 + δωM + (−1)|ωM|ωMδ = δωM + ω2

M = FM

and in particular, [∇, FM] = ∇3 − ∇3 = 0. On the other hand,

[∇, FM] = ∇FM − FM∇
= (δ + ωM)(δωM + ω2

M) − (δωM + ω2
M)(δ + ωM)

= δ(δωM·) + δ(ω2
M·) + ωMδωM + ω3

M

− ((δωM)δ + ω2
Mδ + (δωM)ωM + ω3

M)
= δ2ωM + (−1)|δωM|(δωM)δ + δω2

M + (−1)|ω2
M

|ω2
Mδ + ωMδωM + ω3

M

− (δωM)δ − ω2
Mδ − (δωM)ωM − ω3

M

= δω2
M + ωMδωM − (δωM)ωM.

Clearly, we have δFM = δω2
M as well as

[ωM, FM] = ωMFM − FMωM = ωM(δωM) + ω3
M − (δωM)ωM − ω3

M = ωMδωM − (δωM)ωM
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2 ϑ-summable Cq-Fredholm modules

so that [∇, FM] = δFM + [ωM, FM] which proves the Bianchi identity

δFM + [ωM, FM] = 0.

for FM. Again, we would like to point out that these calculations are formal (ignoring
domains) since ωM and FM are not actual LCq -valued bar cochains.

Proceeding formally, we calculate

δΦM
T = δe−T FM = δ

∞∑
N=0

(−T )N

N ! F N
M =

∞∑
N=0

(−T )N

N ! δ(F N
M )

=
∞∑

N=0

(−T )N

N !

N∑
k=1

FM · . . . · δFM︸ ︷︷ ︸
k-th slot

· . . . · FM

= −
∞∑

N=0

(−T )N

N !

N∑
k=1

FM · . . . · [ωM, FM]︸ ︷︷ ︸
k-th slot

· . . . · FM

= −
∞∑

N=0

(−T )N

N !
[
ωM, FM · . . . · FM︸ ︷︷ ︸

N

]

= −
[
ωM,

∞∑
N=0

(−T )N

N ! F N
M

]
= −[ωM, ΦM

T ]

which yields the Bianchi identity δΦM
T + [ωM, ΦM

T ] = 0 for ΦM
T . The goal of this subsection

is to give a rigorous proof of the above identity.

Theorem 2.2.6. The cochain ΦM
T satisfies

δΦM
T + [ωM, ΦM

T ] = 0.

Corollary 2.2.7. For (θ1, . . . , θN) ∈ B(Ω) the identity from Theorem 2.2.6 reads as
follows:

ΦM
T ((d + b′)(θ1, . . . , θN))

= c(θ1)ΦM
T (θ2, . . . , θN) − (−1)nN−1ΦM

T (θ1, . . . , θN−1)c(θN)
+ [Q, ΦM

T (θ1, . . . , θN)].
(2.7)

Proof of Corollary 2.2.7. By definition,

δΦM
T (θ1, . . . , θN) = −(d + b′)∨ΦM

T (θ1, . . . , θN)
= −(−1)|d+b′||ΦM

T |ΦM
T ((d + b′)(θ1, . . . , θN))

= −ΦM
T ((d + b′)(θ1, . . . , θN))

since ΦM
T is even. On the other hand,

[ωM, ΦM
T ] = ωMΦM

T − (−1)|ωM||ΦM
T |ΦM

T ωM = ωMΦM
T − ΦM

T ωM.
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2.2 The quantization map

Using that ωM vanishes in arity 2 or higher, we have

ωMΦM
T (θ1, . . . , θN) =

N∑
l=0

(−1)|ΦM
T |nlωM(θ1, . . . , θl)ΦM

T (θl+1, . . . , θN)

= ω
(0)
M ΦM

T (θ1, . . . , θN) + ωM(θ1)ΦM
T (θ2, . . . , θN)

= QΦM
T (θ1, . . . , θN) + c(θ1)ΦM

T (θ2, . . . , θN).

Similarly,

ΦM
T ωM(θ1, . . . , θN)
= (−1)|ωM|nN ΦM

T (θ1, . . . , θN)ω(0)
M + (−1)|ωM|nN−1ΦM

T (θ1, . . . , θN−1)ωM(θN)
= (−1)nN ΦM

T (θ1, . . . , θN)Q + (−1)nN−1ΦM
T (θ1, . . . , θN−1)c(θN).

Note that nN = |θ1| + . . . + |θN | − N = |(θ1, . . . , θN)| in B(Ω). Since ΦM
T is parity

preserving, it follows that (−1)nN = (−1)|ΦM
T (θ1,...,θN )|. Thus,

[ωM, ΦM
T ](θ1, . . . , θN) = QΦM

T (θ1, . . . , θN) − (−1)|Q||ΦM
T (θ1,...,θN )|ΦM

T (θ1, . . . , θN)Q
+ c(θ1)ΦM

T (θ2, . . . , θN) − (−1)nN−1ΦM
T (θ1, . . . , θN−1)c(θN)

= c(θ1)ΦM
T (θ2, . . . , θN) − (−1)nN−1ΦM

T (θ1, . . . , θN−1)c(θN)
+ [Q, ΦM

T (θ1, . . . , θN)].

All in all, we get

ΦM
T ((d + b′)(θ1, . . . , θN)) = c(θ1)ΦM

T (θ2, . . . , θN) − (−1)nN−1ΦM
T (θ1, . . . , θN−1)c(θN)

+ [Q, ΦM
T (θ1, . . . , θN)]

which proves the formula.

Proof of Theorem 2.2.6. Consider, for ε ≥ 0, the N -simplex with the ε-neighborhoods
of the diagonals removed, i. e.

∆ε
N := {τ ∈ ∆N : τj − τj−1 ≥ ε for all 1 ≤ j ≤ N + 1},

and the bracket {A1, . . . , AN}ε
H which is defined by the same formula as the usual one

integrating over ∆ε
N . Observe that for k ∈ N0 and t > 0 the supremum norm of the

function
fk,t : R → R, x 7→ xke−tx2

is equal to
(

k
2t

)k/2
e−k/2 so that by functional calculus the operator norm of Qke−tQ2

is uniformly bounded for t ∈ [ε, 1] if ε > 0. Thus, the bracket {A1, . . . , AN}ε
Q2 gives

rise to a well-defined bounded operator for any collection of operators Aj of the form
Aj = QmA′

jQ
n with A′

j bounded and m, n ∈ N0. Let ΦM,ε
T be the cochain which is defined

by the same formula as ΦM
T but with the ε-bracket instead of the usual one. Since FM
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2 ϑ-summable Cq-Fredholm modules

is even and δ is a graded derivation with respect to the product on L(H)-valued bar
cochains, the following formula holds for every ε ≥ 0:

δΦM,ε
T =

∞∑
N=1

(−T )N
∞∑

k=1
{F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

k−1

, δF ≥1
M , F ≥1

M , . . . F ≥1
M︸ ︷︷ ︸

N−k

}ε
T Q2 . (2.8)

Formally (ignoring domains), the Bianchi identity for FM reads

δF ≥1
M = δFM = −[ω, FM] = −[Q, F ≥1

M ] − [c, F ≥1
M ] − [c, Q2].

Plugging this into the right-hand side of Equation (2.8) produces

δΦM,ε
T =

∞∑
N=1

(−T )N

 N∑
k=1

{F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
k−1

, −[Q, F ≥1
M ], F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

N−k

}ε
T Q2

−
N∑

k=1
{F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

k−1

, [c, F ≥1
M ], F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

N−k

}ε
T Q2

−
N∑

k=1
{F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

k−1

, [c, Q2], F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
N−k

}ε
T Q2


(2.9)

which is a well-defined identity of cochains for ε > 0. Since F ≥1
M is even and taking the

graded commutator with Q is a graded derivation on L(H)-valued bar cochains, it follows
that

N∑
k=1

{F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
k−1

, [Q, F ≥1
M ], F ≥1

M , . . . F ≥1
M︸ ︷︷ ︸

N−k

}ε
T Q2 =

[
Q, {F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

N

}ε
T Q2

]

for ε > 0. Note that the right-hand side of the above identity makes sense for ε = 0 as
well due to the second part of Theorem 2.2.5. Since c maps to bounded operators, the
second line in Equation (2.9) is well-defined for ε = 0, too. For the third line, we need
the following auxiliary statement:

Lemma 2.2.8 ([GL22, Lemma 4.9]). Let A1, . . . , AN be operators of the form Aj =
QmA′

jQ
n where m, n ∈ N0 and A′

j is bounded and assume further that for some k we
have m = n = 0, i. e. Ak = A′

k. If ε > 0, it follows that for all T > 0 we have

T{A1, . . . , [Q2, Ak], . . . , AN}ε
T Q2

= −{A1, . . . , Ake−εT Q2
Ak+1, . . . , AN}ε

T Q2 + {A1, . . . , Ak−1e
−εT Q2

Ak, . . . , AN}ε
T Q2 .

For k = 1 the second bracket on the right has to be read as e−εT Q2
A1{A2, . . . , AN}ε

T Q2

whereas for k = N the first bracket is to be interpreted as {A1, . . . , AN−1}ε
T Q2ANe−εT Q2.
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2.2 The quantization map

Proof. First of all, we note that for an integrable function f : ∆ε
N → E in a Banach space

E we may change the order of integration such that∫
∆ε

N

f(τ) dτ =
∫ 1−Nε

ε

∫ 1−(N−1)ε

τ1+ε
· · ·

∫ 1−(N−k)ε

τk−1+2ε

∫ 1−(N−k−1)ε

τk+1+ε
· · ·

∫ 1−ε

τN−1+ε∫ τk+1−ε

τk−1+ε
f(τ1, . . . , τN) dτk dτN . . . dτk+1 dτk−1 . . . dτ1.

The upper limits follow from a telescoping argument: for τ ∈ ∆ε
N , we have

1 − τj =
N∑

m=j

τm+1 − τm ≥ (N − j + 1)ε.

The lower limit τk−1 + 2ε in the inner integral follows from τk+1 − τk−1 = τk+1 − τk + τk −
τk−1 ≥ 2ε. Integrating both sides of

∂

∂τk

(
e−T (τk−τk−1)Q2

Ake−T (τk+1−τk)Q2) = (−T )e−T (τk−τk−1)Q2
Q2Ake−T (τk+1−τk)Q2

+ Te−T (τk−τk−1)Q2
AkQ2e−T (τk+1−τk)Q2

= Te−T (τk−τk−1)Q2 [Ak, Q2]e−T (τk+1−τk)Q2

gives

T
∫ τk+1−ε

τk−1+ε
e−T (τk−τk−1)Q2 [Ak, Q2]e−T (τk+1−τk)Q2 dτk

= e−T (τk+1−ε−τk−1)Q2
Ake−εT Q2 − e−εT Q2

Ake−T (τk+1−ε−τk−1)Q2
.

Defining new variables

τ̃j =


τj, 1 ≤ j ≤ k − 1,

τk+1 − ε, j = k,

τj+1, k + 1 ≤ j ≤ N − 1,

it follows that (with AN+1 := 1)

T{A1, . . . , [Q2, Ak], . . . , AN}ε
T Q2 = −

∫
∆ε

N

∂

∂τk

N+1∏
j=1

e−(τj−τj−1)T Q2
Aj dτ

= −{A1, . . . , Ake−εT Q2
Ak+1, . . . , AN}ε

T Q2

+ {A1, . . . , Ak−1e
−εT Q2

Ak, . . . , AN}ε
T Q2

as claimed.

Thus, we see that

(−T ){F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
k−1

, [c, Q2], F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
N−k

}ε
T Q2
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2 ϑ-summable Cq-Fredholm modules

= −{F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
k−1

, ce−εT Q2
F ≥1
M , F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

N−k−1

}ε
T Q2

+ {F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
k−2

, F ≥1
M e−εT Q2c, F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

N−k

}ε
T Q2

for all ε > 0. Now, the right-hand side is well-defined for ε = 0 as well. Using the above
identity for the third term in Equation (2.9) and taking the limit as ε → 0, we have

δΦM
T = −[Q, ΦM

T ] −
∞∑

N=1
(−T )N

N∑
k=1

{F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
k−1

, [c, F ≥1
M ], F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

N−k

}T Q2

−
∞∑

N=1
(−T )N−1

c{F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
N−1

}T Q2 − {F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
N−1

}T Q2c

−
N−1∑
k=1

{F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
k−1

, cF ≥1
M , F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

N−k−1

}T Q2

+
N∑

k=2
{F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

k−2

, F ≥1
M c, F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

N−k

}T Q2

 .

Shifting the index of the third sum, the third term on the right-hand side becomes

−
∞∑

N=1
(−T )N−1

c{F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
N−1

}T Q2 − {F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
N−1

}T Q2c

+
N−1∑
k=1

{F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
k−1

, F ≥1
M c − cF ≥1

M , F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
N−k−1

}T Q2


which is equal to

−[c, ΦM
T ] +

∞∑
N=2

(−T )N−1
N−1∑
k=1

{F ≥1
M , . . . , F ≥1

M︸ ︷︷ ︸
k−1

, [c, F ≥1
M ], F ≥1

M , . . . , F ≥1
M︸ ︷︷ ︸

N−k−1

}T Q2 .

Notice that after shifting the index of the outer sum this term cancels the second term
in the equation we have proven for δΦM

T above. Therefore,

δΦM
T = −[Q, ΦM

T ] − [c, ΦM
T ] = −[ω, ΦM

T ]

which proves the theorem.
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3 The Chern character
Let X be a smooth manifold and E a Z2-graded vector bundle over X and

∇ : ΓC∞(X, E) → ΓC∞(X, T ∗X ⊗ E)

a superconnection where the tensor product is Z2-graded. A superconnection is defined
in the same way as a connection with the extra assumption that it is odd as an operator
between spaces of sections. Then, the corresponding connection forms ω ∈ Ω1(U, End(E))
for U ⊆ X open take values in the even endomorphisms of E and are called superconnec-
tion forms. If R := dω + ω ∧ ω denotes the curvature form of (E, ∇), the Chern character
of the superbundle E is given by

Ch(E) := Str(e−R),

possibly modulo some normalization, where Str denotes the supertrace of operators on a
Z2-graded vector space.1 If M is a ϑ-summable weak Cq-Fredholm module, the idea is to
mimic the above construction and define the Chern character as

ChM := StrCq(e−FM) = StrCq(ΦM
1 )

where StrCq is some variant of the supertrace which takes into account the Cq-action.
However, if defined in this way, ChM is a bar cochain whereas in applications one would
prefer ChM to be a cyclic cochain. Thus, one defines ChM as StrCq(cΦM

1 ) which lives on
C(Ω) as desired. Later, we will see that the respective cochains on B(Ω) and C(Ω) are
related in natural way.

3.1 Definition and basic properties
Definition 3.1.1. Let H be a Hilbert module over Cq and A ∈ L1

Cq
(H). The Clifford

supertrace of A is defined as

StrCq(A) := 2−q Str(γA)

where γ := e1 · . . . · eq is the Clifford volume element.

The following lemma justifies the name “Clifford supertrace”:
1As in the classical theory, this induces a de Rham cohomology class which can be shown to be

independent of the chosen superconnection.
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3 The Chern character

Lemma 3.1.2. Let H be a Hilbert module over Cq and A, B ∈ L1
Cq

(H). Then one has

StrCq([A, B]) = 0.

Proof. Recall that Str(CD) = (−1)|C||D| Str(DC) for homogeneous operators in L1(H)
and that γ supercommutes with A and B. By linearity, we may restrict ourselves to
homogeneous operators A and B. According to the definition, the Clifford supertrace
of [A, B] vanishes if γ[A, B] is odd in L1(H). This follows immediately if γ is odd and
|A| = |B| or if γ is even and |A| ≠ |B|. We will deal with the remaining cases:

1. γ, A and B even. In this case, [A, B] = AB − BA and

Str(γAB) = Str(BγA) = Str(γBA),

i. e. StrCq([A, B]) = 0.

2. γ even, A and B odd. In this case, [A, B] = AB + BA and

Str(γAB) = (−1)|B|(|γ|+|A|) Str(BγA) = − Str(γBA),

i. e. StrCq([A, B]) = 0.

3. γ odd, |A| ̸= |B|. We may assume that A is odd and B is even. In this case,
[A, B] = AB − BA and

Str(γAB) = (−1)|B|(|γ|+|A|) Str(BγA) = Str(γBA).

This finishes the proof.

Definition 3.1.3. Let M be a ϑ-summable weak Cq-Fredholm module. The Chern
character of M is the cochain ChM ∈ Hom(C(Ω),C) defined via

ChM(θ0, . . . , θN) := StrCq(c(θ0)ΦM
1 (θ1, . . . , θN))

for θ0, . . . , θN ∈ Ω.

Remark 3.1.4. For q = 0 this coincides with [GL22, Definition 5.1].
We check that the Chern character of M is well-defined:

1. Since c maps to LCq(H) and ΦM
1 maps to L1

Cq
(H), taking the Clifford supertrace

makes sense in the above display.

2. Recall that in the definition of C(Ω) the quotient space Ω = Ω/C1 is used. To see
that ChM is a well-defined element of Hom(C(Ω),C), the following must hold for
θ1, . . . , θN ∈ Ω and 0 ≤ j ≤ N :

ΦM
1 (θ1, . . . , θj, 1, θj+1, . . . , θN) = 0.

However, since c(1) = 1, every component of F ≥1
M where at least one slot is filled

with 1 vanishes so that the above equation holds.
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3.2 Closedness of ChM

Lemma 3.1.5. ChM ∈ Hom+(C(Ω),C) for q even and ChM ∈ Hom−(C(Ω),C) for q
odd.

Proof. For q even we have to prove that ChM is even, i. e. it vanishes on odd elements
of C(Ω). Let (θ0, . . . , θN) ∈ C(Ω) be an odd element. There are two cases to consider:

1. θ0 is even in Ω. By definition of the gradings on C(Ω) and B(Ω), this implies that
(θ1, . . . , θN) is odd in B(Ω). Since c and ΦM

1 are parity preserving, it follows that

c(θ0)ΦM
1 (θ1, . . . , θN)

is an odd operator on H. Thus, as γ is even (because q is), γc(θ0)ΦM
1 (θ1, . . . , θN)

is an odd operator on which the usual supertrace on H vanishes.

2. θ0 is odd in Ω. In this case, the same argument shows that (θ1, . . . , θN) must be
even in B(Ω) and the above proof goes through in a similar fashion.

The case in which q is odd may be proven analogously.

Lemma 3.1.6. If M1 and M2 are isomorphic ϑ-summable weak Cq-Fredholm modules,
then ChM1 = ChM2.

Proof. This follows from Remark 2.2.4.3 and the fact that the isomorphism intertwines
the Cq-actions.

