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Introduction

The interaction of elliptic operators and multiplication by functions on manifolds was
studied by Atiyah in [Ati70] through the concept of abstract elliptic operators. Let X be
a compact Hausdorff space and denote by C'(X) the complex-valued continuous functions
on X. Moreover, let Hq,Hs be Hilbert spaces which are unital C'(X)-modules in the
sense that we have unital x-algebra homomorphisms 7;: C(X) — £L(H;). A bounded
linear operator P: H; — H, is called an (abstract) elliptic operator on X if

1. The commutator Py (f) — mo(f)P lies in K(Hy, Hs), the compact operators Hy —
Ho, for any f € C(X);

2. P is a Fredholm operator.

Atiyah showed that every elliptic operator on X induces a cycle in the K-homology group
Ko(X) of X and that every element of Ky(X) can be constructed in this way.! More
generally, we have the concept of a Fredholm module:

Definition. Let A be a complex unital Banach x-algebra. An odd Fredholm module over
A is a triple (H, 7, F') where

1. m: A — L(H) is a continuous unital #-representation of 4 on a Hilbert space H;

2. F'is a bounded self-adjoint operator on H such that

FP=1 and [F,m(a)] € K(H) VYa € A.

If H is Zo-graded, then (H, 7, F') is an even Fredholm module over A if in addition 7
maps to L1(H), the even operators on H, and F' is odd.

If Ais a C*-algebra, this definition essentially coincides with K K (A, C) which is Kas-
parov’s analytic model K°(A) of the K-homology of A in the sense that KK (C(X),C) =
Ko(X), the higher K-homology groups being defined through a suspension construction,
see [Kas75]. The connection to abstract elliptic operators is as follows: let X be a
compact Riemannian manifold and set A := C'(X). Consider smooth Hermitian vector
bundles Fi, Ey over X and let P: I'o= (X, E1) — T (X, E3) be an elliptic pseudodif-
ferential operator of order 0. By general theory, this extends to a bounded operator
Lr2(X, Ey) — I'2(X, Ey) between the spaces of square integrable sections and the met-
rics can be chosen in such a way that P is unitary modulo compact operators. Since

!By abstract homotopy theory, this is the generalized homology theory K, (X) which is “dual” to the
ordinary K-theory K*(X) of X.
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P is elliptic, there exists a pseudodifferential operator @), a parametriz for P, such
that PQ) — 1 and QP — 1 are smoothing operators (in particular, they are compact as
operators between square integrable sections). Hence, P is Fredholm and by elementary
symbol estimates, the commutators Prpg, (f) — mg,(f)P are compact operators for all
f € C(X), where g, denotes the obvious representation of C(X) on I'z2(X, E;) as
multiplication operators. Define H = T'12(X, E;) @ I'12(X, Ey) with Zs-grading given by
HY =Tp(X,Ey) @ {0} and H™ = {0} @ I'12(X, E2) as well as the representation 7 on

H via
=" )

F::G; §>

Then [F,7(f)] € K(H) for all f € C(X) and
F—F* € K(H), F?-1cK(H),

for f € C(X) and let

so that up to some normalization we get an even Fredholm module over C(X). It turns
out that Fredholm modules are the right framework to formulate abstract index theorems.
Indeed, if (H,n, F') is an even Fredholm module over a Banach x-algebra A, we may
define an associated even Fredholm module (H", m,, F},) over Mat,,(A) by letting m,, act
entrywise and F' act diagonally on H". Given a self-adjoint projection p € Mat,,(\A), the
twisted operator F,, = m,(p)Fm,(p) is Fredholm and we have an additive map

Ko(A) = Z, [p] — indg,(F,,) (1)

where K,(A) denotes the (operator) K-theory of A and indz, the Zy-graded Fredholm
index. If A = C(X) is a commutative unital C*-algebra, we have K*(C(X)) = K,(X)
and there is an associated Chern character

Ch,: K*(C(X)) = H.(X,Q)

which is dual to the usual Chern character. Moreover, the above index map depends
only on the K-homology class of (#,, F'). In this case, the index map Equation (1) can
be written as a pairing

indz, (Fap) = (Cha(H, 7, F), Ch*(p)) (2)

for all p € K.(C(X)) = K*(X) where Ch*(p) € H*(X,Q) is the usual Chern character;
in particular, the well-known index theorems can be seen as a special case of this formula.
Motivated by the above considerations, Connes looked for a noncommutative analogue of
the Chern character to formulate an abstract index theorem as above for noncommutative
C*-algebras for which the definition of K-homology still makes sense. Through the use
of quantized calculus, Connes defined the Chern character Ch,(H, w, F') of a p-summable
Fredholm module? as a cyclic cocycle in the cyclic cohomology of A ([Con85]).

2This is the same as an ordinary Fredholm module with the additional assumption that [F,7(a)] is in
the p-th Schatten class for some fixed p € [1,00) and all a € A.
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However, in applications one is often confronted with unbounded Fredholm operators.
The main example is the following: let X be a compact smooth Riemannian manifold
with spin structure and denote by ¥ the corresponding spinor bundle over X. Moreover,
consider the associated Dirac operator D: I'cee (X, X) — ['eoe (X, ) which extends to an
unbounded self-adjoint operator on ‘H = I'f2(X, ¥) which we will call D again. Since
the principal symbol of D is given by Clifford multiplication, the commutator [D, 7 (f)] is
a bounded operator on H for every f € A := C*(X) where C*°(X) is represented by =
on H as multiplication operators. Also, by Sobolev theory, the resolvent (D? + 1)~! is
compact. Hence, the triple (H,m, D) is an example of the following

Definition ([CM95]). An unbounded odd Fredholm module or spectral triple over a unital
x-algebra A is a triple (H, 7, D) where

1. m: A — L(H) is a unital x-representation of A on a Hilbert space H;

2. D is an unbounded self-adjoint operator on H such that [D,w(a)] € L(H) for all
a € Aand (D?+1)7! is compact.

If H is Zy-graded, then (H, 7, D) is an even unbounded Fredholm module or spectral triple
over A if in addition = maps to L1 (#H) and D is odd.

For p € [1,00), a spectral triple is called p-summable if (D? + 1)~/2 is in the p-th
Schatten class of H.

Spectral triples encode topological and metric information of spaces in an algebraic
way. Indeed, in the above example one recovers X as a topological space by applying the
Gelfand transform to the C*-algebra 7(A) C L£(#), and the geodesic distance d on X
can be computed via

d(z,y) = supf{|f(z) = f(Y)| : f € A D, 7N < 1}.

By imposing extra conditions, one can show that spectral triples of commutative C*-
algebras give a spectral characterization of spin manifolds and this can be used to define
abstract noncommutative spin geometries, see [Conl3].

So far, we have only considered finite-dimensional spaces and finite summability
conditions on our (unbounded) Fredholm modules. However, applications in quantum
field theory naturally lead to infinite-dimensional spaces. For such spaces it turned out
that the summability condition on D has to be weakened:

Definition ([Con89]). An odd 9-summable Fredholm module over a unital Banach x-
algebra A is an odd spectral triple (#, 7, D) over A such that e~ 7" is trace-class for all
T >0.

If H is Zy-graded, then (H,w, D) is an even ¥-summable Fredholm module over A if in
addition 7 maps to £1(H) and D is odd.

Connes showed that the construction of the Chern character of p-summable Fredholm
modules may be extended to ¥-summable Fredholm modules ([Con88]). For this, it was
necessary to extend cyclic cohomology to entire cyclic cohomology, meaning that the

1il
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Chern character of a ¥-summable Fredholm module is an infinite cyclic cochain whose
components satisfy certain growth conditions which are modeled on the behaviour of
entire complex functions. Furthermore, there is an analogue of the pairing with K-theory
which yields a noncommutative index theorem of the form Equation (2) for the Chern
character. Another version of the Chern character, which is cohomologous to Connes’
Chern character, for ¥-summable Fredholm modules was given by Jaffe, Lesniewski and
Osterwalder in [JLOS88] and is also known as the JLO cocycle. It has the advantage of
being defined by a much simpler formula which can be interpreted in a general setting
of algebra cochains and superconnections as introduced by Quillen in [Qui88]. Finally,
Getzler and Szenes gave a simplification of Connes’ noncommutative index theorem by
using the JLO cocycle, see [GS89].

Going back to infinite-dimensional examples, it was discovered by Alvarez-Gaumé
(based on unpublished work by Witten) that the NV = % supersymmetric o-models of
quantum field theory encode interesting topological information about manifolds. In
particular, using path integral representations for certain heat kernels of Hamiltonians,
he gave a short proof of the Atiyah-Singer index theorem, see [Alv83]. However, to a
large extent the arguments remained heuristic in nature. Finally, after 35 years, a mathe-
matically rigorous account was given by Giineysu and Ludewig in [GL22] which provides
a general algebraic framework in which the definition of the N' = % supersymmetric path
integral, satisfying a certain localization property, can be given. To explain their results,
we first introduce the necessary concepts. To this end, let X be an even-dimensional
compact Riemannian manifold (with Riemannian metric ¢g) with spin structure and
denote by LX the free loop space on X which is the infinite-dimensional Fréchet manifold
C>(S', X) of smooth loops on X which is modeled on the Fréchet space C°°(St, R")
where n = dim(X). For v € LX the tangent space T, LX is given by I'ce(S*, v*TX), i.
e. the smooth sections of the pullback of T X along . To define differential /-forms on
LX for | € Ny, we first denote by L'} (TLX,R) the vector bundle over LX whose fiber
at a loop v € LX is the space of bounded, alternating multilinear functionals on 7., LX.

With this notion, we set
QLX) =Te~(LX, L', (TLX,R))

where we use the notion of convenient smoothness, i. e. that smooth curves are mapped
to smooth curves, as described in [KM97]. With this definition in place, all concepts
familiar from the finite-dimensional case such as the exterior differential, wedge products,
pullbacks and Lie derivatives can be transferred to differential forms on LX. Thus, we
may define the differential Z,-graded algebra of differential forms on LX via

QLX) = [ QLX).
1=0
We define the energy functional £ € QY(LX) = C*(LX) via

B, =3 [ g0, 4(0) e

iv



and the presymplectic form w € Q*(LX) via
W (VoW = [ g(VV(0), W(t)) e

where V,W € T, LX and we used the identification S* = [0,1]/{0 ~ 1}. Formally, the
N = % supersymmetric path integral is then defined as the integration functional

J3: QLX) = C, ne / e~ ) A g,
LX

To formulate the supersymmetric property of J, we first observe that LX admits a
canonical S'-action by rotation of loops, i. e.

(s.7)(t) = 7(t + s) (3)

for v € LX and s,t € S'. The infinitesimal generator K of this action is the vector field

on LX given by
K, =%

for v € LX. This defines the equivariant differential d — v on Q(LX)S", the differential
forms on LX which are invariant with respect to the S*-action, where ¢ denotes insertion
of the vector field K. This gives a supercomplex

Q(LX)S Q(LX)S
and thus the dual supercomplex

QV(LX)S QY(LX)S" .

\/

(d—ui)V

The supersymmetry of J can now be stated as (d — tx)¥J = 0. Finally, the path integral
is supposed to satisfy a localization formula,

3(n) = (2m)~ 0 | ACX) A,

for all n € QLX) such that (d — 1x)n = 0, where A(X) denotes the A-genus of X
and 7|y is the restriction to constant loops which we identify with points of X. Such
a localization principle follows by analogy with the Duistermaat-Heckman formula in
the finite-dimensional setting ([DH82]) and holds in the odd-dimensional case as well
as shown by Shen in [She]. Also, we would like to point out that, to a certain degree,
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localization phenomena are reflected in the usage of Bismut’s hypoelliptic operators, see
[Bis08] as well as the work of Nier and Shen [NS21].

For the rigorous construction of J, Giineysu and Ludewig considered the subset of
Q(LX ) consisting of Chen’s iterated integrals which provide a combinatorial model for
differential forms on LX and encompass many integrands for J which are of interest
([GJP9I1; CG21]). More precisely, these are the forms which lie in the image of the

(extended) Chen iterated integral map
p: C(QX)a) — QLX)

which is a morphism of supercomplexes first considered in [Che73a] where C(Q(X)t) is
the entire (reduced) cyclic complex associated to the acyclic extension Q(X)r of Q(X).3
Instead of defining a functional Q(LX) — C, the idea is now to define a functional
C(Q2(X)r) — C which vanishes on the kernel of p so that it can be pushed forward to a
map on the image of p which has all the desired properties of the path integral J. The
supersymmetric property is then translated into the functional C¢(Q2(X)r) — C being
coclosed with respect to the differential on the entire cyclic complex. The advantage
of this construction is that the map C(2(X)r) — C can be interpreted as a Chern
character in the more general algebraic framework of ¥-summable Fredholm modules over
locally convex differential graded algebras introduced in [GL22]. If €2 is a locally convex
differential graded algebra, such a Fredholm module consists of a triple M = (H, c, Q)
where H is a Zy-graded Hilbert space, () is an unbounded self-adjoint operator (satisfying
certain analytic requirements) on H and c is a parity preserving map Q0 — £(H) such
that

[Q,c(f)] = c(df) and c(f0) = c(f)e(0), <(0f) = c(0)c(f),

for all f € QY and 0 € Q. In particular, c is not a representation on all of  but only
on Q°. The prototypical example is given by our spin manifold X where Q = Q(X),
H =T2(X,X), @ is the Dirac operator on H and c is the quantization map which is
induced by Clifford multiplication on the spinor bundle. Given a ¥-summable Fredholm
module M over a locally convex differential graded algebra (2, Giineysu and Ludewig
defined a Chern character Chy: C(2) — C which has many desirable analytic and
homological properties. The functional Chy is a refinement of the JLO cocycle from
algebras to differential graded algebras which in the trivial case reduces to the JLO
cocycle. In particular, all the previous results can be seen as a special case of the more
general theory. Finally, we would like to remark that another definition of the path
integral using stochastic analysis and a careful inspection of the, a priori ill-defined,
integrand in Equation (3) was recently given by Hanisch and Ludewig in [HL22] and
shown to coincide with the functional defined by Giineysu and Ludewig on a subset of
Chen’s iterated integrals satisfying certain degree assumptions.

In this thesis, we will present a generalization of the above concepts. In [GL22] the
authors only consider the case of even ¥-summable Fredholm modules. By leaving out all

3This is a differential graded algebra obtained by adjoining a formal variable which is needed for
technical reasons.

vi



Zo-gradings, one may define odd ¥J-summable Fredholm modules as well and construct
the associated Chern character and prove its properties. However, both even and odd
Fredholm modules can be seen as a special case of ¥-summable C,-Fredholm modules
where we allow for an additional action of the complex Clifford algebra C, on ¢ generators
on H. After stating the necessary definitions, we will give a detailed and self-contained
account of the theory; in particular, we will spend considerable time on the algebraic
preliminaries and provide all calculations which to the knowledge of the author are not
to be found in the literature. As an application of the theory, we will give a formula
for the spectral flow of an odd ©-summable Fredholm module by calculating the pairing
between Chy and the odd Chern character Ch(g) of an element g € Mat,,(2°) whose
definition was recently given by Cacciatori and Giineysu in [CG21] in the special case of
Q= Q(X).
This thesis will be organized as follows:

o Chapter 1: After reviewing the most important facts and examples concerning
differential graded algebras in Section 1.1, we will provide detailed formulas for
the differentials and their anticommutation relations on the cyclic complex in
Section 1.2 which were left out in [GL22]. In Section 1.3 we will review the bar
construction and algebras of bar cochains and prove that they are differential
Zo-graded. Section 1.4 will be concerned with growth conditions on cochains and
the entire cyclic complex which is a suitable completion of the cyclic complex.
Finally, we will give the definition of the Chen normalized complex, which is a
quotient of the cyclic complex, in Section 1.5. Our definition differs from the one
given in [GL22] since the space DT(2) defined there is actually not a subcomplex.

o Chapter 2: Generalizing the definition given by Giineysu and Ludewig, we will
introduce ¥-summable C,-Fredholm modules over locally convex differential graded
algebras where C, is the complex Clifford algebra on ¢ generators acting on the
Hilbert space of our module. In Section 2.1 we will work out several examples of
Fredholm modules in detail, in particular for the case of an even-dimensional spin
manifold. Next, in Section 2.2 we will give the construction of the quantization
map associated to a C,-Fredholm module. This will be similar to [GL22], however
we will present all calculations which were left out, especially in the proof of the
Bianchi identity.

o Chapter 3: In Section 3.1 we will first introduce a suitable refinement of the
supertrace of operators taking into account the extra structure provided by the
Clifford action. After that, we define the Chern character of a C;-Fredholm module
generalizing the definition from [GL22]. Section 3.2 will be concerned with proving
coclosedness of the Chern character. We follow the proof of Giineysu and Ludewig
with the necessary changes for our setting. Moreover, we will provide detailed
calculations for the interaction of the differentials with the map « relating the
cyclic complex with the bar complex. In Section 3.3 we show in detail that the
Chern character vanishes on the subcomplex defined in Section 1.5. Finally, we
define homotopies of Cy;-Fredholm modules in Section 3.4. Our definition essentially

vii
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coincides with the one given in [GL22] with the exception that we had to add
another uniformity assumption on the seminorms which was missing before. After
that, following Giineysu and Ludewig, we will prove that the Chern character
is homotopy invariant. Great care will be taken to prove the necessary analytic
estimates and formulas for derivatives which were left out.

Chapter 4: Reducing to the even case, we will present the proof of the noncom-
mutative index theorem for even Fredholm modules as given in [GL22]. To this end,
we will provide detailed calculations in Section 4.1 which were left out by Giineysu
and Ludewig, in particular Lemma 4.1.9, and give a slightly simplified proof of the
transgression formula for the Bismut-Chern character. Lastly, we will prove the
noncommutative index theorem in Section 4.2. We will give detailed calculations
for the perturbation series and provide careful arguments for relating the Fredholm
modules over ‘H and H".

Chapter 5: As an application of our more general theory of C,-Fredhom modules,
we will use Clifford algebras on one generator to prove a noncommutative index
theorem for odd Fredholm modules. To this end, in Section 5.1, we define the odd
Chern character of an invertible matrix with entries in a locally convex differential
graded algebra and prove its properties. This generalizes the constructions given
by Cacciatori and Giineysu in [CG21]. In Section 5.2 we will define the spectral
flow of an odd Fredholm module via a perturbation series. Finally, in Sections 5.3
and 5.3.1, we will prove that pairing the Chern character of an odd Fredholm
module with the odd Chern character of a matrix yields the spectral flow of the
Fredholm module thus generalizing a result obtained by Getzler in [Get93].
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1 Algebraic preliminaries

All vector spaces and algebras will be assumed to be over C, and we always work with
graded vector spaces unless specified otherwise. On a Z-graded vector space we will use
the canonical Z,-grading determined by the even and odd elements and correspondingly,
tensor products and direct sums of Z-graded vector spaces are canonically Z-graded and
thereby Zs-graded. The degree of an element ¢ will be denoted by |c|. If a vector space
carries no specified grading, we turn it into a Z-graded (and therefore Zs-graded) vector
space by letting all elements have degree zero.

Given Zsy-graded vector spaces V and W, the vector space Hom(V, W) is Zs-graded
as usual. Any A € End(V) gives rise to a Zs-graded dual map AY: Hom(V,W) —
Hom(V, W) with values in W given by

(AVD)(v) = (=1)A(A(v)), 1€ Hom(V,W), weV.

We use this definition of the dual map instead of the usual one unless specified otherwise.
For A, B € End(V) we will denote by [A, B] € End(V) the graded commutator (or
supercommutator), i. e.

[A,B] = AB — (-1)IBIBA,

1.1 Differential graded algebras

Definition 1.1.1. A differential graded algebra (“dg algebra”) Q is an associative, Z-
graded algebra with unit 1 equipped with a degree +1 differential d which satisfies the
graded Leibniz rule

d(ab) = (da)b + (—1)'"ladb

for homogeneous elements a, b € 2.

If Q carries a locally convex topology® such that d is continuous, multiplication is
jointly continuous and {2 is the topological direct sum of its homogeneous subspaces,
then €2 is a locally convex dg algebra.

Example 1.1.2. Let X be a smooth manifold and €2 := (X)) be the space of differential
forms on X. Together with the exterior differential and the wedge product, €2 is a dg
algebra which carries a canonical Fréchet topology turning it into a locally convex dg
algebra.

The following construction will be important later on:

'We always assume locally convex topologies to be Hausdorff.
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Example 1.1.3 ([GL22, Example 2.5]). Let 2 be a locally convex dg algebra. Denote by
Qr = Qo]

the Z-graded unital algebra obtained by adjoining the formal variable o of degree —1
with 02 = 0 and supercommuting with elements of 2. By definition, § € Qr can be
uniquely written as § = 6’ + 00” where 0',0"” € Q). We define a differential dr via

dr :=d—1 where dOf =d0 —odf’ and 0:=06".

Using the isomorphism of graded vector spaces Qp >~ 2 @ Q[1] (where Q[1] is equal to €2
with degrees shifted upwards by one), it follows that {1 becomes a locally convex dg
algebra which we will call the acyclic extension of €.

Remark 1.1.4. Viewing (Q1,dr) as a complex, let § = 0’ + 00” be a closed element, i. e.
assume that drf = 0. By definition, this means that

A0 —cdfd" —0"=0 <= 0"=df and d¥" =0 <= 0" =4db,

i. e. 0 =0+ 0dfl = —dy(cf). Hence, all closed elements are exact and thus, the
complex is indeed acyclic.

Example 1.1.5. Let A be an ungraded locally convex unital algebra. We associate to
A a locally convex dg algebra {24 as follows:

First of all, set Q% := A. Writing elementary tensors in the projective tensor product
QY = A® A as apda; where ag,a; € A, it is easy to check that QY becomes a locally
convex (A, A)-bimodule via

a(apday) = aagday
(apday)a = agd(aia) — aparda. (1.1)
For n > 2, set

n

and finally, Q4 = @72, . We may turn {24 into a locally convex dg algebra by using
the product induced by the tensor algebra as well as the differential d determined by

d(apday . . .day,) = dapday . . . day,.

Note that d is indeed well-defined since repeated application of Equation (1.1) shows
that any element in 2 can be written as sum of elements of the form ayda; ... da, for
ag, ...,a, € A. We call Q4 the universal dg algebra of non-commutative differential
forms over A.

Remark 1.1.6. If A from the previous example is commutative, one usually considers a
slightly different universal dg algebra over A. To this end, we set Q9 ,, = A and Q) .,
as QY from above with the relation

aoda1 = da1a0



1.2 The (reduced) cyclic complex

factored out for ag,a; € A. Finally, Q. == @2y Q% .1, Where 7 = A Q}L"ab for
n > 2, the exterior product being taken over A and not C. Every element in €27 ., may
be written as a sum of elements of the form

apday A ... ANday,

and we set
d(apday A ... Nday) = dag Nday A ... Aday,

and call 24 . the universal dg algebra of differential forms over A.

Throughout the rest of this chapter, let 2 be a locally convex dg algebra.

1.2 The (reduced) cyclic complex

The (reduced) cyclic complex associated to () is the graded vector space
C(Q) =P Q@ Q=N
N=0
with grading determined by

.= G L.
N

=0 l()+...+lN=TL+N

for n € Z where ) := Q/C1 is the quotient vector space. We will usually denote elements
of C(R2) by (b, ...,0y) instead of Oy ® ... ® Oy. We define two degree +1 differentials
on C(Q) via

N
d(@o, R ’QN) = (deo, ‘91, e ,9]\[) — Z(-l)mk71<90, R ,d@k, e ,6’]\[)
k=1
N-1
b(eo, . ,QN) = — Z (—1)mk(90, . a9k9k+17 ce ,QN)
k=0 (1.2)

+ (=1)UONI=DmN—1 (9, 0 On_y)

where my, = |0 + ... + |0k — k.
The Connes operator on C(§2) is the degree —1 differential defined via

N
B(bg,...,0n) = (—1)me—rtDmy=mi-)(q g, Oy, 0, ..., 06 1)
k=0

where m_; = 1. Of course, using that m_; +1 =0 = my — my modulo two and shifting
indices we have

N
B0, ...,0n) = (=1)mstDmv=mi)(q g, 0 On, O, O).

k=0
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Remark 1.2.1. The sign conventions for d, b and B coincide with the ones in [GJP91].
Note that since we are working on the reduced complex (i. e. with £ instead of ), the
formula for B is less complicated. In the ungraded case, our b is equal to —b whereas the
sign in B does not reduce to the one in B as defined in [Con88] and [Lod98].