Theorem 3.1.7. The Chern character ChM is an analytic cochain.

Proof. This follows from the fundamental estimate in Theorem 2.2.5 together with the
fact that

∥AB∥1 ≤ ∥A∥ · ∥B∥1

for bounded operators A and B with B trace-class.

3.2 Closedness of ChM

The following theorem shows that ChM is closed with respect to (d+ b−B)∨ (or coclosed)
on the Z2-graded complex of cyclic cochains and hence defines a cohomology class.

Theorem 3.2.1. ChM is coclosed, i. e.

(d + b − B)∨ChM = 0.

We will adapt the proof of [GL22, Theorem 5.3] to our more general setting and provide
all the details which were left out. The inclusion Ω ⊆ ΩT induces a linear map

j : C(Ω) → C(ΩT)
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3 The Chern character

commuting with all differentials since Ω ⊆ ΩT is a subalgebra and dT restricts to d on
Ω. Observe that by definition of the acyclic extension of M, we have ChM = j∗ ChMT so
that it suffices to prove closedness of ChMT .

The maps ΦMT
1 and FMT descend to the quotient B(ΩT) which is defined as in Equa-

tion (1.4) with the graded vector space ΩT instead of the dg algebra ΩT; the quotient
map of ΦMT

1 will be denoted by ΦMT
1 . Using the explicit formulas from Equation (2.4) we

have

F
(0)
MT

= Q2,

F
(1)
MT

(θ1) = [Q, c(θ′
1)] − c(dθ′

1) + c(θ′′),
F

(2)
MT

(θ1, θ2) = (−1)|θ1|(c(θ′
1θ

′
2) − c(θ′

1)c(θ′
2))

for θ1, θ2 ∈ ΩT. Let us introduce some notation: define

α : C(ΩT) → B(ΩT), (θ0, . . . , θN) 7→ N(σθ0, θ1, . . . , θN)

to be the parity preserving map where

N : B(ΩT) → B(ΩT) (3.1)

is the quotient map of

N : B(ΩT) → B(ΩT), (θ1, . . . , θN) 7→
N∑

k=1
(−1)nk(nN −nk)(θk+1, . . . , θN , θ1, . . . , θk)

and nk = |θ1| + . . . + |θk| − k.

Lemma 3.2.2. The Chern character of the acyclic extension satisfies

ChMT = −α∗ StrCq(ΦMT
1 ).

Proof. If N = 0, the statement is obvious. For N ≥ 1, we calculate

α∗ StrCq(ΦMT
1 )(θ0, . . . , θN)

=
N+1∑
k=1

(−1)mk−1(mN −mk−1) StrCq(ΦMT
1 (θk, . . . , θN , σθ0, θ1, . . . , θk−1))

where mk = |θ0| + . . . + |θk| − k. Indeed, the signs in the above equation follow from

nk(σθ0, . . . , θN) = |σθ0| + |θ1| + . . . + |θk−1| − k = mk−1 mod 2.

Using the explicit formulas for the curvature, one notices that

FMT(θN , σθ0) = FMT(σθ0, θ1) = 0 and FMT(σθ0) = c(θ′
0).
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Hence, expanding ΦMT
1 in terms of the brackets yields

N+1∑
k=1

(−1)mk−1(mN −mk−1)
N∑

M=1
(−1)M+1

M+1∑
l=1

∑
I∈Pk,l

M,N

StrCq

{
FMT(θIl

), . . .

. . . , FMT(θIM
), c(θ′

0), FMT(θI1), . . .

. . . , FMT(θIl−1)
}

Q2
,

where Pk,l
M,N ⊆ PM,N is the set of partitions such that some I1, . . . , Iℓ−1 ⊆ {1, . . . , k − 1}

and Il, . . . , IM ⊆ {k, . . . , N}. Let I ∈ Pk,l
M,N such that the bracket in the above display is

non-zero and let 1 ≤ j ≤ l − 1. On the one hand, if θIj
= (θij

, θij+1), we have

|FMT(θIj
)| = |c(θ′

ij
θ′

ij+1) − c(θ′
ij

)c(θ′
ij+1)| = |θ′

ij
| + |θ′

ij+1|
= |θij

| + |θij+1| − 2 mod 2,

while on the other hand, if θIj
= θij

, we have

|FMT(θIJ
)| = |[Q, c(θ′

ij
)] − c(dθ′

ij
) + c(θ′′

ij
)| = |θ′

ij
| + 1 = |θij

| − 1 mod 2.

Thus, we have

mk−1 = |θ′
0| + |FMT(θI1)| + . . . + |FMT(θIl−1)| =: m̃l−1

modulo two for 1 ≤ k ≤ N + 1. Moreover, for each choice of l and M ≤ N , the sets
Pk,l

M,N are pairwise disjoint (for different choices of k), and their union (over k) is PM,N .
Hence, the sums over k and Pk,l

M,N above combine to one sum over PM,N , giving

−
N∑

M=1
(−1)M

∑
I∈PM,N

M+1∑
l=1

(−1)m̃l−1(m̃M −m̃l−1)

StrCq

{
FMT(θIl

), . . .

. . . , FMT(θIM
), c(θ′

0), FMT(θI1), . . .

. . . , FMT(θIl−1)
}

Q2
.

(3.2)
To simplify the above sum, we need the following
Lemma 3.2.3. Let H be a Hilbert module over Cq, H a non-negative self-adjoint even
operator on H and A0, . . . , AN as in Lemma 2.2.1 with the extra condition that H and
the Aj supercommute with the Clifford action. Then, the Clifford supertrace has the
following cyclic property:

N∑
j=0

(−1)kj StrCq({Aj+1, . . . , AN , A0, . . . , Aj}H) = StrCq(A0{A1, . . . , AN}H)

where kj := (|A0| + . . . + |Aj|)(|Aj+1| + . . . + |AN |).

Proof. As a consequence of Lemma 3.1.2 we have

StrCq

(
[A0e

−τ1HA1e
−(τ2−τ1)H · . . . · e−(τj−τj−1)HAje

−(τj+1−τj)H ,
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3 The Chern character

Aj+1e
−(τj+2−τj+1)HAj+2e

−(τj+3−τj+2)H · . . . · e−(τN −τN−1)HANe−(1−τN )H ]
)

= 0.

Thus, after a substitution in ∆N , we have

StrCq(A0{A1, . . . , AN}H) = (−1)kj StrCq(Aj+1{Aj+2, . . . , AN , A0, . . . , Aj}H)

for any 0 ≤ j ≤ N − 1 and in particular,

StrCq(A0{A1, . . . , Aj, 1, Aj+1, . . . , AN}H) = (−1)kj StrCq({Aj+1, . . . , AN , A0, . . . , Aj}H).
(3.3)

Claim. For 0 ≤ j ≤ N we have

{A1, . . . , Aj, 1, Aj+1, . . . , AN}H =
∫

∆N

(τj+1 − τj)e−τ1H
N∏

j=1
Aje

−(τj+1−τj)H dτ

where τN+1 = 1 and τ0 = 0.

Proof of Claim. This follows from exploiting the semigroup property together with
integration by parts:

{A1, . . . , Aj , 1, Aj+1, . . . , AN }H

=
∫

∆N+1

e−τ1HA1 · . . . · Aje−(τj+1−τj)H1e−(τj+2−τj+1)HAj+1 · . . . · AN+1e−(1−τN+1)H dτ

=
∫

∆N+1

e−τ1HA1 · . . . · Aje−(τj+2−τj)HAj+1 · . . . · AN+1e−(1−τN+1)H dτ

=
∫ 1

0

∫ 1

τ1

. . .

∫ 1

τj−1

∫ 1

τj+1

. . .

∫ 1

τN

. . .

. . .

∫ τj+1

τj−1

. . . · Aje−(τj+2−τj)HAj+1 · . . . dτj dτN+1 . . . dτj+2 dτj+1 . . . dτ1.

Consider the inner integral:∫ 1

τj−1

1︸︷︷︸
f ′(τj+1)

·
(∫ 1

τj+1

. . .

∫ 1

τN

∫ τj+1

τj−1

. . . · Aje−(τj+2−τj)HAj+1 · . . . dτj dτN+1 . . . dτj+2

)
︸ ︷︷ ︸

g(τj+1)

dτj+1

= f(τj+1)g(τj+1)
∣∣∣τj+1=1

τj+1=τj−1
−
∫ 1

τj−1

f(τj+1)g′(τj+1) dτj+1

= 0 −
∫ 1

τj−1

τj+1g′(τj+1) dτj+1. (3.4)

We note that g is of the form

g(τj+1) =
∫ 1

τj+1
g̃(τj+1, τj+2) dτj+2

so that
g′(τj+1) = −g̃(τj+1, τj+1) +

∫ 1

τj+1

∂

∂x1
g̃(τj+1, τj+2) dτj+2.
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The first summand equals

−
∫ 1

τj+1

. . .

∫ 1

τN

∫ τj+1

τj−1

. . . · Aje−(τj+1−τj)HAj+1e−(τj+3−τj+1)H · . . . dτj dτN+1 . . . dτj+3

whereas the second equals∫ 1

τj+1

∫ 1

τj+2

. . .

∫ 1

τN

. . . · Aj−1e−(τj+1−τj−1)HAje−(τj+2−τj+1)HAj+1 · . . . dτN+1 . . . dτj+2.

If we plug this into Equation (3.4), we get

. . . =
∫ 1

τj−1

τj+1

∫ 1

τj+1

. . .

∫ 1

τN

∫ τj+1

τj−1

. . . · Aj+1e−(τj+3−τj+1)H · . . . dτj dτN+1 . . . dτj+3 dτj+1

−
∫ 1

τj−1

τj+1

∫ 1

τj+1

∫ 1

τj+2

. . .

∫ 1

τN

. . . · Aj−1e−(τj+1−τj−1)H · . . . dτN+1 . . . dτj+2 dτj+1

=
∫ 1

τj−1

τj+1

∫ 1

τj+1

. . .

∫ 1

τN−1

∫ τj+1

τj−1

. . . · Aj+1e−(τj+2−τj+1)H · . . . dτj dτN . . . dτj+2 dτj+1

−
∫ 1

τj−1

τj

∫ 1

τj

∫ 1

τj+1

. . .

∫ 1

τN−1

. . . · Aj−1e−(τj−τj−1)H · . . . dτN . . . dτj+1 dτj

=
∫ 1

τj−1

∫ 1

τj

τj+1

∫ 1

τj+1

. . .

∫ 1

τN−1

. . . · Aj+1e−(τj+2−τj+1)H · . . . dτN . . . dτj+1 dτj

−
∫ 1

τj−1

τj

∫ 1

τj

∫ 1

τj+1

. . .

∫ 1

τN−1

. . . · Aj−1e−(τj−τj−1)H · . . . dτN . . . dτj+1 dτj .

Taking the outer integral over this expression, we finally have

{A1, . . . , Aj, 1, Aj+1, . . . , AN}H =
∫

∆N

(τj+1 − τj)e−τ1H
N∏

j=1
Aje

−(τj+1−τj)H dτ (3.5)

as desired.

Since ∑N
j=0(τj+1 − τj) = 1, this yields

N∑
j=0

{A1, . . . , Aj, 1, Aj+1, . . . , AN}H = {A1, . . . , AN}H

which in combination with Equation (3.3) proves the statement.

Since all operators in question supercommute with the Clifford action, we may apply
Lemma 3.2.3 to Equation (3.2) which yields

. . . = − StrCq(c(θ′
0)ΦMT

1 (θ1, . . . , θN)) = −ChMT(θ0, . . . , θN)

which proves the lemma.
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3 The Chern character

Remark 3.2.4. Having established the relation between ChMT and StrCq(ΦMT
1 ), we may

provide a heuristic strategy for proving closedness of ChMT . Since formally, we have

StrCq(ΦMT
1 ) = StrCq(e−FMT ),

it follows from the Bianchi identity that

δ StrCq(ΦMT
1 ) = δ StrCq(e−FMT ) = StrCq(δe−FMT )

= − StrCq([ωMT , e−FMT ]).

When restricted to the subspace B♯(ΩT) ⊆ B(ΩT) which is the image of N, it follows
that [ωMT , e−FMT ] is a sum of supercommutators on which StrCq vanishes according to
Lemma 3.1.2. Therefore, if one could show that

α(d + b − B) = (dT + b′)α,

closedness of ChMT would follow immediately. However, the above equation is not quite
true (see the calculations below) since there will be another term on the right-hand side.
Nevertheless, it can be shown that StrCq vanishes on this term so that the proof goes
through.

Proof of Theorem 3.2.1. As noted above, it suffices to prove this for ChMT . By definition
of the graded dual of a map and due to Lemma 3.1.5, we have

(dT + b − B)∨ChMT = (−1)qChMT ◦ (dT + b − B)

where dT := dT is the first differential on C(ΩT) induced by dT. In order to employ
Lemma 3.2.2, we have to calculate the interaction of α with the various differentials.

Calculating αdT: to begin with, note that

dT(σθ) = dT(σθ′) = −σdθ′ − θ′

as well as
σdTθ = σ(dθ′ − θ′′ − σdθ′′) = σdθ′ − σθ′′

whence
σdTθ = −dT(σθ) − θ.

We get

α(dT(θ0, . . . , θN)) = α(dTθ0, θ1, . . . , θN) −
N∑

k=1
(−1)mk−1α(θ0, . . . , dTθk, . . . , θN)

= N(σdTθ0, θ1, . . . , θN) −
N∑

k=1
(−1)mk−1N(σθ0, . . . , dTθk, . . . , θN)

= −N(dT(σθ0), θ1, . . . , θN) −
N∑

k=1
(−1)mk−1N(σθ0, . . . , dTθk, . . . , θN)
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− N(θ0, . . . , θN).

Since modulo 2, we have

nk(σθ0, . . . , θN) = |σθ0| + |θ1| + . . . + |θk−1| − k

= |θ0| + |θ1| + . . . + |θk−1| − (k − 1)
= mk−1(θ0, . . . , θN)

for 1 ≤ k ≤ N , and since n0(σθ0, . . . , θN) = 0, it follows that

α(dT(θ0, . . . , θN)) = N(dT(σθ0, . . . , θN)) − h(θ0, . . . , θN)

where on the right dT denotes the first differential on the complex B(ΩT) and h is given
by

h : C(ΩT) → B(ΩT), (θ0, . . . , θN) 7→ N(θ0, . . . , θN).
Since N is a chain map for the complex B(ΩT), this implies αdT = dTα − h.

Calulating αb: We start with

α(b(θ0, . . . , θN )) = (−1)(|θN |−1)mN−1α(θN θ0, θ1, . . . , θN−1)

−
N−1∑
k=0

(−1)mk α(θ0, . . . , θkθk+1, . . . , θN )

= (−1)(|θN |−1)mN−1N(σθN θ0, θ1, . . . , θN−1) − (−1)|θ0|N(σθ0θ1, θ2, . . . , θN )

−
N−1∑
k=1

(−1)mk α(θ0, . . . , θkθk+1, . . . , θN )

= −(−1)(|θN |−1)(mN−1+1)N(θN σθ0, θ1, . . . , θN−1) − (−1)|θ0|N(σθ0θ1, θ2, . . . , θN )

−
N−1∑
k=1

(−1)mk N(σθ0, . . . , θkθk+1, . . . , θN )

= N(b̃(σθ0, θ1, . . . , θN ))

where b̃ is the quotient map of the operator b̃ on the complex B(ΩT) given by

b̃(θ1, . . . , θN) = b′(θ1, . . . , θN) − (−1)(|θN |−1)(nN−1+1)(θNθ1, θ2, . . . , θN−1).

We will verify that Nb̃ = b′N:

b′N(θ1, . . . , θN ) =
N∑

k=1
(−1)nk(nN −nk)b′(θk+1, . . . , θN , θ1, . . . , θk)

= −
N∑

k=1

N−1∑
l=k+1

(−1)nk(nN −nk)+nl−nk (θk+1, . . . , θlθl+1, . . . , θN , θ1, . . . , θk)

−
N−1∑
k=1

(−1)nk(nN −nk)+nN −nk (θk+1, . . . , θN−1, θN θ1, θ2, . . . , θk)

−
N∑

k=1

k−1∑
l=1

(−1)nk(nN −nk)+nN −nk+nl(θk+1, . . . , θN , θ1, . . . , θlθl+1, . . . , θk)
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3 The Chern character

= −
N−2∑
k=1

N−1∑
l=k+1

(−1)nk(nN −nk+1)+nl(θk+1, . . . , θlθl+1, . . . , θN , θ1, . . . , θk)

−
N−1∑
k=1

(−1)nk(nN −nk)+nN −nk (θk+1, . . . , θN−1, θN θ1, θ2, . . . , θk)

−
N∑

k=2

k−1∑
l=1

(−1)(nk+1)(nN −nk)+nl(θk+1, . . . , θN , θ1, . . . , θlθl+1, . . . , θk)

= −
N−1∑
l=2

l−1∑
k=1

(−1)nk(nN −nk+1)+nl(θk+1, . . . , θlθl+1, . . . , θN , θ1, . . . , θk)

−
N−1∑
k=1

(−1)nk(nN −nk)+nN −nk (θk+1, . . . , θN−1, θN θ1, θ2, . . . , θk)

−
N−1∑
l=1

N∑
k=l+1

(−1)(nk+1)(nN −nk)+nl(θk+1, . . . , θN , θ1, . . . , θlθl+1, . . . , θk)

= Nb′(θ1, . . . , θN )

−
N−1∑
k=1

(−1)nk(nN −nk)+nN −nk (θk+1, . . . , θN−1, θN θ1, θ2, . . . , θk)

= Nb′(θ1, . . . , θN )

−
N−1∑
k=1

(−1)(nk+|θN |)(nN−1−nk)+(|θN |−1)(nN−1+1)(θk+1, . . . , θN−1, θN θ1, θ2, . . . , θk)

= Nb′(θ1, . . . , θN ) − (−1)(|θN |−1)(nN−1+1)N(θN θ1, θ2, . . . , θN−1)
= Nb̃(θ1, . . . , θN ).

In the second to last step we used that

(nk + |θN |)(nN−1 − nk) + (|θN | − 1)(nN−1 + 1) = nk(nN − nk) + nN − nk mod 2.

Therefore, αb = b′α where b′ is the second differential on the quotient B(ΩT).
Calculating αB: recall that

B(θ0, . . . , θN) =
N∑

k=0
(−1)(mk+1)(mN −mk)(1, θk+1, . . . , θN , θ0, . . . , θk).