In the following subsections, we will prove:

Theorem 1.2.2. The maps d, b and B are well-defined, pairwise anticommuting differ-
entials.

Notation. For brevity, we set

Ty = (6o, ...,d0k,...,0N) for 0 < k<N,
Sk::(007---70k9k+17--~79N> fOI'OS]CSN—l,
SN = (9N907"'70N—1>7
RkZ:(l,ek,...,QN,Q(),...,@k_l) fOI"OSk’SN

1.2.1 The Connes operator B

Applying B twice yields sums of terms containing 1 in a slot different then the first one.
Since Q = Q/C - 1, it follows that B? = 0.

1.2.2 The differential d

d is well-defined

We have to check that d(fp,...,0y) = 0in Q @ Q[1]*V if §, = 1 for some 1 < k < N.
Indeed, since 1 € Q°, we have

d(1) =d(1-1) =d(1)1 + (=1)*14d(1) = d(1) 4 d(1)
and therefore, d(1) = 0 from which the claim follows.

d satisfies d> = 0

We start by computing d(7p):

N
d(Tg) - d(d@o,el, e ,9]\[) - <d2(90,91, e ,(9]\]) — Z(—l)mﬂ'*“(d%,@l, e ,d@j P ,(9]\])
7j=1
N
= Z(—l)mj_l(deo,el, e ,dgj, R ,0]\[).
7j=1

For 1 < k < N, we have

d(Tk> :d(007‘ . 7d0k7' e 70]\7)
= (dby, 01, ...,d0, ..., 0n) — (—1)™-1(0y,...,d%0,....0N)
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—Z )™i-1(0, ..., db, ..., d6;, ..., 0x)
j#k
== (d@o,el,.. d@k,...,HN)

_Z “1(0p, ..., dO,...,db;,...,0N),
J#k
where we set
ot = I

First of all, (dfy, 61, ...,db;,...,0«) appears in d(Tp) with sign
(~1)(=1)7es = (1O = (a2 = (1)
for 1 <57 < N and with sign
(~1) (1) = (-1t

in d(T;) and hence, the terms cancel out.
The remaining terms appear twice with different signs. To be explicit: it holds that

N N
ZZ )yt (= 1)U (g dBy, ..., dB;, ... On) = 0.

J#k
Lemma 1.2.3. Forke {1,...,N} and j € {1,..., N} \ {k} we have

M1 +m(j —1,k) =1+mj +m(k—1,5)
modulo two.

Proof. (i) For 1 < j < k we have m(j —1,k) = m;_y. Since j # k, we have 1 < j <k —1
and therefore, j <k —1 < N so that m(k —1,j) = my_1 + 1.
(ii) For k+1 < j < N we have m(j—1,k) = mj_1+1aswellasm(k—1, j) = my_y. O

1.2.3 The Hochschild operator b

b is well-defined

We have to check that b(fp,...,0x) =0 in Q ® Q[1]*V=V if §, = 1 for some 1 < k < N.
Consider the case 1 <k < N —1:

b(g()""79k—17179k+17“‘7 Z mJ 907"'79j9j+17-"79k—17179k+17"'70]\/)

0

j=
( 1)mk 1(00’. . ’Hk_1’0k+1, cee ,QN)
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( 1 mk—l_l(eo,...,Hk_l,ek—f—l;-"?eN)
—1

— ( 1)mj(90, Ce ,Hk,l, 176k+17 Ce ,HjHjH, ce 79N)

j=k+1
(—1)(|9N|_1)mN’1(9N90, O, 061,21, 0k41,...,08 1)

2

+
0

For k = N, we have

N-2

b(@o,...,QN_l, Z mj 907"'a9j9j+1a"'71>

Jj=

( 1)"™N=1(fy,...,0n_1)
+( 1) (I1l= 1)mN—1(¢90,...,9N_1)
=0.

b satisfies b> = 0

To verify the equation b* = 0, we will first calculate b(Si) = 0 and b(Sy) = 0 separately.
We have

b(Sn) = b(Onbo, - .-, On—1)
N-2

= - (_1)m;€(9N‘90791>---79k9k+17'-->0N71)

1
— (=)D (05000, 0y, . .., On 1)
(

+ (=) On—l=mn 2 (910000, 61, . .., On_s)
N-2

=—-) (- DOV (0500, 01, .. Okbin, - On—1)
k=1

—(=1)l0x 0l (9,0,0,, 05, ... On_1)
( 1)(\91\1 =D (0n[+mn_2) (9N 19N90,91;---,9N—2)

as well as
b(Sk‘) = b(907 s 79k9k+17 s 791\7)
- — Z(—l)my(%, e 70j0j+17 e 79k0k+17 e ,QN)

mklfl(eo, e ,(9;6719;69;%1, e ,01\7)
m (907 B 70k9k+19k+2, e 79N)

- ( 1)m9l(907"'70k0k+17---,9j+10j+2,...,GN)

| |
/—\ S
|
»—t —
N— N—
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+ (=)= 2 (00, ... 04O, - - - On—1)

for 1<k <N -—2and

Q(SO> = b(goel) 827 cee a0N>
N2 1
- — (—1)m1 (90917"'79j+10j+27"'70N)
Jj=

1
— (=1)™0 (646165, 0s, . .., On)
+(=1)ONI=DmN 2 (9000, 6, . . ., On_1)

and finally
b(Sn—1) =b(bo,...,0n_2,0n_10N)
N-3 ,
= — Z (—1)mj (Qo, . 7‘9j‘9j+17 ce ,QN_leN)

j=0

- (—1)m7“2(907 oo On3, O 20N _10N)

(= 1) UONFHON=Omy o (1 OBy, 1, . ., D)
where we set

; <ji<k-1
m}' =m(j, k) = Mg O_]‘_
mj+1+1, ]{,’S]SN—Q
The red term —(—1)Fm (07500, 0,, ..., 01011, ..., 0n_1) from b(Sy) appears as
(—=1)(=1)UOnI=Dmx—r ()N Eme (900 01, Okbksn, - .., On—1)

in b?(A, ..., 0x) and (—=1)ONI=DmR 2050y, ... 0pBkse, ..., 0n_1) from b(S;) appears in
92(907 s 76N) as

(—1) (=) UONI=DmEa ()™ (Op by, .., Opbpsns - -, On—1)

for 1 < k < N — 2. Hence, we have to check that the corresponding signs add up to zero.
First of all,

(_1)(_1)(‘9N‘*1)mN71 (_1)\9N\+mk _ (_1)(“9N|71)mN71+|9N|+mk+1

and
(—=1)(=1)OnI=Dmy o (_1yme = (—1)OnI=D0mn 1) +me+l

Thus, we have
(=) (=D (1) b g () ()N gy
= (=1)(oNI-Dmy—1tmitl ((_1)I0N\ + (_1)\9N\—1> —0.

=0
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The blue term —(—1)1¥+1%l(9500,,0,,...,05_1) from b(Sy) appears in b*(fy, ..., 0n)
as
(1) (=)o mmes ()N G061, 6, ., O-)

and (—1)(‘9N‘_1)m9@—2(9]\/9091, Os,...,0n_1) from b(Sy) appears as
(= 1)(= )OIz (1) (O G001, 0, .., O 1)
Calculating the signs, we have
(_1)(_1)(|9N|_1)WN71(_1)|0N|+‘00| — (_1)(‘0N‘_1)mN71+|9N|+|90|+1

and
(_1)(_1)(|9N|—1)m'1(;_2(_1)m0 — (_1)(|9N|—1)(mN—1+1)+|90\+1‘
Therefore,
(_1>(_1>(\0N\71)m1v_1(_1>|9N|+|90\ + (_1)(_1>(\9N\71)m§([72(_1)m0
= (_1)(\9N|—1)mN71+|90\+1 ((_1)|9N| + (_1)|9N|—1> —0.
=0
Analogously, for the term we have sign
(_1)(|9N|_1)mN71+(‘9N71‘_1)(|'9N|+mN72)
from b(Sy) in b*(6p, .. .,0y) as well as

(_1)(_1)mN71(_1)(|0NH"9N 1|=1)mf_, 1)1+ (On [ +HOn 1|~ Dmy -2

1) +mN—1+ (IOn—1|-1)mN_2+|0n|(mN_1—|0N_1|+1)

1 (Ien|=1)my_1+(ON—1|-1)mn_2+|0N]|(|O0N-1]—1)

— (_1)1+(\9N\ Dmy_1+(0n-1]-1)(|On]+mn—2)

=(=1)
(=1)
(— 1)1+ ON]+1)my 1 +(10n—1|-1)my_2—[0n|(|0N-1]-1)
(=)™

and hence the green terms cancel. In total, we have seen that the terms containing b(Sy)
in b*(A, . ..,0y) cancel with terms contained in

— Z 1) b(Sy). (1.3)

All the remaining terms in Equation (1.3) appear twice with different signs. Hence, it
suffices to prove that the corresponding signs cancel:

Lemma 1.2.4. For0< k<N —-1and0<j5 < N —2 we have
(~1y (=109 = — (1) (10D, 0 <<k
(1) ()09 = (1) (1D, =
(—1)m™(=1)m0k) = —(—1)msr(=1)mRa+D) - E 41 << N —2.
Proof. (i) First, we assume that 0 < j < k — 1. It follows that m(j,k) = m; and
m(k—1,j) =my + 1.

(ii) For j = k we have m(j, k) = mgr1 + 1 and m(k,j + 1) = my.
(ili) For k +1 < j < N — 2 we have m(j, k) = m;41 + 1 and m(k,j + 1) = my. O
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1.2.4 d and b anti-commute

We will first calculate d o b and b o d separately. Using linearity of the differentials, we
have

N-1
d o b(007 s 79N) - = Z (_1)mkd<sk) + (_1)(|9N|71)mN_1d(SN)'
k=0
We start with calculating d(.S):
d(So) = d(0o01,0s, . ..,0N)
N— 1
— (d(@ggl), 92, e , 6081, 02, e ,d0j+1, 0j+27 oo ,9]\/)
j:l

= <d0001a027 cee 70N) + (_ )‘00|(60d917027 s 79N)

Z “1(0061,04, . ..,d0j11,040,...,0N)
j=1
where we set
; 1<3<k=-1
mj = m(j, k) =4 o
mj+1+1, ]{,’SJSN—Q

Similarly, we have

d(Sk) = d(907 s 79k9k+17 s 791\7)
== (dQO,Hl, ... 78k0k+17 e ,HN)

— ST (1)1 (0o, - - ., dB;, 0511, - -, OOhia,s - -, On)

J
— (—=1)™=1 (g, ..., dOkOrs1, Ok, - - -, On)
(=) 110000 0edOpsr, Oryas - - ., ON)

- (_1)m9_1<907 s 70k0k+17 s 7d9j+17 9j+27 s 70N)

for 1 <k < N —1 and finally,

d(SN) = d(eNe()vela s 701\7—1)

= (dOnbo, 01, ....0n_1) + (=1)%(Ondby, 01, ..., 0n_1)
N-1
— Z (—1)mj71+|0N|(9N(90, 91, Ce ,de, 9j+17 ce ,9]\771).

Jj=1

On the other hand,
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To start with,

W(Ty) = —(=1)1®1*1 (dbobs, O, . .., )
-1
Z m3+1 d00,91,...,9j0j+1,...,9N)

J=1

+(= 1)U DN (9 dBy, ... O 1).

For 1 <k < N — 1, it holds that
b(Ty) = b(b, ... ,dOk,...,0n)

N—-1
=- > (=1)"™ (0o, 030541, - .., dbk, ..., 0N)
j;éjé:—OLk
—(=1)™1 (B, - . -, Op 10k, O, - -, )
— (=1)™(by, .., OO, Orsas - -, On)

+(=1) N =DmN (9B, ... dB, ... On_1)

with
mj—l—l, kS]SN—l

myj = m(j, k) = {

Finally,
b(Tn) = b(60,.. ,On_1,dON)
:—Z ™ (@, ..., 0;0,41,...,d0x)
— (=1)"™% 1 (6o, .., On—2, Oy —1d0)
+(=1)ONImN 1 (0N By, 01, . .., On1).

Calculating the signs of the red terms in dob(6y, . ..,0y) and bod(by, . .., 0y) respectively,

we get
(~1)(=1)™ = (-1

and (—1)(—1)/%H! and hence the red terms cancel.
The blue term from d(Sy) cancels with the blue term from b(77) since

(=D=M — (1) (=1 (1) = —(= 10+ (—12] =,
For 1 < j < N — 1, the summands from the term in d(Sp) appear with sign
(~D(= (1)1 = (—prem
whereas the zeroth summands from the green term in b(7}.1) have sign equal to

(~D(=D(=L)™ (=17 = ()Y - (gt

10
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so they cancel as well.
The term from d(Sy) appears with sign

(_1)(|9N|*1)mN—1

and the corresponding yellow term from b(7y) with sign
<_1)(_1)mw-1(_1)lewlm3’v,1 — (_1)1+mN_1+\9N\mN_1 — (_1)(|9N|71)mN_1+1
which implies cancellation.
The term from d(Sy) has sign equal to
(_1)(|‘9N|*1)mN71<_1)|9N‘ — (_1)(“9N|*1)mN—1+|9N|

whereas the correspoding term from b(7}) appears with sign

(_1)(|9N|*1)(m1v_1+1) — (_1)(|9N|*1)mN—1+|9N\*1 — (_1)(|9N|*1)mN—1+|9N|+1

and thus, they cancel.
For 1 < j < N —1, the j-th summand in the brown term appearing in d(Sy) cancels
with the brown term in b(7}) since

(= 1) (1) (O] (1) (1)
(_1)(|9N‘_1)mN—1+mj—1+|9N|+1 + (_1)1+mj—1+(|0N|_1)(mN—1+1) —0.

The black terms from d(Sy) for 1 < k < N — 1 have sign —(—1)"* whereas the
corresponding summands in b(7p) have sign (—1)™* so that they cancel.
For 1 <k < N —1, the term (6y,...,d0k0k 1,012, ...,0N) from d(Sk) appears with
sign
(~D)(=1)(=1)™ (= 1) = ()bl = (pymetmies
in dob(by,...,0n), and from b(7},) with sign

)
(=D(=

in bod(fy,...,0N) which implies cancellation.
For 1 < k < N — 1 we have that (fy,...,0cd0ki1,0k12,...,0x) from d(Sy) appears
with sign

1)(=1)7t (1) = (e ) (g

(_1)(_1)(_1)77%(_1)m;€_1+‘9k| — (_1)m(k—1,k)+mk+‘9k| — (_1)mk—1+mk+|9k‘

in dob(fy,...,0n). The corresponding terms from b(7y41) in bo d(fo,...,0y) have sign
equal to

(D)= 1) (=1)™ (1) = (=)D — (i (it
(_1)1+mk—1+mk+\9k|

and hence cancel out.
All the remaining terms from d(S;) for 1 <k < N — 1 (namely: the two sums) appear
in bod(by,...,0N) with different signs. We will see that they cancel as well:

11
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Lemma 1.2.5. For 1< k< N—-1and1<j< N —1,j# k, we have

(1)1 — () (1 (<), 1< <1
(~1) (1)) = ()1 (PRI, k1< N -1,

Proof. (i) We have m(j — 1,k) = m;_; as well as m(k,j) = my, + 1.
(ii) We have m(j — 1,k) = m; + 1 and m(k,j + 1) =

1.2.5 b and B anti-commute

First of all,
N
bOE(eo,..., = (Z mk 1+ mNmk1)(179167'--79N7607"'70k1))
N k=0
— Z(_1)(mk—1+1)(mN_mk71)b(Rk).
k=0

For 0 < k < N we have

b(Rk) - b(l, Hk, e ,(9N, 90, e ,9]671)
= _(_ )m6(9k7 0Na907"'70k—1)

_Z eka-- ek:Jrj 1(mod N+1) 9k+] mod N+1)5 9N5607"'70k71)

+<—1><'9H' DN Gy, OO s O)

where we set
myi=m(j, k) = [0k + ...+ |Orrja] —J
for 0 <j < N.
On the other hand,

3 Ob(@o, S ,GN) - — Z (—1>mk§(90, “ o ,0k0k+17 e ,QN)
k=0
+ (=1)ONI=0mN =1 B 6g, 01, ..., On—1)
N-1
= — Z (—1)™ B(S},) + (_1)(|9N|—1)mN_1E(SN)_
k=0

For 0 < k < N — 1 we have

N—-1
B(S) = > (= 1)ty mm (1,0, . 001, -+, O, B0, -, 051)
§=0
with
mj+1, k<j<N-L

12
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Finally,
-1
E(SN) = Z (—1)(mj_1+‘6N‘+1)(mN71_mj_1)(1, Qj, ce ,HN_l, 9]\[00, e ,9]‘_1>.
j=0

For 0 < k < N —1and 0 S] < k — 1, the term (1,9]',.‘.,9]{;9]{4_1,...,9]\7,00,...,9]'_1)
from B(Sk) appears with sign

(_1) (_1)mk <_1)(ﬁl(j—l,k’)-l—l)(ﬁl(N—1,k‘)—’rﬁ(j—1,k)) — (_1)1+mk+(mj,1+1)(m1v+1—mj,1)

in Bob(by,...,0y) and with sign
(_1)(mj71+1)(m1v*mj71)(_1)<_1)M(k*j+17j)

(= 1) (i1 F Dy =ms 2165 o O]~ (k1)1

)!
( 1) mj— 1+1 mN mj— 1)+mk mj— 1+1
)

( 1 14+mp+(mj_14+1)(my—mj_1)+m;_1

inbo B(by,...,0n) so they cancel.
For 7 = k we have

(_1) (_1)mk (_1)(ﬁl(jf1,k)+1)(Th(N*l,k)fﬁ’L(jfl,k)) — (_1)1+mk+(mj,1+1)(mN+1fmj,1)

and

(_1)(mj—1+1)(mzv—mj—1) (-1) (_1)m(k—j+17j) _ (_1)1+(mj—1+1)(mN—mj—1)+|9j|—1

(_1)1+(mj—1+1)(mN_mj—l)+mj—mj—1

(_1)mk+(mj—1+1)(mN+1_mj—1)

and hence we have cancellation.
For k+2 < j < N —1, the term (1,6;,...,0n,00,...,0k0k+1,...,0;_1) from B(Sk)
appears with sign

(_1) (_1>mk (_1)(ﬁl(j—Q,k)—‘rl)(ﬁL(N—l,k)—m(]—Q,k)) — (_1>1+mk+m3_1(mN—mJ_1)

in Bob(by,...,0n) whereas it appears with sign

(—1)ma—HDimy=my—1) (_1)(—1)mN=i+k+2,)

_ (_1)1+(mj‘71+1)(mN—mjfl)+|9j‘+...+|9N|+|90|+...+|9k|—(N—j+k+2)

(— 1)1+mk+(mj71+1)(mN*mjfl)‘i’mN*mj—l‘i’l

(_1)mk+mj71(mN*mj71)

in bo B(fy,...,0N) so they cancel out.
For j = k+ 1, the term (1,0;41,...,0n,60,...,0;_10;) from B(Sy) appears with sign

(=1)(=1)" (_1)(ﬁl(j—l,k)+1)(ﬁz(N—1Jf)—ﬁ%(j—1,k)) — (_1)1+mk+mj (my—my)

13
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in Bob(by,...,0y) and with opposite sign

(_1)(mj+1)(mzv—mj) (—1) (_1)W(N—j+k+1,j+1)

(_1)1+(mj+1)(mN—mj)+\9j+1 [+ +[On]+00|+... 4]0k — (N —j+k+1)

(_1)1+(mj+1)(mN—mj)+mN—mj—l—mk—l

(_1)mk+mj(memj)

in bOE(@(),...,QN).
For k = N, the term (1,6;,...,0n_1,0x00,...,0;_1) from B(Sy) has sign equal to

(_1)(‘01\7‘_1)7”1\7—1(_1)(mj71+‘91\1H‘l)(mN—l_mj*l)
_ (_1\imn—mpny_1)my_1+(mj—1+my—mpy_1)(mN_1—mj_1)
(—1)

_ (_1)mj—lmN—l*(mN*mN—l)mjflfm?_l

— (_1)mj71(m1v*mj71)

in Bob(by,...,0n). On the other hand, it has sign

(_1)(m]-_1+1)(mN—mj_1) (_1) (_1)m(N—j+1,j)

(_1)1+(mj—1+1)(mN—mj—1)+|9j|+~~+|9N|—(N—j+1)

— (_1)1+mj—1(mN—mj—1)

in bo B(fy,...,0N) which implies cancellation of the terms.

Finally, the red terms in b(Ry) cancel out in bo B(f,...,0y) when summing over
0 < k < N. Indeed, on the one hand (for 1 <k < N — 1), we have

(_1)(_1)m6(_1)(mk—1+1)(mN_mk—1) — (_1)1+(mk—1+1)(mN—mk—1)

and on the other hand, we have

(—1) (10| =1)m’y (_1)(mk+1)(mN—mk)
— 1) Okl =1)m(N kA1) +(mp +1) (mn —mi)

— 1)Ukl =D (O 1 [ A 1Ok 4 N [ N )+ (g +1) (mv =)

— 1)) (me=mp_1)(mn —mg_1)+(m—mp_1)(mp+1)+(mp+1) (my —my,)
— 1) (mr=mg_1)(mn—mp_1)+(mr+1)(my—mp 1)

-1 (mg_1+1)(my—mp_1)

(=1)
(=1)
= (_1)(mk*mkfl)(mN*mk+mk71+1)+(mk+1)(mN*mk)
(=1)
(=1)
(=1)

Moreover, the first red term for £k = N cancels with the second red term for k£ = 0.

14



1.2 The (reduced) cyclic complex

1.2.6 d and B anti-commute
We start with d o B:

(_1>(mk71+1)(mN7mk71)d(17 eku oo 79N7 907 s o 791671)

I
NE

do B(6y,....0y)

il
o

(_1>(mk—1+1)(mN_mkfl)d(Rk)‘

Il
hE

iy
o

Now, for 0 < k£ < N, we compute

d(Ry) = (d1,04,...,0x, 00, ... 0k1)
N+1

— Z ™1 (1,0k, ..., dtj—1(mod N+1)s - - -, On, O, - ., Ok—1)

where m’; .= m(j, k) = |0k + ... + |Opyj1] — .
On the other hand,

N
Bod(eo, NP ,‘9]\[) = E(d@(]?el, .. ,GN) — Z(—l)mk*lﬁ(eo, ce ,dtgk, ce ,QN)

(1,0, ., d0k, ... .Ox, 00, ....0;_1)

with

m/ = m(j, k) =
3= MR {mj+1, k<j<N.

Let 0 <k < Nand 0 <j <k Then (1,0;,...,d0,...,0n,6,...,0,_1) appears with
sign

(—1)(=1)"=1(=1)PE=LR+DERNR) =m(=1ER) — (1 )IFme-1t(mi—1tDmy+1=m;-1)

in Bod(bp,...,0y). On the other hand, it appears with sign

1)(mj71+1)(mN*mj—1) (_1)m(k*j+1*1,j)

—~
—_

~—

—

)l—i- mj_1+1)(my—m;j—1)+0;|4... 4|0k _1]|—(k—7)

(—
( 1)1+ mj_1+1)(my—mj_1)+mp_1—mj_1
(—

1)mk 1+(mj_1+1)(my+1-m;_1)

15



1 Algebraic preliminaries

in do B(bp,...,0y) so that they cancel out.
Now, let 0 < k < j < N. Then (1,6;,...,0n,60,...,d0y,...,0,_1) appears in B o
d(by, . ..,0n) with sign as above, i. e.

(_1)1+mk71+(mj71+1+1)(mN+1*mj71*1) _ (_1)1+mk71+m]'71(m1\77mj71).

In do B(by,...,0N) it has sign
(_1>1+(mj_1+1)(memj_1)(_1)m(N—j+2+k71,j)
= (—1)1+(mj—1+1)(mN_mj—1)+|9j|+~.+|9N|+|90|+‘..+|9k,1\—(N—j+k;+1)

(_1)1+mk—1+(mj—1+1)(mN—mj—1)+mN—mj—1—1

(_1)mk—1+mj71(mzv—mj71)

which is opposite and hence cancels.

1.2.7 The Z,-graded (reduced) cyclic complex

We have seen that d,b and B pairwise anti-commute. Define the spaces CL(2) by
reducing the Z-grading of C(€2) modulo two, i. e. C () contains the even parts and
C_(€) the odd parts. It follows that we have a Zs-graded complex

d+b—B

1.3 The bar construction

1.3.1 Bar chains

The bar construction for ) is defined as the graded vector space
B(Q) = P Q1Y (1.4)
N=0
with grading given by
B.O)=p P " ®..00"

for n € Z. We will usually denote elements of B(Q2) by (1, ...,60y) instead of 01 ®...®0y.
On B(Q) we have two differentials of degree +1 given by

N
d(@l, cee ,QN) = - Z(—l)”’“—l(el, ce e ,d@k, ce ,QN)

k=1

16



1.3 The bar construction

N-1

b’(@l,. .. 70]\1) = - Z(—l)”’“(&l, .. ,9k0k+1, ce 7&]\[)
k=1

where ny = (01| + ...+ |0k]| — k.

Remark 1.3.1. The sign conventions for d and ¥’ coincide with the ones in [Tan83]. In
the ungraded case, the sign in b coincides with the one given in [Qui88].

A calculation similar to the one for the (reduced) cyclic complex shows that d and b’
are anti-commuting differentials turning B(2) into a Zs-graded complex with differential
d + V' if we reduce the grading modulo two.

1.3.2 Algebra valued bar cochains

For a Z,-graded algebra L we define the space of L-valued bar cochains on §) as
Hom(B(€2), L), the space of linear maps from B(2) to L. By the universal property of
the tensor product, every L-valued bar cochain [ is given by a sequence (I'™)yen, of
multilinear maps

1M Q) x ... x Q1] = L

where for N = 0 we may identify {(°) with an element of L. We turn the space of L-valued
bar cochains into a Zs-graded algebra with product

N
l112<917 s 70]\7) = Z(_l)‘blnkll(ela R 79k)l2(9k+17 s 79]\/) (15)
k=0

and Zs-grading given by the usual grading on Hom(V, W) for Zs-graded vector spaces V
and W. The codifferential 6 on Hom(B(€2), L) is defined via

§:=—(d+V)": Hom(B(2), L) — Hom(B(Q), L)
where explicitly, we have
(d+ V)00, ...,0x8) = (=DII((d+)(6:,...,0x))

for [ € Hom(B(Q2), L) and (0y,...,0x) € B(Q2) since d and b have degree +1 so that
|d+ V| =1 in the Zy-grading of End(B(Q)).

Lemma 1.3.2. 0 satisfies the graded Leibniz rule, i. e.
In particular, Hom(B(2), L) s a differential Zy-graded algebra.

Proof. First of all,

S(hl) (0, - On) = —(=1)"=(Uylo) ((d + V) 0y, .., On))

17



1 Algebraic preliminaries

= (=) ) ((d + 1) (61, -, ) ).

We have
N
(d+ V)01, ...0x8) = =3 (=1)"1(0y, ... dby,....0y)
k=1
N-1
Z nk 617'~‘70k9k+17"'70N)
k=1
and we set
Tk::(ﬁl,...,dek,...,QN) fOI']_SkSN,
Sk2:(81,...,9k9k+1,...,9]\[) fOI'lSkSN—l
For 1 <k <N:

(_1)Illl+|lz\+1(l l )((_anﬂTk)
= Z 1)l Dbt a1y, (9, 0050541, ..., dB, . .., ON)

where

; 0<5<k—-1
n; =n(j,k) = s _]A_

For1<k<N-1:
(—1)”1””2‘“(5 l2)((—=1)"Sk)
_ Z |l2\ n”-‘rl +7‘Lk+|ll\+1l (8 aej)l2(9j+17 o 70k9k+17 o ’0N>

with

; 0<i<k-1
ny =g, k) = -
njya+1, k<j<N-1L

Starting with the first summand on the right-hand side of Equation (1.6), we have

(014 )l2(01, o 0N)

_ Z Ilz\nk (001)(01, ..., 0k)l2(Oks1, - .., 0N)

Jj= Jj=1

: l2(9k+17 s aeN)

= Z(—l)”?‘”’“ (— i(—l)”””*”j‘lll(Tj,k) - ’E(—l)1+'ll'+”jl1(5j,k))

18



1.3 The bar construction

For 1 < j < k we have that {;(T}x)l2(0k+1, - ..,0n) appears with sign

(_1) (_1)|12|nk+1+\l1|+n]‘—1

in the first summand on the right-hand side of Equation (1.6) and with the same sign
(_1)(_1)\l2|(n(k,j)+1)+nj,1+|ll|+1 — (_1)‘l2|(nk+1+1)+”jfl+|l1‘ — (_1)|12\nk+|11|+"j71
on the left-hand side.
For 1 < j <k —1 the term [1(S;x)la(0k+1, - .., 0n) appears with sign

(_1)(_1)\l2|nk+1+|11\+”g‘ — <_1)|l2|nk+\l1|+"j

in the first summand on the right-hand side and with the same sign

(_1)(_1)|l2|(ﬁ(k_17j)+1)+nj+|l1H‘l — (_1)|l2|(Nk+1+1)+nj+|lll+2 _ (_1)\l2|nk+|ll\+nj

on the left-hand side.
For the second summand on the right-hand side, we have

l1(5l2)<91, c. ,QN)
N

= ()R (0, )00 (Be, -, O)
k=0
N N—k R
= Z(_D(Mﬂ)nkll(ela s 79k) - Z (_1)1“[2'*”“%1*"’“l2(Tj,k)
k=0 Jj=1
N—k—1 R
B Z (_1)1+|12|+nk+j*”kl2<sjvk)
j=1
where we set
Tik = (Oks1s- - dOrij, ..., On), 0<k<NI1I<j<N-—k
Sik = Ors1s s OpijOhijits - - -, ON), 0<E<SNI1<j<N-k-1

We see that 1)y, . . ., 0x)la(Tj ) appears in (—1)ll;(ly) with sign

(_1)<_1)|h| (_1)(\12|+1)nk (_1)1+\l2|+me+j—1—nk _ (_1)|l2|(nk+1)+|ll|+nk+j—1

and with the same sign

(—1) (_1)|l2I(n(k,j+k)+1)+nk+j71+lh\+1 — (_1)|12|(nk+1)+|ll|+nk+j71

in 5(l1l2) R
Finally, [;(6o, ..., 0k)l2(S;%) has sign

(_1)(_1)\l1| (_1)(|12\+1)nk (_1)1+|l2\+nk+g’—nk _ (_1)|l2|(nk+1)+|lll+nk+j

in (—1)117,(6l5) and the same sign

(—1)(=1)llnlertDF D+l — (q) Ml +Hh e,

in §(l1l3). Hence, Equation (1.6) holds. O
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1.4 Analytic cochains and entire chains

Similarly to the previous section, we define the space of cyclic complex valued cochains
to be the space Hom(C(€2), C) of linear maps from C(2) to C. For fixed arity we may
identify each cyclic cochain with a sequence (I'™))yey, of multilinear maps

1M Qx Q1] x...xQ[1] = C.
N

Definition 1.4.1 ([GL22, Definition 3.1]). We call a cochain | € Hom(C(2), C) analytic
if there exists a continuous seminorm v on {2 and a constant C > 0 such that for all
N € Ny and 6y, ...,0x € Q2 we have

N (B, ....08)| < LN%J' v(fy) ... - v(fy).

We denote the space of analytic cochains by C,(£2).

Recall that for a continuous seminorm v on € there exists the N-th induced projective
tensor seminorm m, x on Q ® Q[1]*N given by

T, (cy) = inf {Z v(O) v e =300 ®. @ 953)} ,
B! B!
the infimum being taken over all realizations of ¢y € C(2) as a finite sum of elementary
tensors.? If [ is an analytic cochain, it follows immediately from the definition above
that all induced linear maps [V) are continuous with respect to the projective tensor
product topology on Q ® Q[1]®N. Moreover, since multiplication and the differential d
are assumed to be continuous on €2, it follows that the codifferentials d¥, b and B"
preserve the space C,(£2).

Remark 1.4.2. The term analytic is justified in the following sense: if [ is an analytic
cochain and v a continuous seminorm on {2 such that the required estimates hold, then

0 fjw/zj!zw)(e,...,e)

defines an analytic function in the sense of [Din99] on some small v-ball around zero in
Q.

Definition 1.4.3 ([GL22, Definition 3.2]). Given a continuous seminorm v on 2, we
define the seminorm ¢, on C(2) by

e(c) = Ni:o W, c= Ni::ﬂ cy € C(Q), where cy € Q@ Q[1]%V, (1.7)

Note that this is well-defined since ¢ is a finite sum. Then, the space C(Q2) of entire
chains is defined as the completion of C(§2) with respect to the seminorms e,.

2Note that we have to consider the quotient seminorm 7 on  in the above display. However, we will
surpress this in our notation.
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1.5 Chen normalization

Remark 1.4.4. If ¢ is an entire chain and v some continuous seminorm on 2, it follows
from the definition that the power series

o0 Zn

Z Ty, N(CN)i
& D
has infinite radius of convergence and thus defines an entire function.
Note that there are other growth conditions used in the literature: in his seminal paper
on cyclic cohomology of Banach algebras A ([Con88]), Connes uses the factor 1 to define
entire cochains on C(A) whereas Getzler and Szenes use the factor \/% to define entire

chains in C(A). Our normalization aligns with the one in [Mey07].

If [ is an analytic cochain, it follows from the definitions that it is continuous with
respect to the seminorms €, and hence extends to a continuous functional on C¢(2). Also,
since d, b and B are continuous on C(£2) with respect to the seminorms ¢,, they extend
to differentials on C(Q) which are odd with respect to the induced Z,-grading.®> Hence,
we have defined the entire (reduced) cyclic complex of ).

1.5 Chen normalization

Similarly to [GJP91], one often considers a quotient of the reduced cyclic complex C({)
by some subcomplex DT(£2) since some of the chains which are of interest are not closed
in the larger complex.

To define the subcomplex DT(Q) of C(Qr), consider for all f € Q° and i € Ny the
continuous linear map

SY: C(Qr) — C(Q)
given by

(_]‘)mi(eoﬂ"'7€i’f78i+17'"70]\[)7 OSZSN_l
S (0, -+, 0n) = (=1)™ (6, ... Oy ). i=N (1.8)
0, otherwise,

as well as the continuous linear map
T C(Qr) — C(Q0)

defined via

(807"‘79i7f9’i+17"'70N)

— (6o, -, 0if,0i41,...,0N)

— (6o, ..., 0;,df , 0;1,...,0N), 0<i<N-1
(fbo,...,0N)

— (0o, ...,0nf)

— (6o, ...,0n,df), 1= N.

3See [CG21, Lemma 2.3] for further reference.
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Note that we only consider f € Q° C Q9, which is a proper subset in general. Consider
further the maps

N

S C(QT) — C(QT), (90, R ,(9]\/) — 2(90, R ,Hk,a, 0k+17 R ,9]\[), (19)
k=0

R: C(QT) — C(QT), (90, R ,9]\]) — (090, R ,QN). (110)

Finally, we define DT(2) C C(Qr) to be the smallest subcomplex with respect to the
differential dy + b — B containing the images of the operators

S+1, R, SY¥ 1V (1.11)

)

for all i € Ny and f € Q°.

Remark. Note that the above definition is a correction of [GL22, Eq. (3.14)] which was
necessary to ensure that DT(Q) is indeed a subcomplex.

Definition 1.5.1 ([GL22, Definition 3.4]). The Chen normalized entire complez is the
quotient complex

NT#(©) = C(Qr) /D),

where we take the closure inside C¢(21). The space of extended Chen normalized analytic
cochains is the space Nt ,(Q) of analytic cochains vanishing on DT(€2). We obtain the
Zo-graded complexes

dp+b—B (dr+b-B)Y
N | NTY(O 4 ONE©Q N
@ NF@. ad NR©@ N
dr+b—B (dy+b—B)"
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2 -summable C,-Fredholm modules

For ¢ € Ny we denote by C, the complex Clifford algebra with generators ey,..., e,
subject to the relations

€i€j + €j€i = —25”
We turn C, into a x-algebra by setting e := —e; for each i. Moreover, C, becomes a
Zo-graded algebra by declaring the generators e; to be odd. Note that for ¢ = 0 we have

C, =C.
Given a Zs-graded Hilbert space H we denote by L(H) the Zy-graded C*-algebra of
bounded operators on H where the involution is given by the Hilbert space adjoint.

Definition 2.0.1. A Hilbert module over C, is a Zs-graded Hilbert space H together
with a Zs-graded unital *-representation C, — L(H).

Remark 2.0.2. 1. Note that for ¢ = 0 this is nothing but a Zj-graded Hilbert space.

2. If H is a Hilbert module over C,, this canonically induces a Hilbert module structure
on ‘H™ for m € N by letting C, act diagonally.

Notation. If H is a Hilbert module over C,, we denote by L¢, (#H) the subalgebra of L(H)
consisting of operators on H supercommuting with the Cj,-action. Furthermore, we define
Eéq (H) to be the subalgebra of trace-class operators supercommuting with the C,-action.

Definition 2.0.3. A ¥-summable C,-Fredholm module over a locally convexr dg algebra
is a triple M = (H, ¢, @), where

(i) H is a Hilbert module over Cy;

(ii) c: Q@ — L¢,(H) is a parity-preserving, continuous linear map such that c¢(1) = 1,
the identity operator;

(iii) @ is an odd, self-adjoint (possibly) unbounded operator on H supercommuting
with Cg,

such that we have
[@Q,c(f)] =c(df), and c(f0) =c(f)c(d), c(0f)=c(f)c(f) (2.1)
for all f € Q° and all # € Q. Moreover, we have the following analytic requirements:

(A1) For each 0 € Q the operators C4(6) := A*/2¢(9)ATY/? are densely defined and
bounded, where A := Q? + 1; moreover, the assignment 6 — C(0) is continuous

from Q to Le, (H);
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2 v-summable C4-Fredholm modules

(A2) For each T > 0 one has e 79* ¢ L (H).

If M satisfies all the above assumptions except (2.1), we call M a ¥-summable weak
Cq4-Fredholm module.

Definition 2.0.4. An isomorphism between two ¥-summable weak C,-Fredholm modules
My = (Hi,c1,@Q1) and My = (Ha, 2, Q2) over a locally convex dg algebra € consists of a
unitary isomorphism U: H; — Hs of Zs-graded Hilbert spaces intertwining all structure
maps, i. e.

U(qv) = q(Uv) Vq € Cyv e Hy, and U(c1(0)v) = co(0)(Uv) VO € Qv € Hy,

and U(Q1v) = Q2(Uv) for all v € dom(Q;) with the implicit assumption that U maps
dom(Q;) onto dom(Qs).

2.1 Examples

In this subsection, we will see how the classical even and odd v¥-summable Fredholm
modules fit into our framework.

Definition 2.1.1 ([GL22, Definition 2.1]). An even 9-summable Fredholm module over
a locally convex dg algebra € is a triple M = (H, ¢, Q)), where

(i) H is a Zy-graded Hilbert space;
(ii) c¢: Q — L(H) is a parity-preserving, continuous linear map such that c(1) = 1;
(iii) @ is an odd self-adjoint unbounded operator on H,
such that we have
(@, c(f)] = c(df), and c(f0) =c(f)c(0), c(0f) = c(O)c(f)
for all f € Q° and all § € 2. Moreover, we have the following analytic requirements:

(A1) For each 6 € € the operators Cy(0) := A*/2¢(9)ATY/? are densely defined and
bounded, where A := Q% + 1; moreover, the assignment § — C4(f) is continuous
from Q to L(H);

(A2) For each T > 0 the operator e~ 7@* € L(H) is trace-class.
Clearly, an even ¥-summable Fredholm module M = (H, ¢, @) is nothing else but a

Co-Fredholm module. We will work out a few examples for the above definition given in
[GL22] and fill in the missing details:
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Example 2.1.2 ([GL22, Example 2.3]). Let X be a compact oriented Riemannian
manifold of dimension n = 2k. Assume that X admits a spin structure Psp, , 1. €. a
lift of the oriented orthonormal frame bundle Pso, ! to a principal Spin,-bundle along
the double cover p: Spin,, — SO,, where Spin,, C C, g C C,, denotes the real spin group
inside the Clifford algebra C,r of the standard n-dimensional Euclidean space. The
induced double cover Pspin — Pso, will be denoted by o. Let us quickly recall the main
steps of the construction of the complex spinor bundle over X and its associated spin
Dirac operator. For details, we refer to [BGV04, Chapter 3] and [Nic20, Chapter 12].
Up to equivalence, there exists a unique irreducible representation c: C,, — End(S) of
C, and there exists an Hermitian inner product (-,-) on S with respect to which we have

(c(v)s,s’) = —(s,c(v)s’) Vs, s € S,veR*

which is unique up to a multiplicative constant. By restriction, we obtain the spin
representation mg: Spin,, — GL(S) which is unitary with respect to the above inner
product. Since the complex volume element ¢ = i*e; - ... - eq,, Where e, ..., e is a
positively oriented orthonormal basis of R* satisfies 72 = 1, the spin representation
S splits into a direct sum ST @ S~ and one can check that the spaces ST and S~ are
orthogonal.? Also, since y¢ anti-commutes with vectors v € C* C C,,, the endomorphism
c(v) of S is odd with respect to this Zs-grading. The complex spinor bundle ¥ is then
defined as the associated vector bundle

S = Papin, Xns S = X.

It inherits a Zs-grading ¥ = X+ & X~ from S and the Hermitian inner product on S
induces an Hermitian metric A on ¥ with respect to which the bundles X1 and X~ are
orthogonal. The map ¢ induces a bundle homomorphism c¢;: 7X — End(X). Indeed,
since X is oriented, the standard representation Ag: SO,, — GL,(R) provides a bundle
isomorphism

PSOn XAstRn%TX, Huv— Hv

where H.v denotes the equivalence class of (H,v) in Pso, X, R™. Thus, we may define
c; on fibers via

T.X — End(X,), o(H)v— 2, — %, Hepw— Hcv)y]
which in turn gives rise to the quantization map
c: Q(X) — End(2),

where (X)) is the dg algebra of differential forms on X, which is given by

B A AB) =1 3 sem(o)er(B,) - er(6,)

ogES)]

IThis is the fiber bundle over X whose fiber at a point z is given by all H: R® — T, X which are
orientation preserving isometries.

%In fact, ST and S~ are inequivalent irreducible Spin,,-representations and it can be shown that up to
equivalence these are the only irreducible complex Spin,,-representations.
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2 Y-summable C,-Fredholm modules

for 61,...,0; € Q1(X). Here #: T*X — TX denotes the cotangent-tangent isomorphism
induced by the Riemannian metric.> There exists a unique connection V* on X, the spin
connection, which is compatible with the metric A and satisfies

Vi(e(a)s) = c(Vy " a)s +e(a)(Vys)

forall a € QYX),Y € Tg= (X, TX),s € I'cw (X, ¥) where VI denotes the Levi-Civita
connection on T*X. The spin Dirac operator associated to the Dirac bundle (3, h, V*)
is the odd first-order differential operator

Di=coV: Mew(X,%) Lo Tow (X, T X @ 5) % Tow (X, 5).

The above data canonically define an even ¥-summable Fredholm module M* = (#, Q, c)
over the nuclear Fréchet algebra (X)) as follows: let H = I';2(X, X)) be the Zy-graded
Hilbert space of square integrable sections in ¥, and consider the spin Dirac operator
D as an unbounded operator on I'z2(X, Y) with domain I'ce (X, X). In this way, D is
symmetric and its closure D is self-adjoint* ([LM89, Proposition 5.3], [Che73b, Theorem
2.2]). On the other hand, we may let D act on I'72(X, X) in the distributional sense and
call this operator (). It is obvious that () = D* if we consider the Hilbert space adjoint
of D on the right-hand side. Hence,

Q=D = (D) =D

is an odd self-adjoint unbounded operator on I';2(X,X). Finally, we consider c as
multiplication operators acting on I'z2(X, ). The formulas in Equation (2.1) follow
immediately from the definitions ([LM89, Remark 5.6]). Moreover, it is well-known
([Gin17, Theorem II.1]) that e~7?" has a smooth integral kernel for 7 > 0 so that in
particular, e~ 79 is Hilbert-Schmidt for all 7 > 0 as X is compact so that

//|e “(z,y)Pdz dy < .

However, this implies that e~79" = ¢=7Q*/2¢-TQ%/2 i5 trace-class, i. e. (A2) is satisfied.
Since D% + 1 is an invertible elliptic differential operator of order two, the operators
AF1/? are pseudodifferential operators of order < £1 ([See67]) so that

Ci(0) = A ?c(9) AT

is a pseudodifferential operator of order < 0 for any 0 € Q(X). In particular, C1(0) is
defined on I'c (X, 32), which is dense in I'72(X, X), and extends to a bounded operator
on I'z2 (X, X) by elementary theory of pseudodifferential operators. This implies (A1l).

Example 2.1.3 ([GL22, Example 2.2]). Let A be an ungraded locally convex algebra
and My = (H, ¢, Q) be a ¥-summable Fredholm module over A in the sense of [Con89,

3We immediately see that c is not a representation (since it is not multiplicative) for k > 1.
4Here it is used that X is complete (being compact).
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Definition 23|, i. e. H is a Zs-graded Hilbert space, @ an odd unbounded self-adjoint
operator on H such that e=79” is trace-class for each T > 0 and ¢q: A — Lt(H) is a
unital representation such that [@Q, co(a)] is densely defined and bounded for all a € A
and there exists a continuous seminorm v on A such that

leo(a)| + [I[@; co(a)]l] < v(a) (2.2)

for all @ € A. If we assume further that
AT2[Q, co(a)] AV and  ATV?[Q, cola)*]AM?

are densely defined and bounded for each a € A and that there exists a continuous
seminorm v’ on A such that

IA72(Q, cola)) A2 + A7 2(Q, cofa) 1AV < v/(a) (23)

for all a € A%, where A = Q? + 1, then we may extend M, to an even ¥-summable
Fredholm module M = (H, ¢, Q) over €4, the universal dg algebra of non-commutative
differential forms over A as defined in Example 1.1.5, by setting

c(agday .. .day,) = co(ag)[Q, co(ar)] ... [Q, colay)]

for ag,...,a, € A. Clearly, ¢c(1) = 1 and c is a continuous map Q4 — L(H) due to
Equation (2.2). Since @ is odd, it follows that c is parity preserving by definition of the
grading on 4. The first two identities from Equation (2.1) follow immediately from the
definition. Repeated use of the Leibniz rule shows that

(apday ...day)a = (—1)"apaidas . . . dapda + Z(—l)”’jaodal ..d(aja4q) ... dayda.
j=1

Together with the fact that

(@, co(ajajr)] = [Q, co(aj)]co(aj1) + cola;)[Q; co(a;1)]

for 1 < 7 < n, the third identity from Equation (2.1) follows. For the analytic requirement
(A1), we notice that

Ail/Qc(aodal . dan)A]Fl/2 = (Ai1/200(a0)A:‘:1/2> H (Ail/Z[Q, Co(aj)]A:Fl/2>

j=1

is densely defined and bounded and depends continuously on agda . .. da, since Equa-
tion (2.3) holds.