Thus,

α(B(θ0, . . . , θN)) =
N∑

k=0
(−1)(mk+1)(mN −mk)α(1, θk+1, . . . , θN , θ0, . . . , θk)

=
N∑

k=0
(−1)(mk+1)(mN −mk)N(σ, θk+1, . . . , θN , θ0, . . . , θk)

=
N∑

k=0
N(θ0, . . . , θk, σ, θk+1, . . . , θN)

= N ◦ S(θ0, . . . , θN)

where S is the map on B(ΩT) which is defined in the same way as S from Equation (1.9).
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Lemma 3.2.5. It holds that N ◦ S = S ′ ◦ N on B(ΩT) where

S ′(θ1, . . . , θN) := (σ, θ1, . . . , θN) + S(θ1, . . . , θN)

on B(ΩT).

Proof. We start with calculating N ◦ S(θ1, . . . , θN):

N ◦ S(θ1, . . . , θN)

=
N∑

k=1

(
k−1∑
l=1

(−1)n(l,k)(n(N+1,k)−n(l,k))(θl+1, . . . , θk, σ, θk+1, . . . , θN , θ1, . . . , θl)

+ (−1)n(k,k)(n(N+1,k)−n(k,k))(σ, θk+1, . . . , θN , θ1, . . . , θk)
+ (−1)n(k+1,k)(n(N+1,k)−n(k+1,k))(θk+1, . . . , θN , θ1, . . . , θk, σ)

+
N+1∑

l=k+2
(−1)n(l,k)(n(N+1,k)−n(l,k))(θl, . . . , θN , θ1, . . . , θk, σ, θk+1, . . . , θl−1)


where we set n(l, k) := nl(θ1, . . . , θk, σ, θk+1, . . . , θN). For 1 ≤ l ≤ k we have

n(l, k) = nl(θ1, . . . , θN)

and, since |σ| = −1, for k + 1 ≤ l ≤ N + 1 we have

n(l, k) = nl−1(θ1, . . . , θN) mod 2.

Hence, after an index shift in the last sum, we get

N ◦ S(θ1, . . . , θN)

=
N∑

k=1

(
k−1∑
l=1

(−1)nl(nN −nl)(θl+1, . . . , θk, σ, θk+1, . . . , θN , θ1, . . . , θl)

+ (−1)nk(nN −nk)(σ, θk+1, . . . , θN , θ1, . . . , θk)
+ (−1)nk(nN −nk)(θk+1, . . . , θN , θ1, . . . , θk, σ)

+
N∑

l=k+1
(−1)nl(nN −nl)(θl+1, . . . , θN , θ1, . . . , θk, σ, θk+1, . . . , θl)


= S ◦ N(θ1, . . . , θN) +

N∑
k=1

(−1)nk(nN −nk)(σ, θk+1, . . . , θN , θ1, . . . , θk)

= S ′ ◦ N(θ1, . . . , θN)

as desired.

Hence, αB = S ′h. All in all,

b′α = αb, αdT = dTα − h, αB = S ′h
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which yields
α(dT + b − B) = (dT + b′)α − (S ′ + 1)h. (3.6)

Hence, due to Lemma 3.2.2, we have

(dT + b − B)∨ChT = (−1)q+1 StrCq

(
ΦMT

1 α(dT + b − B)
)

= (−1)q+1 StrCq

(
ΦMT

1 (dT + b′)α
)

− (−1)q+1 StrCq

(
ΦMT

1 (S ′ + 1)h
)
.

If c ∈ B(ΩT), it follows from Equation (2.7) that ΦMT
1 ((dT + b′)α(c)) is a sum of graded

commutators of operators on H on which, by virtue of Lemma 3.1.2, the Clifford
supertrace StrCq vanishes. Moreover, using that F (σ) = 1 and F (σ, θ) = 0 = F (θ, σ) for
all θ ∈ ΩT, the same arguments as used in Lemma 3.2.2 together with Equation (3.5)
show that

StrCq(ΦMT
1 S ′) = − StrCq(ΦMT

1 ) (3.7)

when restricted to the subspace B♯(ΩT) defined in Remark 3.2.4 so that

StrCq

(
ΦMT

1 (S ′ + 1)h
)

= 0.

This proves the theorem.

3.3 ChMT is Chen normalized
The following theorem shows that ChMT defines a cohomology class in the Z2-graded
complex of extended Chen normalized analytic cochains.

Theorem 3.3.1. The Chern character ChMT of a ϑ-summable Cq-Fredholm module M is
Chen normalized.

Remark 3.3.2. Note that it is crucial that M satisfies Equation (2.1).

Proof. We have to show that ChMT vanishes on the subcomplex DT(Ω). The proof will
be similar to [GL22, Theorem 5.6], however, we will provide the necessary calculations in
detail.

First of all, recalling the definitions from Section 1.5, we notice that c(σθ0) = 0 so that
ChMT vanishes on the image of R. Moreover, since α(S + 1) = (S ′ + 1)α, it follows from
Lemma 3.2.2 and Equation (3.7) that ChMT vanishes on the image of S + 1. Note that
due to Equation (2.1), for f ∈ Ω0 we have

FMT(f) = 0 and FMT(f, θ) = FMT(θ, f) = 0

for all θ ∈ ΩT, hence ChMT(S
(f)
i ) = 0. Finally, we have to show that ChMT vanishes on

the image of T
(f)
i for all f ∈ Ω0 and i ∈ N0. We need the following identities:
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Claim.

F ≥1
MT

(df) = [Q2, c(f)], F ≥1
MT

(fθ1, θ2) = c(f)F ≥1
MT

(θ1, θ2),
F ≥1
MT

(df, θ) + c(f)F ≥1
MT

(θ) = F ≥1
MT

(fθ), F ≥1
MT

(θ1, θ2f) = F ≥1
MT

(θ1, θ2)c(f),
F ≥1
MT

(θ, df) − F ≥1
MT

(θ)c(f) = −F ≥1
MT

(θf), F ≥1
MT

(θ1f, θ2) = F ≥1
MT

(θ1, fθ2).

Proof of Claim. Since Equation (2.1) holds, the identities on the right-hand side are
obvious. For the ones on the right-hand side, we calculate

F ≥1
MT

(df) = [Q, c(df)] − c(d2f)
= [Q, [Q, c(f)]]
= [Q, Qc(f) − c(f)Q]
= Q2c(f) − Qc(f)Q + Qc(f)Q − c(f)Q2

= [Q2, c(f)]
F ≥1
MT

(fθ) − F ≥1
MT

(df, θ) = [Q, c(fθ)] − c(d(fθ)) − (−1)|df |(c(dfθ) − c(df)c(θ))
= [Q, c(f)]c(θ) + c(f)[Q, c(θ)] − c(dfθ) − c(fdθ)

+ c(dfθ) − c(df)c(θ)
= c(df)c(θ) + c(f)[Q, c(θ)] − c(dfθ) − c(f)c(dθ)

+ c(dfθ) − c(df)c(θ)
= c(f)F ≥1

MT
(θ)

F ≥1
MT

(θf) + F ≥1
MT

(θ, df) = [Q, c(θf)] − c(d(θf)) + (−1)|θ|(c(θdf) − c(θ)c(df))
= [Q, c(θ)]c(f) + (−1)|θ|c(θ)[Q, c(f)] − c(dθ)c(f) − (−1)|θ|c(θdf)

+ (−1)|θ|c(θdf) − (−1)|θ|c(θ)c(df)
= [Q, c(θ)]c(f) − c(dθ)c(f)
= F ≥1

MT
(θ)c(f).

Since F ≥1
MT

(df) = [Q2, c(f)] for f ∈ Ω0 and c(f) is bounded, we may use Lemma 2.2.8
with ε = 0 and the above identities to calculate (for 1 < i < N)

ΦMT
1 (θ1, . . . , θi, df, θi+1, . . . , θN ) =

∑
{. . . , F ≥1

MT
(df), . . .} +

∑
{. . . , F ≥1

MT
(θi, df), . . .}

+
∑

{. . . , F ≥1
MT

(df, θi+1), . . .}

=
∑

{. . . , c(f)F ≥1
MT

(θi+1), . . .} +
∑

{. . . , c(f)F ≥1
MT

(θi+1, θi+2), . . .}

−
∑

{. . . , F ≥1
MT

(θi)c(f), . . .} −
∑

{. . . , F ≥1
MT

(θi−1, θi)c(f), . . .}

+
∑

{. . . , F ≥1
MT

(df, θi+1), . . .} +
∑

{. . . , F ≥1
MT

(θi, df), . . .}

=
∑

{. . . , c(f)F ≥1
MT

(θi+1) + F ≥1
MT

(df, θi+1), . . .}

+
∑

{. . . , F ≥1
MT

(θi, df) − F ≥1
MT

(θi)c(f), . . .}

+
∑

{. . . , c(f)F ≥1
MT

(θi+1, θi+2), . . .}

−
∑

{. . . , F ≥1
MT

(θi−1, θi)c(f), . . .}

53



3 The Chern character

=
∑

{. . . , F ≥1
MT

(fθi+1), . . .} −
∑

{. . . , F ≥1
MT

(θif), . . .}

+
∑

{. . . , F ≥1
MT

(fθi+1, θi+2), . . .} −
∑

{. . . , F ≥1
MT

(θi−1, θif), . . .}

=
∑

{. . . , F ≥1
MT

(fθi+1), . . .} +
∑

{. . . , F ≥1
MT

(fθi+1, θi+2), . . .}

+
∑

{. . . , F ≥1
MT

(θi, fθi+1), . . .}

−
∑

{. . . , F ≥1
MT

(θif), . . .} −
∑

{. . . , F ≥1
MT

(θi−1, θif), . . .}

−
∑

{. . . , F ≥1
MT

(θif, θi+1), . . .}
= ΦMT

1 (θ1, . . . , θi, fθi+1, . . . , θN ) − ΦMT
1 (θ1, . . . , θif, θi+1, . . . , θN )

where the sums run all over all ways to insert the missing θi into F ≥1
MT

and then into the
bracket after careful observation of the signs.2 Hence,

ChMT(θ0, . . . , θi, df, θi+1, . . . , θN ) = ChMT(θ0, . . . , θi, fθi+1, . . . , θN ) − ChMT(θ0, . . . , θif, θi+1, . . . , θN ).

For i = N , we calculate

ΦMT
1 (θ1, . . . , θN , df) =

∑
{. . . , F ≥1

MT
(df)} +

∑
{. . . , F ≥1

MT
(θN , df)}

=
∑

{. . .}c(f) −
∑

{. . . , F ≥1
MT

(θN−1, θN )c(f)} −
∑

{. . . , F ≥1
MT

(θN )c(f)}

+
∑

{. . . , F ≥1
MT

(θN , df)}

=
∑

{. . .}c(f) −
∑

{. . . , F ≥1
MT

(θN−1, θN f)} −
∑

{. . . , F ≥1
MT

(θN f)}
= ΦM

1 (θ1, . . . , θN )c(f) − ΦM
1 (θ1, . . . , θN−1, θN f).

Employing the cyclic permutation property of the Clifford supertrace and the fact that
c(f) is even, we get

ChMT(θ0, . . . , θN , df) = ChMT(fθ0, θ1, . . . , θN) − ChMT(θ0, . . . , θN−1, θNf).

Finally, for i = 1, we have

ΦMT
1 (df, θ1, . . . , θN ) =

∑
{F ≥1

MT
(df), . . .} +

∑
{F ≥1

MT
(df, θ1), . . .}

=
∑

{c(f)F ≥1
MT

(θ1), . . .} −
∑

c(f){. . .}

+
∑

{F ≥1
MT

(df, θ1), . . .}

=
∑

{F ≥1
MT

(fθ1), . . .} +
∑

{F ≥1
MT

(fθ1, θ2)} −
∑

c(f){. . .}
= ΦMT

1 (fθ1, θ2, . . . , θN ) − c(f)ΦMT
1 (θ1, . . . , θN ).

Thus,

ChMT(θ0, df, θ1, . . . , θN) = ChMT(θ0, fθ2, θ2, . . . , θN) − ChMT(θ0f, θ1, . . . , θN).

Hence, ChMT vanishes on the image of T
(f)
i as claimed. Thus, with a view on Theo-

rem 3.2.1, it follows that ChMT vanishes on DT(Ω).
2Note that applying Lemma 2.2.8 reduces the arity of the bracket by one which is compensated by the

extra sign of the first summand on the right-hand side.

54



3.4 Homotopy invariance of ChMT

3.4 Homotopy invariance of ChMT

In this section we will see that ChMT is stable under appropriate homotopies of ϑ-summable
Cq-Fredholm modules.
Definition 3.4.1. A homotopy of ϑ-summable (weak) Cq-Fredholm modules over Ω is a
family Ms = (H, cs, Qs), s ∈ [0, 1], of ϑ-summable (weak) Cq-Fredholm modules over Ω
(with fixed Cq action) satisfying the following conditions:
(H1) The seminorms appearing in (A1) from Definition 2.0.3 can be chosen independently

of s and for all T > 0, we have

sup
s∈[0,1]

Tr(e−T Q2
s) < ∞.

(H2) For all s ∈ [0, 1], the operators Qs have the same domain of definition, and for each
element h ∈ dom(Qs), the map s 7→ Qsh is a continuously differentiable curve in H;
in particular, the derivative Q̇s is a densely defined operator on H. Moreover, we
require that Q̇s∆−1/2

s and ∆−1/2
s Q̇s are bounded, where ∆s = Q2

s + 1, with uniform
norm bound

sup
s∈[0,1]

∥∥∥∆−1/2
s Q̇s

∥∥∥+ sup
s∈[0,1]

∥∥∥Q̇s∆−1/2
s

∥∥∥ < ∞.

(H3) For all θ ∈ Ω, the map s 7→ cs(θ) is continuously differentiable with respect to the
strong operator topology. Moreover, for each θ ∈ Ω and s ∈ [0, 1], the operators
Ċs

±(θ) := ∆±1/2
s ċs(θ)∆∓1/2

s are densely defined and bounded and the assignment
θ 7→ Ċs

±(θ) is continuous from Ω to LCq(H) in such a way that the seminorms can
be chosen independently of s.

Theorem 3.4.2. If Ms = (H, cs, Qs), s ∈ [0, 1], is a homotopy of ϑ-summable Cq-
Fredholm modules, then the Chern characters ChM0

T
and ChM1

T
are homologous in the

complex NT,α(Ω).
The proof will be similar to the one given in [GL22, Theorem 6.2] but we will work

out all the details which were left out. First of all, given a homotopy Ms of ϑ-summable
weak Cq-Fredholm modules, we define a family of L1

Cq
(H)-valued bar cochains:

ΨMs

T := −T
∫ 1

0
ΦMs

uT ω̇MsΦMs

(1−u)T du.

In the following, we will abbreviate Ψs
T := ΨMs

T , Φs
T := ΦMs

T etc.
Lemma 3.4.3. There exists a continuous seminorm ν on Ω such that for each s ∈ [0, 1]
and T > 0 and all θ1, . . . , θN ∈ Ω the operator ΨMs

T (θ1, . . . , θN) is well-defined and
trace-class with estimate

∥Ψs
T (θ1, . . . , θN)∥1 ≤ eT/2 Tr(e−T Q2

s/2)T (N+1)/2

⌊N/2⌋! ν(θ1) · . . . · ν(θN). (3.8)

Moreover, the same is true for Ψs
T Qs and QsΨs

T instead of Ψs
T if we replace T (N+1)/2 with

T N/2 and ⌊N/2⌋! with ⌊(N − 1)/2⌋! on the right-hand side.

55



3 The Chern character

Proof. Similarly to Theorem 2.2.5, it suffices to prove this for Ψs
T . We need the following

Claim. For suitable operators A1, . . . , AN , B on H, it holds that

{A1, . . . , Ak−1, B, Ak, . . . , AN}T Q2
s

=
∫ 1

0
uk−1(1 − u)N−(k−1){A1, . . . , Ak−1}uT Q2

s
B{Ak, . . . , AN}(1−u)T Q2

s
du.

(3.9)

Proof of Claim. For an integrable function G : ∆N+1 → E in a Banach space E, we may
write ∫

∆N+1

G(τ1, . . . , τN+1) dτ

=
∫ 1

0
dτN+1

∫ τN+1

0
dτN . . .

∫ τ2

0
dτ1 G(τ1, . . . , τN+1)

=
∫ 1

0
dτk

∫ 1

τk

dτN+1

∫ τN+1

τk

dτN . . .

∫ τk+2

τk

dτk+1

∫ τk

0
dτk−1 . . .

∫ τ2

0
dτ1 G(τ1, . . . , τN+1)

=
∫ 1

0
dt

∫ 1−t

0
dsN+1−k

∫ sN+1−k

0
dsN−k . . .

∫ s2

0
ds1∫ t

0
dτk−1 . . .

∫ τ2

0
dτ1 G(τ1, . . . , τk−1, t, t + s1, . . . , t + sN+1−k).

Setting

G(τ1, . . . , τN+1) := e−τ1T Q2
A1 · . . . · e−(τk−τk−1)T Q2

Be−(τk+1−τk)T Q2 · . . . · AN e−(1−τN+1)T Q2
,

we see that

G(τ1, . . . , τk−1, t, t + s1, . . . , t + sN+1−k)
=
(
e−τ1T Q2

A1e
−(τ2−τ1)T Q2 · . . . · Ak−1e

−(t−τk−1)T Q2) · B·
·
(
e−s1T Q2

Ake−(s2−s1)T Q2 · . . . · ANe−(1−t−sN+1−k)T Q2)
.

Now, with the substitution s̃j = sj/(1 − t), the outer integral becomes∫ 1−t

0
dsN+1−k

∫ sN+1−k

0
dsN−k . . .

∫ s2

0
ds1 e−s1T Q2

Ake−(s2−s1)T Q2 · . . . · AN e−(1−t−sN+1−k)T Q2

=
∫ 1−t

0
dsN+1−k

∫ sN+1−k

0
dsN−k . . .

. . .

∫ s2

0
ds1 e− s1

1−t (1−t)T Q2
Ake−( s2

1−t − s1
1−t )(1−t)T Q2 · . . . · AN e−(1−

sN+1−k
1−t )(1−t)T Q2

= (1 − t)N+1−k

∫ 1

0
ds̃N+1−k

∫ s̃N+1−k

0
ds̃N−k . . .

. . .

∫ s̃2

0
ds̃1 e−s̃1(1−t)T Q2

Ake−(s̃2−s̃1)(1−t)T Q2 · . . . · AN e−(1−s̃N+1−k)(1−t)T Q2

= (1 − t)N+1−k{Ak, . . . , AN }(1−t)T Q2 .

Moreover, with the substitution τ̃j = τj/t the inner integral becomes∫ t

0
dτk−1 . . .

∫ τ2

0
dτ1 e−τ1T Q2

A1e−(τ2−τ1)T Q2 · . . . · Ak−1e−(t−τk−1)T Q2
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=
∫ t

0
dτk−1 . . .