Remark 2.1.4. Suppose that A from the previous example is commutative. We can
repeat the same construction to get an even Y-summable Fredholm module over €4 ,p,
see Remark 1.1.6, if we define c as follows:

clagday A ... Nay) = — Z sgn(o)co(ao)[Q; colas,)] - - - [Q, colas, )]
' O'ES

STaking adjoints, the same is true if we swap the roles of —1/2 and 1/2.
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2 v-summable C4-Fredholm modules

Definition 2.1.5. An odd ¥-summable Fredholm module over a locally convezr dg algebra
s a triple M = (H, ¢, Q) where

1. H is a Hilbert space;
2. ¢: Q — L(H) is a continuous linear map such that c(1) = 1;

3. () is an unbounded, self-adjoint operator on H,

such that the following holds for all f € Q° and 6 € Q:

Q. c(f)] = c(df), c(f0) =c(f)cd), c(f) = c®)c(f).
Moreover, the above data are subject to the following analytic requirements:

(A1) For each 6 € Q the operators Cy(f) := A*/2¢(9)ATY/? are densely defined and
bounded where A := @Q*+ 1 and the map 6 — C(f) is continuous from Q to L(H);

(A2) For each T > 0 the operator e-7?* € L(H) is trace-class.

Example 2.1.6. Let X be a spin manifold of dimension n = 2k + 1. Recall that up to
equivalence there exist two irreducible representations C,, — End(S¥) and they restrict to
isomorphic irreducible representations of Spin,, so that we may call mg: Spin,, — GL(S™)
the spin representation. Then, we may repeat the construction from Example 2.1.2
(without the Zsy-gradings) to see that the spin Dirac operator induces an odd 1¥-summable
Fredholm module over Q(X).

Remark 2.1.7. Odd ¥-summable Fredholm modules fit into our general framework as well:
Given an odd ¥-summable Fredholm module M = (#, ¢, @), we may define a J-summable
C1-Fredholm module M := (H, ¢, Q) as follows:

1. Let H = H & H with Zy-grading determined by Ht = H @ {0}, H~ = {0} & H;

2. Let C; act on H by letting the generator e, act on H via

_ (0 1),
T -1 0)¢

3.
c(f) 0 6 even
. 0 c))’
c(0) = . ) for 6 € €
(0(9) 0 ) , 0odd
4.
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2.2 The quantization map

Definition 2.1.8. Let M = (H, ¢, ()) be a weak ¥J-summable C,-Fredholm module over a
locally convex dg algebra 2. We extend M to a weak ¥-summable C;-Fredholm module
My = (H, cr, Q) over Qr, the acyclic extension of 2 (Example 1.1.3), via

cr(0 +o0") = c(0).
We call this the acyclic extension of M.

Remark 2.1.9. Note that for an odd weak ¥-summable Fredholm module M over {2 in
the sense of Definition 2.1.5, defining My as above again yields an odd weak 1J-summable
Fredholm module over {21 in the sense of Definition 2.1.5. However, we trivially have

Mr = Mx

where M was defined in Remark 2.1.7.

2.2 The quantization map

2.2.1 The curvature of a ¥-summable C,-Fredholm module

Let M := (H,c,Q) be a ¥-summable weak C,-Fredholm module. Similarly to [GL22,
Equation (4.1)], we define an L, (H)-valued bar cochain wy via

W = Q, WP0) =c), W\6,....0y)=0N>2

The cochain wy is odd in the Z,-grading of Hom(B(£2), L¢,(#)). Note that since ) may
be unbounded in general (hence not actually an element of L¢ (H)), the above display is
only formal. We may interpret wy as a (super-)connection form of the (super-)connection
V = 6 + wy; and define its curvature via

By = dwy + w?v[.

For brevity, we will sometimes write F' instead of F) if the Fredholm module is clear
from the context.

Let us work out the components of Fy¢ explicitly. To this end, we first compute w3;.
In arity 0, we have

In arity 1, we have

1
wi(01) = 3 (=1)lenmeon (01, 0k wone(Brsn,s - - -, 01)
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2 v-summable C4-Fredholm modules

In arity 2, we have

2
2(01,05) = Y (1)l (0, O )wne Bk, - -, 0)
k=0

= (= 1)l (01w (62)
= (= 1)U D (01w (02) = —(—1)"e(61)c(62)

where we used that wy, vanishes in arity 2 or higher for the second line.
Now we compute dwy. By definition,

(5&)]\/[)(0) = 0.
In arity 1, we have

() (61) = —(=1) Tl ((d + ') (61))
= (=) ()
= —C<d91)

In arity 2, we have

Swe(01, 02) = —(=D) ¥l (d + 1) (64, 65))
= wie(—(dby, 05) — (=1)1=1(8y, dby) — (—1)1911=16,6,)
= (—1)lc(6,6,).

Hence, Fy is given by

P =@,
FP(0)) = [Q.c(01)] — c(dby),
FD(01,02) = (—1)1(c(0,62) — c(01)c(6>)),

with all higher arities being zero.

2.2.2 Definition of the quantization map

In the spirit of Chern-Weil theory one would like to define the Chern character of a
¥-summable weak C,-Fredholm module as Stre, (e~") where e~ is some appropriate
notion of the exponential of the curvature Fy in the algebra Hom(B(2), L¢, (H)) and
Stre, resembles the (super-)trace of operators on #H in our more general setting of
Hilbert modules. Since we are dealing with unbounded operators (and hence not actual
elements of L¢ (H)), this imposes analytical difficulties. However, through a formal
perturbation argument, one may define e=7#» for T' > 0 using Duhamel’s formula:
writing F¢ = Q%+ Fj\%l, where Fj\%l denotes Fy with (Fy)© set to zero, one may expand

e~ TP — ~T(@Q+F3)
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2.2 The quantization map

into a perturbation series with respect to the semigroup e~ T@? by rewriting the differential
equation
d‘;e—T(Q%Ffﬁl) = —(Q*+ F§1)€_T(Q2+F§1)

into the integral equation

o T(QHFT) _ ~TQ? _ /T e—(T—s)QQFj\%le—s(QQ—O—FJ\%l) ds
0
which may be solved through successive approximation, see [Kat95, Chapter Nine, §2.1
Theorem 2.1] for details. Apart from providing missing calculations and adapting the
proofs to our more general setting, this (and the next) subsection will follow [GL22,
Section 4].

For a rigorous implementation of the above equations, we introduce the following

Notation. Let H be a non-negative self-adjoint operator and Aq, ..., Ay suitable operators
on a Hilbert space H. Define

{Ar, ... Ax}y = / e A eI Ay em v g e m (T H g7
AN

where Ay = {7 € RV : 0 <7 <... <7y < 1} is the (time ordered) standard simplex.
For N = 0, we define the empty bracket {}x to be e™# which is consistent with the
above display if we define the zero-simplex A, as the set {1}.

The following estimate enables us to put unbounded operators A; into the bracket
above:

Lemma 2.2.1 ([GL22, Lemma 4.2]). For 0 < aqg,...,ay <1 let Ag,..., Ay be densely
defined operators on H such that A;(H+1)"% is densely defined and extends to a bounded
operator on H. Then, for each T > 0, Ao{A1, ..., Ax}ry is a well-defined trace-class
operator, and we have the estimate

[Ao{ A1, ..., An}rall;

T2 Ty (e~ TH/2 N 2a.:T(1 aj
< ) g aye] (2RO =)
F(N+1—(a0—|—...+aN))j:0 €T

for its trace-class norm, where I' denotes the gamma function.

Proof. We will make use of the following auxiliary statement:

Claim. For every 0 < a <1 and 7 > 0, the function
fil-1,00) =R, x> (z+1)% /2

is bounded and attains its global mazximum in
F(TTEY < (2 e
T T
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2 Y-summable C,-Fredholm modules

Proof of Claim. The statement is obvious for a = 0, so we may assume 0 < a < 1.
Clearly, f is continuous on [—1, 00) and smooth on (—1, 00) and its derivative is given by

f/<I> = _;(SL’ + 1)a71(7'x +7— 20/)6*7'2/2.

The function f’ has exactly one zero in (—1,00) at x* = — and from the explicit
formula for f’ this can be seen to be a local maximum which is > 0 = f(—1). Since f | 0
as r — 00, it follows that f is maximal at z* with

f(z") = <2a)ae'r/2—a

T

T—2a
T

which proves the claim. O

By assumption, for each 0 < j < N the operator A;(H + 1)~% extends to a bounded
operator on H. Since H is non-negative and self-adjoint, its spectrum is contained in
[0,00) so that we may employ functional calculus to define the bounded operator

(H +1)4e <t/

—e/2H

Since e is trace-class, it follows that

Aje™H = (A;(H 4 1)"%)((H 4 1)4 e =H/2)e=H/2

is trace-class so that for every fixed 7 € Ay the integrand appearing in the definition
of the bracket is trace-class provided 7; — 7;_; > 0 for all j. Since, equipped with the
trace norm, the space of trace-class operators forms a Banach space, the bracket defines
a trace-class operator if the trace norm of the integrand is integrable as a function of 7.

Setting s; = 7j41 — 7; for 0 < j < N where we understand 7x4; to be 1 and 7y to be
zero, we have Z;V:O s; = 1 so that according to Holder’s inequality for Schatten norms,
we have

N
“r < TTIA(H + 17 |[(H + 1)@ e,
1 J=0
N
H j(H+1)7%] Hll (H +1)4e 502 Hlle_T57H/2|| 1/s;-

7=0 7=0 7=0

If A\p, k € N, denote the eigenvalues of H (with multiplicity), the last product may be
written as

N N 00
Imewwmfzﬂ(zwﬂmﬂmﬂ HTr IRy = Ta(e M)
Sj .

j=0 7=0 \k=1

Using the claim from the beginning, we obtain the estimate

al a; ,—Ts;H/2 T/2 2a; —a;
[TICH + 1) 7502 < e H( )" =)

=0 el
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2.2 The quantization map

Applying Selberg’s integral formula, we find that

F'l—ag)...-T(1—ay)
DIN+1—(ap+...+an))

/ =) (L= TN) N dT =
AN

which proves the lemma. O

The following lemma shows that the components of Fj¢ which are of arity 1 or higher
satisfy the conditions from above:

Lemma 2.2.2. Let A = Fy(0) or A = Fy(01,02) for some ;01,05 € Q of pure degree.
Then A(Q* + 1)7Y2 is densely defined and extends to an operator in Le,(H).

Proof. Since (Q* + 1)~/2 is an everywhere defined bounded operator and ¢ maps to
bounded operators, the claim is obvious for A = Fy(61, 05).

Similarly, for A = Fy(6) it suffices to consider the graded commutator [Q), c(6)]. Note
that the domain of ¢()Q(Q2 + 1)~ is H so that we have a closed operator which is
defined everywhere and hence bounded by the closed graph theorem. For the other part
of the graded commutator we use that Q> < Q? + 1 implies Q = v/Q? < (Q*+ 1)2 and
hence

1Qe(0)(Q* + 1) 2 f|| <|(Q* + 1)2c(O)(Q* + 1) 2 f|

for f in the domain of (Q2 4 1)2¢(6)(Q? + 1)~2. Due to the analytic requirement (A1)
this operator is densely defined and bounded. O

Definition 2.2.3. For fixed T' > 0, the quantization map ®}' is the even Lc (H)-valued
bar cochain defined by the formula

)= 3 (-T)V{F ,Fﬁl}TQQ.
N=0 ———

N

Notation. Denote by Py n the set of ordered partitions of length M of the set {1,..., N},
i. e. collections of nonempty subsets I = (I, ..., Ip;) such that [;U.. .Ul ={1,...,N}
and such that each element of I, is smaller than any element of I, whenever a < b.

With this notation, for N > 1 we have the formula

Ny, ..., 0y8) = Z(—T)M > {F0n), . Fi'(0n,)} (2.5)

TQ?’
M=1 IE?M’N Q

where 07, = (0;11,...,0im) if I, ={j :i < j <i+m} for some i,m. For N =0, we
have (P = ¢ 7@*,
Remark 2.2.4. 1. Lemma 2.2.2 shows that ®}' is well-defined.

2. Since Fy is even (because w is odd), it follows that ® € Hom™ (B(Q), L¢, (H)), i. e.
it maps even elements of B(2) to even operators on H and odd elements to odd
operators.

33



2 Y-summable C,-Fredholm modules

3. fU: M; — M, is an isomorphism of ¥-summable weak C,-Fredholm modules, it
is easy to check that
UPy' (6) = o72(9)U

for all § € B(Q2).

The following estimate will be frequently needed:

Theorem 2.2.5. For T >0 and all 6, ...,0y5 € Q the operator ®X(0,, ..., 0x) is well-
defined and trace-class. There exists a continuous seminorm v on §2, which is independent
of T, such that

TN/2

M T/2 ~-TQ?/2
| D7 (01, ...,0n)]1 <e'/=Tr(e )TV/ZJ!

V(Hl) e I/(QN).

Moreover, the same is true for QO and ®YQ instead of ®Y if we replace TN? with
TW=1/2 gnd | N/2]! with | (N —1)/2]! on the right-hand side.

Proof. We have already seen that ®)'(6;,...,0y) is a well-defined trace-class operator.
Using Lemma 2.2.1 with Ay = @ proves that the same is true for Q®* (6, ..., 0y). Since
trace-class operators are stable under taking the adjoint, the statement for ®)'Q follows
as well.

We start with the estimate for ). Due to Equation (2.5), the operator ®3%(6;, ..., 0y)
is a sum of operators of the form Ag{As,..., Ay }rge for some 1 < M < N where A4 =1
and each A; is equal to the second or third line in Equation (2.4). Since multiplication
in 2 is jointly continuous and using the analytical assumption (A1) (with a view on the
proof of Lemma 2.2.1), it follows that there exists a seminorm v on §) satisfying

15O AT2| < v(0) and || Eae(01,62) ]| < v(01)v(62). (2.6)
By definition, Fy vanishes in arity three or higher which implies

{FM(eh)? R FM(QIM)}TQ2 =0

for any partition I € Py n containing a subset [; with |I;| > 3. Otherwise, we necessarily
have |I;| = 2 for N — M indices j and |[;| = 1 for 2M — N indices j. Application of
the estimate in Lemma 2.2.1 with a; = 0 for V — M indices j and a; = % for 2M — N
indices j in combination with Equation (2.6) yields

eT/QTr(e—TQZ/Q) (ﬁ)@MN)/?

H{FM(eh)a-"aFM(QIM)}TQ2H1 < F(%_Fl) ﬁ

v(0y)-...-v(0y)

since I'(1/2) = y/m. Together with Equation (2.5) we get

||q)¥(917 s )QN)HI

N T/2 Ty (e—TQ?/2 (2M-N)/2
M e /2 Tr(e ) (VT
< > T Y <€T>

N
MaTN2 rermy P(EH1)
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2.2 The quantization map

eT/? Tr(efTQ2/2) N JT (2M—N)/2
< TNZ. V2] > () v(0p)-...-v(0y)
. M:]—N/2-| IE'P}\LN

where we used that T’ (% + 1) >T(|N/2] +1)=|N/2]! in the last line. Since e > /7
we have (y/7/e)®M=N)/2 < 1 for M > [N/2]. Moreover, the sum

N
> 21
M:[N/Z] IEPALN

is bounded above by the number of compositions of the integer N which is 2V—1 < 2V,
Since we may absorb the constant 2V into the seminorm (replacing it with a larger one),
we finally get

TN/2
[N/2]!

as claimed. The proof for QP and ®)'Q) is similar. O

1Y (Br, ..., On) [l < /2 Ta(eT9/?) v(01)-...-v(0y)

2.2.3 The Bianchi identity

Recall that we interpret wy as a (super-)connection form and Fy; = dwy +w3; as its curva-
ture. In this case, reasoning by analogy with differential geometry, one expects a Bianchi
type identity. Note that the (super-)connection V = § 4wy acts on Hom(B(2), L, (H))
via

VI=06l+wy-I
for I € Hom(B(2), L¢,(H)). Thus, the graded Leibniz rule implies
V2 = (6 + wn)? = wned + Wi + 0% 4wy + (= 1D)lind = dwn + w?p = Fie
and in particular, [V, Fy] = V? — V3 = 0. On the other hand,
IV, Fy] = VEy — FyV
= (6 + wit) (dwne + wip) — (Bewne + wie) (6 + wa)
= 0(0wnr) + 0(Wier) + watdwye + wiy
— ((6wnt)d + wied + (Swat)wae + wi)
= 02wt + (= 1) (wn )8 + 8w + (—1) w28 + waedwng + wdy
— (Bwnt)d — wied — (Swnt)wn — wiy

= 5&132% + WM(S(.UM — <5CUM)WM.
Clearly, we have § Fy; = dw3; as well as

[wae, Fat] = wniFv — Faywne = wae(dwn) + wj?\’,[ — (dwnt)wn — wi& = witdwy — (dwn)wn
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2 Y-summable C,-Fredholm modules

so that [V, Fy] = dFy + [wat, F which proves the Bianchi identity
5FM + [CUM, Fm] =0.

for Fy. Again, we would like to point out that these calculations are formal (ignoring
domains) since wy; and Fy are not actual Le¢,-valued bar cochains.
Proceeding formally, we calculate

6(DM “TFy _ ) i N _ i (_T)N(s(ij/[V)
= N! = N!
00 N N
- Z Pyi- ... 0F)y Py
K3 0%
N=0 k=1 k-th slot
oo (_T\N N
:—Z(N') ZFM‘---'[WM;FM]‘---'FM
N=0 © k=1 —
k-th slot
© (_T N
:—Z(N') [wm,FM'...-Fm}
v N
= (=7)" N]
[ N=0 N!
= [wJ\/U CDZ.I\“/[]

which yields the Bianchi identity d®3* + [wy, )] = 0 for ®)*. The goal of this subsection
is to give a rigorous proof of the above identity.

Theorem 2.2.6. The cochain ®)' satisfies
SO+ [wy, D] = 0.

Corollary 2.2.7. For (04,...,0x) € B(Q) the identity from Theorem 2.2.6 reads as
follows:

V(A4 V) (0y,...,0n))
= c(61)P)(0,,...,0N5) — (=1)"¥1024(0;,...,0n_1)c(ON) (2.7)
+[Q, P30y, ...,0n)).
Proof of Corollary 2.2.7. By definition,
5D (B, ..., 0n8) = —(d+ V) D) (0y,...,0N)
— (=) IEIRN((d + H) 0y, .., )
= —B((d+V)(0y,...,0n))

since ®) is even. On the other hand,

[(,UM, (I)jj\:[] = WM(I)QM - (—1)|UJMH¢7M‘(I)7MWM = qu)¥ - @%CL)M.

36



2.2 The quantization map

Using that wy; vanishes in arity 2 or higher, we have

N
W ® (O, .., 0n) = S (1)1 iy (6, .. 0) DY (B4, .., O)

=0
= w0 (B, ... Ox) + wae(01) BN (B, ..., On)
= QP (0y,...,0x5) + c(6)D)(6a, ..., 0n).

Similarly,

DV w6y, ..., 0N)
= (=DM, Oyl 4 (1)l ®M Gy Oy wn(B)
= (=)™ 30y, ...,08)Q + (=1)"™ 1 d) (0, ..., 0n_1)c(On).

Note that ny = |61 + ... + |Ox] = N = [(61,...,0x)| in B(Q2). Since P} is parity
preserving, it follows that (—1)™¥ = (—1)!%7 @13l Thys,

lwae, ®N(61, ..., 0x) = QPN ..., 0x) — (—1)IQIPF O (g, H))Q
+c(01) P (0y, ..., 0x) — (=1)™1 0N (B, ..., 0n_1)c(Ox)
= c(0) PN (0,,...,0N8) — (—1)™10Y(0y,...,0n_1)c(On)
+1Q, DY (01, ...,0N)].

All in all; we get

DY ((d+V)(0:,...,08)) = c(0)PN(0,,....0x8) — (—1)™20N(0y,...,0n_1)c(by)
+[Q, Y (01, ...,0N)]

which proves the formula. n

Proof of Theorem 2.2.6. Consider, for € > 0, the N-simplex with the e-neighborhoods
of the diagonals removed, i. e.

Ay ={reAn:1j—1j1>¢ foralll1 <j <N +1},

and the bracket {Ay,..., Ay}5 which is defined by the same formula as the usual one
integrating over A%. Observe that for £ € Ny and ¢ > 0 the supremum norm of the
function

fer: R=>R, z+— gkete?

k/2
is equal to (2% / e */2 5o that by functional calculus the operator norm of Q*e—'@’

is uniformly bounded for ¢ € [¢,1] if ¢ > 0. Thus, the bracket {Ay,..., Ax}g. gives
rise to a well-defined bounded operator for any collection of operators A; of the form
Aj = QmAQ" with A bounded and m,n € Ny. Let @¥’5 be the cochain which is defined
by the same formula as ®)' but with the e-bracket instead of the usual one. Since Fy;
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2 v-summable C4-Fredholm modules

is even and ¢ is a graded derivation with respect to the product on L£(H)-valued bar
cochains, the following formula holds for every ¢ > 0:

807 = ST (=TS AF, . PR 0F B Fg' Yoo (2.8)

k-1 N=k
Formally (ignoring domains), the Bianchi identity for Fj reads
5Fj§[1 = 6FM = _[vaM] = _[Qv Fj\%l] - [chj\%[l] - [Cv Qﬂ

Plugging this into the right-hand side of Equation (2.8) produces

00 N
M,e 5
6(I)T = Z(_T)N Z{Fﬁla"'7F3\?[17_[Q7F§[1]7FJ\%17"'7F3%1}TQ2
N=1 k=1 k—vl Nv—k
N >1 >1 >1 >1 >1
—Z{Fﬁa-“aFﬁ7[CvFﬁ]vFﬁa"wFﬁ }ETQQ (2.9)
o\ — N—————
k=1 k—1 N—k
N
AP P e, Q7 F - P Yoo
N\ —— —_———
k=1 k—1 N—k

which is a well-defined identity of cochains for € > 0. Since Fjﬁl is even and taking the
graded commutator with @ is a graded derivation on £(#H)-valued bar cochains, it follows
that

N
S{F L FRLIQF P P e = [Q AR B Vg
1 ———— N —— —_———

k—1 N—k N

for ¢ > 0. Note that the right-hand side of the above identity makes sense for ¢ = 0 as
well due to the second part of Theorem 2.2.5. Since ¢ maps to bounded operators, the
second line in Equation (2.9) is well-defined for € = 0, too. For the third line, we need
the following auxiliary statement:

Lemma 2.2.8 ([GL22, Lemma 4.9]). Let A;,..., Ay be operators of the form A; =
QMALQ" where m,n € Ny and A} is bounded and assume further that for some k we
have m =n =0, i. e. Ay = A},. If e >0, it follows that for all T > 0 we have

T{A1, .., [QL AL, .., AnYoge
= —{Al, e ,Ake_ETQQAk_,_l, ce ,AN}%Q2 + {Al, .. ,Ak_le_aTQzAk, .. ,AN};Q2.

For k =1 the second bracket on the right has to be read as e‘ETQQAl{AQ, . ,AN}%Qz
whereas for k = N the first bracket is to be interpreted as {A, ... ,AN_l}eTQQANe*ETQQ.
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2.2 The quantization map

Proof. First of all, we note that for an integrable function f: A%y, — FE in a Banach space
FE we may change the order of integration such that

1-Ne p1—(N—-1)e —(N—k)e 1—(N—k—1)e 1—¢
/ dT—/ / / / /
T1+€ Th—1+2¢€ Tr4+1+€ TN-11+€

Tk+1—€
/ flr, ... mn)dmdry ... drgp drey ... dmy.

k—1t€

The upper limits follow from a telescoping argument: for 7 € A%, we have
N
-1 = ZTmH—TmZ (N —j+1e.