∫ τ2

0
dτ1 e− τ1

t tT Q2
A1e−( τ2

t − τ1
t )tT Q2 · . . . · Ak−1e−(1−

τk−1
t )tT Q2

= tk−1
∫ 1

0
dτ̃k−1

∫ τ̃k−1

0
dτ̃k−2 . . .

∫ τ̃2

0
dτ̃1 e−τ̃1tT Q2

A1e−(τ̃2−τ̃1)tT Q2 · . . . · Ak−1e−(1−τ̃k−1)tT Q2

= tk−1{A1, . . . , Ak−1}tT Q2 .

Finally, plugging those two results into the integral over ∆N+1 finishes the proof.
Due to the analytic requirements (H2) and (H3) from Definition 3.4.1, the operators

ċs(θ) and Q̇s satisfy the assumptions from Lemma 2.2.1 so that ω̇MsΦMs

(1−u)T , and conse-
quently the integrand in the definition of Ψs

T , is a well-defined L1
Cq

(H)-valued bar cochain.
Applying Equation (3.9) together with Equations (1.5) and (2.5), it follows that Ψs

T is
well-defined and Ψs

T (θ1, . . . , θN) is equal to
N∑

M=1

(
(−T )M+1

M+1∑
j=1

∑
I∈PM,N

{F ≥1
s (θI1), . . . , F ≥1

s (θIj−1), Q̇s, F ≥1
s (θIj ), . . . , F ≥1

s (θIM
)}T Q2

s

+ (−T )M
M∑

j=1

N∑
k=1

∑
I∈PM,N

Ij={k}

{F ≥1
s (θI1), . . . , F ≥1

s (θIj−1), ċs(θk), F ≥1
s (θIj+1), . . . , F ≥1

s (θIM
)}T Q2

s

)
.

Using the uniform norm bound on Q̇s∆−1/2
s , we may apply Lemma 2.2.1 and repeat the

steps from the proof of Theorem 2.2.5 to estimate the two brackets in the above display.
The inner sums over give extra factors N and N2 respectively, which may be absorbed
into the seminorm since N2 + N ≤ 4N whereas the factor T (N+1)/2 is a result of the
additional T appearing in the definition of Ψs

T . Since ν may be chosen independently
of s due to the analytic requirements (H1) and (H3) from Definition 3.4.1, we arrive at
Equation (3.8).
Lemma 3.4.4.

d

ds
Φs

T = δΨs
T + [ωs, Ψs

T ].

Proof. We will need the following formula:
Claim. For operators A1, . . . , AN on H such that both sides are well-defined, we have

d

ds
{A1, . . . , AN}T Q2

s
= −T

N∑
k=0

{A1, . . . , Ak, [Qs, Q̇s], Ak+1, . . . , AN}T Q2
s

which for N = 0 has to be read as
d

ds
e−T Q2

s = −T
∫ 1

0
e−rT Q2

s [Qs, Q̇s]e−(1−r)T Q2
s dr.

Proof of Claim. Using the Leibniz rule, it follows that
d

ds
{A1, . . . , AN}T Q2

s

=
N∑

k=0

∫
∆N

e−τ1T Q2
sA1 · . . . · Ak

(
d

ds
e−(τk+1−τk)T Q2

s

)
Ak+1 · . . . · ANe−(1−τN )T Q2

s dτ

(3.10)
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where we set τ0 := 0 and τN+1 := 1. Observe that

d

dr

(
e−rT Q2

s
d

ds
e−(1−r)T Q2

s

)
= −Te−rT Q2

sQ2
s

d

ds
e−(1−r)T Q2

s + e−rT Q2
s

d

ds

d

dr
e−(1−r)T Q2

s

= −Te−rT Q2
sQ2

s

d

ds
e−(1−r)T Q2

s + e−rT Q2
s

d

ds

(
TQ2

se
−(1−r)T Q2

s

)
= Te−rT Q2

s ·
(

−Q2
s

d

ds
e−(1−r)T Q2

s + d

ds

(
Q2

se
−(1−r)T Q2

s

))

= Te−rT Q2
s

(
d

ds
Q2

s

)
e−(1−r)T Q2

s

= Te−rT Q2
s [Qs, Q̇s]e−(1−r)T Q2

s .

We may integrate both sides from r = 0 to r = 1 to get∫ 1

0

d

dr

(
e−rT Q2

s
d

ds
e−(1−r)T Q2

s

)
dr = T

∫ 1

0
e−rT Q2

s [Qs, Q̇s]e−(1−r)T Q2
s dr

⇐⇒ e−T Q2
s

d

ds
idH − idH

d

ds
e−T Q2

s = T
∫ 1

0
e−rT Q2

s [Qs, Q̇s]e−(1−r)T Q2
s dr

⇐⇒ d

ds
e−T Q2

s = −T
∫ 1

0
e−rT Q2

s [Qs, Q̇s]e−(1−r)T Q2
s dr.

Replacing T with (τk+1 − τk)T and substituting u = (τk+1 − τk)r + τk, we end up with

d

ds
e−(τk+1−τk)T Q2

s = −T
∫ τk+1

τk

e−(u−τk)T Q2
s [Qs, Q̇s]e−(τk+1−u)T Q2

s du

which we may plug into Equation (3.10) to prove the claim.

Now, using the above claim and the chain rule, we formally have

d

ds
{F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

N

}T Q2
s

= −T
N∑

k=0
{F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

k

, [Qs, Q̇s], F ≥1
s , . . . , F ≥1

s︸ ︷︷ ︸
N−k

}T Q2
s

+
N∑

k=1
{F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

k−1

, Ḟ ≥1
s , F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

N−k

}T Q2
s
.

(3.11)

Since

QsQ̇s∆−1/2
s = Qs∆1/2

s︸ ︷︷ ︸
densely defined and bounded due to (A1)

· ∆−1/2
s Q̇s∆−1/2

s︸ ︷︷ ︸
densely defined and bounded due to (H2)

and similarly Q̇sQs∆−1/2
s is densely defined and bounded, it follows that [Qs, Q̇s] satisfies

the assumptions from Lemma 2.2.1 so that the first bracket is well-defined. Furthermore,
using similar arguments, we see that

Ḟ ≥1
s (θ) = [Q̇s, cs(θ)] + [Qs, ċs(θ)] − ċs(dθ)
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and
Ḟ ≥1

s (θ1, θ2) = (−1)|θ1|(ċs(θ1θ2) − ċs(θ1)cs(θ2) − cs(θ1)ċs(θ2))
satisfy those requirements as well which implies well-definedness of the second bracket.
Thus, Equation (3.11) is a well-defined identity of operators in L1

Cq
(H) and we may

calculate
d

ds
Φs

T =
∞∑

N=0
(−T )N d

ds
{F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

N

}T Q2
s

= d

ds
e−T Q2

s +
∞∑

N=1
(−T )N d

ds
{F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

N

}T Q2
s

= −T{[Qs, Q̇s]}T Q2
s

+
∞∑

N=1

(−T )N+1
N∑

k=0
{F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

k

, [Qs, Q̇s], F ≥1
s , . . . , F ≥1

s︸ ︷︷ ︸
N−k

}T Q2
s

+ (−T )N
N∑

k=1
{F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

k−1

, Ḟ ≥1
s , F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

N−k

}T Q2
s


=

∞∑
N=0

(−T )N+1
N∑

k=0
{F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

k

, [Qs, Q̇s], F ≥1
s , . . . , F ≥1

s︸ ︷︷ ︸
N−k

}T Q2
s

+
∞∑

N=0
(−T )N+1

N∑
k=0

{F ≥1
s , . . . , F ≥1

s︸ ︷︷ ︸
k

, Ḟ ≥1
s , F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

N−k

}T Q2
s

=
∞∑

N=0
(−T )N+1

N∑
k=0

{F ≥1
s , . . . , F ≥1

s︸ ︷︷ ︸
k

, [Qs, Q̇s] + Ḟ ≥1
s , F ≥1

s , . . . , F ≥1
s︸ ︷︷ ︸

N−k

}T Q2
s

= −T
∫ 1

0
Φs

uT ḞsΦs
(1−u)T du

where for the last equality we used Equation (3.9) and the identity Ḟs = [Qs, Q̇s] + Ḟ ≥1
s .

On the other hand, by definition, we have

Ḟs = d

ds
(δωs + ω2

s) = δω̇s + [ωs, ω̇s]

and we recall that Theorem 2.2.6 implies

δΦs
T + [ωs, Φs

T ] = 0 ⇐⇒ δΦs
T + ωsΦs

T = Φs
T ωs.

We may use the above identities to calculate

Φs
uT ḞsΦs

(1−u)T = ΦuT (δω̇s + [ωs, ω̇s])Φs
(1−u)T

= Φs
uT (δω̇s)Φs

(1−u)T + Φs
uT ωsω̇sΦs

(1−u)T + Φs
uT ω̇sωsΦs

(1−u)T

= Φs
uT (δω̇s)Φs

(1−u)T + (δΦs
uT )ω̇sΦs

(1−u)T + ωsΦs
uT ω̇sΦs

(1−u)T
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+ Φs
uT ω̇sΦs

(1−u)T ωs − Φs
uT ω̇sδΦs

(1−u)T

= δ
(
Φs

uT ω̇sΦs
(1−u)T

)
+
[
ωs, Φs

uT ω̇sΦs
(1−u)T

]
.

All in all, we obtain

−T
∫ 1

0
Φs

uT ḞsΦs
(1−u)T du = δ

(
−T

∫ 1

0
Φs

uT ω̇sΦs
(1−u)T du

)
+
[
ωs, −T

∫ 1

0
Φs

uT ω̇sΦs
(1−u)T du

]
which proves the lemma.

We are now in a position to prove Theorem 3.4.2. To this end, let Ms = (H, cs, Qs),
s ∈ [0, 1], be a homotopy of ϑ-summable Cq-Fredholm modules over Ω and denote by
Ms

T := (H, cs
T, Qs), s ∈ [0, 1], the associated homotopy of ϑ-summable weak Cq-Fredholm

modules over ΩT. We define the corresponding Chern-Simons form via

CS
(
(Ms

T)s∈[0,1]
)

:= (−1)q
∫ 1

0
α∗ StrCq

(
ΨMs

T
1

)
ds

where α was defined in Equation (3.1) and ΨMs
T

1 is the quotient map of ΨMs
T

1 on B(ΩT).
Equation (3.8) and (H1) from Definition 3.4.1 show that this is a well-defined analytic
cochain. Moreover, since ΨMs

T
1 is odd, α is even and StrCq is even for q even and odd

for q odd, it follows that the Chern-Simons form is odd for q even and even for q
odd. Calculations similar to Theorem 3.3.1 show that it vanishes on the images of the
operators in Equation (1.11) since the Ms satisfy Equation (2.1). Now, Theorem 3.4.2 is
a consequence of

Theorem 3.4.5. The following transgression formula holds:

ChM1
T

− ChM0
T

= (dT + b − B)∨CS
(
(Ms

T)s∈[0,1]
)
.

Remark 3.4.6. Since the Ms satisfy Equation (2.1), it follows that ChMs
T

is Chen normalized
for all s ∈ [0, 1] due to Theorem 3.3.1. Hence, the above formula shows a posteriori that
CS
(
(Ms

T)s∈[0,1]
)

vanishes on all of DT(Ω) and is therefore Chen normalized as well.

Proof. According to Lemma 3.2.2, we have

ChMs
T

= −α∗ StrCq(ΦMs
T

1 )

so that Lemma 3.4.4 yields
d

ds
ChMs

T
= − StrCq

(
d

ds
ΦMs

T
1 α

)
= −

(
StrCq

(
δΨMs

T
1 α

)
+ StrCq

(
[ωs, ΨMs

T
1 ]α

))
= − StrCq

(
ΨMs

T
1 (dT + b′)α

)
,

where for the last equality we used that the image of α is contained in B♯(ΩT) so that
[ωs, ΨMs

T
1 ]α is a sum of supercommutators on which StrCq vanishes. Therefore, with a

view on Equation (3.6), we get
d

ds
ChMs

T
= (−1)q(dT + b − B)∨α∗ StrCq

(
ΨMs

T
1

)
− StrCq

(
ΨMs

T
1 (S ′ + 1)h

)
.
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Note that the second summand vanishes by an argument similar to the one given
for Equation (3.7). Hence, integrating both sides of the above equation proves the
theorem.

Remark 3.4.7. The same calculations show that if (Ms)s∈[0,1] is a homotopy of ϑ-summable
weak Cq-Fredholm modules, then ChM0

T
and ChM1

T
will still be homologous in the larger

complex Cα(ΩT).
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index theorem

If (H, π, F ) is an even ϑ-summable Fredholm module over a Banach algebra A as defined
on page i of the introduction, one may associate to every idempotent p ∈ Matn(A) the
Fredholm operator Fp := π(p)Fπ(p) on the Hilbert space π(p)Hn. In [GS89, Theorem
D] Getzler and Szenes proved the following index theorem for the JLO-cocycle Ch∗(F ):

⟨Ch∗(F ), Ch∗(p)⟩ = ind(Fp).

Here, ind(Fp) denotes the Fredholm index of the unbounded operator F +
p from π(p)(Hn)+

to π(p)(Hn)− and Ch∗(p) is a closed cyclic chain, the Chern character of p.
In this chapter, we will present the extension of this idea to even ϑ-summable Fredholm

modules over locally convex dg algebras as in [GL22, Section 7] providing several details
which were left out.

4.1 Idempotents and the Bismut-Chern character
Let Ω be a locally convex dg algebra. Then Matn(Ω) is again a locally convex dg algebra
with the differential d acting entrywise. Moreover, it is obvious that we have the following
isomorphism for the acyclic extensions:

Matn(Ω)T ≃ Matn(ΩT).

In this section, we will construct the Bismut-Chern character Ch(p) ∈ Cϵ
+(ΩT) associated

to the idempotent p ∈ Matn(Ω0).
To begin with, let p ∈ Matn(Ω0) be an idempotent, i. e. p2 = p, and denote by p⊥ the

element 1 − p. Furthermore, let

ϱp := pdp + p⊥dp⊥ ∈ Matn(Ω1) and Rp := dϱp + ϱ2
p ∈ Matn(Ω2).

Since

ϱp = pdp + p⊥dp⊥ = pdp + dp⊥ − pdp⊥ = pdp − dp + pdp = (2p − 1)dp, (4.1)

we have

Rp = dϱp + ϱ2
p = 2(dp)2 + (2p − 1)d2p + (2p − 1)dp(2p − 1)dp

= 2(dp)2 + 4p(dp)p(dp) − 2p(dp)2 − 2(dp)p(dp) + (dp)2
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= (dp)2

where we used the identities

dp = d(p2) = (dp)p + p(dp) (4.2)
p(dp)p = p(dp) − p2(dp) = 0 (4.3)
p(dp)2 = (pdp)dp = (dp)2 − (dp)p(dp). (4.4)

We combine ϱp and Rp into

Rp := ϱp + σRp ∈ Matn(ΩT)

which is an odd element by definition of the grading on the acyclic extension.
Remark 4.1.1. If one defines the “connection” D on Matn(Ω) via

Dθ := pd(pθ) + p⊥d(p⊥θ),

then ϱp is the corresponding connection form determined by the equation D = d + ϱp

and Rp resembles its curvature. Note that in such a situation we always have a Bianchi
identity of the form

dRp + [ϱp, Rp] = 0.

Before we proceed, we recall the following notion: let A be an algebra over C and
n, N ∈ N. The generalized trace map is defined as

Tr: Matn(A)⊗N → A⊗N ,

(θ1, . . . , θN) 7→
n∑

i1,...,iN =1

(
(θ1)i2

i1 , (θ2)i3
i2 , . . . , (θN)i1

iN

)
.

By construction, we have

Lemma 4.1.2. If multn,N : Matn(A)⊗N → Matn(A) denotes the obvious map induced by
matrix multiplication, then

Tr(multn,N(θ1, . . . , θN)) = mult1,N(Tr(θ1, . . . , θN))

where on the left-hand side we consider the usual trace of an element in Matn(A).

Acting componentwise, this defines the map

Tr: Cϵ(Matn(ΩT)) → Cϵ(ΩT),

(θ0, . . . , θN) 7→
n∑

i0,...,iN =1

(
(θ0)i1

i0 , (θ1)i2
i1 , . . . , (θN)i0

iN

) (4.5)

which commutes with all differentials on the entire reduced cyclic complex.
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Definition 4.1.3 ([GL22, Definition 7.2]). The Bismut-Chern character of p is the even
entire chain Ch(p) ∈ Cϵ

+(ΩT) given by

Ch(p) :=
∞∑

N=0
Tr(p,Rp, . . . ,Rp︸ ︷︷ ︸

N

). (4.6)

Remark 4.1.4. The name comes from the fact that under the iterated integral map
from [CG21] the chain Ch(p) is mapped to the equivariantly closed differential form
constructed by Bismut in [Bis85].
Remark 4.1.5. 1. For ν a continuous seminorm on ΩT set

Cν := max
(

max
i,j=1,...,n

ν(pj
i ), max

i,j=1,...,n
ν
(
(Rp)j

i

))
.

With a view on Equation (1.7), we see that

ϵν(Ch(p)) ≤
∞∑

N=0

(nCν)N+1

⌊N/2⌋! .

Since N

√
⌊N/2⌋! → ∞ as N → ∞, it follows that

lim sup
N→∞

N

√√√√N(nCν)N

⌊N/2⌋! = lim sup
N→∞

N
√

N(nCν) 1
N

√
⌊N/2⌋!

= 0

so that the sum above converges which implies that Ch(p) is entire.

2. Since Rp is odd in Matn(ΩT), it is even in Matn(ΩT)[1]. Since p is even as well, it
follows that

Tr(p,Rp, . . . ,Rp︸ ︷︷ ︸
N

)

is even in Cϵ(ΩT) for every N ∈ N0 which implies that Ch(p) is even.

Lemma 4.1.6. The following identities hold:

dTp + [Rp, p] = 0 (4.7)
dTRp + R2

p = 0 (4.8)
dT(σp) + [Rp, σp] = −p.

Proof. Starting with the first identity, we may use Equations (4.2) and (4.3) to deduce

[ϱp, p] = p(dp)p + p⊥(dp⊥︸︷︷︸
=−dp

)p − p2dp − pp⊥︸︷︷︸
=0

dp⊥ = p(dp)p − (1 − p)(dp)p − pdp

= 2p(dp)p − ((dp)p + pdp)
= −dp.

(4.9)
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Also,
pRp = p(dp)2 (4.4)= (dp)2 − (dp)p(dp) (4.2)= (dp)2p = Rpp

so that in particular, we have
[p, Rp] = 0. (4.10)

Using (dp⊥)2 = (−dp)2 = (dp)2, we have

dϱp = d(pdp + p⊥dp⊥) = (dp)2 + (dp⊥)2 = 2(dp)2 = 2Rp (4.11)
ϱ2

p = Rp − dϱp = −Rp. (4.12)

Since dRp = d(dp)2 = (d2p)dp + dp(d2p) = 0, the Bianchi identity implies

0 = [ϱp, Rp] = ϱpRp − Rpϱp. (4.13)

Furthermore,

[Rp, p] = ϱpp + σRpp − pϱp − pσ︸︷︷︸
=σp

Rp = [ϱp, p] + σ[Rp, p] (4.9),(4.10)= −dp

which in turn implies
dTp + [Rp, p] = dp + [Rp, p] = 0.

For the second identity, we calculate

dTRp = dϱp − σdRp − Rp
(4.11)= 2Rp − Rp = Rp

and

R2
p = (ϱp + σRp)2 = ϱ2

p + ϱpσ︸︷︷︸
=−σϱp

Rp + σRpϱp + (σRp)2︸ ︷︷ ︸
=0

= ϱ2
p − σϱpRp + σRpϱp

= ϱ2
p − σ[ϱp, Rp] (4.13)= ϱ2

p

(4.12)= −Rp

so that ultimately,
dTRp + R2

p = 0.

Finally, dT(σp) = −σdp − p and

[Rp, σp] = (ϱp + σRp)σp + σp(ϱp + σRp) = ϱpσp + σpϱp = −σϱpp + σpϱp
(4.9)= σdp

so that the last identity holds.

Theorem 4.1.7 ([GL22, Theorem 7.4]). Ch(p) is closed in NT,ϵ(Ω), i. e. modulo DT(Ω)
we have

(dT + b − B)Ch(p) = 0.
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Proof. Let θ := (θ0, . . . , θN) := (p,Rp, . . . ,Rp) and observe that

mk(θ) = |θ0| + . . . + |θk| − k = |p| +
k∑

j=1
|Rp| − k = 0 + k − k = 0

for all 0 ≤ k ≤ N . Hence,

dT(θ) = (dTp,Rp, . . . ,Rp︸ ︷︷ ︸
N

) −
N∑

k=1
(p,Rp, . . . ,Rp︸ ︷︷ ︸

k−1

, dTRp,Rp, . . . ,Rp︸ ︷︷ ︸
N−k

)

b(θ) = (Rpp,Rp, . . . ,Rp︸ ︷︷ ︸
N−1

) − (pRp,Rp, . . . ,Rp︸ ︷︷ ︸
N−1

)

−
N−1∑
k=1

(p,Rp, . . . ,Rp︸ ︷︷ ︸
k−1

,R2
p,Rp, . . . ,Rp︸ ︷︷ ︸

N−1−k

)

(4.8)= ([Rp, p],Rp, . . . ,Rp︸ ︷︷ ︸
N−1

) +
N−1∑
k=1

(p,Rp, . . . ,Rp︸ ︷︷ ︸
k−1

, dTRp,Rp, . . . ,Rp︸ ︷︷ ︸
N−k−1

)

(4.7)= −(dT,Rp, . . . ,Rp︸ ︷︷ ︸
N−1

) +
N−1∑
k=1

(p,Rp, . . . ,Rp︸ ︷︷ ︸
k−1

, dTRp,Rp, . . . ,Rp︸ ︷︷ ︸
N−k−1

)

which implies (dT + b)Ch(p) = 0. Lastly, note that BCh(p) is a sum of terms of the form

B(Tr(θ)) = Tr(B(θ)) =
N∑

k=0
Tr(1,Rp, . . . ,Rp︸ ︷︷ ︸

k

, p,Rp, . . . ,Rp︸ ︷︷ ︸
N−k

). (4.14)

Since p ∈ Matn(Ω0), each summand is contained in DT(Ω) and hence, the proof is
complete.

For the remainder of this section, we will be concerned with the homotopy invariance
of the Bismut-Chern character. If (θs

j)s∈[0,1], 0 ≤ j ≤ N , are continuously differentiable
families of elements in ΩT, we define

∂s(θs
0, . . . , θs

n) := −
N∑

k=0
(−1)mk−1(θs

0, . . . , θs
k−1, σθ̇s

k, θs
k+1, . . . , θs

n)

where mk = |θ0| + . . . + |θk| − k and θ̇s
k denotes the derivative of θs

k with regard to s. It is
obvious that Ch(ps) is a continuously differentiable function of s in Cϵ(ΩT) and using the
formula above, it is clear that ∂sCh(ps) is an entire chain continuously depending on s if
(ps)s∈[0,1] is a continuously differentiable family of idempotents in Matn(Ω0). Therefore,
we may define the Bismut-Chern-Simons form corresponding to this family via

CS
(
(ps)s∈[0,1]

)
:=
∫ 1

0
∂sCh(ps) ds.
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Lemma 4.1.8. In the Chen normalized entire complex NT,ϵ(Ω), the following transgres-
sion formula holds:

Ch(p1) − Ch(p0) = (dT + b − B)CS
(
(ps)s∈[0,1]

)
.

Proof. This is stated as Proposition 7.7 in [GL22], where, however, several details of
the proof are missing. We will show that (dT + b − B)CS

(
(ps)s∈[0,1]

)
is contained in

DT(Ω) ⊆ Cϵ(ΩT).
Lemma 4.1.9. ∂s anti-commutes with the differentials d, b and B, and

ι∂s + ∂sι = d

ds
(4.15)

where ι is the map on Cϵ(ΩT) induced by ι1, i. e.

ι(θ0, . . . , θN) = (ιθ0, . . . , θn) −
N∑

k=1
(−1)mk−1(θ0, . . . , ιθk, . . . , θN),

and
d

ds
(θs

0, . . . , θs
N) =

N∑
k=0

(θs
0, . . . , θ̇s

k, . . . , θs
N)

is the derivative with regard to s on Cϵ(ΩT).
Proof of Lemma 4.1.9. We start with the identity d∂s + ∂sd = 0:

d∂s(θs
0, . . . , θs

N ) = d

(
−

N∑
k=0

(−1)mk−1(θs
0, . . . , σθ̇s

k, . . . , θs
N )
)

= −
N∑

k=1
(−1)mk−1(dθs

0, . . . , σθ̇s
k, . . . , θs

N ) + (d(σθ̇s
0), . . . , θs

N )

+
N∑

k=1

k−1∑
j=1

(−1)mk−1+m(j−1,k)(θs
0, . . . , dθs

j , . . . , σθ̇s
k, . . . , θs

N )

+
N∑

k=1
(−1)mk−1+m(k−1,k)(θs

0, . . . , d(σθ̇s
k), . . . , θs

N )

+
N−1∑
k=0

N∑
j=k+1

(−1)mk−1+m(j−1,k)(θs
0, . . . , σθ̇s

k, . . . , dθs
j , . . . , θs

N )

= −
N∑

k=1
(−1)mk−1(dθs

0, . . . , σθ̇s
k, . . . , θs

N ) − (σdθ̇s
0, . . . , θs

N )

+
N∑

k=1

k−1∑
j=1

(−1)mk−1+mj−1(θs
0, . . . , dθs

j , . . . , σθ̇s
k, . . . , θs

N )

−
N∑

k=1
(−1)mk−1+mk−1(θs

0, . . . , σdθ̇s
k, . . . , θs

N )

1Recall that dT = d − ι on ΩT. Hence, for the induced differentials on C(ΩT), we have dT = d − ι.
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−
N−1∑
k=0

N∑
j=k+1

(−1)mk−1+mj−1(θs
0, . . . , σθ̇s

k, . . . , dθs
j , . . . , θs

N )

where

m(j − 1, k) := mj−1(θs
0, . . . , σθ̇s

k, . . . , θs
N) =

mj−1, j ≤ k,

mj−1 − 1, k + 1 ≤ j

for 1 ≤ j ≤ N and we used d(σθ̇s
j) = −σdθ̇s

j . On the other hand,

∂sd(θs
0, . . . , θs

N ) = ∂s

(
(dθs

0, . . . , θs
N ) −

N∑
k=1

(−1)mk−1(θs
0, . . . , dθs

k, . . . , θs
N )
)

= (σdθ̇s
0, . . . , θs

N ) −
N∑

j=1
(−1)m′(j−1,0)(dθs

0, . . . , σθ̇s
j , . . . , θs

N )

+
N∑

k=1

k−1∑
j=0

(−1)mk−1+m′(j−1,k)(θs
0, . . . , σθ̇s

j , . . . , dθs
k, . . . , θs

N )

+ (−1)mk−1+m′(k−1,k)(θs
0, . . . , σdθ̇s

k, . . . , θs
N )

+
N−1∑
k=1

N∑
j=k+1

(−1)mk−1+m′(j−1,k)(θs
0, . . . , dθs

k, . . . , σθ̇s
j , . . . , θs

N )

= (σdθ̇s
0, . . . , θs

N ) +
N∑

j=1
(−1)mj−1(dθs

0, . . . , σθ̇s
j , . . . , θs

N )

+
N∑

k=1

k−1∑
j=0

(−1)mk−1+mj−1(θs
0, . . . , σθ̇s

j , . . . , dθs
k, . . . , θs

N )

+
N∑

k=1
(−1)mk−1+mk−1(θs

0, . . . , σdθ̇s
k, . . . , θs

N )

−
N−1∑
k=1

N∑
j=k+1

(−1)mk−1+mj−1(θs
0, . . . , dθs

k, . . . , σθ̇s
j , . . . , θs

N )

where

m′(j − 1, k) := mj−1(θs
0, . . . , dθs

k, . . . , θs
N) =

mj−1, j ≤ k

mj−1 + 1, k + 1 ≤ j

for 1 ≤ j ≤ N . Now, it is easy to see that d and ∂s anti-commute.
Moving on, we prove that b∂s + ∂sb = 0:

b∂s(θs
0, . . . , θs

N ) = b

(
−

N∑
k=0

(−1)mk−1(θs
0, . . . , σθ̇s

k, . . . , θs
N )
)

= −
N−1∑
k=1

(−1)mk−1+(|θs
N |−1)m(N−1,k)(θs

N θs
0, θs

1, . . . , σθ̇s
k, . . . , θs

N−1)

− (−1)mN−1+(|σθ̇s
N |−1)m(N−1,N)(σθ̇s

N θs
0, θs

1, . . . , θs
N−1)
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− (−1)m−1+(|θs
N |−1)m(N−1,0)(θs

N σθ̇s
0, θs

1, . . . , θs
N−1)

+
N∑

k=0
(−1)mk−1

k−2∑
j=0

(−1)m(j,k)(θs
0, . . . , θs

j θs
j+1, . . . , σθ̇s

k, . . . , θs
N )

+ (−1)m(k−1,k)(θs
0, . . . , θs

k−1σθ̇s
k, . . . , θs

N )
+ (−1)m(k,k)(θs

0, . . . , σθ̇s
kθs

k+1, . . . , θs
N )

+
N−1∑

j=k+1
(−1)m(j,k)(θs

0, . . . , σθ̇s
k, . . . , θs

j θs
j+1, . . . , θs

N )


= −

N−1∑
k=1

(−1)mk−1+(|θs
N |−1)(mN−1−1)(θs

N θs
0, θs

1, . . . , σθ̇s
k, . . . , θs

N−1)

− (−1)(|θs
N |−1)mN−1(σθ̇s

N θs
0, θs

1, . . . , θs
N−1)

− (−1)(|θs
N |−1)mN−1(σθs

N θ̇s
0, θs

1, . . . , θs
N−1)

+
N∑

k=0
(−1)mk−1

k−2∑
j=0

(−1)mj (θs
0, . . . θs

j θs
j+1, . . . , σθ̇s

k, . . . , θs
N )

+ (−1)mk−1+|θs
k−1|(θs

0, . . . , σθs
k−1θ̇s

k, . . . , θs
N )

− (−1)mk (θs
0, . . . , σθ̇s

kθs
k+1, . . . , θs

N )

−
N−1∑

j=k+1
(−1)mj (θs

0, . . . , σθ̇s
k, . . . , θs

j θs
j+1, . . . , θs

N )


where

m(j, k) := mj(θs
0, . . . , σθ̇s

k, . . . , θs
N) =

mj, j ≤ k − 1
mj − 1, k ≤ j

for 0 ≤ j ≤ N − 1. On the other hand,

∂sb(θs
0, . . . , θs

N ) = ∂s

(
(−1)(|θs

N |−1)mN−1(θs
N θs

0, . . . , θs
N−1) −

N−1∑
k=0

(−1)mk (θs
0, . . . , θs

kθs
k+1, . . . , θs

N )
)

= −(−1)m′′
−1+(|θs

N |−1)mN−1(σ d

ds
(θs

N θs
0), . . . , θs

N−1)

−
N−1∑
j=1

(−1)m′′
j−1+(|θs

N |−1)mN−1(θs
N θs

0, . . . , σθ̇s
j , . . . , θs

N−1)

+
N−1∑
k=0

k−1∑
j=0

(−1)mk+m′(j−1,k)(θs
0, . . . , σθ̇s

j , . . . , θs
kθs

k+1, . . . , θs
N )

+ (−1)mk+m′(k−1,k)(θs
0, . . . , σ

d

ds
(θs

kθs
k+1), . . . , θs

N )

+
N−1∑

j=k+1
(−1)mk+m′(j−1,k)(θs

0, . . . , θs
kθs

k+1, . . . , σθ̇s
j+1, . . . , θs

N )


= (−1)(|θs

N |−1)mN−1(σ d

ds
(θs

N θs
0), . . . , θs

N−1)
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+
N−1∑
j=1

(−1)mj−1+(|θs
N |−1)(mN−1−1)(θs

N θs
0, . . . , σθ̇s

j , . . . , θs
N−1)

+
N−1∑
k=0

k−1∑
j=0

(−1)mk+mj−1(θs
0, . . . , σθ̇s

j , . . . , θs
kθs

k+1, . . . , θs
N )

+ (−1)mk+mk−1(θs
0, . . . , σ

d

ds
(θs

kθs
k+1), . . . , θs

N )

−
N−1∑

j=k+1
(−1)mk+mj (θs

0, . . . , θs
kθs

k+1, . . . , σθ̇s
j+1, . . . , θs

N )


where

m′(j − 1, k) := mj−1(θs
0, . . . , θs

kθs
k+1, . . . , θs

N) =
mj−1, j ≤ k

mj + 1, k + 1 ≤ j

for 0 ≤ j ≤ N − 1 and

m′′
j−1 := mj−1(θs

Nθs
0, . . . , θs

N−1) =
mj−1 + |θs

N |, 1 ≤ j ≤ N − 1
1, j = 0

.

Now, one immediately verifies that b and ∂s anti-commute.
Next, we will see that B∂s + ∂sB = 0:

B∂s(θs
0, . . . , θs

N )

= B

(
−

N∑
k=0

(−1)mk−1(θs
0, . . . , σθ̇s

k, . . . , θs
N )
)

= −
N∑

k=0

k−1∑
j=0

(−1)mk−1+(m(j,k)+1)(m(N,k)−m(j,k))(1, θs
j+1, . . . , σθ̇s

k, . . . , θs
N , θs

0, . . . , θs
j )

+
N∑

j=k

(−1)mk−1+(m(j,k)+1)(m(N,k)−m(j,k))(1, θs
j+1, . . . , θs

N , θs
0, . . . , σθ̇s

k, . . . , θs
j )


= −

N∑
k=0

k−1∑
j=0

(−1)mk−1+(mj+1)(mN −mj+1)(1, θs
j+1, . . . , σθ̇s

k, . . . , θs
N , θs

0, . . . , θs
j )

+
N∑

j=k

(−1)mk−1+mj(mN −mj)(1, θs
j+1, . . . , θs

N , θs
0, . . . , σθ̇s

k, . . . , θs
j )


where

m(j, k) := mj(θs
0, . . . , σθ̇s

k, . . . , θs
N) =

mj, j ≤ k − 1
mj − 1, k ≤ j

for 0 ≤ j ≤ N . On the other hand,

∂sB(θs
0, . . . , θs

N ) = ∂s

(
N∑

k=0
(−1)(mk+1)(mN −mk)(1, θs

k+1, . . . , θs
N , θs

0, . . . , θs
k)
)
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= −
N∑

k=0

 k∑
j=0

(−1)(mk+1)(mN −mk)+m′(j,k)(1, θs
k+1, . . . , θs

N , θs
0, . . . , σθ̇s

j , . . . , θs
k)

+
N∑

j=k+1
(−1)(mk+1)(mN −mk)+m′(j,k)(1, θs

k+1, . . . , σθ̇s
j , . . . , θs

N , θs
0, . . . , θs

k)


=

N∑
k=0

 k∑
j=0

(−1)mj−1+mk(mN −mk)(1, θs
k+1, . . . , θs

N , θs
0, . . . , σθ̇s

j , . . . , θs
k)

+
N∑

j=k+1
(−1)mj−1+(mk+1)(mN −mk+1)(1, θs

k+1, . . . , σθ̇s
j , . . . , θs

N , θs
0, . . . , θs

k)


where

m′(j, k) :=
mN−(k−j)(1, θs

k+1, . . . , θs
N , θs

0, . . . , θs
k), 0 ≤ j ≤ k

mj−k−1(1, θs
k+1, . . . , θs

N , θs
0, . . . , θs

k), k + 1 ≤ j ≤ N

=
mN − mk + 1 + mj−1, 0 ≤ j ≤ k

mj−1 − mk, k + 1 ≤ j ≤ N
mod 2.