The lower limit 7,_; + 2¢ in the inner integral follows from 75,1 — o1 = Tpy1 — 76 + T —
Tr—1 > 2¢. Integrating both sides of

9
aTk

2

(e—T(Tk—Tk—l)Q2Ake—T(Tk+1—Tk)Q2) — (_T)G_T(Tk_Tk—l)Q2Q2Ak6_T(Tk+1—Tk)Q
4 TefT(Tk*kal)QzAkQQe*T(TkJrl*Tk)Qz
= TQ*T(Tk*kal)Qz [Ak7 Q2]6*T(Tk+1*7'k)Q2

gives

T/TkJrl—Ee T(T)—Tk— 1)Q2[A Q] —T(Thy1— Tk)Q di

k—11€
— e—T(T]H_l—a—Tk_l)QzAke—aTQ2 _ e_ETQQAke_T(Tk+1_E_Tk_1)Q2.

Defining new variables

Ty 1§]Sk3_1,
7~—j: Tk+1 — &, j:k’,
Tj+1, k+1§j§N_17

it follows that (with Ay, = 1)

N+1

T{A, ... 2 AL AN Y e = / TJleTQAd
{ 1 7[@7 k]7 ) N}TQ2 As, aTkJ 16 T

:—{Al,...,Ake T Ak+17---7AN}%Q2
+ {Al, . ,Ak_le_SchAk, . ,AN}%QQ
as claimed. =

Thus, we see that

( ){ ). >17[chQ]aFJ?tl,"'aFj\%l}aTQQ
\—/—/ —

39



2 v-summable C4-Fredholm modules

>1 >1 —eTQ? 7>1 1>1 >1e
_{FM77FM7C6 FM7FM7 7FM }TQ2
N——
k-1 N—k—1
>1 >1 >l —eTQ? >1 >1e
+{FM77FM’FM€ QC,FM7 ’FM }TQQ
N———
k—2

N—-k

for all € > 0. Now, the right-hand side is well-defined for € = 0 as well. Using the above
identity for the third term in Equation (2.9) and taking the limit as ¢ — 0, we have

0 N
6P = —[Q, 0] — S (=TS {5 B e, Bl B B brge
_ L\ —— N———
N=1 k=1 1 Nk
N (D) A P b — { Pt Byt rgec
_ N———— —_— ——————
N=1 N—-1 N—1
— Z{Fjﬁl,... Pyl P P Yoo
—,_/ _,_/
k—1 N—-k—1

>1 >1 >1 >1 >1
+Z{FJV[ RN VAR i Y W 2 v R L v }TQQ
N—k

k—2
Shifting the index of the third sum, the third term on the right-hand side becomes

N (D) B P e — {Fae - Byt Yrgec
N=1 S————— S———

N-1 N-1

N-1
>1 >1 >1 >1 >1 >1
+Z{FJ\7[ NN AR a2 v R o oy 2} v &) vl St
= —~

N—k—1
which is equal to

00 N—
—[e, @]+ > (— Z{F;[l,... Fi' e Fog'l Fes o oo Fg e
_ T N———
N=2 B N—k-1
Notice that after shifting the index of the outer sum this term cancels the second term
in the equation we have proven for 6®)' above. Therefore

5(1)73\4 = _[Qv CI)IM] - [Cv (I)IM]

- = {wv (I)ZM]
which proves the theorem.
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3 The Chern character

Let X be a smooth manifold and F a Z,-graded vector bundle over X and
V:leo(X,E) = Tox(X, T"X @ E)

a superconnection where the tensor product is Zs-graded. A superconnection is defined
in the same way as a connection with the extra assumption that it is odd as an operator
between spaces of sections. Then, the corresponding connection forms w € Q' (U, End(E))
for U C X open take values in the even endomorphisms of F and are called superconnec-
tion forms. If R := dw + w Aw denotes the curvature form of (E, V), the Chern character
of the superbundle F is given by

Ch(E) == Str(e™ ),

possibly modulo some normalization, where Str denotes the supertrace of operators on a
Zo-graded vector space.! If M is a ¥-summable weak C,-Fredholm module, the idea is to
mimic the above construction and define the Chern character as

Chy = Stre, (™) = Stre (1Y)

where Stre, is some variant of the supertrace which takes into account the C,-action.
However, if defined in this way, Chy, is a bar cochain whereas in applications one would
prefer Chy to be a cyclic cochain. Thus, one defines Chyy as Stre, (c®}') which lives on
C(Q2) as desired. Later, we will see that the respective cochains on B(2) and C(2) are
related in natural way.

3.1 Definition and basic properties

Definition 3.1.1. Let H be a Hilbert module over C; and A € L (H). The Clifford
supertrace of A is defined as

Stre, (A) =277 Str(vA)
where v :=e; - ... ¢4 is the Clifford volume element.

The following lemma justifies the name “Clifford supertrace”:

'As in the classical theory, this induces a de Rham cohomology class which can be shown to be
independent of the chosen superconnection.
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3 The Chern character

Lemma 3.1.2. Let H be a Hilbert module over C, and A, B € Eéq (H). Then one has
Stre, ([A, B]) = 0.

Proof. Recall that Str(CD) = (—1)I€IIPI Str(DC) for homogeneous operators in £'(H)
and that « supercommutes with A and B. By linearity, we may restrict ourselves to
homogeneous operators A and B. According to the definition, the Clifford supertrace
of [A, B] vanishes if v[A, B] is odd in £'(#). This follows immediately if  is odd and
|A| = |B| or if v is even and |A| # |B|. We will deal with the remaining cases:

1. 7, A and B even. In this case, [A, Bl = AB — BA and
Str(yAB) = Str(BvA) = Str(yBA),
i. e. Stre, ([A4, B]) = 0.
2. v even, A and B odd. In this case, [A, Bl = AB + BA and
Str(yAB) = (—1)BIWH4AD Str(ByA) = — Str(yBA),
i. e. Stre, ([A, B]) = 0.

3. v odd, |A| # |B|. We may assume that A is odd and B is even. In this case,
[A,B] = AB — BA and

Str(yAB) = (=1)/BI*AD Str(ByA) = Str(yBA).

This finishes the proof. O

Definition 3.1.3. Let M be a ¥-summable weak C,-Fredholm module. The Chern
character of M is the cochain Chy, € Hom(C(£2), C) defined via

ChM<907 s 761\7) = Stqu(c(QO)q)le<917 s 70N))
for Oy, ...,0N € €.

Remark 3.1.4. For ¢ = 0 this coincides with [GL22, Definition 5.1].
We check that the Chern character of M is well-defined:

1. Since ¢ maps to Le, (H) and @' maps to Léq (H), taking the Clifford supertrace
makes sense in the above display.

2. Recall that in the definition of C(€2) the quotient space Q = Q/C1 is used. To see
that Chy is a well-defined element of Hom(C(£2), C), the following must hold for
O1,...,0y € Qand 0 < j < N:

(I)le<91, PN ,Qj, ]., 6j+1, [P ,QN) — 0

However, since ¢(1) = 1, every component of Fj\%l where at least one slot is filled
with 1 vanishes so that the above equation holds.
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3.2 Closedness of Chyy

Lemma 3.1.5. Chy € Hom™ (C(Q2),C) for ¢ even and Chy € Hom™ (C(Q),C) for q
odd.

Proof. For q even we have to prove that Chy is even, i. e. it vanishes on odd elements
of C(2). Let (fy,...,0n) € C(2) be an odd element. There are two cases to consider:

1. By is even in Q. By definition of the gradings on C(£2) and B(2), this implies that
(01,...,0y) is odd in B(£2). Since ¢ and ®}' are parity preserving, it follows that

C(@())(I)iw(eh Ce ,‘9]\/)

is an odd operator on H. Thus, as v is even (because g is), yc(6p) P (01, ..., 0n)
is an odd operator on which the usual supertrace on H vanishes.

2. 6y is odd in €. In this case, the same argument shows that (6;,...,0y) must be
even in B(2) and the above proof goes through in a similar fashion.

The case in which ¢ is odd may be proven analogously. O

Lemma 3.1.6. If M; and My are isomorphic ¥-summable weak C,-Fredholm modules,
then Chyg, = Chyy,.

Proof. This follows from Remark 2.2.4.3 and the fact that the isomorphism intertwines
the C,-actions. O]

Theorem 3.1.7. The Chern character Chy is an analytic cochain.

Proof. This follows from the fundamental estimate in Theorem 2.2.5 together with the
fact that

[AB|[y < Al - 1B]lx
for bounded operators A and B with B trace-class. O]

3.2 Closedness of Chy

The following theorem shows that Chy is closed with respect to (d+b— B)" (or coclosed)
on the Zs-graded complex of cyclic cochains and hence defines a cohomology class.

Theorem 3.2.1. Chy, is coclosed, i. e.
(d+b— B)'Chy = 0.

We will adapt the proof of [GL22, Theorem 5.3] to our more general setting and provide
all the details which were left out. The inclusion 2 C Q1 induces a linear map

j: C(2) = C(Qr)
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3 The Chern character

commuting with all differentials since €2 C Qp is a subalgebra and dr restricts to d on
2. Observe that by definition of the acyclic extension of M, we have Chy; = 7% Chyy, so
that it suffices to prove closedness of Chy,.

The maps @TT and Fy, descend to the quotient B(€r) which is defined as in Equa-
tion (1.4) with the graded vector space {1y instead of the dg algebra Qr; the quotient
map of ) will be denoted by @), Using the explicit formulas from Equation (2.4) we
have

FMT Q?,
P (01) = [Q, c(67)] — c(db}) + c(8"),
FD(01,02) = (—1)1(c(6,64) — c(6))c(6h))

for 01,65 € Qp. Let us introduce some notation: define
a: C(Qr) = B(Qr), (0,...,0n) — N(cby,0q,...,0n)
to be the parity preserving map where
N: B(Qr) — B(Qr) (3.1)

is the quotient map of

1)nk(annk)(9k+17 e, 0N, 04, ,Gk)

bjz

N: B(Qr) = B(Qr), (61,...,0n) —
k=1

and ng = 01| + ...+ |60k] —
Lemma 3.2.2. The Chern character of the acyclic extension satisfies
Chyg, = —a* Stre, (217).
Proof. If N = 0, the statement is obvious. For N > 1, we calculate
a* Stre, (917) (0o, - .., On)

N+1
= Z yma—rlma=mi—1) Sye (@17 (O, ..., On, 000,01, ., Op1))

where my = |6p| + ... + |0x| — k. Indeed, the signs in the above equation follow from
nk(O'eo, ce ,9]\[) = |O'90‘ + ‘Hll + ...+ ’9]671’ — k= mpg—1 mod 2.
Using the explicit formulas for the curvature, one notices that

Py (On,000) = Fy,(06p,601) =0 and Fyi.(060) = c(6}).
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3.2 Closedness of Chyy

Hence, expanding Q‘TT in terms of the brackets yields

Stqu{FMT(Qll)y e
N+1 N M+1
> (mpymerbmvmme) K7 (MEL ST ST s By (013,), €(00), P (Or,), - -
k=1 M=1 =1 k,l
IePy; N ey FMT(QII—I)}QQ’

where Pﬁl’N C Pun is the set of partitions such that some Iy,..., I,y C {1,...,k —1}
and I;,..., Iy C{k,...,N}. Let [ € P]]f/}{N such that the bracket in the above display is
non-zero and let 1 < j <1 —1. On the one hand, if 0;, = (6;,,0;,41), we have

| Eaee (01,)] = [(8;,6;, 1) — (07 )0, 11)| = 1071 + 167,44
=10, +105;41] =2 mod 2,

while on the other hand, if 07, = 0;,, we have
[Face(01,)] = 11Q. (6] — c(d8],) +c(8)] = 6] + 1= [6,| =1 mod 2.
Thus, we have
mi_1 = |0p] + | Py (01,)] + -+ + [P, (01,_,)| = 11

modulo two for 1 < kK < N + 1. Moreover, for each choice of [ and M < N, the sets
P]’f/ n are pairwise disjoint (for different choices of k), and their union (over k) is Py n.

k.l : .
Hence, the sums over k and P v above combine to one sum over Py n, giving

St Fy. (67), ...

N M+1 o ch{ e (On);

D 1 G S D DN G D ) o P (01,,),€(00), Prvo (01, .
=1 IePy,N =1

. ,FMT@H)}@.
(3.2)
To simplify the above sum, we need the following

Lemma 3.2.3. Let H be a Hilbert module over C,, H a non-negative self-adjoint even
operator on H and Ay, ..., Ax as in Lemma 2.2.1 with the extra condition that H and
the A; supercommute with the Clifford action. Then, the Clifford supertrace has the
following cyclic property:

N
Z(—l)kj Strcq({Aj+1, ce ,AN,Ao, ce ,Aj}H) = Stl"cq(Ao{Al, ce ;AN}H>
j=0

where k; = (|Ag| + ...+ |Aj)(|Aj1| + ...+ |An]).

Proof. As a consequence of Lemma 3.1.2 we have

Strcq ([Aoe—nHAle—(Tz—n)H .. e—(rj—frj,l)HAje—(»er_T].)H7

45



3 The Chern character
AJ._H6—(Tj+2—Tj+1)HAj+2€—(Tj+3—Tj+2)H . 6—(TN—TN71)HAN€—(1—TN)H]) —0.
Thus, after a substitution in Ay, we have
Stre, (Ao{ A1, ..., An}H) = (—1)k Stre, (Ajr1{Ajs2, -, AN, Ao, ..., AjH)
for any 0 < j < N — 1 and in particular,

StI‘cq(Ao{Al, e ,Aj, 1, Aj+1, e 7AN}H) = (—1)kj Stl"cq({Aj_H, e ,AN, Ao, . ,Aj}H).
(3.3)

Claim. For 0 < j < N we have
N
{Al, N 714]‘, 1’ A]+17 e 714]\]}[{ — A (T]+1 _ Tj)e—TlH H Aje_(Tj+l_Tj)H dT

where Tyy1 =1 and 79 = 0.

Proof of Claim. This follows from exploiting the semigroup property together with
integration by parts:

{A1,...,A;, 1A, ..., AN}E

— / e TH AL A].e—(TjJrl—Tj)Hle—(Tj+2—Tj+1)HAj+1 co AN+1€_(1_TN+1)H dr
ANt
= / e H AL .Aje—("'j+2—"'.7’)HAj+1 .o AN+1€_(1_TN+1)H dr
ANt1
/1 /1 /1 /1 /1
0 Jm Ti—1 Y Tjt1 TN
Tj+1 =
/ et Aje (T5+2=75) Aj+1 Cee de dTNJrl ...de+2de+1 ...dm.
Tj—1

Consider the inner integral:

1 1 1 74
/ 1 . (/ / / 'Aje_(Tj+2_Tj)HAj+1 de dTN+1 ...de+2> de+1
Tj—1 Tj+1 TN Tj—1

j—

f(Tj4+1) 9(Tj+1)

1
—/ F(mj41)9 (Tj41) ATj1a

-

Tj+1=1

= f(1j11)9(7j41)

TiH1=T -1
1

—0- [ mag ) dn. (3.4
We note that g is of the form

1

9(Tj+1) :/ G(Tjs1, Tjg2) dTjpo
Tj+1
so that
) . Lo
9 (7i11) = =3(Tj41, Ti1) + ——G(Tj41, Tjra) ATjpa.
Tj+1 0x4
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3.2 Closedness of Chyy

The first summand equals

1 Tj+1
—/ / / .Aje—(ﬁﬂ—Tj)HAj+1e—(Tj+3—Tj+1)H o drpdrngg ...dTys
Ti+1 TN

Tj—1

whereas the second equals

1
/ / / . J 1e” (Ti41—Tj— 1)HA e~ (Tj4+2—Tj41 HA a1 dTN-H d’l‘j+2.
Ti+1 Y Tj+2

If we plug this into Equation (3.4), we get

Tj+1
--:/ TJ+1/ / / .. j+16 —(Tj+3=7j41) dedTN+1 ...de+3d7‘j+1
Ti+1 T™N VY T5j—
—(Tiiq—Ti_1)H
_/ Tj+1/ / / . j 1€ (Tj+1=75-1) '...dTN+1 ...de+2de+1
Ti+1 I Tiy2
Tj+1
:/ 7’]-1—1/ / / +16 (7'_7~+2—7-_7»+1)H..” dedTN ...de+2de+1
Ti+1 T
_/ Tj/ / / -»-‘Ajflef(Tjiijl)H cooodry L. dTg dTy
Tj+1
Y <
/ / TJ+1/ / .. ]+1€ BUEACIERSY) <o dry ...de+1de
Tjt+1 TN-1

/ T]/ / / . Aj_qe —(m=m-0H L ey drjy1 dr;.
Tj+1

Taking the outer integral over this expression, we finally have

N
{Al,...,Aj,l,Aj+1,...,AN}H = /A (Tj+1 —Tj)e_TlH HAje_(TjJrl_Tj)H dr (35)

N =1
as desired. O
Since - o(7541 — 7;) = 1, this yields
N
;){Al, AL A AN e = {A AN
which in combination with Equation (3.3) proves the statement. O]

Since all operators in question supercommute with the Clifford action, we may apply
Lemma 3.2.3 to Equation (3.2) which yields

.= —Stre, (c(05) 21" (01, ..., 0n)) = —Chae (6o, - - ., On)

which proves the lemma. O
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3 The Chern character

Remark 3.2.4. Having established the relation between Chyg, and Stre, (@), we may
provide a heuristic strategy for proving closedness of Chyy,. Since formally, we have

StI‘cq (QTT) = StI‘cq (e_FMT)7
it follows from the Bianchi identity that
8 Stre, (®1'7) = & Stre, (e ) = Stre, (e )
= — Stre, ([waey, e ]).

When restricted to the subspace B*(Qr) C B(Qr) which is the image of N, it follows
that [wye,, e ™7] is a sum of supercommutators on which Stre, vanishes according to
Lemma 3.1.2. Therefore, if one could show that

a(d+b— B) = (dr + V)«

closedness of Chyy, would follow immediately. However, the above equation is not quite
true (see the calculations below) since there will be another term on the right-hand side.
Nevertheless, it can be shown that Stre, vanishes on this term so that the proof goes
through.

Proof of Theorem 5.2.1. As noted above, it suffices to prove this for Chy.. By definition
of the graded dual of a map and due to Lemma 3.1.5, we have

(ds +b— B)"Chyg, = (~1)*Clyg, o (dy + b — B)

where dp = dr is the first differential on C({21) induced by dr. In order to employ
Lemma 3.2.2, we have to calculate the interaction of o with the various differentials.
Calculating ady: to begin with, note that

dr(00) = dr(cb') = —odf’ — 6

as well as
odrl = o(df' — 0" — odf") = odb’ — 50"
whence
adTH == —d']l'(O'Q) — 0.
We get
N
Oé(dT(eo, ce 76]\/)) = a(dqreo, ‘91, Ce 79N) - Z(—l)m’“la(ﬁo, ce ,djrek, ce ;HN)
k=1
N
N(O’d’}[‘@o,‘gl,..., Z mk 1].\I 06’0,...,d1‘§k,...,9]\[)
k=1

Mz

—H(d'ﬂ'(d'go),gl,... mk 1I\I U@Q,...,d'ﬂ'ek,...,gj\f)

k:l
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3.2 Closedness of Chyy

Since modulo 2, we have

nk<0'90,...,9]\[) = ‘0’90| -+ ’91‘ + ...+ ‘ekfl‘ —k
=100| + 61| + ...+ |0k—1| — (K —1)

= mkfl(GO; s 791\7)
for 1 <k < N, and since ng(cf, . ..,0x) = 0, it follows that
ods (0o, -, 0x)) = N(ds(o0y, . .-, 0x)) — h(6r -, Ox)

where on the right dr denotes the first differential on the complex B(Qr) and h is given
by
h: C(QT) %B(&), (90,...,9]\[) HN(@O,...,HN).

Since N is a chain map for the complex B(Qr), this implies ady = drov — h.
Calulating ab: We start with

a(b(Bo,....0n)) = (1) UONI=DmN-10(0500,01,. .., 0n 1)

N-1
a0, ..., 0105s1,. .., 0N)
k:O
= (—1)ON =DMy N (00500, 01, . .., On—1) — (—1)I%IN(00061, 05, . ..,0N)

N-1

- (— )Y (o, ..., 0kOks1,y ..., 0N)

( )(‘gNl D(my - 1+1)N(9N0'90,91, .. -79N—1) — (—1)‘90‘H(0’9091,92, .. .,9]\/)
N-1

- ( )mkm(0'907...,9k9k+1,...,91\{)
k=1

:H<,(090;913--~79N))

where b is the quotient map of the operator b on the complex B(Qr) given by
b0y, ....08) =b(01,...,05) — (—D)ENIEDON4D (G0, 0, On_1).

We will verify that Nb = b/'N:

N
YN(by,...,0n8) = Z(-1)”k<”w—%>b’(ek+1, 0N, 0, 0k)
=1

N N-1
=- Z (=L))o 00 O, Oy O)
k=11=k+1
N-1
- (—1)melny=ni)dny=ne (g 4o On_1, 0801, 0o, . .., Ok)
k=1
N k-1
- Z (—1)relny=metny—mtn g o O 01, 004, -, Or)
k=1 1=1
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3 The Chern character

N-2 N-1
=- (—1)melnn =natDdn g,y 0041, 0N, O1s - Or)
k=1 l=k+1
N-1
- Z(*Unk(n}wnanN*n’“(9k+1,~--,91\/—1,91\/91,92,---,%)
k=1
N k—1
=D (=)Dt (GO, Oy 000 O)
k=2 =1
N-11-1
== (—ym DI G 00, O, 0, Ok)
1=2 k=1
N-1
- (_1)nk(nN_nk)+nN_nk (9k+17 .. )GN—17 01\7917 92) sty ek)
k=1
N-1 N
o Z (71)(nk+1)(m\77”k)+m(0k+17' '701\77017 . a0l0l+1a aek)
I=1 k=i+1
= Nbl(ela 79N)
N-1
- Z (_1)nk(nN_nk)+nN_nk (9k+17 . )GN—17 0N917 92) sty ek)
k=1
=NV (01,...,0n)
N-1
- Z (—1)rmaHON D 2 =) F OV DN D (9 Oy, 0801, 05, ..., Or)
k=1
=NV (0y,...,0n5) — (—D)ONI=DON1FDN (G761, 05, ..., On 1)
= Nb(by,...,0n).

In the second to last step we used that
(nk + |9N|)(TLN,1 — nk) -+ <|0N‘ — 1)(71]\[,1 -+ 1) = nk(nN — nk) +ny — ng mod 2.
Therefore, ab = b'a where V' is the second differential on the quotient B(%).

Calculating aB: recall that

N
B(fy,...,0n) = > (=1)mtDnx=me)(q g, 0 0n, 00, -, Op)

k=0
Thus,

(—1) et =mi) (1. 001, . .., 0n, 60, ..., 0k)

[
™=

06(5(907 o 79]\7))

>
Il
o

(—1)met =N (6 01, .., O, B, - . ., Ok)

I
M=

i
o)

I
M=

N(e())"'aekvo-76k+l7'"70N)

0

0 S(f,....0n)

I
z T

where S is the map on B(§21) which is defined in the same way as S from Equation (1.9).
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3.2 Closedness of Chyy

Lemma 3.2.5. It holds that No S = S" o N on B(Qr) where
ﬁ'(@l, R ,(9]\/) = (0',91,. .. 79N) +§(91, R 70N)
on B(Qr).

Proof. We start with calculating N o S(61,...,0y):

No §(917 ) HN)
N k—1
=Y < (—1)rERONFLR =) @Gy Oy 0, Oty -, O, Oy, 6))

k=1 \[=1

+ (= 1) RN = ER) (6 0, 1, 0N, Oy, Or)

+ ( 1)n(k+1 k) (n(N+1,k)—n(k+1,k)) (9k+17 o 70N; 91, o 79k7 O')
N+1

+ Z (_1)n(ljk)(n(N+17k)_n(l7k)) (ela s 791\77 01) s 79k7 a, ek’-i-lv s 79l—1)
l=k+2

where we set n(l, k) :=n(01,...,0k,0,0k1,...,0n). For 1 <1<k we have
n(l, k) =mn(0y,...,0n)
and, since |o| = —1, for k +1 <1 < N + 1 we have
n(l, k) =mn;_1(61,...,0n) mod 2.
Hence, after an index shift in the last sum, we get

NoS(Gl,...,HN)

N k—1
Z(Z D= (g O 0, O, 0N, 01, -, 0))

k=1 \l=1
( ]-) (- nk)(o-aek-i-la'"79N701""’9k)
( 1)nk(nN ) (Qk-‘rlw"79N7017""0k’0)

N
+ (_1)nl(nN_nl)(0l+17 s 70N7 01, s 70197 g, ek-i-la S 79l))

I=k+1
=SoN(b,....0n) + ivj(—mk(mv*"k)(a, Ori1,. .. 0N, 01,...,600)
=S oN(by,...,0n) -
as desired. ]

Hence, aB = S’h. All in all,

ba=ab, ady=dra—h, aB=5h
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3 The Chern character

which yields
a(dr +b—B) = (dy + b)a — (' + 1)h. (3.6)

Hence, due to Lemma 3.2.2, we have

(dy +b — B)YChy = (=1)""" Stre, (81" a(dy + b — B))
= (=1)"" Stre, (21 (dy + b)a) — (—1)"" Strc, (17(S' + 1)h).