Hence, B and ∂s anti-commute.
Finally, we verify Equation (4.15):

ι∂s(θs
0, . . . , θs

N ) = ι

(
−

N∑
k=0

(−1)mk−1(θs
0, . . . , σθ̇s

k, . . . , θs
N )
)

= (ισθ̇s
0, . . . , θs

N ) −
N∑

k=1
(−1)mk−1(ιθs

0, . . . , σθ̇s
k, . . . , θs

N )

+
N∑

k=1

k−1∑
j=1

(−1)mk−1+m(j−1,k)(θs
0, . . . , ιθs

j , . . . , σθ̇s
k, . . . , θs

N )

+
N∑

k=1
(−1)mk−1+m(k−1,k)(θs

0, . . . , ισθ̇s
k, . . . , θs

N )

+
N−1∑
k=0

N∑
j=k+1

(−1)mk−1+m(j−1,k)(θs
0, . . . , σθ̇s

k, . . . , ιθs
j , . . . , θs

N )

= (ισθ̇s
0, . . . , θs

N ) −
N∑

k=1
(−1)mk−1(ιθs

0, . . . , σθ̇s
k, . . . , θs

N )

+
N∑

k=1

k−1∑
j=1

(−1)mk−1+mj−1(θs
0, . . . , ιθs

j , . . . , σθ̇s
k, . . . , θs

N )

+
N∑

k=1
(−1)mk−1+mk−1(θs

0, . . . , ισθ̇s
k, . . . , θs

N )

−
N−1∑
k=0

N∑
j=k+1

(−1)mk−1+mj−1(θs
0, . . . , σθ̇s

k, . . . , ιθs
j , . . . , θs

N )
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where

m(j − 1, k) := mj−1(θs
0, . . . , σθ̇s

k, . . . , θs
N) =

mj−1, j ≤ k

mj−1 − 1, k + 1 ≤ j

for 1 ≤ j ≤ N . On the other hand,

∂sι(θs
0, . . . , θs

N ) = ∂s

(
(ιθ0, . . . , θn) −

N∑
k=1

(−1)mk−1(θ0, . . . , ιθk, . . . , θN )
)

= (σιθ̇s
0, . . . , θs

N ) −
N∑

j=1
(−1)m′(j−1,0)(ιθs

0, . . . , σθ̇s
j , . . . , θs

N )

+
N∑

k=1

k−1∑
j=0

(−1)mk−1+m′(j−1,k)(θs
0, . . . , σθ̇s

j , . . . , ιθs
k, . . . , θs

N )

+
N∑

k=1
(−1)mk−1+m′(k−1,k)(θs

0, . . . , σιθ̇s
k, . . . , θs

N )

+
N−1∑
k=1

N∑
j=k+1

(−1)mk−1+m′(j−1,k)(θs
0, . . . , ιθs

k, . . . , σθ̇s
j , . . . , θs

N )

= (σιθ̇s
0, . . . , θs

N ) +
N∑

j=1
(−1)mj−1(ιθs

0, . . . , σθ̇s
j , . . . , θs

N )

+
N∑

k=1

k−1∑
j=0

(−1)mk−1+mj−1(θs
0, . . . , σθ̇s

j , . . . , ιθs
k, . . . , θs

N )

+
N∑

k=1
(−1)mk−1+mk−1(θs

0, . . . , σιθ̇s
k, . . . , θs

N )

−
N−1∑
k=1

N∑
j=k+1

(−1)mk−1+mj−1(θs
0, . . . , ιθs

k, . . . , σθ̇s
j , . . . , θs

N )

where

m′(j − 1, k) := mj−1(θs
0, . . . , ιθs

k, . . . , θs
N) =

mj−1, j ≤ k

mj−1 + 1, k + 1 ≤ j

for 0 ≤ j ≤ N . Since ισθ̇s + σιθ̇s = θ̇s, the claim follows.

Using the above identities, it follows from the fundamental theorem of calculus and
the equation (dT + b)Ch(ps) = 0 shown in Theorem 4.1.7 that

(dT + b − B)CS
(
(ps)s∈[0,1]

)
= −

∫ 1

0
∂s(dT + b − B)Ch(ps) ds −

∫ 1

0

d

ds
Ch(ps) ds

=
∫ 1

0
∂sBCh(ps) ds − (Ch(p1) − Ch(p0)).
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The proof is finished if we manage to show that ∂sBCh(ps) ∈ DT(Ω) for all s. Upon
closer inspection of Equation (4.14) and of the formula for ∂s, it follows that ∂sBCh(ps)
is entire, so we are left with an algebraic argument. Modulo DT(Ω), we have

∂sBCh(ps) = −
∞∑

N=0

N∑
k=0

Tr(1,Rps , . . . ,Rps︸ ︷︷ ︸
k

, σṗs,Rps , . . . ,Rps︸ ︷︷ ︸
N−k

)

= −B
∞∑

N=0
Tr(σṗs,Rps , . . . ,Rps︸ ︷︷ ︸

N

)
(4.16)

where we used Equation (4.14) for the first equality. Indeed, if the derivative falls onto
one of the Rps , the corresponding summand will be of the form S

(p)
i which lies in DT(Ω).

Since B restricts to DT(Ω), it remains to be shown that the sum in the second line of
Equation (4.16) is contained in DT(Ω). However, this follows immediately from the fact
that each of the summands

Tr(σṗs,Rps , . . . ,Rps︸ ︷︷ ︸
N

)

is contained in the image of the map R defined in Equation (1.10).

4.2 The index theorem
Let M = (H, c, Q) be an even ϑ-summable Fredholm module over Ω; in particular, the
identities from Equation (2.1) hold true. Let M(n) := (Hn, c, Q) be the even ϑ-summable
Fredholm module over Matn(Ω) where Q acts diagonally on Hn and

c


θ1

1 . . . θn
1

... ...
θ1

n . . . θn
n

 :=


c(θ1

1) . . . c(θn
1 )

... ...
c(θ1

n) . . . c(θn
n)


where we canonically identify L(Hn) ≃ Matn(L(H)). Moreover, we denote by M

(n)
T the

even ϑ-summable weak Fredholm module over Matn(ΩT) ≃ Matn(Ω)T. For an idempotent
p ∈ Matn(Ω) it follows from Equation (2.1) that c(p) is an even idempotent acting on Hn

so that c(p)Hn is a closed subspace of Hn to which the Z2-grading restricts. In particular,
c(p)Hn is a Z2-graded Hilbert space again and

Qp := c(p)Qc(p)

is a densely defined and closed odd operator on c(p)Hn. The goal of this section will be
the following
Theorem 4.2.1 ([GL22, Theorem 8.1]). The operator Qp is Fredholm and satisfies

⟨ChMT , Ch(p)⟩ = indZ2(Qp)

where Ch(p) is the Bismut-Chern character associated to p and indZ2(Qp) denotes the
Z2-graded index of Qp, i. e. the index of the operator Q+

p from (Hn)+ to (Hn)− with
dom(Q+

p ) = dom(Qp) ∩ (Hn)+.
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We will follow the proof given in [GL22] providing several details which were left out.
First, we need the following intermediate result:

Lemma 4.2.2 ([GL22, Proposition 8.2]). Let p ∈ Matn(Ω0) be an idempotent and
consider the unbounded operator

Q1 := c(p)Qc(p) + c(p⊥)Qc(p⊥)

on Hn. Then Q1 is closed on the same domain as Q and its square generates a strongly
continuous semigroup of operators which for all T > 0 is given by

e−T Q2
1 =

∞∑
N=0

ΦM
(n)
T

T (Rp, . . . ,Rp︸ ︷︷ ︸
N

). (4.17)

Proof. Using Equation (2.1), we see that

Q1 = c(p)Qc(p) + c(p⊥)Qc(p⊥)
= c(p)

(
[Q, c(p)] + c(p)Q

)
+ c(1 − p)

(
[Q, c(1 − p)] + c(1 − p)Q

)
= c(p)

(
[Q, c(p)] + c(p)Q

)
+ (1 − c(p))

(
[Q, 1 − c(p)] + (1 − c(p))Q

)
= Q + c(2p − 1) [Q, c(p)]︸ ︷︷ ︸

=c(dp)

= Q + c
(
(2p − 1)dp

)
,

which means that Q1 is a bounded perturbation of Q and in particular a closed operator
on the same domain as Q. Combining Equation (2.4) with Equation (4.1) yields

F
M

(n)
T

(Rp) =
[
Q, c

(
(2p − 1)dp

)]
− c

(
d
(
(2p − 1)dp

))
+ c

(
(dp)2

)
=
[
Q, c

(
(2p − 1)dp

)]
− c

(
(dp)2

)
and

F
M

(n)
T

(Rp,Rp) = (−1)|Rp|
(

c
(
((2p − 1)dp)2

)
− c

(
(2p − 1)dp

)2
)

= −c
(
((2p − 1)dp)2

)
+ c

(
(2p − 1)dp

)2

= c
(
(dp)2

)
+ c

(
(2p − 1)dp

)2

where we used Equations (4.3) and (4.4) to calculate

−
(
(2p − 1)dp

)2
= −(2p − 1)(dp)(2p − 1)(dp)
= −4p(dp)p(dp) + 2p(dp)2 + 2(dp)p(dp) − (dp)2

= (dp)2.

Thus,

Q2
1 = Q2 +

[
Q, c

(
(2p − 1)dp

)]
+ c

(
(2p − 1)dp

)2
= Q2 + F

M
(n)
T

(Rp) + F
M

(n)
T

(Rp,Rp)
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4 Even Fredholm modules and the index theorem

which can be written as Q2
1 = Q2 + X where X := F

M
(n)
T

(Rp) + F
M

(n)
T

(Rp,Rp). Due to
Lemma 2.2.2 the operator X satisfies the assumptions from Lemma 2.2.1 so that we may
define

e−T Q2
1 = e−T (Q2+X) =

∞∑
M=0

(−T )M{X, . . . , X︸ ︷︷ ︸
M

}T Q2 (4.18)

for all T > 0. It follows from the proof of [Kat95, Chapter Nine, §2.1 Theorem 2.1] that
this defines a strongly continuous semigroup with infinitesimal generator −Q2

1. Finally,
using multi-linearity of the bracket, we have

∞∑
M=0

(−T )M{X, . . . , X︸ ︷︷ ︸
M

}T Q2

=
∞∑

M=0
(−T )M{F

M
(n)
T

(Rp) + F
M

(n)
T

(Rp,Rp), . . . , F
M

(n)
T

(Rp) + F
M

(n)
T

(Rp,Rp)}T Q2

=
∞∑

M=0

M∑
l=0

(−T )M
∑

J∈P(l)
M

{F
M

(n)
T

(θJ1), . . . , F
M

(n)
T

(θJM
)}T Q2

where P(l)
M is the set of partitions J ∈ PM,2(M−l)+l such that there exist i1, . . . , il ∈

{1, . . . , M} for which θJr = Rp for r ∈ {i1, . . . , il} and θJr = (Rp,Rp) for r ∈ {1, . . . , M}\
{i1, . . . , il}. Substituting K = 2(M − l) + l yields

M∑
l=0

(−T )M
∑

J∈P(l)
M

{F
M

(n)
T

(θJ1), . . . , F
M

(n)
T

(θJM
)}T Q2

= (−T )M
2M∑

K=M

∑
J∈PM,K

{F
M

(n)
T

(θJ1), . . . , F
M

(n)
T

(θJM
)}T Q2

so that we have
∞∑

M=0
(−T )M{X, . . . , X︸ ︷︷ ︸

M

}T Q2

=
∞∑

M=0
(−T )M

2M∑
K=M

∑
J∈PM,K

{F
M

(n)
T

(θJ1), . . . , F
M

(n)
T

(θJM
)}T Q2

=
∞∑

M=0
(−T )M

M∑
K=0

∑
J∈PM,K+M

{F
M

(n)
T

(θJ1), . . . , F
M

(n)
T

(θJM
)}T Q2

=
∞∑

N=0

N∑
L=0

(−T )L
∑

J∈PL,N

{F
M

(n)
T

(θJ1), . . . , F
M

(n)
T

(θJL
)}T Q2

=
∞∑

N=0
ΦM

(n)
T

T (Rp, . . . ,Rp︸ ︷︷ ︸
N

)

which proves Equation (4.17).

76



4.2 The index theorem

Proof of Theorem 4.2.1. To begin with, we assume that c(p) is self-adjoint. Since c and
the differential d act entrywise on Matn(ΩT) and Q acts diagonally on Hn, the following
identity is proven similarly to Lemma 4.1.2:
Lemma 4.2.3. Let M = (H, c, Q) be a ϑ-summable weak Cq-Fredholm module over
a locally convex dg algebra Ω and let M(n) be the corresponding ϑ-summable weak Cq-
Fredholm module over Matn(Ω) which is defined as in the beginning of this section letting
Cq act diagonally on Hn. Then, for all θ0, . . . , θN ∈ Matn(Ω), we have

StrCq ,H
(
(cΦM

1 ) (Tr(θ0, . . . , θN))
)

= StrCq ,Hn

(
c(θ0)ΦM(n)

1 (θ1, . . . , θN)
)

.

Combining the above lemma with Equations (2.5), (4.6) and (4.17), it follows that

⟨ChMT , Ch(p)⟩ =
∞∑

N=0
StrHn(c(p)ΦM

(n)
T

1 (Rp, . . . ,Rp︸ ︷︷ ︸
N

))

= StrHn(c(p)e−Q2
1).

Since c(p) is an orthogonal projection, we have an orthogonal decomposition

Hn = c(p)Hn ⊕ (1 − c(p))Hn = c(p)Hn ⊕ c(p⊥)Hn.

If we set Qp⊥ := c(p⊥)Qc(p⊥) on Hn, then QpQp⊥ = Qp⊥Qp = 0 so that Q2
1 = Q2

p + Q2
p⊥

and we may write

Q2
1 =

(
Q2

p 0
0 Q2

p⊥

)
∈ L(c(p)Hn) ⊕ L(c(p⊥)Hn) ≃ L(Hn)

and in particular,

e−Q2
1 =

e−Q2
p 0

0 e
−Q2

p⊥


since functional calculus respects orthogonal decompositions. Hence,

StrHn(c(p)e−Q2
1) = Strc(p)Hn(e−Q2

p).

Since c(p) is self-adjoint, it follows that Qp is self-adjoint on c(p)Hn and since e−Q2
p is

trace-class, it is well-known (see [Ara89, B.6]) that Qp is Fredholm and one has the
McKean-Singer formula

Strc(p)Hn(e−Q2
p) = indZ2(Qp).

For the case in which c(p) is not self-adjoint, we will use a homotopy argument; without
loss of generality, we may assume n = 1. Define

BQ := {A ∈ L(H) : ∆−1/2A∆1/2 and ∆−1/2A∗∆1/2 densely defined and bounded}

where ∆ = Q2 + 1. Note that for A, B ∈ BQ, we have

∆−1/2AB∆1/2 = ∆−1/2A∆1/2∆−1/2B∆1/2
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4 Even Fredholm modules and the index theorem

the latter operator being densely defined and bounded. Hence, BQ is a ∗-subalgebra of
L(H). Moreover, we define the subalgebra

AQ := {A ∈ L+(H) : [Q, A] ∈ BQ}

which is a Banach ∗-algebra if we consider the norm

A 7→ ∥A∥ + ∥[Q, A]∥ + ∥∆−1/2[Q, A]∆1/2∥ + ∥∆−1/2[Q, A∗]∆1/2∥.

It follows that M0 = (H, c0, Q) is an even ϑ-summable Fredholm module over AQ in
the sense of Connes where c0 is the identity. By construction, Equations (2.2) and (2.3)
are satisfied in our case so that we may use Example 2.1.3 to extend M0 to an even
ϑ-summable Fredholm module MQ = (H, cQ, Q) over ΩAQ

, the universal dg algebra of
non-commutative differential forms over AQ. Since c(p) ∈ AQ = Ω0

AQ
is an idempotent,

we may consider its Bismut-Chern character Ch(c(p)) ∈ Cϵ
+(ΩAQ,T).

Claim. If ChMQ,T denotes the Chern character of the acyclic extension MQ,T of MQ, we
have the following identity:

⟨ChMT , Ch(p)⟩ = ⟨ChMQ,T , Ch(c(p))⟩.

Proof of Claim. Setting

Q1,Q := cQ(c(p))QcQ(c(p)) + cQ(c(p)⊥)QcQ(c(p)⊥),

the calculations in the proof of Lemma 4.2.2 show that

Q2
1,Q = Q2 +

[
Q, cQ

(
(2c(p) − 1)dc(p)

)]
+ cQ

(
(2c(p) − 1)dc(p)

)2
.

Note that for A ∈ BQ the operator [Q, A]+A2 satisfies the assumptions from Lemma 2.2.1
so that we may define e−T (Q2+A) for T > 0 using the perturbation series from Equa-
tion (4.18). Applying this with A = cQ

(
(2c(p) − 1)dc(p)

)
and using the calculations

from the beginning of this proof, we have

⟨ChMQ,T , Ch(c(p))⟩ = StrH(cQ(c(p))e−Q2
1,Q) = StrH(c(p)e−Q2

1) = ⟨ChMT , Ch(p)⟩

where we used that cQ(c(p)) = c(p).

Due to the above claim, it suffices to prove

indZ2(Qc(p)) = ⟨ChMQ,T , Ch(c(p))⟩

since Qc(p) = cQ(c(p))QcQ(c(p)) = Qp. To do this, we will show that there exists a
homotopy connecting the idempotent c(p) to a self-adjoint idempotent P inside AQ. In
this case, it follows from the transgression formula Lemma 4.1.8, closedness of ChMQ,T

and the fact that the latter is Chen normalized that

⟨ChMQ,T , Ch(c(p))⟩ = ⟨ChMQ,T , Ch(P )⟩.
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4.2 The index theorem

The index formula then follows from the self-adjoint case together with the fact that the
(graded) Fredholm index is homotopy invariant.

Existence of such a homotopy follows if we can show that AQ is a spectral subalgebra
of L(H), i. e. if any A ∈ AQ which is invertible in L(H) has its inverse A−1 in AQ.
Indeed, if this is the case, the proof of [LLR00, Lemma 11.2.7] goes through. To start
with, we will show that BQ is spectral. For A ∈ BQ invertible in L(H) we have

∆−1/2A−1∆1/2 = (∆−1/2A∆1/2)−1.

However, by definition of BQ, the operator ∆−1/2A∆1/2 is densely defined and bounded
which implies boundedness of its inverse. Using A∗ instead of A proves that BQ is spectral.
Now, given A ∈ AQ such that A−1 exists in L(H), it is trivial that

[Q, A−1] = A−1[Q, A]A−1

which is a product of elements in BQ and hence in BQ which proves that AQ is spectral.
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5 The Chern character and spectral
flow

Given an odd ϑ-summable Fredholm module M = (H, π, D) over a Banach ∗-algebra A
as defined on page iii of the introduction, one can show that pairing the corresponding
odd Chern character Ch∗(D) with the odd Chern character Ch∗(g) of a unitary matrix
g ∈ Um(A) yields the spectral flow of D and the twisted operator g−1Dg:

Theorem 5.0.1 ([Get93, Theorem 4.3]). We have

⟨Ch∗(D), Ch∗(g)⟩ = 1√
π

∫ 1

0
Tr(Ḋue−D2

u) du, (5.1)

where Du := (1 − u)D + ug−1Dg and Ḋu := g−1[D, g].

Consider now a locally convex dg algebra Ω, g ∈ GLm(Ω0) and an odd ϑ-summable
Fredholm module M = (H, c, Q) over Ω in the sense of Definition 2.1.5. We want to
construct an odd entire chain Ch(g) which resembles the odd Chern character of g in
the differential graded setting. Moreover, we would like to obtain an integral formula
similar to Equation (5.1) for the pairing of the analytic cochain ChM̃, where M̃ is the
ϑ-summable C1-Fredholm module associated to M (see Remark 2.1.7), with Ch(g).