If ¢ € B(Qr), it follows from Equation (2.7) that ® ((dy + b)a(c)) is a sum of graded
commutators of operators on H on which, by virtue of Lemma 3.1.2, the Clifford
supertrace Stre, vanishes. Moreover, using that F(0) = 1 and F(o,0) =0 = F(0,0) for
all 6 € Qr, the same arguments as used in Lemma 3.2.2 together with Equation (3.5)
show that

Stre, (2178") = — Stre, (21) (3.7)
when restricted to the subspace B*(Qr) defined in Remark 3.2.4 so that
Stre, (81(S' + 1)h) = 0.

This proves the theorem. O

3.3 Chyy, is Chen normalized

The following theorem shows that Chy, defines a cohomology class in the Z,-graded
complex of extended Chen normalized analytic cochains.

Theorem 3.3.1. The Chern character Chyg, of a ¥-summable Cy-Fredholm module M is
Chen normalized.

Remark 3.3.2. Note that it is crucial that M satisfies Equation (2.1).

Proof. We have to show that Chy, vanishes on the subcomplex DT(£2). The proof will
be similar to [GL22, Theorem 5.6], however, we will provide the necessary calculations in
detail.

First of all, recalling the definitions from Section 1.5, we notice that c(c6y) = 0 so that
Chyy, vanishes on the image of R. Moreover, since a(S + 1) = (5" + 1)« it follows from
Lemma 3.2.2 and Equation (3.7) that Chy. vanishes on the image of S + 1. Note that
due to Equation (2.1), for f € QY we have

FMT(f):O and FMT(f’e):FMT(97f>:O

for all # € Qr, hence ChMT(Si(f )) = 0. Finally, we have to show that Chy, vanishes on
the image of Ti(f ) for all f € Q% and i € Ng. We need the following identities:
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3.3 Chyy, is Chen normalized

Claim.
Fin(df) = [Q%,e(f)], Fieh(£01,05) = () Fi (61, 62),
Fyi(df,0) + c(f) Fxip (0) = Fyea (16), F2L(61,00f) = F2L(61,65)c(f),
Fin(0,df) — Fan(0)c(f) = —Faa(0F),  Fin(01f,02) = Fiea (64, f62).

Proof of Claim. Since Equation (2.1) holds, the identities on the right-hand side are
obvious. For the ones on the right-hand side, we calculate

Fl(df) = 1@, c(df)] — c(d*f)
=@, [Q,c(N]
= [Q, Qc(f) — c(/)Q)
= Q%(f) — Qc(f)Q + Qc(f)Q — e(/)Q?

c(f8)] — c(d(f0

~—

(=1)(c(df) — c(df)e(0))

Q,
Q% c(f)]
Q>
Q ,¢(0)] — c(df) — c(fdo)

=
Fin(f0) — Fip(df, 0) = [Q, c(f ) —
= [Q.c(N]e() + c(NH]Q
+ c(dfo) — c(df)c(0)
= c(df)c() + c()[Q, c(8)] — c(df) — c(f)c(db)
+ c(dff) — c(df )c(0)
= c(f)Fip (0)
[Q,c(0f)] = c(d(0.)) + (1) (c(0df) — c(0)c(df))
Q. c(0)]c(f) + (=1)"c(0)[Q, c(f)] — c(df)c(f) — (—1)c(6df)
+ (=1)c(8df) — (—1)lc(0)c(df)
= [Q, c(8)]c(f) — c(db)c(f)
= P (0)c(f). O

Since Fip.(df) = [@2,c(f)] for f € Q° and c(f) is bounded, we may use Lemma 2.2.8
with € = 0 and the above identities to calculate (for 1 <1i < N)

q)gV[T(ela"'79i>df30i+17"'70N)_Z{ >1(df }+Z{ ;[]11- 0 df }

~—

Fiiy (0F) + Fyg, (0, df)

+Z{.. Fy(df.0:41), ..}
fz{...,cmFMT(oH }+Z{ Oi1,0i12), ..}
=Y A Fn(Be(f), -} - Z{ MTe —n0)e(f),. .}
+3 {0 :ﬁi(df Oip1),- 3+ > A Fy(0,df), ..}
=3 e(HF5 (0i1) + Pret (df 0541, -}
+3 (- ;[ 0; df Fit(0:)e(f), -}
+3 - Oit1,0i42),- -}
->{ 219> (£}
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3 The Chern character

=3 F (fi)s =) ;ief }
+Z{ Frit(f6i41,0i42), -} = > {. (0i-1,0:f), ...}
=> L Fn(fbir), }+Z{ JFik( f9z+1,9z+2) )
+Z{ VF (03, f0i41), .}
S P O) =D F (0i1,00), )
-}

72{ ;[11? ofa 1+1)
= q)%f(el,...,ei,fem,...,eN) —®M(y,...,0,f,0i41,...,0N)

where the sums run all over all ways to insert the missing 6; into Fﬁ; and then into the

bracket after careful observation of the signs.? Hence,

Chaye, (6o, - -+, 05, df, 0i41,...,0n) = Chaviz (6o, - .-, 0i, fOit1,...,0n) — Chne (B0, .., 0:f, 0ig1, ..., ON).

For i« = N, we calculate
O (01,...,0n,df) = > (..., ;; )Y+ A Freol 9N,df)}
=> { () =D A Fra(On-1,08)c(N)} =D { - Freo(0n)c(f)}
+ > A Fru(On,df)}
=Y L de() =D A PO, 08 )} =D {- Frn (O )}
= ®M(0y,...,08)c(f) —¢¥(91,...,9N_1,9Nf).

Employing the cyclic permutation property of the Clifford supertrace and the fact that

c(f) is even, we get

Chag. (0o, . . ., Ox, df) = Chag,(f00,01,...,0x) — Chag. (6, . . ., On—1,Onf).

Finally, for i = 1, we have
Y (df,01,...,0n) = > {Fre(df), }JFZ{F;1 df,01),...}
=D {e(NF5g(0n),-- -} =D _elf
+ Y {Frl(df,01),.. .}
=Y {F5 (o), }+Z{F (f01,02)} = > e(H){.. -}
= ®M(f61,0,,...,0N5) —c(f)PTT(0y,...,0n).

Thus,

ChMT((QO;dfa 917 B aeN) = ChMT<907f927927 s >9N) - ChMT(QOLﬁ 917 ce 79N>-

Hence, Chy, vanishes on the image of Ti(f ) as claimed. Thus, with a view on Theo-
rem 3.2.1, it follows that Chy, vanishes on DT (). O
2Note that applying Lemma 2.2.8 reduces the arity of the bracket by one which is compensated by the

extra sign of the first summand on the right-hand side.
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3.4 Homotopy invariance of Chyy,

3.4 Homotopy invariance of Chy,

In this section we will see that Chyy, is stable under appropriate homotopies of ¥-summable
C4-Fredholm modules.

Definition 3.4.1. A homotopy of 9-summable (weak) C,-Fredholm modules over (2 is a
family M* = (H,c*,Qs), s € [0, 1], of ¥-summable (weak) C,-Fredholm modules over {2
(with fixed C, action) satisfying the following conditions:

(H1) The seminorms appearing in (A1) from Definition 2.0.3 can be chosen independently
of s and for all T" > 0, we have

sup Tr(e T9%) < oo.
s€[0,1]

(H2) For all s € [0, 1], the operators s have the same domain of definition, and for each
element h € dom(Q);), the map s — Qsh is a continuously differentiable curve in H;
in particular, the derivative Q) is a densely defined operator on 4. Moreover, we
require that QSA;UQ and A;l/ZQS are bounded, where A, = Q2 + 1, with uniform
norm bound

sup |10,
]

+ sup HQSAS’UQH < Q.
s€[0,1 s€[0,1]

(H3) For all § € Q, the map s +— ¢*(#) is continuously differentiable with respect to the
strong operator topology. Moreover, for each 6 € Q and s € [0, 1], the operators
C3(0) = AF/2¢5(9)AFY? are densely defined and bounded and the assignment
0 — C3(0) is continuous from Q to Le, (H) in such a way that the seminorms can
be chosen independently of s.

Theorem 3.4.2. If M* = (H,c*,Qs), s € [0,1], is a homotopy of J-summable C,-
Fredholm modules, then the Chern characters ChM% and Chm% are homologous in the
complex Nt ,(€2).

The proof will be similar to the one given in [GL22, Theorem 6.2] but we will work
out all the details which were left out. First of all, given a homotopy M?* of ¥-summable
weak C,-Fredholm modules, we define a family of £ (H)-valued bar cochains:

1
AL / B i X du
0

In the following, we will abbreviate W3 == U)" &5, .= &I etc.

Lemma 3.4.3. There ezists a continuous seminorm v on S such that for each s € [0, 1]
and T > 0 and all 0,...,0n € Q the operator WAV (0y,...,0y) is well-defined and
trace-class with estimate

) . TN+1)/2
||\IJT(617 e ,9]\])”1 S eT/2 TI'(@ TQS/Q)wV(91) L V(QN) (38)

Moreover, the same is true for V5Q, and QY5 instead of W5 if we replace TWNTV/2 with
TN and | N/2]! with | (N —1)/2]! on the right-hand side.

95



3 The Chern character

Proof. Similarly to Theorem 2.2.5, it suffices to prove this for U3.. We need the following

Claim. For suitable operators Ay, ..., An, B on H, it holds that

{Alw"aAkflaB?Aka"'7AN}TQ§

(3.9)
= A Uk_l(]_ — U)N_(k_l){Al, .. 7Ak—1}uTQ§B{Ak7 e aAN}(l—u)TQg du.

Proof of Claim. For an integrable function G: Ay,; — F in a Banach space E, we may
write

/ G(T1, .-, TN+1) dT
ANt1
1 TN+1
:/ dTN+1/ / dT1 T1,.. TN+1)
TN+1 Tk+2 T2
/ di/ dTN+1/ dTN.../ di+1/ difl.../O dTlG(Tl,...,TN+1)

k

1—t SN+1—k
/ dt/ dsyi1— k/ dsy_p - / dsy

/di—l / dr G(11, ..., Th—1, bt + 81, t + SNy1-k)-
0 0
Setting

G(T1,. .., TN11) = e*ﬁTQEAl oo e*(Tk*Tk—l)TQZBe*(THl*Tk)TQQ oo .ANef(l*‘FNJrl)TQQ7

we see that

G(Ti, .o Tt bt + 51,0 b+ Snpi—g)

_ (6—7'1TQQ1416—(7'2—7'1)TQ2 i i Ak_le—(t—Tk_l)TQ2> . B.

_(6781TQ2Ake*(82781)TQ2 ANG (I—t—sny1- k)TQQ)

Now, with the substitution 5; = s;/(1 — t), the outer integral becomes

1-t SN+1—Fk S2 , )
/ d5N+1—k/ d5N—k-~-/ ds; e 51 TQ Ak@*(52*51)TQ .
0 0 0
1-t SNt1—k
:/ dSNJrl,k/ dSN,;c...
0 0
52 s1 2 s 51 2
. / d81 eilft(lit)TQ Akef(ﬁfﬁ)(lft)TQ .
0

N+1—k ! NIk
= (1 715) +1- / d§N+1—k/ dSy_k ...
0 0

. AN67(17t75N+1_k)TQ2

- Aye - TEEH-0TQ?

.. /52 dg; e~ (1-0TQ% g, o=(2=)(1-DTQ*
0
= (1 - )N TR A,

. 14]\,6—(1—51\1“—1@)(1—t)TQ2
SANTa—pTQ?-

Moreover, with the substitution 7; = 7;/t the inner integral becomes

T2
/drk_l.../ dr e TQ A e~ (2-m)TQ* | | 4, e~ (t-m-1)TQ?
0 0
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3.4 Homotopy invariance of Chyy,

/ dr_1 . / drie” FrQ? 14167(T2 FITQ? .-Ak_lef( - SETR*

= th- 1/ d7g— 1/ dfg—2. / dfy e T g e~ (mmITQT L4y em (- Teo)tTQ

=t" YAy, A birge-
Finally, plugging those two results into the integral over Ay, finishes the proof. m

Due to the analytic requirements (H2) and (H3) from Definition 3.4.1, the operators
¢*(0) and Q) satisfy the assumptions from Lemma 2.2.1 so that cl)qu)%vltiu)T, and conse-
quently the integrand in the definition of V7., is a well-defined Céq (H)-valued bar cochain.

Applying Equation (3.9) together with Equations (1.5) and (2.5), it follows that W, is
well-defined and W5.(0y, . ..,0x) is equal to

N M+1
Z ((_T)M+1 Z Z {F821(011)7"'7FSZI(QI_7—1)7QS7F521(01_7’)’""FSZ:L(GIJM)}TQE

M=1 j=1 I€Py,N

M
MZ Z {FZ10n), - FH0r, 1), €% (0k), FZ 1 (01,,), - szl(elM)}T%)-

Using the uniform norm bound on Q,A;'/2, we may apply Lemma 2.2.1 and repeat the
steps from the proof of Theorem 2.2.5 to estimate the two brackets in the above display.
The inner sums over give extra factors N and N? respectively, which may be absorbed
into the seminorm since N2 + N < 4V whereas the factor T&W+Y/2 ig a result of the
additional 7" appearing in the definition of V7. Since v may be chosen independently
of s due to the analytic requirements (H1) and (H3) from Definition 3.4.1, we arrive at
Equation (3.8). O

Lemma 3.4.4.

d s s s
£<I>T = 0U% + [ws, U3

Proof. We will need the following formula:
Claim. For operators Ay, ..., Ax on H such that both sides are well-defined, we have

d ol :
£{A1, e 7AN}TQ§ = —T Z{Al’ e ,Ak, [Q57 Qs]a Ak+1, e 7AN}TQ§
k=0
which for N =0 has to be read as
d e =g [ e T9Q, Qe 0 ar
ds*
Proof of Claim. Using the Leibniz rule, it follows that
A Ay
ds 1y AN STQ?2
N d
_ Z/ e—-r1TQ§A1 A e —(Thy1—76)T Q2 Ak+1 .ANe_(l_TN)TQg dr
/AN ds

(3.10)
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3 The Chern character

where we set 79 := 0 and 7y.1 := 1. Observe that

dr ds 5ds ds dr

_ _Te—rTQgQ d 2= rTQ? +e —-r7Q2 © d <TQ2 —(1— rTQ2)
*ds ds

— TefrTQz . _ Qief(lfT)TQg + i (Q2€7(177‘)TQ§)
ds \°°

4 (ermzde(lr)mi) — e anre | ez 4 4o

*ds
:Te—TTQg 1Q2 6—(1—T)TQ§
ds °°
= Te T Q,, Q,]e T

We may integrate both sides from » =0 to r = 1 to get

L d 2 d ) 1 . ,
/0 el <erTQS€(1r)TQS> dr = T/O efrTQs [QS’QS]{(PT)TQS dr

dr ds
d d 1 .
— e_Tdi—idH — ide—e_TQg = T/ e TT@s Qs, Qs]e_(l_’”)TQg dr
s
— dd —TQ2 _ —T/ —T‘TQ Qs;Qs] 1- TTQ d’l"
s

Replacing T' with (7441 — 1) and substituting v = (7441 — 7 )7 + 7%, we end up with

d Tk .
%e*(THl*Tk)TQ? — —T/ i e*(U*Tk)TQg [Qs7 Qs}ef(TkH*U)TQ? du
Tk

which we may plug into Equation (3.10) to prove the claim. ]

Now, using the above claim and the chain rule, we formally have

d N
SRR e = TS {FE - 2L [Qu QL FE - FE Ve
T =0 T T
N (3.11)
+ Z{F5217 s 7F5217 F521’ F5217 s 7F521}TQ§‘
—_——— | S ———
k—1 N—k
Since
0, Qs 1/2 Qsﬁiﬂ . 1/2Qs -1/2
_,_/

———
densely defined and bounded due to (A1) densely defined and bounded due to (H2)

and similarly Q,Q,A;"/? is densely defined and bounded, it follows that [Q,, (] satisfies
the assumptions from Lemma 2.2.1 so that the first bracket is well-defined. Furthermore,
using similar arguments, we see that

FZ(0) = Qs ¢*(0)] + [Qs, €(0)] — &°(d0)
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3.4 Homotopy invariance of Chyy,

and
FZN01,05) = (—1)1(&°(0165) — €(61)c®(62) — *(61)¢°(62))

satisfy those requirements as well which implies well-definedness of the second bracket.
Thus, Equation (3.11) is a well-defined identity of operators in £éq (H) and we may
calculate

> N d

- S L e

N= S \—]\7_/

d —TQ2 d >1 >1
E —dF= ... F~

d + dS{ s yLs }TQE

= _T{[Qsa Qs]}TQg
oo N
+ Z ((_T)N-‘rl Z{F821 F>1 [Qsa Q ] F>l 7F521}TQ§
N=1 k=0 \—k/_/ \—/—’

N—k
N .
IRV A O o O N )
- —
k—1 N—k
o) N
— Z (_T)N+1 Z{FSZI F>1 [Qs7 Q ] F>1 ,FSZI}TQE
= = %/_’ %/_/
N=0 k=0 4 Nk
o) N .
+ Y (DN {FS, L FS S ES L F g
= - —
N=0 - N—k
o) N . .
= Z( T)N+1 Z{F3217 R F3217 [QS’ QS] + F3217 F3217 R FSZI}TQE
N=0 g —
N-—k

1 .
— T / B2 07, g du
0

where for the last equality we used Equation (3.9) and the identity Fi, = [Qs, Q] + FZ'.
On the other hand, by definition, we have

. d
Fy = —(bws + w?) = 0, + [ws, W)
ds
and we recall that Theorem 2.2.6 implies
005 + [ws, D7) = 0 <= 6P + w; P} = Pws.

We may use the above identities to calculate

CI)ZTF‘;’(I)‘(gl—u)T = Oy (dws + [ws, QS])(I)?l—u)T
= 05 (0ws) Py _yyr + Prgwsws Pl _yyr + Por@sws P 7
= Oy (dws) ?l—u)T + (5®2T)w8q)f1—u)T + wsq)ZTwS®€1—u)T
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3 The Chern character

+ Prpws Py _yyrws — (I)ZT%(;@?I—U)T

All in all, we obtain

1 ) 1 1

T / By F 02y du = 6 (—T / R T du) + [ws, T / 1,07,y
0 0 0

which proves the lemma. O

We are now in a position to prove Theorem 3.4.2. To this end, let M* = (H, c*, Q;),
s € [0,1], be a homotopy of ¥-summable C,-Fredholm modules over €2 and denote by
M5 = (H,c5, Qs), s € 0, 1], the associated homotopy of ¥-summable weak C,-Fredholm
modules over Q2. We define the corresponding Chern-Simons form via

CS((M2)scion) = (~1)7 [ o Stre, (21%) ds

S

where a was defined in Equation (3.1) and Q?[T is the quotient map of \IJJIV[“ST on B(Qr).
Equation (3.8) and (H1) from Definition 3.4.1 show that this is a well-defined analytic

cochain. Moreover, since \I/iwT is odd, « is even and Stre, is even for ¢ even and odd
for ¢ odd, it follows that the Chern-Simons form is odd for ¢ even and even for ¢
odd. Calculations similar to Theorem 3.3.1 show that it vanishes on the images of the
operators in Equation (1.11) since the M?® satisfy Equation (2.1). Now, Theorem 3.4.2 is
a consequence of

Theorem 3.4.5. The following transgression formula holds:
Chyg — Chyo = (dp +b — B) CS((M)scpo)-

Remark 3.4.6. Since the M* satisfy Equation (2.1), it follows that Chyys is Chen normalized
for all s € [0, 1] due to Theorem 3.3.1. Hence, the above formula shows a posteriori that
CS((M%)SG[OJ]) vanishes on all of DT(2) and is therefore Chen normalized as well.

Proof. According to Lemma 3.2.2, we have
ChM% = —aF Strcq(@iw%)
so that Lemma 3.4.4 yields
d d M M s Ms
£ChM% = — Strg, (dsq)l Ta) = — (Strcq (5&1 Ta) + Stre, ([w U TI]04))
= — Stre, (U1 (dp + b)),

where for the last equality we used that the image of « is contained in B*(Qr) so that

[w,g’ﬁ]a is a sum of supercommutators on which Stre, vanishes. Therefore, with a
view on Equation (3.6), we get
d

* M3 M3
- Chagg = (~1)"(dr + b~ B)"a" Stre, (97) = Stre, (77(S" + 1)h).
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3.4 Homotopy invariance of Chyy,

Note that the second summand vanishes by an argument similar to the one given
for Equation (3.7). Hence, integrating both sides of the above equation proves the
theorem. O

Remark 3.4.7. The same calculations show that if (M*),c[0,1) is a homotopy of ¥-summable
weak C,-Fredholm modules, then ChM% and ChM%r will still be homologous in the larger
complex C,({r).
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4 Even Fredholm modules and the
index theorem

If (H,n, F) is an even ¥-summable Fredholm module over a Banach algebra A as defined
on page i of the introduction, one may associate to every idempotent p € Mat, (.A) the
Fredholm operator F, := 7(p)Fm(p) on the Hilbert space w(p)H". In [GS89, Theorem
D] Getzler and Szenes proved the following index theorem for the JLO-cocycle Ch,(F):

(Ch.(F), C* (p)) = ind(F}).

Here, ind(F},) denotes the Fredholm index of the unbounded operator £\ from 7 (p)(H")*
to m(p)(H"™)~ and Ch*(p) is a closed cyclic chain, the Chern character of p.

In this chapter, we will present the extension of this idea to even ¥-summable Fredholm
modules over locally convex dg algebras as in [GL22, Section 7] providing several details
which were left out.

4.1 Idempotents and the Bismut-Chern character

Let €2 be a locally convex dg algebra. Then Mat,, ({2) is again a locally convex dg algebra
with the differential d acting entrywise. Moreover, it is obvious that we have the following
isomorphism for the acyclic extensions:

Matn(Q)']r ~ Matn(QT) .

In this section, we will construct the Bismut-Chern character Ch(p) € C(Qr) associated
to the idempotent p € Mat,,(QV).

To begin with, let p € Mat,,(Q2°) be an idempotent, i. e. p? = p, and denote by p* the
element 1 — p. Furthermore, let

0p = pdp + pdp € Mat,(Q') and R, = dg, + o> € Mat,(Q?).
Since
0p = pdp + ptdp™ = pdp + dp* — pdp™ = pdp — dp + pdp = (2p — 1)dp, (4.1)
we have

R, = doy + 0, = 2(dp)* + (2p — 1)d’p + (2p — 1)dp(2p — 1)dp
= 2(dp)* + 4p(dp)p(dp) — 2p(dp)* — 2(dp)p(dp) + (dp)
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4 Even Fredholm modules and the index theorem

= (dp)?

where we used the identities

dp = d(p®) = (dp)p + p(dp) (4.2)
p(dp)p = p(dp) — p*(dp) = 0 (4.3)
p(dp)* = (pdp)dp = (dp)* — (dp)p(dp). (4.4)

We combine g, and R, into
R, = o, + o R, € Mat, (1)

which is an odd element by definition of the grading on the acyclic extension.

Remark 4.1.1. If one defines the “connection” D on Mat,,(€2) via
D := pd(pf) + pd(p*6),

then g, is the corresponding connection form determined by the equation D = d + o,
and R, resembles its curvature. Note that in such a situation we always have a Bianchi
identity of the form

dR, + [0y, Rp] = 0.

Before we proceed, we recall the following notion: let A be an algebra over C and
n, N € N. The generalized trace map is defined as

Tr: Mat,, (A)*Y — A®N

O i) > (@05 @) 0w

By construction, we have

Lemma 4.1.2. [f mult, y: Mat,(4)®Y — Mat, (A) denotes the obvious map induced by
matriz multiplication, then

Tr(mult, n(01,...,0x)) = multy y(Tr(64,....60N))
where on the left-hand side we consider the usual trace of an element in Mat,,(A).
Acting componentwise, this defines the map
Tr: C¢(Mat,(Qr)) — C(Qr),

B> 35 (00 0o ()2 )

20,..,iN=1

which commutes with all differentials on the entire reduced cyclic complex.
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4.1 Idempotents and the Bismut-Chern character

Definition 4.1.3 ([GL22, Definition 7.2]). The Bismut-Chern character of p is the even
entire chain Ch(p) € C¢ (Q27) given by

Ch(p) = i Tr(p, Ry, ..., Ry). (4.6)

Remark 4.1.4. The name comes from the fact that under the iterated integral map
from [CG21] the chain Ch(p) is mapped to the equivariantly closed differential form
constructed by Bismut in [Bis85].

Remark 4.1.5. 1. For v a continuous seminorm on 2t set

C, = max < ] axny(pz), - max 1/((9%){)) .

1,J=1,..., 3,J=1,...,n

With a view on Equation (1.7), we see that

Since {/|N/2]! = oo as N — o0, it follows that

. N(nCV)N . N 1
limsup {| —=— =limsup VN(nC,)——— =0
R I TE )NLAUZﬂ

so that the sum above converges which implies that Ch(p) is entire.

2. Since R, is odd in Mat,, (1), it is even in Mat,, (Qr)[1]. Since p is even as well, it
follows that
Tr(p, Ry, ..., Ry)
N

is even in C¢(Qr) for every N € Ny which implies that Ch(p) is even.

Lemma 4.1.6. The following identities hold:
d’]rp + [%p,p] =0 (47)
drR, + R =0 (4.8)
dT(Jp) + [mpa Op] = —p-

Proof. Starting with the first identity, we may use Equations (4.2) and (4.3) to deduce

[0y, p) = p(dp)p + p*(dp™ )p — p*dp — pp™ dp™ = p(dp)p — (1 — p)(dp)p — pdp
gt g
=~ ~

= 2p(dp)p — ((dp)p + pdp)
= —dp.

(4.9)
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4 Even Fredholm modules and the index theorem

Also,
4.2)

pR, = p(dp)® "2 (dp)> — (dp)p(dp) "2 (dp)®p = Ryp

so that in particular, we have
b Ry = 0. (4.10)

Using (dpt)? = (—dp)? = (dp)?, we have

dg, = d(pdp + p*dp™) = (dp)* + (dp™)* = 2(dp)® = 2R, (4.11)
0, = Ry —dop = —Ry. (4.12)

Since dR, = d(dp)? = (d*p)dp + dp(d*p) = 0, the Bianchi identity implies

0 = [0p, R)] = 0, Ry, — Ry0,. (4.13)
Furthermore,
(4.9),(4.10)
[Rp, ] = 0pp + o Rpp — pop — po By = [op, P + 0[Rp,p] =" —dp
=0op

which in turn implies
d’]I‘p + [mpap] = dp + [mpap] = 0.

For the second identity, we calculate
(4.11)
drR, = do, —0dR, — R, = 2R,— R,=R,
and

‘ﬁf, = (0, + oR,)* = gf) + 0,0 R,+0R,0,+ (0R,)?
~— \‘6—/
:_ng =

2_

=0, ooplt, + 0 R,0p

(4.13) o (4.12)
:QZ_U[QpaRp] = Q;QD = R,

so that ultimately,
drR, + 9%129 = 0.

Finally, dr(op) = —odp — p and

(4.9)
Ry, 0p] = (0p + 0 Ry)op + op(op, + o Ry) = 0,0p + 0pop = —00,p + 0po, = odp

so that the last identity holds. O]

Theorem 4.1.7 ([GL22, Theorem 7.4]). Ch(p) is closed in NT<(Q), i. e. modulo DT(Q)
we have

(dr + b — B)Ch(p) = 0.
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4.1 Idempotents and the Bismut-Chern character

Proof. Let 0 == (0, ...,0n) = (p,R,,...,R,) and observe that

k
mp(0) = 10| + ...+ 0| —k=p|+ D |R) —k=0+k—k=0

=1

for all 0 < k < N. Hence,

N
dr(0) = (dp, Ry, -, Ry) — S (0, Ry, ., Ry, drRy, Ry, ., R,)
— k=1 — —

k—1 N—1—Fk

(4.8) Nl
= ([, 0], Ry, ... R, + Z (p, Ry, ..., Ry, d1R,, Ry, ... Ry)

—— k=1 — ——

N-1 k—1 N—k—1
@ N—1
S, Ry R+ S (0, Ry Ry drR,, Ry, Ry)
N-1 k=1 k—1 N—k—1

which implies (dr + b)Ch(p) = 0. Lastly, note that BCh(p) is a sum of terms of the form

B(Tr(0)) = Tr(B(6)) = f: Tr(L, Ry, .. R0, Ry Ry). (4.14)
k=0

k N—-Ek

Since p € Mat,(Q°), each summand is contained in DT(2) and hence, the proof is
complete. O

For the remainder of this section, we will be concerned with the homotopy invariance
of the Bismut-Chern character. If (65)scj0,1), 0 < j < N, are continuously differentiable
families of elements in Qp, we define

N

04605, ...,05) = = S (=1)™1 (65, ... 051,005,601, ..., 65)
k=0

where my = [6o| 4. .. 4 |0x| — k and 6 denotes the derivative of 65 with regard to s. It is
obvious that Ch(p;) is a continuously differentiable function of s in C¢(Qr) and using the
formula above, it is clear that 0;Ch(ps) is an entire chain continuously depending on s if
(Ps)sepo.1) 1s a continuously differentiable family of idempotents in Mat,, (Q2°). Therefore,
we may define the Bismut-Chern-Simons form corresponding to this family via

CS ((p)sco) = || :Chip,)ds
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4 Even Fredholm modules and the index theorem

Lemma 4.1.8. In the Chen normalized entire complex NT¢(Q), the following transgres-

ston formula holds:

Ch(p1) — Ch(py) = (dr + b — B)CS ((ps)seio)) -

Proof. This is stated as Proposition 7.7 in [GL22]|, where, however, several details of
the proof are missing. We will show that (dr + b — B)CS ((p5)56[071]> is contained in

DT(Q) C C(Qp).

Lemma 4.1.9. 0, anti-commutes with the differentials d, b and B, and

d
Qas + asé - %
where v is the map on C¢(Qr) induced by 1, i. e.
N
(0o, 0n) = (0o, ..., 0,) =D (=1)™ (b, ..., 0k,...,0n),
k=1
and
d N :
—(05,...,0%) =D (05, ....07,...,60%)
ds
k=0

is the derivative with regard to s on C*(Sr).

Proof of Lemma 4.1.9. We start with the identity do; + 0sd = 0:

N

dos(65,...,0%) =d (- (=1)™=1(63,...,005,. .. ,efv))

k=0

N
=— Z(q)mk—l(dog, 008, 0%) + (d(06), ..., 0%)

=1

ke
el

I
—

(1) tmG=LR g des, .. oby,. .., 0%)

n
] =

E
I
—
.
I
—

(_l)mk—ler(k*l’k)(@g, ey d(UGZ), cs0%)

n
M=

>
Il
—

N—-1 N
+ 3T (et R gs oy dg L0
k=0 j=k+1
N . .
==Y (=1 (dby, ... 00, ..., 0%) — (0db}, ..., 0%)

e
Il

(—1)me=rtmioy (s, des, . o5, 0%

_|_

M= I "5
ﬁ.

(—1)ms—rtme-r(gs L odfy, ..., 0%)

>
Il
—

(4.15)

'Recall that dr = d — ¢ on Q1. Hence, for the induced differentials on C(Qr), we have dp = d — ¢.
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4.1 Idempotents and the Bismut-Chern character

N—-1 N
> (=0, 0y, d63, L 0%)
k=0 j=k+1
where
. Tn”fla j §;k7
m(j—1,k) =m;_1(65,...,005,...,0%) =3 "
G = 10) = mio (65 ) {mjl_L e

for 1 < j < N and we used d(cf3) = —odf3. On the other hand,

N
05d (05, ..., 0%) = Os ((dog,...,efv) =) (=), d6y .,9%))
k=1
N
= (odfy,...,08) = > _(-1)™=10de;, . ofs, .. 0%)
j=1
N k-1
+ZZ 1)t m ULk g o3, dby, ., 0)
k=1 j=
+ (—1) et =Lk (g adB L 0%)
N—-1 N
+ 3 (yme Ut g dey, o, 0%)
k=1 j=k+1
N
= (odf,....08) + Y _(=1)™(d,....005,...,0%)
j=1
N k-1
+) Dt me(gs 03, dE, . 0%)
k=1 j3=0
N
+ ) (—nmertmee(gs L odoy, L 0%)
k=1
N—-1 N
S (Fymertmags, L d6y, 005, 03)
k=1 j=k+1
where
m'(j = 1,k) = m; (65, .., d6}, ... 0y) = {m Sk
THj_1'+'17 k'+*1 S;]

for 1 < j < N. Now, it is easy to see that d and J, anti-commute.
Moving on, we prove that bds + 9,b = 0:

N
b0, (65, . ., ( D (=1 90,...,09;,...,9;)>

—1
Z et (ONI=DmIN=LE) (93 98 03 ... 005, ..., 0% ;)
k=1

(1)1 (oOR = Dm(N=LN) (545 g g5 9% ,)
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4 Even Fredholm modules and the index theorem

— (- OO (03,005, 67, ., 03 1)

+
-

k—2
(—1)me—1 (Z(_1)MW>(93,..., 205 1,000, O

j=0
—1)mE=LR)gs 07 005, ...,0%)

—1)mER (s 0305, 0%)

+ o+

N-1
+ (—1)mOR O, .ol 0305, 0%)
j=k+1
N_l 3 .
== (—1)meat(O8I=Dmy =1 (93 05 05, ... 005, ..., 0% 1)
k=1

- 71)(‘9?\]|71)mN71(0—9‘7\/083 019, teey GJSV—l)

(
— (UM™Y 1 (503,605,605, ... O 1)

+
WE
e
3
i

k—2
(Z(_Umj(og, 0205, 005, 0%)

k=0 j=0
+ (=)0l (gs o0 65, 0%)
— (=)™ (05, 005051y, O)

N-1

_ (=1)™ (65, ....005,....,05 §+1,...,97V))

j=k+1
where

m(i k) =m0, ... 005, ... 0%) = _
G 8) = my (O, 0B ) {mrl, s

for 0 < 7 < N — 1. On the other hand,

N-1
dsb(63,. .. ,0%) = O, ((—1)(|9?v—1)m1v1(9;‘veg, ) = Y (D)™ (65, 0505 ,9;))
k=0

1" s d
= —(= )T (0 (O30), - O)

N-1
=Y (—nymaatON DM (03,65, L 063, 0 y)
j=1

N-1 (k-1
+ D (=1 GELR s 03, 0005, 0%)
k=0 \j=0

Ly B g o o), 0

N-1
+ Z (_1)mk+m/(j—1,k) (05,5080 11,--- 709;’“, e 9;;,))
j=k+1

Nl=1)mn_1 d s ps s
= (_1)(‘91\]' 2 B (O-%(H}VHO)?"-aONfl)
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4.1 Idempotents and the Bismut-Chern character

2

(1) F O I=DmN =1 (93 65 003

+ ja"'aejs\f—l)

v

2

-1

k—1
+ (Z(_mﬁw1(93,...,09;,...,9;93+1,...,97V)
j=0

k=0
mr+mrg—1/098 d s$NSs s
+(=1) (907"~70'£(9k9k+1)a'~-a9N)
N-1 .
= ()G 0,005, OR)
Jj=k+1

where

ﬂlj_l, j f; k

m'(j—l,k) :——m»_l(Gs,...,QSQS ,...,93)_— '
’ 0 R N mj—l—l, k:—|—1<j
for0<j <N —1and

mj_y 4105, 1<j<N-1

m L =y (0305, 0% ) =
j—1 ]1( N—l) {1’ jzo

Now, one immediately verifies that b and J, anti-commute.
Next, we will see that Bos + 0,8 = 0:
BO,(63,....0%)

_B Z D™e-1(05,...,005, ... eN)>

N k—1
=-> ( — 1) HmERAD N R =m@R) (1 9% oy, 08, 05, 05)

N
+ Z(i1)mk—1+(m(j,k)+1)(m(N,k)*m(j,k))(]_,9;__"_17 e 03,05, ’09'2, . ,’915,))
j=k

Mz

k—1
(Z yramatmy by =m (1 g3 L off, L 0N, 05, 0)

7=0

>
Il

0
N .

+ > (el (195 0,0, 005, 05)
j=k

where
my, j < k—1

m; — 1, k f;j

m(j, k) =m;(05,...,005,. ..,67\,):{

for 0 < 7 < N. On the other hand,

N
0uB(03, ..., 0%) = s (Z(1)<Mk+1><mN’"k><1,ez+1, 03,0, ,972))
k=0
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4 Even Fredholm modules and the index theorem

051 03,65,

N k
— _Z Z(_1)(mk+1)(mN7mk)+m'(j,k)(1
k=0

,Uéj-, .., 0
7=0
+ Z (_1)(mk+1)(mN*mk)+m'(j,k)(1

s NS s s
Oty 000 03,05, 6]
j=k+1

N k
= S (et mo (1 gz 08,65, 005,07
k=0 \j=0

N

£ (D D (12 o

S S
L 0%,05,....0
j=k+1

where

' (j, k) = MN—(—j) (L, O qs - 0%, 05, .., 07), 0<;< k
mj,k,1(1,92+1,..., }SV, S,.. 98) k—FlS]SN
my —my +1+m;_q, 0<j<k

= mod 2.
mj—1 — Mg, k—i—lg]SN
Hence, B and 0, anti-commute.
Finally, we verify Equation (4.15):
N
10505, ...,0%) =t (- S (1) (65, 0y, .,efv)>
k=0
N
:(wég,.. Z mleHS,...,aéZ,...,H}})
k=1
N k-1
+ YD (1 tmGELR g, o), 0%)
k=1j=1
N
+ ) (e LR g by, 08)
k=1
N-1 N
+ (et GRS ol L 0)
k=0 j=k+1
N
:(wég,.. Z mle@S,...,aéZ,...,H}})
k=1
N k-1
D I G D K e (7 ST SO [/ SISO )
k=1j=1

(_1)mk71+mk—1(98, e, LO'éZ, ceey 9?\[)

1

+
47 114

N

E m,+m, s NS s s
k=1 J1(90,...,U@k,...,Loj,...,@N)

0 j= +1

=
I
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4.1 Idempotents and the Bismut-Chern character

where

. A mj—1, jgk
m(j— 1. k) =m; (05, ....005 ....05%) = J
(] ) ) J 1( 0 ) k> 9 N) {mjl—l, k+1§j
for 1 < j < N. On the other hand,
N
asL(eg,...,afv):as<Loo,... =) (=1 90,...,Lek,...,9N)>
k=1
N .
= (0065, ....08) = D ()™ E00E5 o3, 0%)
j=1
N k-1 .
+)° 1)t GELR g a3, 0 0)
k=1]=0

i
Mz

(=1)me—rtm k=LR) (gs 05 0%)

i

-1

N
1,k 4
+ I G D e (7 OO SO
j=k+1

N
= (0103, ..., 0%) + > (1)1 (u65,..., 003, ...,0%)
j=1

-1

- 0%)

~
Il
-

o

M=

+ (=)™t (05 03,0, 0%)

£
Il
Il

o

13

_|_
e

(_1)mk,1+mk71(087 . ,O‘Léz, . ,97\])

N—-1 N
(=005, 005, 0R)
k=1 j=k+1
where
. m;—q, ]S k
m' (G —1,k) =m;_1(05,...,005,...,05%) =< "
(J ) Jl(O k N) {m]_1+1, k+1<

for 0 < j < N. Since 100° + o10° = 95, the claim follows.

Using the above identities, it follows from the fundamental theorem of calculus and
the equation (dr + b)Ch(ps) = 0 shown in Theorem 4.1.7 that

(dr+ b= B)CS ((p)scpn) = — [ Ouldr + b~ BYCh(p)ds — [ 5 Chip)ds

= /0 0sBCh(p,)ds — (Ch(p;) — Ch(po)).
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4 Even Fredholm modules and the index theorem

The proof is finished if we manage to show that 9,BCh(p,) € DT(Q) for all s. Upon
closer inspection of Equation (4.14) and of the formula for 0s, it follows that 9, BCh(py)
is entire, so we are left with an algebraic argument. Modulo DT(Q2), we have

oo N
dsBCh(ps) = — > Y _Tr(1,R,,,.... Ry, 005, Ry, - - -, Ry,)
N————— N———

N=0k=0
. F N=k (4.16)
=-B Z Tr(ops, Ry, , - - - Ry,)
o T

where we used Equation (4.14) for the first equality. Indeed, if the derivative falls onto
one of the R,,_, the corresponding summand will be of the form S’ which lies in D(£).
Since B restricts to DT(2), it remains to be shown that the sum in the second line of
Equation (4.16) is contained in DT(€2). However, this follows immediately from the fact
that each of the summands

Tr(ops, Ry, s - -, Ryp,)
N
is contained in the image of the map R defined in Equation (1.10). [

4.2 The index theorem

Let M = (H, ¢, @) be an even ¥-summable Fredholm module over 2; in particular, the
identities from Equation (2.1) hold true. Let M™ = (H", ¢, Q) be the even 9J-summable
Fredholm module over Mat,,(€2) where @) acts diagonally on H" and

o1 ... O} c(0t) ... c(6})

cl: = : :

0} on c(@l) ... c(o)
where we canonically identify £(H"™) ~ Mat,,(L(H)). Moreover, we denote by Mq(rn) the
even ¥-summable weak Fredholm module over Mat,, (1) ~ Mat,,(©2). For an idempotent
p € Mat,,(Q) it follows from Equation (2.1) that c(p) is an even idempotent acting on H"
so that c(p)H™ is a closed subspace of H" to which the Zy-grading restricts. In particular,
c(p)H" is a Zo-graded Hilbert space again and

Qp = c(p)Qc(p)

is a densely defined and closed odd operator on c(p)H™. The goal of this section will be
the following

Theorem 4.2.1 ([GL22, Theorem 8.1]). The operator Q, is Fredholm and satisfies
<ChM'ﬂ‘7 Ch(p>> = inde (Qp)

where Ch(p) is the Bismut-Chern character associated to p and indz,(Q,) denotes the
Zy-graded index of Q,, 4. e. the index of the operator QF from (H")* to (H")~ with
dom(Q}) = dom(Q,) N (H")*.
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4.2 The index theorem

We will follow the proof given in [GL22] providing several details which were left out.
First, we need the following intermediate result:

Lemma 4.2.2 ([GL22, Proposition 8.2]). Let p € Mat, (%) be an idempotent and
consider the unbounded operator

Q1 = c(p)Qc(p) + c(p*)Qc(p™)

on H™. Then Qq is closed on the same domain as () and its square generates a strongly
continuous semigroup of operators which for all T > 0 is given by

) (n)
e Tl = Z@M Ry, Ry). (4.17)

N

Proof. Using Equation (2.1), we see that
Q1 = c(p)Qc(p) +c(ph)Qec(p™)
= c(p)([Q cp)] + (1-p)([Q.c(1 = p)] +c(1 - p)Q)
= c(p)([Q,c(p)] + c()Q) + (1 — () ([Q, 1 = c(p)] + (1 - ¢(p))Q)

= Q+c(2p—1)[Q,¢(p)] = Q+¢((2p — 1)dp),
=c(dp)

which means that ) is a bounded perturbation of () and in particular a closed operator
on the same domain as ). Combining Equation (2.4) with Equation (4.1) yields

Fyn (Ry) = Q. c((2p — 1)dp)| — C(d((2p - 1)dp)> +¢((dp)?)
= |Q.¢((2p — V)dp)] — ¢((dp)?)
and
Py (B 3) = (= 1)™(e((2p — 1)dp)?) — e( (20— 1)dp)’)
= —c(((2p— )dp)?) +¢((2p — L)dp)”
= c((dp)?) +c((2p — 1)dp)”
where we used Equations (4.3) and (4.4) to calculate
—((2p— 1)dp)” = —(2p — 1)(dp) (2p — 1)(dp)

= —4p(dp)p(dp) + 2p(dp)® + 2(dp)p(dp) — (dp)?
= (dp)Q.

Thus,

Q% =Q*+ [Q? C((QP - 1)dp)} + C(<2p - 1)dp)2 = Q%+ FM%M (Rp) + FM%")(mpa Ry)
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4 Even Fredholm modules and the index theorem

which can be written as Q? = Q* + X where X = FM%") (R,) + FM%n)(iRp, R,). Due to

Lemma 2.2.2 the operator X satisfies the assumptions from Lemma 2.2.1 so that we may

define

e T = ¢ T@QHXN) = S (CT)M{X, ... X}re (4.18)
M=0 JY;

for all "> 0. It follows from the proof of [Kat95, Chapter Nine, §2.1 Theorem 2.1] that
this defines a strongly continuous semigroup with infinitesimal generator —@Q%. Finally,
using multi-linearity of the bracket, we have

(~T)M{X, ..., X}rqr
M

(— T)M{qu(rn) (9%1,) + FMq(rn) (SRP, ERP), e 7FM1(rn) (%p) + FM%n) (9%,,, %p)}TQQ

M=0

ol iw

M
Y (=DM Y AR N (01,), FM%")<9JM)}TQ2

01=0 JeP)

i

where 77](\2) is the set of partitions J € Para—i4 such that there exist i1,...,75 €
{1,..., M} for which 6, =R, forr € {iy,..., 4} and 0, = (R,,R,) forr € {1,..., M}\
{i1,...,4;}. Substituting K = 2(M — 1) + [ yields

M
(=DM 3 AR (0n), - Fyon (05, g2
=0

Jepl)
2M
=D Y X AR On), - By (0,)}rge
K=M JePM, Kk

so that we have

(~T)M{X, ..., X}rgn
M

D" 3 > AR On) o By (05,) } g2

M=0 K=M JePum Kk
[e's) v M
Z Z Z {FMj(rn) (0]1), e 7FM1(IH) (GJIW)}TQQ

0 K=0 JG'P}\LKJFAJ

M=
oo N

SDIPSE L o RO
N=

which proves Equation (4.17). O
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Proof of Theorem /.2.1. To begin with, we assume that c(p) is self-adjoint. Since ¢ and
the differential d act entrywise on Mat,,(Qr) and @ acts diagonally on H", the following
identity is proven similarly to Lemma 4.1.2:

Lemma 4.2.3. Let M = (H,c,Q) be a V-summable weak C,-Fredholm module over
a locally convex dg algebra Q0 and let M™ be the corresponding V-summable weak C,-

Fredholm module over Mat,, () which is defined as in the beginning of this section letting
C, act diagonally on H™. Then, for all Oy, ... ,0n € Mat,(2), we have

Stre, 3 (@) (Tr(bo, ..., O))) = Stre, g (c(00) @} (01, 0x))
Combining the above lemma with Equations (2.5), (4.6) and (4.17), it follows that

et (n)
(Chyty, Ch(p)) = 3 Stran (c() BT (Rp, .. -, Ry))
N0 —x

= Stryn (c(p)e91).
Since ¢(p) is an orthogonal projection, we have an orthogonal decomposition
H' =c(p)H" @ (1 —c(p))H" = c(p)H" @ c(p)H".