5.1 Definition of Ch(g)
We will follow the constructions given in [CG21, Section 5], which deals with the special
case Ω = C∞(M) for some smooth compact manifold M , and make the necessary changes
to accomodate our more general setting. To this end, we will define an odd entire chain
Ch(g) ∈ Cϵ

−(ΩT) on the acyclic extension ΩT of Ω.1

Definition 5.1.1. For g ∈ GLm(Ω0) we define the Maurer-Cartan form ω := ωg :=
g−1dg ∈ Matm(Ω1) ⊆ Matm(ΩT).

Lemma 5.1.2. The Maurer-Cartan form satisfies the following equation:

dTω + ω2 = 0.

1Note that we follow the sign conventions from [GL22, Eq. (2.7)] for the definition of ΩT, i. e. we
consider dT = d − ι instead of d + ι, the latter convention being used in [CG21, Section 3].
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5 The Chern character and spectral flow

Proof. Since ω ∈ Matm(Ω), the action of the differential dT is given by d. Using that g−1

has degree 0, the graded Leibniz rule implies

dω = d(g−1dg) = (dg−1)dg + g−1d2g = (dg−1)dg.

On the other hand,

0 = d(1) = d(g−1g) = (dg−1)g + g−1dg ⇐⇒ dg−1 = −g−1(dg)g−1. (5.2)

Therefore,

dω = (dg−1)dg = −g−1(dg)g−1dg = −(g−1dg)(g−1dg) = −ω2

as desired.

Following [CG21, Eq. (24)], we define the elements

As(g) := sω − s(1 − s)σω2, Bs(g) := σω

in Matm(ΩT) for s ∈ I := [0, 1]. Note that we have slightly different signs in the above
definitions since we use the convention dT = d − ι.

Definition 5.1.3. The odd Chern character of g is given by the infinite cyclic chain

Ch(g) := (Ch0(g), Ch1(g), . . .) ∈
∞∏

N=0
ΩT ⊗ ΩT[1]⊗N

where Ch0(g) := 0 and

ChN(g) := Tr
(∫ 1

0
1 ⊗

N∑
k=1

As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k) ds

)

for N > 0 and Tr denotes the generalized trace map, see Equation (4.5).

Lemma 5.1.4. The following assertions hold:

1. One has Ch(g) ∈ Cϵ
−(ΩT).

2. One has (dT + b − B)Ch(g) = 0 in the Chen normalized entire complex NT,ϵ(Ω).

Proof. 1. Given a continuous seminorm ν on ΩT, let

Cν := sup
s∈I

max
(

ν(1), max
i,j=1,...,m

ν(As(g)j
i ), max

i,j=1,...,m
ν(Bs(g)j

i )
)

.

With a view on Equation (1.7), we see that

ϵν(Ch(g)) ≤ mCν

∞∑
N=0

N
(mCν)N

⌊N/2⌋! . (5.3)
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Since N

√
⌊N/2⌋! → ∞ as N → ∞, it follows that

lim sup
N→∞

N

√√√√N(mCν)N

⌊N/2⌋! = lim sup
N→∞

N
√

N(mCν) 1
N

√
⌊N/2⌋!

= 0

so that the sum in Equation (5.3) converges. Hence, Ch(g) is entire. It is easy to check
that Ch(g) is odd.

2. We have to prove that (dT + b − B)Ch(g) ∈ DT(Ω).
First of all, we notice that BCh(g) is a sum of elements of the form S

(1)
i (see Equa-

tion (1.8)) so that BCh(g) ∈ DT(Ω).
Next, we prove that (dT+b)Ch(g) ∈ DT(Ω). To this end, by definition of the differentials,

it follows that

((dT + b)Ch(g))N = ((dT + b)ChN(g))N + ((dT + b)ChN+1(g))N .

We compute some of the expressions appearing in the differentials. To this end, starting
with dT, let

θ(k) := 1 ⊗ As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k)

for 1 ≤ k ≤ N . Using the Maurer-Cartan equation, we get

dTAs(g) = dT(sωg − s(1 − s)σω2
g) = sdωg + s(1 − s)σd(ω2

g) + s(1 − s)ω2
g

= −s2ω2
g + s(1 − s)σd(ω2

g) = −s2ω2
g ,

where we used that d(ω2
g) = (dωg)ωg − ωg(dωg) = −ω3

g + ω3
g = 0 for the last equality.

Furthermore,

dTBs(g) = dT(σωg) = −σdωg − ωg = −(−σω2
g + ωg).

By definition of the grading on Matm(ΩT), we have |As(g)| = 1 and |Bs(g)| = 0. Thus,
for 1 ≤ k ≤ N and 1 ≤ i ≤ k, we have

m
(k)
i−1 := mi−1(θ(k)) = 0 +

i−1∑
j=1

1 − (i − 1) = 0

and for i ≥ k + 1 we get

m
(k)
i−1 = 0 +

k−1∑
j=1

1 + 0 +
i−1−k∑

j=1
1 − (i − 1) = 1 mod 2.

On the one hand,

(dT + b)
(

N∑
k=1

θ(k)
)

N

=
N∑

k=1
dT(θ(k))
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=
N∑

k=1

(dT1 ⊗ . . .) −
N∑

i=1
(−1)m

(k)
i−1(1 ⊗ . . . ⊗︸ ︷︷ ︸

i

dT ⊗ . . .)


= −1 ⊗
N∑

k=1

k−2∑
i=0

As(g)⊗i ⊗ (−s2ω2
g) ⊗ As(g)⊗(k−i−2)

⊗ σωg ⊗ As(g)⊗(N−k)

+ 1 ⊗
N∑

k=1

N−k−1∑
i=0

As(g)⊗(k−1) ⊗ σωg

⊗ As(g)⊗i ⊗ (−s2ω2
g) ⊗ As(g)⊗(N−k−i−1)

+ 1 ⊗
N∑

k=1
As(g)⊗(k−1) ⊗ (−σω2

g + ωg) ⊗ As(g)⊗(N−k).

Therefore,

((d + b)Ch(g))N = − Tr
(∫ 1

0
1 ⊗

N∑
k=1

k−2∑
i=0

As(g)⊗i ⊗ (−s2ω2
g) ⊗ As(g)⊗(k−i−2)

⊗ σωg ⊗ As(g)⊗(N−k) ds
)

+ Tr
(∫ 1

0
1 ⊗

N∑
k=1

N−k−1∑
i=0

As(g)⊗(k−1) ⊗ σωg

⊗ As(g)⊗i ⊗ (−s2ω2
g) ⊗ As(g)⊗(N−k−i−1) ds

)

+ Tr
(∫ 1

0
1 ⊗

N∑
k=1

As(g)⊗(k−1) ⊗ (−σω2
g + ωg) ⊗ As(g)⊗(N−k) ds

)
.

On the other hand,

(dT + b)
(

N+1∑
k=1

θ(k)
)

N

=
N+1∑
k=1

b(θ(k))

where θ(k) := 1 ⊗ As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N+1−k) for 1 ≤ k ≤ N + 1. Calculating
the expressions appearing in b, we have

As(g)As(g) = (sωg − s(1 − s)σω2
g)(sωg − s(1 − s)σω2

g)
= s2ω2

g − sωgs(1 − s)σω2
g − s(1 − s)σω2

gsωg + s2(1 − s)2(σω2
g)2

= s2ω2
g + s2(1 − s)σω3

g − s2(1 − s)σω3
g + s2(1 − s)2σ2ω4

g

= s2ω2
g

and
As(g)Bs(g) = (sωg − s(1 − s)σω2

g)σωg = sωgσωg = −sσω2
g

as well as
Bs(g)As(g) = sσω2

g .
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With a view on Equation (1.2), we calculate (modulo two)

|θ(k)
N+1| − 1 =

0, 1 ≤ k ≤ N,

1, k = N + 1

and

mN(θ(k)) =
1, 1 ≤ k ≤ N,

0, k = N + 1.

so that for all k we have (−1)(|θ(k)
N+1|−1)mN = 1. This yields

((dT + b)ChN+1(g))N = − Tr
(∫ 1

0
1 ⊗

N∑
k=1

k−2∑
i=0

As(g)⊗i ⊗ (+s2ω2
g) ⊗ As(g)⊗(k−i−2)

⊗ σωg ⊗ As(g)⊗(N−k) ds
)

+ Tr
(∫ 1

0
1 ⊗

N∑
k=1

N−k−1∑
i=0

As(g)⊗(k−1) ⊗ σωg

⊗ As(g)⊗i ⊗ (+s2ω2
g) ⊗ As(g)⊗(N−k−i−1) ds

)

+ Tr
(∫ 1

0
1 ⊗

N∑
k=1

As(g)⊗(k−1) ⊗ 2sσω2
g ⊗ As(g)⊗(N−k) ds

)
.

Since d
ds

As(g) = ωg + (2s − 1)σω2
g , it follows that

((dT + b)Ch(g))N = Tr
(∫ 1

0
1 ⊗

N∑
k=1

As(g)⊗(k−1) ⊗
(

d

ds
As(g)

)
⊗ As(g)⊗(N−k) ds

)

= Tr
(∫ 1

0

d

ds
(1 ⊗ As(g)⊗N) ds

)
= Tr

(
1 ⊗ A1(g)⊗N

)
− Tr

(
1 ⊗ A0(g)⊗N

)
= Tr(1 ⊗ ω⊗N

g ).

Claim. Define2

λ2 := Tr(1 ⊗ dg−1 ⊗ dg)
λN := Tr(1 ⊗ ω⊗(N−2)

g ⊗ dg−1 ⊗ dg), N ≥ 3

in C(ΩT). Then,

Tr(1 ⊗ ωg) − λ2 ∈ DT(Ω)
Tr(1 ⊗ ω⊗N

g ) + λN − λN+1 ∈ DT(Ω), N ≥ 2.

2The last part of the proof in [CG21] implicitly uses that the tensor product is taken over Ω0 which is
wrong. The following correction was communicated to me by Sergio Cacciatori.
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Proof of Claim. For N = 1, we have

1 ⊗ ωg = 1 ⊗ g−1dg = g−1 ⊗ dg + 1 ⊗ dg−1 ⊗ dg

modulo DT(Matm(Ω)). However, since g−1 ⊗ dg = −T
(g)
0 (g−1) (see Section 1.5 for the

definition of T
(g)
0 ) it follows that

1 ⊗ ωg − 1 ⊗ dg−1 ⊗ dg ∈ DT(Matm(Ω))

which implies Tr(1 ⊗ ωg) − λ2 ∈ DT(Ω).
For N ≥ 2, we have

1 ⊗ ω⊗N
g = 1 ⊗ ω⊗(N−2)

g ⊗ g−1dg ⊗ g−1dg

= 1 ⊗ ω⊗(N−2)
g ⊗ g−1(dg)g−1 ⊗ dg + 1 ⊗ ω⊗(N−1)

g ⊗ dg−1 ⊗ dg

= −1 ⊗ ω⊗(N−2)
g ⊗ dg−1 ⊗ dg + 1 ⊗ ω⊗(N−1)

g ⊗ dg−1 ⊗ dg

modulo DT(Matm(Ω)) where we used Equation (5.2). Hence,

Tr(1 ⊗ ω⊗N
g ) + λN − λN+1 ∈ DT(Ω)

as desired.

Similarly to Equation (5.3), one sees that the λN form an entire chain so that in
particular, the sequence (λN)N converges to 0 in Cϵ(ΩT) as N → ∞. Hence, we may
write

0 = −λ2 +
∞∑

N=2
(λN − λN+1)

in Cϵ(ΩT) which together with above claim implies (dT + b)Ch(g) ∈ DT(Ω).

5.2 The spectral flow of an odd Fredholm module
We want to make sense of the right-hand side of Equation (5.1) in our abstract setting. To
this end, let M = (H, c, Q) be an odd ϑ-summable Fredholm module over the locally con-
vex dg algebra Ω and MT its acyclic extension as discussed in Definition 2.1.8. As before,
this gives rise to an odd ϑ-summable weak Fredholm module M

(m)
T = (Hm, cT,m, Qm) over

the dg algebra Matm(ΩT). Note that in the odd case we will use [·, ·] for commutators
whereas [[·, ·]] will be used for anticommutators. Define unbounded operators

Qg,s := (1 − s)Qm + s · cT,m(g−1)QmcT,m(g) = Qm + s · cT,m(g−1)[Qm, cT,m(g)]
Q̇g,s := cT,m(g−1)[Qm, cT,m(g)]

on Hm for s ∈ I. Since g, g−1 ∈ Matm(Ω0) it follows that [Qm, cT,m(g)] = cT,m(dg) and
therefore,

cT,m(g−1)[Qm, cT,m(g)] = cT,m(g−1)cT,m(dg) = cT,m(g−1dg) = cT,m(ω).
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Hence,
Qg,s = Qm + s · cT,m(ω), Q̇g,s = cT,m(ω)

and
Q2

g,s = Q2
m + s[[Qm, cT,m(ω)]] + s2cT,m(ω)2 = Q2

m + Xs,

where Xs := s[[Qm, cT,m(ω)]] + s2cT,m(ω)2.

Lemma 5.2.1. The operator Q2
g,s generates a strongly continuous semigroup of operators

on Hm with infinitesimal generator −Q2
g,s which is given the perturbation series

e−T Q2
g,s = e−T (Q2

m+Xs) =
∞∑

M=0
(−T )M{Xs, . . . , Xs︸ ︷︷ ︸

M

}T Q2 (5.4)

for T > 0. Moreover, the operator Q̇g,se
−T Q2

g,s is well-defined and trace-class.

Proof. As in Lemma 2.2.2, the operators Xs satisfy the assumptions from Lemma 2.2.1
with aj = 1

2 for 1 ≤ j ≤ M and the same is true for Q̇g,s = cT,m(ω) with a0 = 0 since
cT,m maps to bounded operators. Thus,

Q̇g,s{Xs, . . . , Xs︸ ︷︷ ︸
M

}T Q2
m

is a well-defined trace-class operator for each T > 0 and the estimates from Lemma 2.2.1
show that the sum in Equation (5.4) converges in trace norm and defines a strongly
continuous semigroup with infinitesimal generator −Q2

g,s.3

Thus, the integral ∫ 1

0
Tr(Q̇g,se

−Q2
g,s) ds

is well-defined when using the perturbation series for e−Q2
g,s .

5.3 The pairing ⟨ChMT, Ch(g)⟩
Given an odd weak ϑ-summable Fredholm module M = (H, c, Q) over a locally convex
dg algebra Ω, we define its Chern character via

ChM := ChM̃

where M̃ = (H̃, c̃, Q̃) is the associated weak ϑ-summable C1-Fredholm module, see
Remark 2.1.7. Recall that

ChN(g) := Tr
(∫ 1

0
1 ⊗

N∑
k=1

As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k) ds

)

3See also Equation (4.18).
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=
∫ 1

0
Tr
(

1 ⊗
N∑

k=1
As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k)

)
ds

=
∫ 1

0
1 ⊗ Tr

(
N∑

k=1
As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k)

)
ds

for N ≥ 1. Due to Lemma 4.2.3, we have

StrC1,H̃

(
(c̃TΦM̃T

1 )(Tr(θ0, . . . , θN))
)

= StrC1,H̃m

(
c̃T,m(θ0)Φ

M̃
(m)
T

1 (θ1, . . . , θN)
)

. (5.5)

Remark 2.1.9 shows that M̃T = M̃T. Moreover, it is easy to check that

U : H̃m → H̃m, (v+, v−) 7→
(
(v+

1 , v−
1 ), . . . , (v+

m, v−
m)
)

induces an isomorphism between M̃
(m)
T = (H̃m, c̃T,m, Q̃m) and M̃

(m)
T = (H̃m, c̃T,m, Q̃m) as

ϑ-summable weak C1-Fredholm modules over Matm(ΩT). Since their Chern characters
coincide according to Lemma 3.1.6, we will identify the two Fredholm modules from now
on. Hence, using Equation (5.5), we have

⟨ChMT , Ch(g)⟩

=
∞∑

N=0

∫ 1

0
StrC1,H̃m

(
c̃T,m(1)ΦM̃

(m)
T

1

(
N∑

k=1
As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k)

))

=
∞∑

N=0

∫ 1

0
StrC1,H̃m

(
N∑

k=1
ΦM̃

(m)
T

1

(
As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k)

))

=
∞∑

N=0

∫ 1

0

1
2TrH̃m

(
γ̃

N∑
k=1

ΦM̃
(m)
T

1

(
As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k)

))
(5.6)

where

γ̃ :=



0 1H
1H 0

. . .
0 1H

1H 0

 ∈ L(H̃m).

To proceed further, we have to calculate the expressions involving ΦM̃
(m)
T

1 :

ΦM̃
(m)
T

1

(
As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k)

)
=

N∑
M=1

(−1)M
∑

J∈PM,N

{F
M̃

(m)
T

(θJ1), . . . , F
M̃

(m)
T

(θJM
)}Q̃2

m

where θ1 ⊗ . . . ⊗ θN := As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k). By definition of the bracket,
we have to evaluate the following expressions:

F
M̃

(m)
T

(As(g)), F
M̃

(m)
T

(As(g), Bs(g)), F
M̃

(m)
T

(Bs(g), As(g)),
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F
M̃

(m)
T

(Bs(g)), F
M̃

(m)
T

(As(g), As(g)).

We calculate:

F
M̃

(m)
T

(As(g)) = F
M̃

(m)
T

(sω − s(1 − s)σω2)

= s[Q̃m, c̃T,m(ω)] − sc̃T,m(dω) − s(1 − s)c̃T,m(ω2)
= s[Q̃m, c̃T,m(ω)] + sc̃T,m(ω2) − s(1 − s)c̃T,m(ω2)
= s[Q̃m, c̃T,m(ω)] + s2c̃T,m(ω2)

where we used the Maurer-Cartan equation. Note that

F
M̃

(m)
T

(As(g), Bs(g)) = (−1)|ω|(c̃T,m(sω · 0) − c̃T,m(sω)c̃T,m(0)) = 0

and the same is true for F (Bs(g), As(g)). Furthermore,

F
M̃

(m)
T

(As(g), As(g)) = (−1)|ω|(c̃T,m(s2ω2) − s2c̃T,m(ω)c̃T,m(ω))

= −(s2c̃T,m(ω2) − s2c̃T,m(ω)2)

and finally,
F
M̃

(m)
T

(Bs(g)) = F
M̃

(m)
T

(σω) = c̃T,m(ω).

Define X̃s := s[Q̃m, c̃T,m(ω)] + s2c̃T,m(ω)2. Using the above results, we notice that

F
M̃

(m)
T

(As(g), As(g)) + F
M̃

(m)
T

(As(g)) = s2c̃T,m(ω)2 − s2c̃T,m(ω2)

+ s[Q̃m, c̃T,m(ω)] + s2c̃T,m(ω2)
= s[Q̃m, c̃T,m(ω)] + s2c̃T,m(ω)2 = X̃s.

Thus, analogously to Equation (4.18), we have
∞∑

M=0
(−T )M{X̃s, . . . , X̃s︸ ︷︷ ︸

M

}T Q̃2 =
∞∑

N=0
ΦM̃

(m)
T

T (As(g), . . . , As(g)︸ ︷︷ ︸
N

).

5.3.1 Relating the spectral flow to the pairing
Since ω is odd in Matm(ΩT), we have

c̃T,m(ω) =
(

0 cT,m(ω)
cT,m(ω) 0

)
∈ L(H̃m)

where

cT,m(ω) =


c(ω1

1) . . . c(ω1
m)

... . . . ...
c(ωm

1 ) . . . c(ωm
m)

 ∈ L(Hm).
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Similarly,

Q̃m =
(

0 Qm

Qm 0

)

on H̃m where

Qm =


Q 0

. . .
0 Q


on Hm. Therefore,

[Q̃m, c̃T,m(ω)] = Q̃mc̃T,m(ω) − (−1)|Q̃m||c̃T,m(ω)|c̃T,m(ω)Q̃m

= Q̃mc̃T,m(ω) + c̃T,m(ω)Q̃m

=
(

[[Qm, cT,m(ω)]] 0
0 [[Qm, cT,m(ω)]]

)

on H̃m. Hence, recalling that U is an isomorphism of Fredholm modules, we have

X̃sU = U
(
s[Q̃m, c̃T,m(ω)] + s2c̃T,m(ω)2

)
= U

(
Xs 0
0 Xs

)

on H̃m. Putting everything together, we see that

1
2 TrH̃m

(
γ̃c̃T,m(ω)e−τ1Q̃2

mX̃se
−(τ2−τ1)Q̃2

m · . . . · e−(τN −τN−1)Q̃2
mX̃se

−(1−τN )Q̃2
m

)
= 1

2 TrH̃m

(
U−1γ̃c̃T,m(ω)e−τ1Q̃2

mX̃se
−(τ2−τ1)Q̃2

m · . . . · e−(τN −τN−1)Q̃2
mX̃se

−(1−τN )Q̃2
mU

)
= 1

2 TrH̃m

(
U−1γ̃U c̃T,m(ω)e−τ1Q̃m

2

diag(Xs) · . . . · diag(Xs)e−(1−τN )Q̃m
2)

= TrHm

(
cT,m(ω)e−τ1Q2

mXse
−(τ2−τ1)Q2

m · . . . · e−(τN −τN−1)Q2
mXse

−(1−τN )Q2
m

)
where we used that

U−1γ̃U =
(

0 1m

1m 0

)

on H̃m. It follows that∫ 1

0
TrHm(Q̇g,se

−Q2
g,s) ds

=
∫ 1

0
TrHm

( ∞∑
M=0

(−1)McT,m(ω){Xs, . . . , Xs}Q2
m

)

=
∫ 1

0
TrHm

( ∞∑
M=0

(−1)M
∫

∆M

cT,m(ω)e−τ1Q2
mXse

−(τ2−τ1)Q2
m · . . .

. . . · e−(τM −τM−1)Q2
mXse

−(1−τM )Q2
m dτ

)
ds
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=
∫ 1

0

1
2 TrH̃m

( ∞∑
M=0

(−1)M
∫

∆M

γ̃c̃T,m(ω)e−τ1Q̃2
mX̃se

−(τ2−τ1)Q̃2
m · . . .

. . . · e−(τM −τM−1)Q̃2
mX̃se

−(1−τM )Q̃2
m dτ

)
ds

=
∫ 1

0

1
2 TrH̃m

γ̃c̃T,m(ω)
∞∑

M=0
(−1)M{X̃s, . . . , X̃s︸ ︷︷ ︸

M

}Q̃2
m

 ds

=
∫ 1

0

1
2 TrH̃m

γ̃c̃T,m(ω)
∞∑

N=0
ΦM̃

(m)
T

1 (As(g), . . . , As(g)︸ ︷︷ ︸
N

)

 ds

=
∞∑

N=0

∫ 1

0

1
2 TrH̃m

(
γ̃c̃T,m(ω)ΦM̃

(m)
T

1 (As(g), . . . , As(g))
)

ds

where we used Fubini’s theorem in the last step which is justified by the estimates in
Theorem 2.2.5. The following statement follows from the proof of Lemma 3.2.3:

Lemma 5.3.1. For operators A1, . . . , AN−1 and B satisfying the assumptions from
Lemma 2.2.1 and commuting with γ̃, we have

N∑
k=1

TrH̃m(γ̃{Ak, . . . , AN−1, B, A1, . . . , Ak−1}Q̃2
m

) = TrH̃m(γ̃B{A1, . . . , AN−1}Q̃2
m

).

By construction, the operators appearing in the brackets of

ΦM̃
(m)
T

1

(
As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k)

)
supercommute with the C1-action on H̃m and therefore, they commute with γ̃. Together
with the fact that F (As(g), Bs(g)) = 0 = F (Bs(g), As(g)), a similar argument as in
Lemma 3.2.2 shows that

TrH̃m

(
γ̃

N∑
k=1

ΦM̃
(m)
T

1

(
As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k)

))

= TrH̃m

(
γ̃c̃T,m (Bs(g)) ΦM̃

(m)
T

1 (As(g)⊗(N−1))
)

= TrH̃m

(
γ̃c̃T,m(ω)ΦM̃

(m)
T

1 (As(g)⊗(N−1))
)

.

Substituting this into above calculations, we have∫ 1

0
TrHm(Q̇g,se

−Q2
g,s) ds

=
∞∑

N=0

∫ 1

0

1
2 TrH̃m

(
γ̃

N+1∑
k=1

ΦM̃
(m)
T

1

(
As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N+1−k)

))
ds

=
∞∑

N=1

∫ 1

0

1
2 TrH̃m

(
γ̃

N∑
k=1

ΦM̃
(m)
T

1

(
As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k)

))
ds
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=
∞∑

N=0

∫ 1

0

1
2 TrH̃m

(
γ̃

N∑
k=1

ΦM̃
(m)
T

1

(
As(g)⊗(k−1) ⊗ Bs(g) ⊗ As(g)⊗(N−k)

))
ds

which is equal to the pairing ⟨ChMT , Ch(g)⟩, see Equation (5.6).

92



Bibliography
[Alv83] Luis Alvarez-Gaumé. “Supersymmetry and the Atiyah-Singer index theorem”.

In: Communications in Mathematical Physics 90 (2 1983), pp. 161–173. doi:
https://doi.org/10.1007/BF01205500.

[Ara89] Asao Arai. “Path Integral Representation of the Index of Kähler-Dirac Op-
erators on an Infinite Dimensional Manifold”. In: Journal of Functional
Analysis 82 (2 1989), pp. 330–369. doi: https://doi.org/10.1016/0022-
1236(89)90075-X.

[Ati70] Michael F. Atiyah. “Global theory of elliptic operators”. In: Proceedings of the
International Conference on Functional Analysis and Related Topics (1969).
Ed. by Shige Toshi Kuroda. Tokyo: University of Tokyo Press, 1970, pp. 21–30.

[BGV04] Nicole Berline, Ezra Getzler, and Michèle Vergne. Heat Kernels and Dirac
Operators. Grundlehren Text Editions. Berlin, Heidelberg: Springer-Verlag,
2004. isbn: 9783540533405.

[Bis08] Jean-Michel Bismut. “Loop Spaces and the hypoelliptic Laplacian”. In: Com-
munications on Pure and Applied Mathematics 61.4 (2008), pp. 559–593. doi:
https://doi.org/10.1002/cpa.20190.

[Bis85] Jean-Michel Bismut. “Index theorem and equivariant cohomology on the loop
space”. In: Communications in Mathematical Physics 98 (2 1985), pp. 213–237.
doi: https://doi.org/10.1007/BF01220509.

[CG21] Sergio L. Cacciatori and Batu Güneysu. “Odd characteristic classes in entire
cyclic homology and equivariant loop space homology”. In: Journal of Non-
commutative Geometry 15.2 (2021), pp. 615–642. doi: https://doi.org/10.
4171/jncg/406.

[Che73a] Kuo-Tsai Chen. “Iterated integrals of differential forms and loop space ho-
mology”. In: Annals of Mathematics 97.2 (1973), pp. 217–246. doi: https:
//doi.org/10.2307/1970846.

[Che73b] Paul R. Chernoff. “Essential self-adjointness of powers of generators of hy-
perbolic equations”. In: Journal of Functional Analysis 12 (4 April 1973),
pp. 401–414. doi: https://doi.org/10.1016/0022-1236(73)90003-7.

[CM95] Alain Connes and Henri Moscovici. “The local index formula in noncommu-
tative geometry”. In: Geometric and Functional Analysis 5.2 (1995). doi:
https://doi.org/10.1007/BF01895667.

93

https://doi.org/https://doi.org/10.1007/BF01205500
https://doi.org/https://doi.org/10.1016/0022-1236(89)90075-X
https://doi.org/https://doi.org/10.1016/0022-1236(89)90075-X
https://doi.org/https://doi.org/10.1002/cpa.20190
https://doi.org/https://doi.org/10.1007/BF01220509
https://doi.org/https://doi.org/10.4171/jncg/406
https://doi.org/https://doi.org/10.4171/jncg/406
https://doi.org/https://doi.org/10.2307/1970846
https://doi.org/https://doi.org/10.2307/1970846
https://doi.org/https://doi.org/10.1016/0022-1236(73)90003-7
https://doi.org/https://doi.org/10.1007/BF01895667


5 Bibliography

[Con13] Alain Connes. “On the spectral characterization of manifolds”. In: Journal of
Noncommutative Geometry 7.1 (2013), pp. 1–82. doi: https://doi.org/10.
4171/jncg/108.

[Con85] Alain Connes. “Non-commutative differential geometry”. In: Publications
Mathématiques de l’IHÉS 62 (1985), pp. 41–144. doi: https://doi.org/10.
1007/BF02698807.

[Con88] Alain Connes. “Entire Cyclic Cohomology of Banach Algebras and Characters
of θ-Summable Fredholm Modules”. In: K-Theory 1 (6 November 1988),
pp. 519–548. doi: 10.1007/BF00533785.

[Con89] Alain Connes. “Compact metric spaces, Fredholm modules, and hyperfinite-
ness”. In: Ergodic Theory and Dynamical Systems 9 (2 June 1989), pp. 207–
220. doi: https://doi.org/10.1017/S0143385700004934.

[DH82] Johannes J. Duistermaat and Gert J. Heckman. “On the Variation in the
Cohomology of the Symplectic Form of the Reduced Phase Space”. In: In-
ventiones mathematicae 69 (1982), pp. 259–268. doi: https://doi.org/10.
1007/BF01399506.

[Din99] Seán Dineen. Complex Analysis on Infinite Dimensional Spaces. Springer
Monographs in Mathematics. London: Springer, 1999. doi: https://doi.
org/10.1007/978-1-4471-0869-6.

[Get93] Ezra Getzler. “The odd Chern character in cyclic homology and spectral
flow”. In: Topology 32.3 (1993), pp. 489–507. issn: 0040-9383. doi: https:
//doi.org/10.1016/0040-9383(93)90002-D.

[GJP91] Ezra Getzler, John D. S. Jones, and Scott Petrack. “Differential forms on
loop spaces and the cyclic bar complex”. In: Topology 30 (3 November 1991),
pp. 339–371. doi: https://doi.org/10.1016/0040-9383(91)90019-Z.

[GL22] Batu Güneysu and Matthias Ludewig. “The Chern character of ϑ-summable
Fredholm modules over dg algebras and localization on loop space”. In:
Advances in Mathematics 395.108143 (2022). issn: 0001-8708. doi: https:
//doi.org/10.1016/j.aim.2021.108143.

[GS89] Ezra Getzler and András Szenes. “On the Chern character of a theta-summable
Fredholm module”. In: Journal of Functional Analysis 84 (2 June 1989),
pp. 343–357. doi: https://doi.org/10.1016/0022-1236(89)90102-X.

[Gün17] Batu Güneysu. Covariant Schrödinger Semigroups on Riemannian Manifolds.
Vol. 264. Operator Theory: Advances and Applications. Cham: Birkhäuser,
2017. doi: https://doi.org/10.1007/978-3-319-68903-6.

[HL22] Florian Hanisch and Matthias Ludewig. “A Rigorous Construction of the
Supersymmetric Path Integral Associated to a Compact Spin Manifold”. In:
Communications in Mathematical Physics 391 (3 2022), pp. 1209–1239. doi:
https://doi.org/10.1007/s00220-022-04336-7.

94

https://doi.org/https://doi.org/10.4171/jncg/108
https://doi.org/https://doi.org/10.4171/jncg/108
https://doi.org/https://doi.org/10.1007/BF02698807
https://doi.org/https://doi.org/10.1007/BF02698807
https://doi.org/10.1007/BF00533785
https://doi.org/https://doi.org/10.1017/S0143385700004934
https://doi.org/https://doi.org/10.1007/BF01399506
https://doi.org/https://doi.org/10.1007/BF01399506
https://doi.org/https://doi.org/10.1007/978-1-4471-0869-6
https://doi.org/https://doi.org/10.1007/978-1-4471-0869-6
https://doi.org/https://doi.org/10.1016/0040-9383(93)90002-D
https://doi.org/https://doi.org/10.1016/0040-9383(93)90002-D
https://doi.org/https://doi.org/10.1016/0040-9383(91)90019-Z
https://doi.org/https://doi.org/10.1016/j.aim.2021.108143
https://doi.org/https://doi.org/10.1016/j.aim.2021.108143
https://doi.org/https://doi.org/10.1016/0022-1236(89)90102-X
https://doi.org/https://doi.org/10.1007/978-3-319-68903-6
https://doi.org/https://doi.org/10.1007/s00220-022-04336-7


5 Bibliography

[JLO88] Arthur Jaffe, Andrzej Lesniewski, and Konrad Osterwalder. “Quantum K-
Theory. I. The Chern character”. In: Communications in Mathematical Physics
118.1 (1988), pp. 1–14. doi: https://doi.org/10.1007/BF01218474.

[Kas75] Gennadi Kasparov. “Topological invariants of elliptic operators. I: K-homolo-
gy”. In: Mathematics of the USSR-Izvestiya 9.4 (August 1975), pp. 751–792.
doi: https://dx.doi.org/10.1070/IM1975v009n04ABEH001497.

[Kat95] Tosio Kato. Perturbation Theory for Linear Operators. Corrected Printing of
the Second Edition. Classics in Mathematics 132. Springer-Verlag, 1995. doi:
https://doi.org/10.1007/978-3-642-66282-9.

[KM97] Andreas Kriegl and Peter Michor. The Convenient Setting of Global Analysis.
Vol. 53. Mathematical Surveys and Monographs. Providence, Rhode Island:
American Mathematical Society, 1997.

[LLR00] Flemming Larsen, Niels Laustsen, and Mikael Rørdam. An Introduction to
K-Theory for C*-Algebras. London Mathematical Society Student Texts 49.
Cambridge: Cambridge University Press, 2000. doi: https://doi.org/10.
1017/CBO9780511623806.

[LM89] H. Blaine Lawson and Marie-Louise Michelsohn. Spin Geometry. Vol. 38.
Princeton Mathematical Series. Princeton, New Jersey: Princeton University
Press, 1989. isbn: 9780691085425.

[Lod98] Jean-Louis Loday. Cyclic Homology. Second Edition. Grundlehren der mathe-
matischen Wissenschaften 301. Berlin, Heidelberg: Springer Verlag, 1998. doi:
https://doi.org/10.1007/978-3-662-11389-9.

[Mey07] Ralf Meyer. Local and Analytic Cyclic Homology. Tracts in Mathematics 3.
European Mathematical Society, 2007. doi: https://doi.org/10.4171/039.

[Nic20] Liviu I. Nicolaescu. Lectures on the Geometry of Manifolds. Third Edition.
New Jersey: World Scientific, 2020. doi: 10.1142/11680.

[NS21] Francis Nier and Shu Shen. Bismut hypoelliptic Laplacians for manifolds with
boundaries. 2021. arXiv: 2107.01958 [math.AP].

[Qui88] Daniel Quillen. “Algebra cochains and cyclic cohomology”. In: Publications
Mathématiques de l’IHÉS 68 (1988), pp. 139–174.

[See67] Robert T. Seeley. “Complex powers of an elliptic operator”. In: Singular
Integrals. Proceedings of Symposia in Pure Mathematics. Ed. by Alberto P.
Calderón. Vol. 10. Providence, Rhode Island: American Mathematical Society,
1967, pp. 288–307. doi: https://doi.org/10.1090/pspum/010.

[She] Shu Shen. “Duistermaat-Heckman localization and the odd-dimensional Ati-
yah-Singer index theorem”. Unpublished.

[Tan83] Daniel Tanré. Homotopie Rationelle. Modeles de Chen, Quillen, Sullivan.
Vol. 1025. Lecture Notes in Mathematics. Berlin, Heidelberg: Springer Verlag,
1983. doi: https://doi.org/10.1007/BFb0071482.

95

https://doi.org/https://doi.org/10.1007/BF01218474
https://doi.org/https://dx.doi.org/10.1070/IM1975v009n04ABEH001497
https://doi.org/https://doi.org/10.1007/978-3-642-66282-9
https://doi.org/https://doi.org/10.1017/CBO9780511623806
https://doi.org/https://doi.org/10.1017/CBO9780511623806
https://doi.org/https://doi.org/10.1007/978-3-662-11389-9
https://doi.org/https://doi.org/10.4171/039
https://doi.org/10.1142/11680
https://arxiv.org/abs/2107.01958
https://doi.org/https://doi.org/10.1090/pspum/010
https://doi.org/https://doi.org/10.1007/BFb0071482

	Introduction
	Algebraic preliminaries
	Differential graded algebras
	The (reduced) cyclic complex
	The Connes operator B
	The differential d
	The Hochschild operator b
	d and b anti-commute
	b and B anti-commute
	d and B anti-commute
	The Z2-graded (reduced) cyclic complex

	The bar construction
	Bar chains
	Algebra valued bar cochains

	Analytic cochains and entire chains
	Chen normalization

	theta-summable Cq-Fredholm modules
	Examples
	The quantization map
	The curvature of a ϑ-summable C(q)-Fredholm module
	Definition of the quantization map
	The Bianchi identity


	The Chern character
	Definition and basic properties
	Closedness of ChM
	ChMT is Chen normalized
	Homotopy invariance of ChMT

	Even Fredholm modules and the index theorem
	Idempotents and the Bismut-Chern character
	The index theorem

	The Chern character and spectral flow
	Definition of Ch(g)
	The spectral flow of an odd Fredholm module
	The pairing <ChMT, Ch(g)>
	Relating the spectral flow to the pairing


	Bibliography