If we set Q. = c(pt)Qc(p*) on H", then Q,Q,+ = Q,:Q, = 0 so that QF = Qz + Q;L

and we may write

A= (4 g ) e clctm o cietryur) = coe

,Q2
e_Q% = € ! 02
0 e 9t

since functional calculus respects orthogonal decompositions. Hence,

and in particular,

Sty (c(p)e” ) = Stregypn (e~ ).

Since c(p) is self-adjoint, it follows that @, is self-adjoint on c(p)H" and since e~ is
trace-class, it is well-known (see [Ara89, B.6]) that (), is Fredholm and one has the
McKean-Singer formula

Strc(p)Hn(e_QI%) = indg, (@Qp)-

For the case in which ¢(p) is not self-adjoint, we will use a homotopy argument; without
loss of generality, we may assume n = 1. Define

By ={A€ L(H): AV2AAY? and A7Y2A*AY? densely defined and bounded}
where A = Q? + 1. Note that for A4, B € By, we have
A—l/QABAl/Q — A—I/ZAAI/QA—l/QBAl/Q
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4 Even Fredholm modules and the index theorem

the latter operator being densely defined and bounded. Hence, By is a *-subalgebra of
L(H). Moreover, we define the subalgebra

Ag ={A e LY (H):[Q,A] € By}
which is a Banach x-algebra if we consider the norm
A AL+ Q. All + |A™(Q, AIAY?]| + | A™2Q, A]AY.

It follows that My = (H, co, @)) is an even ¥-summable Fredholm module over Ag in
the sense of Connes where ¢ is the identity. By construction, Equations (2.2) and (2.3)
are satisfied in our case so that we may use Example 2.1.3 to extend My to an even
Y-summable Fredholm module Mg = (H,cq, Q) over {24, the universal dg algebra of
non-commutative differential forms over Ag. Since c(p) € Ag = Q&Q is an idempotent,
we may consider its Bismut-Chern character Ch(c(p)) € C (Qu,.1)-

Claim. If Chy, 1 denotes the Chern character of the acyclic extension Mg of Mg, we
have the following identity:

(Chygr, Ch(p)) = (Chagy, -, Ch(c(p)))-
Proof of Claim. Setting
Q1.¢ = cq(c(p))Qeq(c(p)) + cqle(p)")Qeq(e(p) ),

the calculations in the proof of Lemma 4.2.2 show that

Lo =@+ [ col(2e(p) = 1)delr))] + co(2c(r) ~ Vie(p))

Note that for A € By the operator [Q, A]+ A? satisfies the assumptions from Lemma 2.2.1
so that we may define e T@+A) for T > 0 using the perturbation series from Equa-
tion (4.18). Applying this with A = CQ((QC(p) - 1)dc(p)> and using the calculations
from the beginning of this proof, we have

(Chigg.s, Ch(e(p))) = Stru(cq(c(p))e¥ie) = Stry(c(p)e ) = (Chag,, Ch(p))
where we used that cg(c(p)) = c(p). O

Due to the above claim, it suffices to prove

indz, (Qe(p)) = (Chirig 7, Ch(c(p)))

since Qecp) = co(c(p))Qcq(c(p)) = @p. To do this, we will show that there exists a
homotopy connecting the idempotent c(p) to a self-adjoint idempotent P inside Ag. In
this case, it follows from the transgression formula Lemma 4.1.8, closedness of Chyy,, ,
and the fact that the latter is Chen normalized that

<ChMQ,11‘>Ch(C<p))> = <ChMQ,'J1‘7 Ch(P)>
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4.2 The index theorem

The index formula then follows from the self-adjoint case together with the fact that the
(graded) Fredholm index is homotopy invariant.

Existence of such a homotopy follows if we can show that A is a spectral subalgebra
of L(H), i. e. if any A € Ag which is invertible in £(#) has its inverse A~ in Ag.
Indeed, if this is the case, the proof of [LLR00, Lemma 11.2.7] goes through. To start
with, we will show that B is spectral. For A € By invertible in £(H) we have

A_1/2A_1A1/2 _ (A_I/QAAI/Q)_l.

However, by definition of Bg, the operator A~Y/24AY?2 is densely defined and bounded
which implies boundedness of its inverse. Using A* instead of A proves that By, is spectral.
Now, given A € Ag such that A~! exists in £(H), it is trivial that

Q. A7 =ATQ, A]A™

which is a product of elements in B and hence in B¢ which proves that Ag is spectral. [
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5 The Chern character and spectral
flow

Given an odd ¥-summable Fredholm module M = (H, 7, D) over a Banach *-algebra A
as defined on page iii of the introduction, one can show that pairing the corresponding
odd Chern character Ch, (D) with the odd Chern character Ch*(g) of a unitary matrix
g € U,,(A) yields the spectral flow of D and the twisted operator g~'Dg:

Theorem 5.0.1 ([Get93, Theorem 4.3]). We have
(Ch,(D), Ch*(g)) = 1/1 Tr(Dye P%) du (5.1)
* ) g - ﬁ 0 u ) .

where Dy, = (1 —u)D +ug~'Dg and D, = g '[D, g].

Consider now a locally convex dg algebra €2, g € GL,,(2°) and an odd ¥-summable
Fredholm module M = (H, ¢, Q) over € in the sense of Definition 2.1.5. We want to
construct an odd entire chain Ch(g) which resembles the odd Chern character of g in
the differential graded setting. Moreover, we would like to obtain an integral formula
similar to Equation (5.1) for the pairing of the analytic cochain Chy, where M is the
Y-summable C;-Fredholm module associated to M (see Remark 2.1.7), with Ch(g).

5.1 Definition of Ch(g)

We will follow the constructions given in [CG21, Section 5], which deals with the special
case ) = C*°(M) for some smooth compact manifold M, and make the necessary changes
to accomodate our more general setting. To this end, we will define an odd entire chain
Ch(g) € C°(Qr) on the acyclic extension Qg of Q.1

Definition 5.1.1. For g € GL,,(Q°) we define the Maurer-Cartan form w = w, =
g tdg € Mat,,,(Q') C Mat,,(Q7).

Lemma 5.1.2. The Maurer-Cartan form satisfies the following equation:

drw + w? = 0.

Note that we follow the sign conventions from [GL22, Eq. (2.7)] for the definition of Qr, i. e. we
consider dy = d — ¢ instead of d + ¢, the latter convention being used in [CG21, Section 3].
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5 The Chern character and spectral flow

Proof. Since w € Mat,, (), the action of the differential dr is given by d. Using that ¢!
has degree 0, the graded Leibniz rule implies

dw = d(g~"'dg) = (dg™")dg + g~ 'd*g = (dg™")dg.

On the other hand,

0=d(1)=d(g'g)=(dg)g+g 'dg < dg~' =g '(dg)g~".  (5.2)
Therefore,

dw = (dg~")dg = —g~'(dg)g~'dg = —(9™'dg)(g~"dg) = —w*
as desired. ]
Following [CG21, Eq. (24)], we define the elements
A(g) = sw — s(1 — s)ow?, B¥(g) = ow

in Mat,, (Qr) for s € I := [0, 1]. Note that we have slightly different signs in the above
definitions since we use the convention dr = d — ¢.

Definition 5.1.3. The odd Chern character of g is given by the infinite cyclic chain

Ch(g) = (Cho(g), Cha(g)....) € ] 2 ® Qul1)?

N=0

where Chg(g) = 0 and

1 N
Chy(g) = Tr </0 1® ZAs<g)®(k—1) ® B(g) ® As<g)®(N—k) d5>
k=1

for N > 0 and Tr denotes the generalized trace map, see Equation (4.5).
Lemma 5.1.4. The following assertions hold:
1. One has Ch(g) € C<(Qr).
2. One has (dr + b — B)Ch(g) = 0 in the Chen normalized entire complex N™(Q).

Proof. 1. Given a continuous seminorm v on {1r, let

€, = sup max (v(1). max v(A(9))),, max v(B'(9)))).

sel Z?.]Zl 7777 m Z?]::L 7777 m

With a view on Equation (1.7), we see that

(5.3)

82



5.1 Definition of Ch(g)

Since /| N/2]! — oo as N — o0, it follows that

N
limsup { N(mCy)” _ limsup VN (mC, )L =0

NI\ T R Y

so that the sum in Equation (5.3) converges. Hence, Ch(g) is entire. It is easy to check
that Ch(g) is odd.

2. We have to prove that (dy + b — B)Ch(g) € DT(Q).

First of all, we notice that BCh(g) is a sum of elements of the form S (see Equa-
tion (1.8)) so that BCh(g) € DT(2).

Next, we prove that (dp+b)Ch(g) € DT(€2). To this end, by definition of the differentials,
it follows that

((dy +0)Ch(g))y = ((dr + b)Chn(9))n + ((dr + b)Chy11(9)) -

We compute some of the expressions appearing in the differentials. To this end, starting
with drp, let
H(k) =1® As(g)®(k—1) ® Bs(g) ® As(g)®(N—k)

for 1 < k < N. Using the Maurer-Cartan equation, we get
drA*(g) = dr(swy, — s(1 — s)aw )= sdwg +s(1 — s)od(w ) +s(1— s)w§
= —s°w] + s(1 — s)od(w?) = —s*w?,

where we used that d(w?) = (dwg)wy — wy(dwy) = —w? + w} = 0 for the last equality.
Furthermore,

drB°(g) = dr(ow,) = —odwy, — w, = —(—ij + wy).
By definition of the grading on Mat,,({21), we have | A%(g)| = 1 and |B*(g)| = 0. Thus,
for 1 <k < N and 1 <i <k, we have

i—1
m® =m,  (0P)=0+31-(i-1)=0
j=1

and for i > k + 1 we get

k—1 i—1—k
mP =04+3 140+ Y 1-(i—1)=1 mod 2.

j=1 j=1

On the one hand,

(dr + D) (ZN)

= N

N
=2 ()
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5 The Chern character and spectral flow

i ( (drl ® .. i(—l)mg(l@;...®dT®...))

N k-2
—-1® Z Z As(g)@)z ® (—82(,03) ® As<g)®(k—z—2)
k=1 1=0
® ow, ®As(g)®(]\f—k)
N N—-k-1
+1®>. > A9V @ ow,

k=1 =0

® As(g)®i ® (_52w§> ® As(g)®(N—k—i—1)

N
+10 Y A (9)°" Y @ (—ow, + wy) ® A% (g)*N P,

k=1
Therefore,
N k—2 |
((d+b)Ch(g))ny = —Tr </ 1® Z Z A (9)® ® 2w§) ® As(g)@v(kﬂq)
k=1 1i=0

® ow, @ A*(g)?WN R ds)

N N—k-1
—|—Tr</ 1®Z Z A®(g ®0wg

k=1 =0

® As(g)@)i ® (—SQOJ;) ® As(g)®(N—k:—i—1) d3>
1 N
+ Tr (/0 1® Z As(g)®(k_1) ® (—awg +w,) ® As(g)®(N_k) ds) )
k=1

On the other hand,
N+1 N+1
(dr +b) (Z 9’“) = > b(H™
N k=1

where ) := 1 ® A%(g)®*~V @ B*(g) ® A*(g)®V*+17h) for 1 < k < N + 1. Calculating
the expressions appearing in b, we have

A(9)A%(g) = (swy — 5(1 — s)ow? ) (swy — s(1 — s)ow?)
= %W} — swys(1 — s)ow? — s(1 — s)ow?swy + 5°(1 — 5)*(ow
= s? wg +5%(1 — s)awz’ —s*(1— s)awz’ + 531 — 3)20%};L
2 2

:Swg

2\2
5)

and

A*(9)B°(g) = (swy — 5(1 — s)ow?)ow, = swyow, = —sow,

as well as

B*(9)A*(g) = sow?.
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5.1 Definition of Ch(g)

With a view on Equation (1.2), we calculate (modulo two)

N+t 1, k=N+1

and

I, 1<k<N,
() = {o k=N+1

so that for all & we have (—1)(|9%€3rl|*1)mN = 1. This yields

N k-2

((dr +b)Chyii(g))y = —Tr </ 1® Z Z A (9)® ® —i—sQw;) ® As(g)®(k7i72)

k=1 1=0

® ow, @ A*(g)*WN k) ds)

N N—k—1
+Tr</ 1®Z Z A’(g kl)@awg

k=1 =0

8 A(9)" @ (+5%) © A(g) VD ds )

+ Tr (/ 1®§:AS ®k-1) ®230w ® A%(g )®(N_k)ds>.

Since £ A*(g) = wy + (25 — 1)ow?, it follows that

1

0

:Tr(/ol j8(1®,45( ) )ds)
= Tr (1 ® Al(g)®N> —Tr (1 ® .Ao(g)®N)
:Tr(1®w;®N).

(dr + HCh{g) = Tr ( 1o A" e (jSAs(g)> @ A (g)" NP ds)

Claim. Define?

A i=Tr(1®dg* ®dg)
Av =Tr(1® wf(N_Q) ®dg ' ®dg), N>3

in C(Qr). Then,

Tr(1 ® w,) — A2 € DT(Q)
Tr(1@wi™) + Ay — Ay €DT(Q), N >2.

2The last part of the proof in [CG21] implicitly uses that the tensor product is taken over Q0 which is
wrong. The following correction was communicated to me by Sergio Cacciatori.
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5 The Chern character and spectral flow

Proof of Claim. For N =1, we have
10w, =1®g¢ 'dg=g'®dg+1®dg"' ®dg

modulo DT(Mat,, (€2)). However, since 7! ® dg = ~TY (g7') (see Section 1.5 for the
definition of T\ )) it follows that

1®w, —1®dg ' ®dg € D' (Mat,,(2))

which implies Tr(1 ® w,) — A2 € DT().
For N > 2, we have
1® w?N =1® w?(N_m ® ¢ 'dg @ g dg
=10wfN P @ g gy @dg+ 10wy Y @dg @dg
=-10wf" P gdg ! ®dg+ 10wV ediT @dg

modulo DT(Mat,,,(Q2)) where we used Equation (5.2). Hence,
Tr<1 & LUS@N) + AN — Ani1 € DT(Q)
as desired. ]

Similarly to Equation (5.3), one sees that the Ay form an entire chain so that in
particular, the sequence (Ay)y converges to 0 in C¢(§21) as N — oo. Hence, we may
write -

O - —)\2 + Z ()\N - )\N+1>
N=2

in C¢(Qr) which together with above claim implies (dr + b)Ch(g) € DT(2). O

5.2 The spectral flow of an odd Fredholm module

We want to make sense of the right-hand side of Equation (5.1) in our abstract setting. To
this end, let M = (H, ¢, Q) be an odd ¥-summable Fredholm module over the locally con-
vex dg algebra €2 and Mr its acyclic extension as discussed in Definition 2.1.8. As before,
this gives rise to an odd ¥-summable weak Fredholm module Mq(rm) = (H™, crm, Qm) over
the dg algebra Mat,, (2r). Note that in the odd case we will use |-, -] for commutators
whereas [[-, || will be used for anticommutators. Define unbounded operators

Qg,s = (1 - S)Qm +S- C'H‘,m(971>QmCT,m(g> = Qm +S- CT,m(gilﬂQma C’]I‘,m(g)]
Qg,s = CT,m(g_l)[Qma CT,m(g)]

on H™ for s € I. Since g, g~" € Mat,,,(Q°) it follows that [Q,, c1.m(9)] = cr.m(dg) and
therefore,

(9 ) [@m: erm(9)] = Crm(9™ ) erm(dg) = crm(g™" dg) = crm(w).
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5.3 The pairing (Chy, Ch(g))

Hence, .
Qg,s - Qm +s- C’]T,m(w)a Qg,s = C’H‘,m(w)
and
Q5 s = Q2 4 8[[Qm, crm(W)]] + s*crm(w)® = @2, + X,
where X = $[[Qm, c1.m(w)]] + s%cpm(w)?.

Lemma 5.2.1. The operator Q;s generates a strongly continuous semigroup of operators

on H™ with infinitesimal generator — 3’3 which is given the perturbation series

e T = ¢ T@ntX) = 5™ (-TMIX, ., X g (5.4)
M=0 i

for T'> 0. Moreover, the operator Qg’se_TQgﬂs is well-defined and trace-class.

Proof. As in Lemma 2.2.2, the operators X, satisfy the assumptions from Lemma 2.2.1
with a; = % for 1 < j < M and the same is true for )y s = ¢, (w) with ay = 0 since
cr,, maps to bounded operators. Thus,

Qg,s{X57 cee 7X5}TQ%L
M

is a well-defined trace-class operator for each T' > 0 and the estimates from Lemma 2.2.1
show that the sum in Equation (5.4) converges in trace norm and defines a strongly

continuous semigroup with infinitesimal generator —Q7 ,.* O

Thus, the integral
1 .
/ Tr(Qgﬁe’ngS) ds
0

is well-defined when using the perturbation series for e~ Qs

5.3 The pairing (Chy,, Ch(g))

Given an odd weak ¥-summable Fredholm module M = (H, ¢, Q)) over a locally convex
dg algebra €2, we define its Chern character via

where M = (’I:[,f:, Q) is the associated weak t¢-summable C;-Fredholm module, see
Remark 2.1.7. Recall that

1 N
Chy(g) = Tr (/0 1® Z As(g)®(k—1) ® B (g) ® As(g)®(N—k) dS)
k=1

3See also Equation (4.18).
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5 The Chern character and spectral flow

1 N
= /0 Tr (1 @Y A9V eB(g)e AS(9)®(N"“)> ds
k=1

1 N
= /O 1®Tr (Z A (9)** Y @ B (g) ® As(g)®(N"‘f)> ds
k=1

for N > 1. Due to Lemma 4.2.3, we have

Stre, 7 (€ @1™) (Tr(0s, . ... O)) ) = Stre, sim (cqrm(eo)cbi“‘(’"kel, . ,eN)> . (55)

Remark 2.1.9 shows that MT = J\A/Gy. Moreover, it is easy to check that

U: H™ = H™, (vF,07) = ((vf,vf), e (v:{l,vn’l))
induces an isomorphism between M%Tm) = (3:[71, CT.m, @;) and J\N/[q(rm) = (H™, CTms Qm) as
Y-summable weak C;-Fredholm modules over Mat,,({2r). Since their Chern characters
coincide according to Lemma 3.1.6, we will identify the two Fredholm modules from now
on. Hence, using Equation (5.5), we have

<ChM’]I‘7 Ch(Q))

= ! o (N
=3 [ St (o001 (X400 0 B0 0 4000
N=070 k=1
>l N o m)
N Z/o Stre, (Z 0" (A(9)*" Y @ B(g) ®As(g)®(N"“))>
N=0 k=1
) 11 ~ N J\?[%m) s k—1 s s k)
=Z/O 5 LT7m I3 (A(g) ® B*(g) ® A*(9) ) (5.6)
N=0 k=1
where
0 1y
14 O
V= € LIH™).
0 1y
14 0

)
To proceed further, we have to calculate the expressions involving (IDle[T

Ve (m)
(I)Jl‘/[T (As(g)@)(k—l) ® Bs(g) ® As(g)@)(N—k))

N
= Z Z { (m> 9J1 <. 7F3\7[1(r’") <9JN1)}Q3n
M=1 JEPM,N

where 0; ® ... ® Oy = A%(9)®* Y @ B*(g) ® A*(g)®N k. By definition of the bracket,
we have to evaluate the following expressions:

Eyon (A(9)), - Fyom (A%(9), B°(9)), - Fyeom (B(9), A%(9)),
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5.3 The pairing (Chy, Ch(g))

Fﬂfq(rm) (Bs(g)), FM%W)(AS(9>7AS(9))‘

We calculate:

where we used the Maurer-Cartan equation. Note that
Fyon (A(9), B°(9)) = (—1)* (€ (5w - 0) = Erm(5w)er,m(0)) = 0
and the same is true for F'(B%(g),.A°(g)). Furthermore,

Fyion (A%(g), A*(9)) = (=) @rm(s°w?) = 5%E0m (W)Erm(w))
—(széqr’m(wz) - SQET,m(w)Q)

and finally,
FM%m)(BS(g)) = FM¥n>(aw) = Crm(w).

Define X, = s[Qyn, €1.m(w)] + s2€1.m(w)?. Using the above results, we notice that
Fin (A°(g), A°(9)) + Py (A'(9)) = %8 (0)? — 570

+ 5[Qum, Er,m(W)] + 82&r,m(w?)
= s[@m, Erm(W)] + s%€r m(w)? = X,.

Thus, analogously to Equation (4.18), we have

A;ii M{Xs,...,&}mzzz% A(g),..., A(g)).

M N

5.3.1 Relating the spectral flow to the pairing

Since w is odd in Mat,,(Qr), we have

)= (o Yy o) € £

crm(w) 0
where
c(wy) c(wy,)
crm(w) = : e L(H™)
c(wi") c(wp,)
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5 The Chern character and spectral flow

Similarly,

on H™ where

O
o

on H™. Therefore,

Qs G (@)] = Qi (@) — (= 1) @mllenn@ler ()@,
= Q\r/nc'ﬂ’ m( ) + C'JT ( )@/
(w

:([[Qm,c:gm ) [[@m,c?r,mwn)

on H™. Hence, recalling that U is an isomorphism of Fredholm modules, we have
> — __ X, 0
XU = U(s[Qm, cr.m(w)] + 52CT,m(w)2) =U ( 0 Xs)

on H™. Putting everything together, we see that

;Trgm (%T,m(w)@—flc??njgse—(m—n)@% . 6—(TN—TN,l)Q%Lj(Se—(l—TN)an)
;Tr” (U7 38pm(w)e X e @ . em (v @h R (-

= ;Trg;n (UlﬁUC%(w)eﬁ@fdjag(Xs) C diag(Xs)e(lTN)éTf)

= Tryn (crm(w)e M X e @ em v )@ X om0

where we used that
1 (01,
U AU = <1m 0

on H™. Tt follows that

_/ Ter<Z M m(w ){XS,...,XS}an>

M=
/ cTﬁm(w)e*”Q%lee*(TrTl)Q’?"
A

. e*(ﬂ'M*‘l’M—l)Q?nA}('Sef(lﬂ-M)QE71 d7'> ds
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5.3 The pairing (Chy, Ch(g))

m)

= [ T [Fern(@) 30 00 (i g), . Ag)) | s

N=0

B Ni 5 T (enm@®l™ (400), .., A(g)) ) s

where we used Fubini’s theorem in the last step which is justified by the estimates in
Theorem 2.2.5. The following statement follows from the proof of Lemma 3.2.3:

Lemma 5.3.1. For operators Ay,...,Ay_1 and B satisfying the assumptions from
Lemma 2.2.1 and commuting with 7, we have

N
ZTrﬁm(’?{Ak, e ,AN_l,B,Al, e ’Ak_l}Q%L> = Tr;:lm<’3/B{A1, .. AN 1}Q2 )

k:1 m
By construction, the operators appearing in the brackets of

Y

B (A(9)7 Y @ B (g) @ A*(9)° N P)

supercommute with the Cj-action on H™ and therefore, they commute with 4. Together
with the fact that F/(A°(g),B°(g)) = 0 = F(B*(g),.A%(g)), a similar argument as in
Lemma 3.2.2 shows that

N o gpm)
T (ﬁ S (At eB(g)e As(g)®(N"“))>
k=1

. s mm _
— Trg (7enm (B A (9" D))
= Tegn (Fenm()@]" (A°()° 7))
Substituting this into above calculations, we have

1 . )
/Ter(Qg,se*Qg’S)ds
0
S LA
N=oJ0 2

N+1 ~m

( )®(k 1) ®Bs< )®As(g)®(N+1—k)>> ds

_ i 1;Trﬁm< ﬁf: let ( @(k—1) ®Bs( )®As(g)®(N—k:))> ds
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5 The Chern character and spectral flow

0o 11 ~ N < (m) ) ) S )
> /0 5 Tran (VZ‘P% (A°(9)°* D @ B*(g) ® A*(g)* k))) s
N=0 k=1

which is equal to the pairing (Chy,, Ch(g)), see Equation (5.6).
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